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PREFACE TO THE INSTRUCTOR
     This Instructor's Solutions Manual contains the solutions to every exercise in the 12th Edition of THOMAS' CALCULUS
by Maurice Weir and Joel Hass, including the Computer Algebra System (CAS) exercises.  The corresponding Student's
Solutions Manual omits the solutions to the even-numbered exercises as well as the solutions to the CAS exercises (because
the CAS command templates would give them all away).

     In addition to including the solutions to all of the new exercises in this edition of Thomas, we have carefully revised or
rewritten every solution which appeared in previous solutions manuals to ensure that each solution
      conforms exactly to the methods, procedures and steps presented in the textì

      is mathematically correctì

      includes all of the steps necessary so a typical calculus student can follow the logical argument and algebraì

      includes a graph or figure whenever called for by the exercise, or if needed to help with the explanationì

      is formatted in an appropriate style to aid in its understandingì

     Every CAS exercise is solved in both the MAPLE and  computer algebra systems.  A template showingMATHEMATICA
an example of the CAS commands needed to execute the solution is provided for each exercise type.  Similar exercises within
the text grouping require a change only in the input function or other numerical input parameters associated with the problem
(such as the interval endpoints or the number of iterations).

For more information about other resources available with Thomas' Calculus, visit http://pearsonhighered.com.

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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CHAPTER 10  INFINITE SEQUENCES AND SERIES

10.1  SEQUENCES

 1. a 0, a , a , a" # $ %
� "� " � �

#œ œ œ œ � œ œ � œ œ �1 1 2 1 3 2 1 4 3
1 4 3 9 4 16# # # #

 2. a 1, a , a , a" # $ %
" "
#œ œ œ œ œ œ œ œ1 1 1 1 1

1! ! 2 3! 6 4! 24

 3. a 1, a , a , a" # $ %
� �" � �
#� � � �

" " "œ œ œ œ � œ œ œ œ �( 1) ( ) ( 1) ( 1)
1 4 1 3 6 1 5 8 1 7

# $ % &

 4. a 2 ( 1) 1, a 2 ( 1) 3, a 2 ( 1) 1, a 2 ( 1) 3" # $ %
" # $ %œ � � œ œ � � œ œ � � œ œ � � œ

 5. a , a , a , a" # $ %# # # # #
" " " "

#
œ œ œ œ œ œ œ œ2 2 2 2

2 2# $ &

# $ %

%

 6. a , a , a , a" # $ %
�" " � � �"
# #œ œ œ œ œ œ œ œ2 2 1 3 2 1 7 2 15

2 4 2 8 162

# $ %

# $ %

 7. a 1, a 1 , a , a , a , a ," # $ % & '
" " " "
# # # # # #

œ œ � œ œ � œ œ � œ œ � œ œ3 3 7 7 15 15 31 63
4 4 8 8 16 32# $ %

 a , a , a , a( ) * "!œ œ œ œ127 255 511 1023
64 128 256 512

 8. a 1, a , a , a , a , a , a , a ," # $ % & ' ( )
" " " " " " "
# # # #œ œ œ œ œ œ œ œ œ œ œ

ˆ ‰ ˆ ‰ ˆ ‰" " "

# #

3 6 4 4 5 1 0 7 0 5040 40,320
6 4

 a , a* "!
" "œ œ362,880 3,628,800

 9. a 2, a 1, a , a , a ," # $ % &
� �

# # # #
" " "� � � �

œ œ œ œ œ � œ œ � œ œ( 1) (2) ( 1) (1)
2 4 8

( 1) ( 1)# $ % "

#

& "ˆ ‰ ˆ ‰
4

 a , a , a , a , a' ( ) * "!
" " " " "

# #œ œ � œ � œ œ16 3 64 1 8 256

10. a 2, a 1, a , a , a , a ," # $ % & '
� �
# #

� �" "œ � œ œ � œ œ � œ œ � œ œ � œ �1 ( 2) 2 ( 1)
3 3 4 5 5 3

2 23 4
† †

† †

ˆ ‰ ˆ ‰2
3

"

#

 a , a , a , a( ) * "!
" "œ � œ � œ � œ �2 2

7 4 9 5

11. a 1, a 1, a 1 1 2, a 2 1 3, a 3 2 5, a 8, a 13, a 21, a 34, a 55" # $ % & ' ( ) * "!œ œ œ � œ œ � œ œ � œ œ œ œ œ œ

12. a 2, a 1, a , a , a 1, a 2, a 2, a 1, a , a" # $ % & ' ( ) * "!
" " " "
# � # # #

�

�
œ œ � œ � œ œ œ œ � œ � œ œ � œ � œ

ˆ ‰ ˆ ‰ˆ ‰
" "

# #

"

#
1

13. a ( 1) , n 1, 2,  14. a ( 1) , n 1, 2, n n
n 1 nœ � œ á œ � œ á�

15. a ( 1) n , n 1, 2,  16. a , n 1, 2, n n
n 1 ( )

nœ � œ á œ œ á� # �" n 1�

#

17. a , n 1, 2,  18. a , n 1, 2, n n
2 2n 5

3 n 2 n n 1œ œ á œ œ á
n 1�a b a b� �

�

19. a n 1, n 1, 2,  20. a n 4 , n 1, 2, n nœ � œ á œ � œ á#

21. a 4n 3, n 1, 2,  22. a 4n 2 , n 1, 2, n nœ � œ á œ � œ á

23. a , n 1, 2,  24. a , n 1, 2, n n
3n 2 n

n! 5œ œ á œ œ á� 3

n 1�

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



570 Chapter 10 Infinite Sequences and Series

25. a , n 1, 2,  26. a , n 1, 2, n n
1 ( 1) n ( 1) nœ œ á œ œ Ú Û œ á� �

# # #

� � �n 1 n� " "

# #
ˆ ‰

27.  lim  2 (0.1) 2  converges (Theorem 5, #4)
n Ä _

� œ Ên

28.  lim    lim  1 1  converges
n nÄ _ Ä _

n ( ) ( 1)
n n

� �" �n n

œ � œ Ê

29.  lim    lim    lim   1  converges
n n nÄ _ Ä _ Ä _

"� �
�# #

�

�
2n 2

1 n
2
2

œ œ œ � Ê
ˆ ‰ˆ ‰
"

"

n

n

30.  lim    lim     diverges
n nÄ _ Ä _

2n
1 3 n

2 n  

3

�"
�

�

�È
È Š ‹
Š ‹œ œ �_ Ê

"

"

È

È

n

n

31.  lim    lim   5  converges
n nÄ _ Ä _

"�
�

�

�
5n

n 8n

5

1

%

% $

"

%

œ œ � Ê
Š ‹

ˆ ‰n
8
n

32.  lim    lim    lim   0  converges
n n nÄ _ Ä _ Ä _

n 3 n 3
n 5n 6 (n 3)(n 2) n

� � "
� � � � �## œ œ œ Ê

33.  lim    lim    lim  (n 1)   diverges
n n nÄ _ Ä _ Ä _

n 2n 1
n 1 n 1

(n 1)(n 1)# � �
� �

� �œ œ � œ _ Ê

34  lim    lim     diverges
n nÄ _ Ä _

"�
�

�

�

n
70 4n

n

4

$

# œ œ _ Ê
Š ‹
Š ‹

"

#

#

n
70
n

35.  lim  1 ( 1)  does not exist  diverges 36.  lim  ( 1) 1  does not exist  diverges
n nÄ _ Ä _

a b ˆ ‰� � Ê � � Ên n "
n

37.  lim  1  lim  1   converges
n nÄ _ Ä _

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰n
n n n n
�" " " " " "
# # # #� œ � � œ Ê

38.  lim  2 3 6  converges 39.  lim   0  converges
n nÄ _ Ä _

ˆ ‰ ˆ ‰� � œ Ê œ Ê" "
# # # �

�"
n n

n 1( )
n 1

�

40.  lim   lim   0  converges
n nÄ _ Ä _

ˆ ‰� œ œ Ê"
# #

�"n ( )n

n

41.  lim   lim    lim  2  converges
n n nÄ _ Ä _ Ä _

É É Ê Š ‹ È2n 2n
n 1 n 1� �œ œ œ Ê2

1� "

n

42.  lim    lim    diverges
n nÄ _ Ä _

" "
(0.9) 9

0
n œ œ _ Êˆ ‰n

43.  lim  sin sin  lim  sin 1  converges
n nÄ _ Ä _

ˆ ‰ ˆ ‰Š ‹1 1 1

# # #
" "� œ � œ œ Ên n

44.  lim  n  cos (n )  lim  (n )( 1)  does not exist  diverges
n nÄ _ Ä _

1 1 1œ � Ên

45.  lim   0 because   converges by the Sandwich Theorem for sequences
n Ä _

sin n sin n
n n n nœ � Ÿ Ÿ Ê" "

46.  lim   0 because 0   converges by the Sandwich Theorem for sequences
n Ä _

sin n sin n# #

# # #
"

n n nœ Ÿ Ÿ Ê

47.  lim    lim   0  converges (using l'Hopital's rule)^
n nÄ _ Ä _

n
 ln 2# #
"

n nœ œ Ê

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



 Section 10.1 Sequences 571

48.  lim    lim    lim    lim     diverges (using l'Hopital's rule)^
n n n nÄ _ Ä _ Ä _ Ä _

3 3  ln 3
n 3n 6n 6

3 (ln 3) 3 (ln 3)n n n n

$ #

# $

œ œ œ œ _ Ê

49.  lim    lim    lim    lim   0  converges
n n n nÄ _ Ä _ Ä _ Ä _

ln (n )
n

2 n
n 1 1

�"
� �È È Š ‹

Š ‹œ œ œ œ Ê
ˆ ‰
Š ‹

"

�

"

#

"

n 1

n

2
n

nÈ

È

50.  lim    lim   1  converges
n nÄ _ Ä _

ln n
ln 2n œ œ Ê

ˆ ‰
ˆ ‰

"

n
2
2n

51.  lim  8 1  converges (Theorem 5, #3)
n Ä _

1 nÎ œ Ê

52.  lim  (0.03) 1  converges (Theorem 5, #3) n Ä _
1 nÎ œ Ê

53.  lim  1 e   converges (Theorem 5, #5)
n Ä _

ˆ ‰� œ Ê7
n

n (

54.  lim  1  lim  1 e   converges (Theorem 5, #5)
n nÄ _ Ä _

ˆ ‰ ’ “� œ � œ Ê" �" �"
n n

( )n n

55.  lim  10n  lim  10 n 1 1 1  converges (Theorem 5, #3 and #2)
n nÄ _ Ä _

Èn œ œ œ Ê1 n 1 nÎ Î
† †

56.  lim  n  lim  n 1 1  converges (Theorem 5, #2)
n nÄ _ Ä _

È ˆ ‰Èn n# # #œ œ œ Ê

57.  lim  1  converges (Theorem 5, #3 and #2)
n Ä _

ˆ ‰3
n 1

1 n  lim  3

 lim  n

Î "œ œ œ Ên

n

Ä_

Ä_

1 n

1 n

Î

Î

58.  lim  (n 4)  lim  x 1  converges; (let x n 4, then use Theorem 5, #2)
n xÄ _ Ä _

� œ œ Ê œ �1 n 4 1 xÎÐ � Ñ Î

59.  lim     diverges (Theorem 5, #2)
n Ä _

ln n
n  lim  n

 lim  ln n

11 n 1 nÎ Îœ œ œ _ Ên

n

Ä_

Ä_

_

60.  lim  ln n ln (n 1)  lim  ln ln  lim   ln 1 0  converges
n n nÄ _ Ä _ Ä _

c d ˆ ‰ Š ‹� � œ œ œ œ Ên n
n 1 n 1� �

61.  lim  4 n  lim  4 n 4 1 4  converges (Theorem 5, #2)
n nÄ _ Ä _

È Èn nn œ œ œ Ê†

62.  lim  3  lim  3  lim  3 3 9 1 9  converges (Theorem 5, #3)
n n nÄ _ Ä _ Ä _

Èn 2n 1 2 1 n 1 n� � Î # Îœ œ œ œ Êa b
† †

63.  lim    lim    lim  0 and 0   lim   0 converges
n n n nÄ _ Ä _ Ä _ Ä _

n! n! n!
n n n n n n n n n

2 3 (n 1)(n)
n n nœ Ÿ œ   Ê œ Ê" â �

â
"† †

† † †

ˆ ‰
64.  lim   0  converges (Theorem 5, #6)

n Ä _
( 4)

n!
� n

œ Ê

65.  lim    lim     diverges (Theorem 5, #6)
n nÄ _ Ä _

n!
106n (10 )n

n!

œ œ _ Ê"Š ‹'

66.  lim    lim     diverges (Theorem 5, #6)
n nÄ _ Ä _

n!
2 3n n 6n

n!

œ œ _ Ê"ˆ ‰

67.  lim   lim  exp  ln  lim  exp e   converges
n n nÄ _ Ä _ Ä _

ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰" " " �ÎÐ Ñ �"
n ln n n ln n

1 ln n ln 1 ln nœ œ œ Ê

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



572 Chapter 10 Infinite Sequences and Series

68.  lim  ln 1 ln  lim  1 ln e 1  converges (Theorem 5, #5)
n nÄ _ Ä _

ˆ ‰ ˆ ‰Š ‹� œ � œ œ Ê" "
n n

n n

69.  lim   lim  exp n ln  lim  exp
n n nÄ _ Ä _ Ä _

ˆ ‰ ˆ ‰ˆ ‰ Š ‹3n 3n
3n 1 3n 1

n ln (3n 1) ln (3n 1)�" �"
� �

� � �œ œ "

n

  lim  exp  lim  exp exp e   convergesœ œ œ œ Ê
n nÄ _ Ä _� � Š ‹ ˆ ‰3 3

3n 1 3n 1

n

� �

"

#

�

�Š ‹
6n 6

(3n 1)(3n 1) 9

#

� �
#Î$

70.  lim   lim  exp n ln  lim  exp  lim  exp
n n n nÄ _ Ä _ Ä _ Ä _

ˆ ‰ ˆ ‰ˆ ‰ Š ‹ � �n n
n 1 n 1

n ln n ln (n 1)
� �

� �œ œ œˆ ‰ Š ‹"

" "

�

"

#n

n n 1

n

�

�

  lim  exp e   convergesœ � œ Ê
n Ä _

Š ‹n
n(n 1)

#

�
�"

71.  lim   lim  x x  lim  exp  ln x  lim  exp
n n n nÄ _ Ä _ Ä _ Ä _

ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰ Š ‹x
2n 1 n 1 n n 1 n

1 n 1 n ln (2n 1)n

� # � # �

Î " " "Î � �œ œ œ

 x  lim  exp xe x, x 0  convergesœ œ œ � Ê
n Ä _

ˆ ‰�
�

!2
2n 1

72.  lim  1  lim  exp n ln 1  lim  exp  lim  exp
n n n nÄ _ Ä _ Ä _ Ä _

ˆ ‰ ˆ ‰ˆ ‰ � � – —� œ � œ œ" "
n n

n
# #

ln 1 1Š ‹ ‚
ˆ ‰

Š ‹ Š ‹
Š ‹

� �

�

"

#

"

$ #

"

"

#

n

n

2
n n

n

  lim  exp e 1  convergesœ œ œ Ê
n Ä _

ˆ ‰�
�

!2n
n 1#

73.  lim    lim   0  converges (Theorem 5, #6)
n nÄ _ Ä _

3 6 36
2 n! n!

n n n

n
†

†

� œ œ Ê

74.  lim    lim    lim   0  converg
n n nÄ _ Ä _ Ä _

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰
10 12 10 120
11 11 11 121

n n n n

9 11 12 9 12 11 108
10 12 11 10 11 12 110

n n n n n n n
� � �

œ œ œ Ê
1

es

 (Theorem 5, #4)

75.  lim  tanh n  lim    lim    lim    lim  1  converges
n n n n nÄ _ Ä _ Ä _ Ä _ Ä _

œ œ œ œ " œ Êe e e 2e
e e e 1 2e

n n 2n 2n

n n 2n 2n
� �"
� �

�

�

76.  lim  sinh (ln n)  lim    lim     diverges
n n nÄ _ Ä _ Ä _

œ œ œ _ Êe e
2

nln n ln n
n� �

#

�
"ˆ ‰

77.  lim    lim    lim    lim     converges
n n n nÄ _ Ä _ Ä _ Ä _

n  sin
2n 1

# "ˆ ‰
n

� #
"œ œ œ œ Ê

sin coscosˆ ‰ ˆ ‰
Š ‹ Š ‹

ˆ ‰ˆ ‰ Š ‹
ˆ ‰

" "

"

# # $

" "

#n n
2 2 2
n n n n

n n
2
n� � �

� �

�#�

78.  lim  n 1 cos  lim    lim    lim  sin 0  converges
n n n nÄ _ Ä _ Ä _ Ä _

ˆ ‰ ˆ ‰� œ œ œ œ Ê" "
n n

ˆ ‰
ˆ ‰

� ‘ˆ ‰ Š ‹
Š ‹

"� cos sin"

"

" "

#

"

#

n

n

n n

n

79.  lim  n sin  lim   lim   lim  cos cos 0 1 converges
n n n nÄ _ Ä _ Ä _ Ä _

È Š ‹ Š ‹1 1
n n

sin cos

È È
Š ‹ Š ‹Š ‹

œ œ œ œ œ Ê
1 1 1

n n
1 1

n

2n3 2

2n3 2

È È

È

�

�

Î

Î

80.  lim  3 5  lim  exp ln 3 5  lim  exp  lim  exp
n n n nÄ _ Ä _ Ä _ Ä _

a b a b’ “ ’ “ – —n n n n1 n 1 n ln 3 5
n 1� œ � œ œÎ Î �a bn n 3 ln 3 5 ln 5n n

3 5n n
�

�

  lim  exp  lim  exp exp ln 5 5œ œ œ œ
n nÄ _ Ä _

’ “ ’ “ a bŠ ‹
ˆ ‰ ˆ ‰ˆ ‰3n

5n

3 3n n
5 5n

3
5

nln 3 ln 5

1 1

ln 3 ln 5�

� �

�

81.  lim  tan n   converges 82.  lim    tan n 0 0  converges
n nÄ _ Ä _

�" �"
# #

"œ Ê œ œ Ê1 1Èn
†
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 Section 10.1 Sequences 573

83.  lim   lim  0  converges (Theorem 5, #4)
n nÄ _ Ä _

ˆ ‰ ˆ ‰Š ‹Š ‹" " " "
3 3

n n

2 2

n
� œ � œ ÊÈ Èn

84.  lim  n n  lim  exp  lim  exp e 1  converges
n n nÄ _ Ä _ Ä _

È ’ “ ˆ ‰n # � �
�

!� œ œ œ œ Êln n n
n n n

2n 1a b#

#

85.  lim    lim    lim    lim   0  converges
n n n nÄ _ Ä _ Ä _ Ä _

(ln n) 200 (ln n) 200 199 (ln n)
n n n n

200!#!! "** "*)

œ œ œ á œ œ Ê†

86.  lim    lim   lim    lim    lim   0  converges
n n n n nÄ _ Ä _ Ä _ Ä _ Ä _

(ln n) 10(ln n) 80(ln n)
n n n n

3840& % $È È È Èœ œ œ œ á œ œ Ê– —Š ‹
Š ‹

5(ln n)
n

n

%

"

#È

87.  lim  n n n  lim  n n n  lim    lim   
n n n nÄ _ Ä _ Ä _ Ä _

Š ‹ Š ‹Š ‹È È� � œ � � œ œ# # � �

� � � �

"

� �

n n n
n n n n n n

n

1 1

ÈÈ È É
#

# # "

n

   convergesœ Ê"
#

88.  lim    lim   lim   
n n nÄ _ Ä _ Ä _

" "

� � � � � � � � �

� � � � � �
� �È È ÈÈ È ÈÈ ÈÈ È

n 1 n n n 1 n n n 1 n n

n 1 n n n 1 n n
1 n# # # # # #

# # # #

œ œŠ ‹Š ‹
  lim   2  convergesœ œ � Ê

n Ä _

É É
ˆ ‰

1 1

1

� � �

� �

" "

#

"

n n

n

89.  lim     dx  lim    lim   0  converges (Theorem 5, #1)
n n nÄ _ Ä _ Ä _

" " "
n x n n

ln n'
1

n

œ œ œ Ê

90.  lim   dx  lim    lim   1  if p 1  converges
n n nÄ _ Ä _ Ä _

'
1

n n

1

" " " " " "
� � �x 1 p x 1 p n p 1p p 1 p 1œ œ � œ � Ê’ “ ˆ ‰

� �

91. Since a  converges  lim a L  lim a  lim L L 1 L 72 L L 72 0n n n 1
72 72

1 a 1 L
2Ê œ Ê œ Ê œ Ê � œ Ê � � œ

n n nÄ _ Ä _ Ä _� � �n
a b

 L 9 or L 8; since a 0 for n 1 L 8Ê œ � œ �   Ê œn

92. Since a  converges  lim a L  lim a  lim L L L 2 L 6 L L 6 0n n n 1
a 6
a 2 L 2

L 6 2Ê œ Ê œ Ê œ Ê � œ � Ê � � œ
n n nÄ _ Ä _ Ä _�

�
� �

�n

n
a b

 L 3 or L 2; since a 0 for n 2 L 2Ê œ � œ �   Ê œn

93. Since a  converges  lim a L  lim a  lim 8 2a L 8 2L L 2L 8 0 L 2n n n 1 n
2Ê œ Ê œ � Ê œ � Ê � � œ Ê œ �

n n nÄ _ Ä _ Ä _� È È
 or L 4; since a 0 for n 3 L 4œ �   Ê œn

94. Since a  converges  lim a L  lim a  lim 8 2a L 8 2L L 2L 8 0 L 2n n n 1 n
2Ê œ Ê œ � Ê œ � Ê � � œ Ê œ �

n n nÄ _ Ä _ Ä _� È È
 or L 4; since a 0 for n 2 L 4œ �   Ê œn

95. Since a  converges  lim a L  lim a  lim 5a L 5L L 5L 0 L 0 or L 5; sincen n n 1 n
2Ê œ Ê œ Ê œ Ê � œ Ê œ œ

n n nÄ _ Ä _ Ä _� È È
 a 0 for n 1 L 5n �   Ê œ

96. Since a  converges  lim a L  lim a  lim 12 a L 12 L L 25L 144 0n n n 1 n
2Ê œ Ê œ � Ê œ � Ê � � œ

n n nÄ _ Ä _ Ä _� ˆ ‰È Š ‹È
 L 9 or L 16; since 12 a 12 for n 1 L 9Ê œ œ � �   Ê œÈ n

97. a 2 , n 1, a 2. Since a  converges  lim a L  lim a  lim 2 L 2n 1 1 n n n 1
1 1 1
a a L� �œ �   œ Ê œ Ê œ � Ê œ �

n nn n nÄ _ Ä _ Ä _
Š ‹

 L 2L 1 0 L 1 2; since  a 0 for n 1 L 1 2Ê � � œ Ê œ „ �   Ê œ �2
n

È È
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98. a 1 a , n 1, a 1. Since a  converges  lim a L  lim a  lim 1 a L 1 Ln 1 n 1 n n n 1 n� �œ �   œ Ê œ Ê œ � Ê œ �È ÈÈ È
n n nÄ _ Ä _ Ä _

 L L 1 0 L ; since  a 0 for n 1 LÊ � � œ Ê œ �   Ê œ2 1 5 1 5
2 2n

„ �È È

99. 1, 1, 2, 4, 8, 16, 32, 1, 2 , 2 , 2 , 2 , 2 , 2 ,   x 1 and x 2  for n 2á œ á Ê œ œ  ! " # $ % &
" n

n 2�

100. (a) 1 2(1) 1, 3 2(2) 1; let f(a b) (a 2b) 2(a b) a 4ab 4b 2a 4ab 2b# # # # # # # # # #� œ � � œ ß œ � � � œ � � � � �

 2b a ; a 2b 1  f(a b) 2b a 1; a 2b 1  f(a b) 2b a 1œ � � œ � Ê ß œ � œ � œ Ê ß œ � œ �# # # # # # # # # #

 (b) r 2 2   r 2# � � � � � � „" "
� � �

# � �
#

n n� œ � œ œ œ Ê œ „ˆ ‰ Ê Š ‹a 2b a 4ab 4b 2a 4ab 2b
a b (a b) (a b) y y

a 2b# # # #

# # #

# #a b
n n

 In the first and second fractions, y n.  Let  represent the (n 1)th fraction where 1 and b n 1n   �     �a a
b b

 for n a positive integer 3.  Now the nth fraction is  and a b 2b 2n 2 n  y n.  Thus,  �     �   Ê  a 2b
a b
�
� n

  lim  r 2.
n Ä _ n œ È

101. (a)  f(x) x 2; the sequence converges to 1.414213562 2œ � ¸# È
 (b)  f(x) tan (x) 1; the sequence converges to 0.7853981635œ � ¸ 1

4

 (c)  f(x) e ; the sequence 1, 0, 1, 2, 3, 4, 5,  divergesœ � � � � � áx

102. (a)   lim  nf  lim    lim   f (0), where x
n x xÄ _ Ä ! Ä !

ˆ ‰" "� � w
n x x n

f( x) f(0 x) f(0)œ œ œ œ
? ?� �

? ?

? ?
?

 (b)   lim  n tan f (0) 1, f(x) tan x
n Ä _

�" w �"" "
�

ˆ ‰
n 1 0œ œ œ œ#

 (c)   lim  n e 1 f (0) e 1, f(x) e 1
n Ä _

a b1 n xÎ � œ œ œ œ �w !

 (d)   lim  n ln 1 f (0) 2, f(x) ln (1 2x)
n Ä _

ˆ ‰� œ œ œ œ �2 2
n 1 2(0)

w
�

103. (a)  If a 2n 1, then b 2n 2n 2n 2n, c 2n 2nœ � œ Ú Û œ Ú Û œ Ú � � Û œ � œ Ü Ý œ Ü � � Ýa 4n 4n 1 a# # #

# # # # #
� � " "# # #

  2n 2n 1 and a b (2n 1) 2n 2n 4n 4n 1 4n 8n 4nœ � � � œ � � � œ � � � � �# # # # # # % $ ##a b
  4n 8n 8n 4n 1 2n 2n 1 c .œ � � � � œ � � œ% $ # # ##a b
 (b)   lim    lim   1 or  lim    lim  sin  lim  sin 1

a a a a 2Ä _ Ä _ Ä _ Ä _ Ä Î

Ú Û Ú Û

Ü Ý Ü Ý

a a

a a

# #

# #

# #

# #

œ œ œ œ œ2n 2n
2n 2n 1

#

#

�
� � ) )

) 1

104. (a)   lim  (2n )  lim  exp  lim  exp  lim  exp e 1;
n n n nÄ _ Ä _ Ä _ Ä _

1
1 2n ln 2n

2n n
Î !

# #
"a b Š ‹

œ œ œ œ œˆ ‰ ˆ ‰� �1

2
2n
1

1

 n!  2n , Stirlings approximation  n! (2n )  for large values of n¸ Ê ¸ ¸ˆ ‰ ˆ ‰È Èn n n
e e e

1 2nn n
1 1

Î a b
 (b)    n                  n!                                                     

40 15.76852702 14.71517765
50 19.48325423 18.393

Èn n
e

97206
60 23.19189561 22.07276647

105. (a)   lim    lim    lim   0
n n nÄ _ Ä _ Ä _

ln n
n cn cnc c 1 cœ œ œ

ˆ ‰"
n
�

"

 (b)  For all 0, there exists an N e  such that n e   ln n   ln n ln% � œ � Ê � � Ê ��Ð ÑÎ �Ð ÑÎ "ln c ln c cln 
c

% % %

%
ˆ ‰

  n     0    lim   0nÊ � Ê � Ê � � Ê œ
Ä _

c
n n n

" " " "
% c c c% %¸ ¸

106. Let {a } and {b } be sequences both converging to L.  Define {c } by c b  and c a , wheren n n 2n n 2n 1 nœ œ
�

 n 1, 2, 3,  .  For all 0 there exists N  such that when n N  then a L  and there exists Nœ á � � � �% %" " #k kn

 such that when n N  then b L .  If n 1 2max{N N }, then  c L , so {c } converges to L.� � � � � ß � �# " #k k k kn n n% %
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107.  lim  n   lim  exp  ln n  lim  exp e 1
n n nÄ _ Ä _ Ä _

1 n
n n

Î !" "œ œ œ œˆ ‰ ˆ ‰
108.  lim  x   lim  exp  ln x e 1, because x remains fixed while n gets large

n nÄ _ Ä _
1 n

n
Î !"œ œ œˆ ‰

109. Assume the hypotheses of the theorem and let  be a positive number.  For all  there exists a N  such that% % "

 when n N  then a L   a L   L a , and there exists a N  such that when� � � Ê � � � � Ê � �" #k kn n n% % % %

 n N  then c L   c L   c L .  If n max{N N }, then� � � Ê � � � � Ê � � � ß# " #k kn n n% % % %

 L a b c L   b L    lim  b L.� � Ÿ Ÿ � � Ê � � Ê œ% % %n n n n nk k
n Ä _

110. Let . We have f continuous at L there exists  so that x L f(x) f(L) . Also, a L there% $ $ %� ! Ê � � Ê � � Ä Êk k k k n

 exists N so that for n N a L . Thus for n N,  f(a ) f(L)   f(a )  f(L).� � � � � � Ê Äk k k kn n n$ %

111. a a       3n 3n 4n 4 3n 6n n 2n 1 n
3(n 1) 1
(n 1) 1 n 1 n n 1

3n 1 3n 4 3n 1
�

� �
� � � �# �

� � � # #  Ê � Ê � Ê � � � � � � �

  4 2; the steps are reversible so the sequence is nondecreasing; 3  3n 1 3n 3Ê � � Ê � � �3n
n 1
�"
�

  1 3; the steps are reversible so the sequence is bounded above by 3Ê �

112. a a       n 1 n
(2(n 1) 3)! (2n 3)! (2n 5)! (2n 3)! (2n 5)! (n 2)!
((n 1) 1)! (n 1)! (n 2)! (n 1)! (2n 3)! (n 1)!�

� � � � � � �
� � � � � � �  Ê � Ê � Ê �

  (2n 5)(2n 4) n 2; the steps are reversible so the sequence is nondecreasing; the sequence is notÊ � � � �

 bounded since (2n 3)(2n 2) (n 2) can become as large as we please(2n 3)!
(n 1)!

�
� œ � � â �

113. a a       2 3 n 1 which is true for n 5; the steps aren 1 n
2 3 2 3 2 3
(n 1)! n! 2 3 n!

(n 1)!
� �

�Ÿ Ê Ÿ Ê Ÿ Ê Ÿ �  
n 1 n 1 n n n 1 n 1

n n

� � � �

†

 reversible so the sequence is decreasing after a , but it is not nondecreasing for all its terms;  a 6, a 18,& " #œ œ

 a 36, a 54, a 64.8  the sequence is bounded from above by 64.8$ % &œ œ œ œ Ê324
5

114. a a   2 2     ; the steps aren 1 n
2 2 2 2 2

n 1 n n n 1 n(n 1)� � # # � # # � #
" " " " "  Ê � �   � � Ê �   � Ê   �n 1 n n 1 n n 1� � �

 reversible so the sequence is nondecreasing; 2 2  the sequence is bounded from above� � Ÿ Ê2
n

"
#n

115. a 1  converges because   0 by Example 1; also it is a nondecreasing sequence bounded above by 1n œ � Ä" "
n n

116. a n  diverges because n   and   0 by Example 1, so the sequence is unboundedn œ � Ä _ Ä" "
n n

117. a 1  and 0 ; since   0 (by Example 1)    0, the sequence converges; also it isn
2 1

2 n nœ œ � � � Ä Ê Ä
n

n n n n
� " " " " "

# # #

 a nondecreasing sequence bounded above by 1

118. a ; the sequence converges to  by Theorem 5, #4n
2 1 2

3 3 3
n

œ œ � !
n

n n
� "ˆ ‰

119. a ( 1) 1  diverges because a 0 for n odd, while for n even a 2 1  converges to 2; itn n n
n n 1

n nœ � � œ œ �a b ˆ ‰ ˆ ‰� "

 diverges by definition of divergence

120. x max {cos 1 cos 2 cos 3 cos n} and x max {cos 1 cos 2 cos 3 cos (n 1)} x  with x 1n n 1 n nœ ß ß ßá ß œ ß ß ßá ß �   Ÿ�

 so the sequence is nondecreasing and bounded above by 1  the sequence converges.Ê

121. a a     n 1 2n 2n n 2n 2n  n 1 nn n 1
1 2n

n
2(n 1)

n 1
  Í   Í � � �   � � Í �  �

� "� �

�
# #

È ÈÈ È È ÈÈ ÈÈ È
 and 2 ; thus the sequence is nonincreasing and bounded below by 2  it converges1 2n

n
�ÈÈ   ÊÈ È
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122. a a     n 2n 1 n 2n  1 0 and 1; thus the sequence isn n 1
n 1 n 1

n n 1 n
(n 1)  Í   Í � �   � Í    �

� �� �"
�

# #

 nonincreasing and bounded below by 1  it convergesÊ

123. 4  so a a   4 4     1  and4 3 3 3 3 3 3 3
4 4 4 4 4 4 4

n n n n n 1
n n 1

n 1 n

n

� �
�

�" �
œ �   Í �   � Í   Í  ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰

 4 4; thus the sequence is nonincreasing and bounded below by 4  it converges�   Êˆ ‰3
4

n

124. a 1, a 2 3, a 2(2 3) 3 2 2 3, a 2 2 2 3 3 2 2 1 3," # $ %
# # $ $œ œ � œ � � œ � � " œ � � " � œ � �a b a b a ba b2 2

† †

 a 2 2 2 1 3 3 2 2 1 3, , a 2 2 1 3 2 3 2 3&
$ $ % % �" �" �" �œ � � � œ � � á œ � � œ � �c d a b a ba b n

n n n n 1
†

 2 (1 3) 3 2 3; a a   2 3 2 3  2 2   1 2œ � � œ � �   Í � �   � � Í �   � Í Ÿn 1 n n n 1 n n 1
n n 1

� � �
�

 so the sequence is nonincreasing but not bounded below and therefore diverges

125. Let 0 M 1 and let N be an integer greater than .  Then n N  n   n nM M� � � Ê � Ê � �M M
1 M 1 M� �

  n M nM  n M(n 1)  M.Ê � � Ê � � Ê �n
n 1�

126. Since M  is a least upper bound and M  is an upper bound, M M .  Since M  is a least upper bound and M" # " # # "Ÿ

 is an upper bound, M M .  We conclude that M M  so the least upper bound is unique.# " " #Ÿ œ

127. The sequence a 1  is the sequence , , , ,  .  This sequence is bounded above by ,n
( ) 3 3 3œ � á�"
# # # # # #

" "n

 but it clearly does not converge, by definition of convergence.

128. Let L be the limit of the convergent sequence {a }.  Then by definition of convergence, for  theren
%

#

 corresponds an N such that for all m and n, m N  a L  and n N  a L .  Now� Ê � � � Ê � �k k k km n
% %

# #

 a a a L L a a L L a  whenever m N and n N.k k k k k k k km n m n m n� œ � � � Ÿ � � � � � œ � �% %

# # %

129. Given an 0, by definition of convergence there corresponds an N such that for all n N,% � �

 L a  and L a .  Now L L L a a L L a a L 2 .k k k k k k k k k k k k" # # " # " # "� � � � � œ � � � Ÿ � � � � � œn n n n n n% % % % %

 L L 2  says that the difference between two fixed values is smaller than any positive number 2 .k k# "� � % %

 The only nonnegative number smaller than every positive number is 0, so L L 0 or L L .k k" # " #� œ œ

130. Let k(n) and i(n) be two order-preserving functions whose domains are the set of positive integers and whose
 ranges are a subset of the positive integers.  Consider the two subsequences a  and a , where a   L ,k n i n k nÐ Ñ Ð Ñ Ð Ñ "Ä

 a   L  and L L .  Thus a a L L 0. So there does not exist N such that for all m, n Ni n k n i nÐ Ñ Ð Ñ Ð Ñ# " # " #Ä Á � Ä � � �¸ ¸ k k
 a a . So by Exercise 128, the sequence a  is not convergent and hence diverges.Ê � � Ö ×k km n n%

131. a   L  given an 0 there corresponds an N  such that 2k N   a L .  Similarly,2k 2kÄ Í � � Ê � �% %" "c dk k
 a   L  2k 1 N   a L .  Let N max{N N }.  Then n N  a L  whether2k 1 2k 1 n� # � " #Ä Í � � Ê � � œ ß � Ê � �c d k kk k % %

 n is even or odd, and hence a   L.n Ä

132. Assume a   0.  This implies that given an 0 there corresponds an N such that n N  a 0n nÄ � � Ê � �% %k k
  a   a   a 0   a   0.  On the other hand, assume a   0.  This implies thatÊ � Ê � Ê � � Ê Ä Äk k k k k k k k k kk k k kn n n n n% % %

 given an 0 there corresponds an N such that for n N, a 0   a   a% % % %� � � � Ê � Ê �k k k k k kk k k kn n n

  a 0   a   0.Ê � � Ê Äk kn n%

133. (a) f(x) x a  f (x) 2x  x x   xœ � Ê œ Ê œ � Ê œ œ œ# w
� �

� � � �
# #

�
n 1 n n 1

x a 2x x a x a
x 2x 2x

x# # # #

n n n n n

n n n

n
a

xa b ˆ ‰
 (b) x 2, x 1.75, x 1.732142857, x 1.73205081, x 1.732050808; we are finding the positive" # $ % &œ œ œ œ œ

 number where x 3 0; that is, where x 3, x 0, or where x 3 .# #� œ œ � œ È
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134. x 1, x 1 cos (1) 1.540302306, x 1.540302306 cos (1 cos (1)) 1.570791601," # $œ œ � œ œ � � œ

 x 1.570791601 cos (1.570791601) 1.570796327  to 9 decimal places.  After a few steps, the% #œ � œ œ 1

 arc x  and line segment cos x  are nearly the same as the quarter circle.a b a bn 1 n 1� �

135-146.  Example CAS Commands:
 : (sequence functions may vary):Mathematica
 Clear[a, n]

 a[n_]; = n1 / n

 first25= Table[N[a[n]],{n, 1, 25}]
 Limit[a[n], n 8]Ä

Mathematica: (sequence functions may vary):
 Clear[a, n]

 a[n_]; = n1 / n

 first25= Table[N[a[n]],{n, 1, 25}]
 Limit[a[n], n 8]Ä

 The last command (Limit) will not always work in Mathematica. You could also explore the limit by enlarging your table
 to more than the first 25 values.
 If you know the limit (1 in the above example), to determine how far to go to have all further terms within 0.01 of the
 limit, do the following.
 Clear[minN, lim]
 lim= 1
 Do[{diff=Abs[a[n] lim], If[diff < .01, {minN= n, Abort[]}]}, {n, 2, 1000}]�

 minN
 For sequences that are given recursively, the following code is suggested. The portion of the command a[n_]:=a[n] stores
 the elements of the sequence and helps to streamline computation.
 Clear[a, n]
 a[1]= 1;

 a[n_]; = a[n]= a[n 1] (1/5)� � (n 1)�

 first25= Table[N[a[n]], {n, 1, 25}]
 The limit command does not work in this case, but the limit can be observed as 1.25.
 Clear[minN, lim]
 lim= 1.25
 Do[{diff=Abs[a[n] lim], If[diff < .01, {minN= n, Abort[]}]}, {n, 2, 1000}]�

 minN

10.2  INFINITE SERIES

 1. s    lim  s 3n n
a 1  r

(1  r)
2 1  

1  1  
2œ œ Ê œ œa b ˆ ‰ˆ ‰ˆ ‰ ˆ ‰�

�

�

� �

n
3

n

3 3

"

" "n Ä _

 2. s    lim  sn n
a 1  r

(1  r) 11
1  

1  1  
œ œ Ê œ œa b ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰ˆ ‰ ˆ ‰�

�

�

� �
"n 9 9

100 100 100
n

100 100

"

" "n Ä _

 3. s    lim  sn n
a 1  r

(1  r) 3
1  
1  

2œ œ Ê œ œa b ˆ ‰ˆ ‰ ˆ ‰�
�

� �

� �
"n n

3

"

#

"

# #
n Ä _

 4. s , a geometric series where r 1  divergencen
1  ( 2)
1  ( 2)œ � Ê� �
� �

n k k
 5.   s    lim  s" " " " " " " " " " " "

� � # � � # # � � # # � # #(n  1)(n  ) n  1 n  3 3 4 n  1 n  n  n nœ � Ê œ � � � �á � � œ � Ê œˆ ‰ ˆ ‰ ˆ ‰
n Ä _
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 6.   s 5 55 5 5 5 5 5 5 5 5 5 5 5 5
n(n  1) n n  1 2 2 3 3 4 n  1 n n n  1 n  1n� � � � �œ � Ê œ � � � � � �á � � � � œ �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰

   lim  s 5Ê œ
n Ä _ n

 7. 1 , the sum of this geometric series is � � � �á œ œ" " " " "
� � �4 16 64 51  1  

4ˆ ‰ ˆ ‰" "

4 4

 8. , the sum of this geometric series is " " " "
� #16 64 256 11  

� � �á œ
ˆ ‰̂ ‰

"

"

16

4

 9. , the sum of this geometric series is 7 7 7 7
4 16 64 31  
� � �á œ

ˆ ‰̂ ‰
7
4

4� "

10. 5 , the sum of this geometric series is 4� � � �á œ5 5 5 5
4 16 64 1  � �ˆ ‰"

4

11. (5 1) , is the sum of two geometric series; the sum is� � � � � � � �áˆ ‰ ˆ ‰ ˆ ‰5 5 5
3 4 9 8 7# #
" " "

 105 3 23
1  1  � �

"
# #ˆ ‰ ˆ ‰" "

#

� œ � œ
3

12. (5 1) , is the difference of two geometric series; the sum is� � � � � � � �áˆ ‰ ˆ ‰ ˆ ‰5 5 5
3 4 9 8 7# #
" " "

 105 3 17
1  1  � �

"
# #ˆ ‰ ˆ ‰" "

#

� œ � œ
3

13. (1 1) , is the sum of two geometric series; the sum is� � � � � � � �áˆ ‰ ˆ ‰ ˆ ‰1 1 1
5 4 25 8 1 5# #
" " "

 21 5 17
1  1  6 6� �

"ˆ ‰ ˆ ‰" "

#

� œ � œ
5

14. 2 2 1 ; the sum of this geometric series is 2� � � �á œ � � � �á œ4 8 16 2 4 8 10
5 25 125 5 25 125 31  

ˆ ‰ Š ‹"
� ˆ ‰2

5

15. Series is geometric with r 1 Converges to œ Ê � Ê œ2 2 1 5
5 5 31

¹ ¹
� 2

5

16. Series is geometric with r 3 3 1 Divergesœ � Ê � � Ê¹ ¹
17. Series is geometric with r 1 Converges to œ Ê � Ê œ1 1 1

8 8 71
¹ ¹ 1

8
1
8�

18. Series is geometric with r 1 Converges to œ � Ê � � Ê œ �2 2 2
3 3 51

¹ ¹ �

� �

2
3

2
3

ˆ ‰

19. 0.23   20. 0.234  œ œ œ œ œ œ! !ˆ ‰ ˆ ‰_ _

œ œn 0 n 0

23 23 234 234
100 10 99 1000 10 999

n n

1  1  

" "
� �

# $

Š ‹ Š ‹
ˆ ‰ Š ‹
23 234
100 1000

1000
" "

100

21. 0.7   22. 0.d  œ œ œ œ œ œ! !ˆ ‰ ˆ ‰_ _

œ œn 0 n 0

7 7 d d
10 10 9 10 10 9

n n

1  1  

" "

� �

Š ‹ Š ‹
Š ‹ Š ‹
7 d
10 10

10 10
" "

23. 0.06  œ œ œ œ! ˆ ‰ ˆ ‰ ˆ ‰_

œn 0

1 6 6
10 10 10 90 15

n

1  

" "

�

Š ‹
Š ‹
6

100

10
"

24. 1.414 1  1 1œ � œ � œ � œ! ˆ ‰_

œn 0

414 414 413
1000 10 999 999

n

1  

" "

�
$

Š ‹
Š ‹
414
1000

1000
"
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25. 1.24123  œ � œ � œ � œ � œ œ124 123 124 124 123 124 123
100 10 10 100 100 10 10 100 99,900 99,900 33,300

n

1  

123,999 41,333! ˆ ‰_

œn 0
& $ & #

"

� �

Š ‹
Š ‹
123
10

10

&

"

$

26. 3.142857 3 3 3œ � œ � œ � œ œ! ˆ ‰_

œn 0

142,857 142,857 3,142,854 116,402
10 10 10 1 999,999 37,037

n

1
' ' '

"

� �

Š ‹
Š ‹

142,857
10

10

'

"

'

27.     1 0 divergeslim lim
n n

n 1
n 10 1Ä_ Ä_� œ œ Á Ê

28.            1 0 divergeslim lim lim lim
n n n n

n n 1
n 2 n 3 n 5n 6 2n 5 2

n n 2n 1 2

Ä_ Ä_ Ä_ Ä_

�
� � � � �

� �a ba ba b œ œ œ œ Á Ê
2

2

29.   0 test inconclusivelim
n

1
n 4Ä_ � œ Ê

30.     0 test inconclusivelim lim
n n

n 1
n 3 2nÄ_ Ä_�2 œ œ Ê

31.   cos  cos 0 1 0 divergeslim
n

1
nÄ_
œ œ Á Ê

32.          1 0 divergeslim lim lim lim
n n n n

e e e 1
e n e 1 e 1Ä_ Ä_ Ä_ Ä_� �

n n n

n n nœ œ œ œ Á Ê

33.   ln  0 divergeslim
n

1
nÄ_
œ �_ Á Ê

34.   cos n  does not exist divergeslim
nÄ_

1 œ Ê

35. s 1 1   lim  sk k2 2 3 3 4 k  1 k k k  1 k  1œ � � � � � �á � � � � œ � Êˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰" " " " " " " " " "
� � � k Ä _

  lim  1 1, series converges to 1œ � œ
k Ä _

ˆ ‰"
�k  1

36. s 3   lim  sk k
3 3 3 3 3 3 3 3 3 3 3
1 4 4 9 9 16 k kk  1 k  1 k  1

œ � � � � � �á � � � � œ � Êˆ ‰ ˆ ‰ ˆ ‰ Š ‹ Š ‹a b a b a b� � �2 2 2 2 2
k Ä _

  lim  3 3, series converges to 3œ � œ
k Ä _

Š ‹3
k  1a b� 2

37. s ln 2 ln 1 ln 3 ln 2 ln 4 ln 3 ln k ln k 1 ln k 1 ln kk œ � � � � � �á � � � � � �Š ‹ Š ‹ Š ‹ Š ‹ Š ‹È È È ÈÈ È È È ÈÈ
 ln k 1 ln 1 ln k 1   lim  s  lim  ln k 1 ; series divergesœ � � œ � Ê œ � œ _È È ÈÈ

k kÄ _ Ä _
k

38. s tan 1 tan 0 tan 2 tan 1 tan 3 tan 2 tan k tan k 1 tan k 1 tan kk œ � � � � � �á � � � � � �a b a b a b a b a ba b a b
 tan k 1 tan 0 tan k 1   lim  sk  lim  tan k 1 does not exist; series divergesœ � � œ � Ê œ � œa b a b a b

k kÄ _ Ä _

39. s cos cos cos cos cos cosk
1 1 1 1 1 11 1 1 1 1 1

2 3 3 4 4 5œ � � � � � �áˆ ‰ ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰� � � � � �

         cos cos cos cos cos� � � � œ �ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰� � � � �
� � �# �#

1 1 1 1 11 1 1 1 1
k k 1 k 1 k 3 k

1

   lim  s  lim  cos , series converges to Ê œ � œ � œ
k kÄ _ Ä _

k 3 k 3 2 6 6
1 1’ “ˆ ‰1 1 1 1 1�

�#

40. s 5 4 6 5 7 6 k 3 k 2 k 4 k 3k œ � � � � � �á � � � � � � � �Š ‹ Š ‹ Š ‹ Š ‹ Š ‹È È ÈÈ È È È È È È
 k 4 2   lim  s  lim  k 4 2 ; series divergesœ � � Ê œ � � œ _È È’ “

k kÄ _ Ä _
k
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41.   s 14
(4n  3)(4n  1) 4n  3 4n  1 5 5 9 9 13 4k  7 4k  3k� � � � � �

" " " " " " " " "œ � Ê œ � � � � � �á � �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰
 1    lim  s  lim  1 1� � œ � Ê œ � œˆ ‰ ˆ ‰" " " "

� � � �4k  3 4k  1 4k  1 4k  1k
k kÄ _ Ä _

42.   A(2n 1) B(2n 1) 6 (2A 2B)n (A B) 66 A B
(2n  1)(2n  1) 2n  1 2n  1 (2n  1)(2n  1)

A(2n  1)  B(2n  1)
� � � � � �

� � �œ � œ Ê � � � œ Ê � � � œ

  2A 6 A 3 and B 3.  Hence, 3 
2A 2B 0 A B 0
 A  B 6 A B 6

Ê Ê Ê œ Ê œ œ � œ �
� œ � œ
� œ � œœ œ ! !ˆ ‰k k

n 1 n 1œ œ

6
(2n  1)(2n  1) n  1 n  1� � # � # �

" "

 3 3 1   the sum isœ � � � � � �á � � � œ � ÊŠ ‹ ˆ ‰" " " " " " " " " "
# � � � # � # �1 3 3 5 5 7 (k  1)  1 2k  1 k  1 k  1

   lim  3 1 3
k Ä _

ˆ ‰� œ"
# �k  1

43. 40n A B C D
(2n 1) (2n 1) (2n 1) (2n 1) (2n 1) (2n 1) (2n 1) (2n 1)

A(2n 1)(2n 1)   B(2n 1)   C(2n 1)(2n 1)   D(2n 1)
� � � � � � � �

� � � � � � � � �
# # # # # #

# # # #

œ � � � œ

  A(2n 1)(2n 1) B(2n 1) C(2n 1)(2n 1) D(2n 1) 40nÊ � � � � � � � � � œ# # # #

  A 8n 4n 2n 1 B 4n 4n 1 C 8n 4n 2n 1 D 4n 4n 1 40nÊ � � � � � � � � � � œ � � œa b a b a b a b$ # # $ # #

  (8A 8C)n (4A 4B 4C 4D)n ( 2A 4B 2C 4D)n ( A B C D) 40nÊ � � � � � � � � � � � � � � � œ$ #

    

               8A 8C  0              8A 8C  0
  4A 4B 4C 4D  0   A  B C  D  0

2A 4B 2C 4D 40 A 2
 A  B  C  D  0

Ê Ê

� œ � œ
� � � œ � � � œ

� � � � œ � �
� � � � œ

Ú ÚÝ ÝÝ ÝÛ ÛÝ ÝÝ ÝÜ Ü B C 2D 20 2B 2D 20
A  B C  D  0

    4B 20  B 5
 B  D  0

� � œ � œ
� � � � œ

Ê Ê œ Ê œ
� œœ

 and D 5    C 0 and A 0.  Hence,  
            A C 0
A 5 C 5 0

œ � Ê Ê œ œ
� œ

� � � � œœ ! ’ “k

n 1œ

40n
( n 1) (2n 1)# � �# #

 5 5œ � œ � � � � �á � � �!’ “ Š ‹k

n 1œ

" " " " " " " " " "
# � # � # # � � # � # �( n 1) ( n 1) 1 9 9 5 5 (2(k 1)  1) ( k 1) ( k 1)# # # # #

 5 1   the sum is  lim  5 1 5œ � Ê � œŠ ‹ Š ‹" "
� �(2k 1) (2k 1)# #n Ä _

44.   s 12n  1
n (n  1) n (n  1) 4 4 9 9 16 (k  1) k k (k  1)k

� " " " " " " " " " " "
� � � �# # # # # # # #œ � Ê œ � � � � � �á � � � �ˆ ‰ ˆ ‰ ˆ ‰ ’ “ ’ “

   lim  s  lim  1 1Ê œ � œ
k kÄ _ Ä _

k (k  1)’ “"
� #

45. s 1 1k 2 2 43 3 k  1 k k k  1 k  1
œ � � � � � �á � � � � œ �Š ‹ Š ‹ Š ‹ Š ‹ Š ‹" " " " " " " " " "

� � �È È È È È È È È È È
   lim  s  lim  1 1Ê œ � œ

k kÄ _ Ä _
k k  1

Š ‹"
�È

46. s  k œ � � � � � �á � � � � œ �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰" " " " " " " " " " " "
# ## # # # # # # # # #"Î# "Î# "Î$ "Î$ "Î% ÎÐ � Ñ Î Î ÎÐ � Ñ ÎÐ � Ñ1 k 1 1 k 1 k 1 k 1 1 k 1

   lim  sÊ œ � œ �
k Ä _

k 1
" " "
# #

47. sk ln 3 ln ln 4 ln 3 ln 5 ln 4 ln (k  1) ln k ln (k  2) ln (k  1)œ � � � � � �á � � � �ˆ ‰ ˆ ‰ ˆ ‰ Š ‹ Š ‹" " " " " " " " " "
# � � �

    lim  sœ � � Ê œ �" " "
# � #ln ln (k  2) ln k

k Ä _

48. s tan (1) tan (2) tan (2) tan (3) tan (k 1) tan (k)k œ � � � �á � � �c d c d c d�" �" �" �" �" �"

 tan (k) tan (k 1) tan (1) tan (k 1)   lim  s tan (1)� � � œ � � Ê œ � œ � œ �c d�" �" �" �" �"
# #k Ä _

k 4 4
1 1 1 1

49. convergent geometric series with sum 2 2"

� �1  

2
2 1Š ‹
ÈÈ"

È2

œ œ �È

50. divergent geometric series with r 2 1 51. convergent geometric series with sum 1k k Èœ � œ
Š ‹
Š ‹
3
#

"

#
1  � �
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52.  lim  ( 1) n 0  diverges 53.  lim  cos (n )  lim  ( 1) 0  diverges
n n nÄ _ Ä _ Ä _

� Á Ê œ � Á Ên 1 n�
1

54. cos (n ) ( 1)   convergent geometric series with sum 1 œ � Ê œn

1  

5
6

"

� Š ‹� "

5

55. convergent geometric series with sum "

� �1  

e
e 1Š ‹"

#e

œ
#

#

56.  lim  ln 0  diverges
n Ä _

"
3n œ �_ Á Ê

57. convergent geometric series with sum 22 20 18 2

1  9 9 9� Š ‹"

10

� œ � œ

58. convergent geometric series with sum "

� �1  

x
x  1Š ‹"x œ

59. difference of two geometric series with sum 3" "

� � # #1  1  

3 3Š ‹ Š ‹2
3 3

� œ � œ
"

60.  lim  1  lim  1 e 0  diverges
n nÄ _ Ä _

ˆ ‰ ˆ ‰� œ � œ Á Ê" �" �"
n n

n n

61.  lim   0  diverges 62.  lim    lim    lim  n   diverges
n n n nÄ _ Ä _ Ä _ Ä _

n! n n n n
1000 n! 1 nn

n
œ _ Á Ê œ � œ _ Ê†

†

â
#â

63. ; both  and  are geometric series, and both conve! ! ! ! ! ! !ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰_ _ _ _ _ _ _

œ œ œ œ œ œ œn 1 n 1 n 1 n 1 n 1 n 1 n 1

2 3 2 3 1 3 1 3
4 4 4 2 4 2 4

n n n nn n n n

n n n
� œ � œ � œ rge

 since r 1 and r 1, respectivley 1 and  3œ Ê � œ Ê � Ê œ œ œ œ Ê1 1 3 3 1 3
2 2 4 4 2 4

n n

1 1
¹ ¹ ¹ ¹ ! !ˆ ‰ ˆ ‰_ _

œ œn 1 n 1

1 3
2 4

1 3
2 4� �

 1 3 4 by Theorem 8, part (1)!_
œn 1

2 3
4

n n

n
� œ � œ

64.          1 0 diverges by n  term test for divergencelim lim lim
n n n

2 4 1
3 4 1

th
Ä_ Ä_ Ä_

�
�

�" �"

�" �"

n n

n n

2 1n

4 2n
3 3n n
4 4n

n

œ œ œ œ Á Ê
ˆ ‰ˆ ‰

65.  ln ln (n) ln (n 1)   s ln (1) ln (2) ln (2) ln (3) ln (3) ln (4)! !ˆ ‰ c d c d c d c d_ _

œ œn 1 n 1

n
n  1� œ � � Ê œ � � � � � �ák

 ln (k 1) ln (k) ln (k) ln (k 1) ln (k 1)   lim  s ,  diverges� � � � � � œ � � Ê œ �_ Êc d c d
k Ä _

k

66.  lim  a  lim  ln ln 0  diverges
n nÄ _ Ä _n

n
2n  1œ œ Á Êˆ ‰ ˆ ‰

� #
"

67. convergent geometric series with sum "
� �1    eˆ ‰e

1

œ 1

1

68. divergent geometric series with r 1k k œ ¸ �e 23.141
22.459

1

1e

69.  ( 1) x  ( x) ; a 1, r x; converges to  for x 1! ! k k_ _

œ œn 0 n 0
� œ � œ œ � œ �n n n " "

� � �1  ( x) 1  x

70.   ( 1) x  x ; a 1, r x ; converges to  for x 1! ! a b k k_ _

œ œn 0 n 0
� œ � œ œ � �n 2n n

1  x
# # "

� #
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71. a 3, r ; converges to  for 1 1 or 1 x 3œ œ œ � � � � � �x  1 3 6 x

1  3  x
� �"
# � #� Š ‹x  � "

#

72.    ; a , r ; converges to ! !ˆ ‰ ˆ ‰_ _

œ œn 0 n 0

( 1)
3  sin x 3  sin x 3  sin x

n n

1  

�
# � # � # �

" " �" " �"

�

n

œ œ œ
ˆ ‰

Š ‹
"

#

�"

�3  sin x

  for all x since  for all xœ œ Ÿ Ÿ3  sin x 3  sin x
2(4  sin x) 8  2 sin x 4 3  sin x

� � " " "
� � � #

ˆ ‰
73. a 1, r 2x; converges to  for 2x 1 or xœ œ � �" "

� #1  2x k k k k
74. a 1, r ; converges to  for 1 or x 1.œ œ � œ � �" "

� �x x   1 x1  

x 1
# # #

#

Š ‹�"

#x

¸ ¸ k k
75. a 1, r (x 1) ; converges to  for x 1 1 or 2 x 0œ œ � � œ � � � � �n

1  (x  1)   x
" "

� � # � k k
76. a 1, r ; converges to  for 1 or 1 x 5œ œ œ � � �3  x 2 3  x

1  x  1
� " �
# � #� Š ‹3  x�

#

¸ ¸

77. a 1, r sin x; converges to  for x (2k 1) , k an integerœ œ Á �"
� #1  sin x

1

78. a 1, r ln x; converges to  for ln x 1 or e x eœ œ � � �"
�

�"
1  ln x k k

79. (a)   (b)   (c)  ! ! !_ _ _

œ� œ œn 2 n 0 n 5

" " "
� � � � � �#(n 4)(n 5) (n 2)(n 3) (n 3)(n )

80. (a)   (b)   (c)  ! ! !_ _ _

œ� œ œn 1 n 3 n 20

5 5 5
(n 2)(n 3) (n 2)(n 1) (n 19)(n 18)� � � � � �

81. (a) one example is 1" " " "
# �
� � � �á œ œ4 8 16 1

Š ‹
Š ‹
"

#

"

#

 (b) one example is 3� � � � �á œ œ �3 3 3 3
4 8 16 1#

�

�

Š ‹
Š ‹

3
#

"

#

 (c) one example is 1  1 0.� � � � �á œ � œ" " " "
# �4 8 16 1

Š ‹
Š ‹
"

#

"

#

82. The series   k   is a geometric series whose sum is  k where k can be any positive or negative number.! ˆ ‰_

œn 0

1
2

n 1

1

�

�

Š ‹
Š ‹
k
#

"

#

œ

83. Let a b .  Then  a  b  1, while   (1) diverges.n n n n
n n a

bœ œ œ œ œ œˆ ‰ ˆ ‰! ! ! ! !Š ‹" "
# #

_ _ _ _ _

œ œ œ œ œn 1 n 1 n 1 n 1 n 1

n

n

84. Let a b .  Then  a  b  1, while  a b  AB.n n n n n n
n n n

4 3œ œ œ œ œ œ œ Áˆ ‰ ˆ ‰ ˆ ‰! ! ! ! !a b" " " "
# #

_ _ _ _ _

œ œ œ œ œn 1 n 1 n 1 n 1 n 1

85. Let a  and b .  Then A  a , B  b 1 and   1 .n n n n4 3 b B
n n na Aœ œ œ œ œ œ œ œ Áˆ ‰ ˆ ‰ ˆ ‰! ! ! !Š ‹" " " "

# #

_ _ _ _

œ œ œ œn 1 n 1 n 1 n 1

n

n

86. Yes:    diverges.  The reasoning:   a  converges  a   0        diverges by the! ! !Š ‹ Š ‹" " "
a a an n

n n n
Ê Ä Ê Ä _ Ê

 nth-Term Test.
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87. Since the sum of a finite number of terms is finite, adding or subtracting a finite number of terms from a series
 that diverges does not change the divergence of the series.

88. Let A a a a  and  lim  A A.  Assume  a b  converges to S.  Letn n n n nœ � �á � œ �" # n Ä _
! a b

 S (a b ) (a b ) (a b )  S (a a a ) (b b b )n n n n n nœ � � � �á � � Ê œ � �á � � � �á �" " # # " # " #

  b b b S A    lim  b b b S A   b  converges.  ThisÊ � �á � œ � Ê � �á � œ � Ê" # " #n n n n nn Ä _
a b !

 contradicts the assumption that  b  diverges; therefore,  a b  diverges.! ! a bn n n�

89. (a) 5  1 r  r ; 2 2 22 2 3 3 3
1 r 5 5 5 5�

#
œ Ê œ � Ê œ � � �áˆ ‰ ˆ ‰

 (b) 5  1 r  r ;  
Š ‹13

2

1 r 10 10 2 10 10 10
13 3 13 13 3 13 3 13 3

� # # #

# $
œ Ê œ � Ê œ � � � � �áˆ ‰ ˆ ‰ ˆ ‰

90. 1 e e 9  1 e   e   b ln� � �á œ œ Ê œ � Ê œ Ê œb 2b b b
1 e 9 9 9

8 8" "
� b

ˆ ‰
91. s 1 2r r 2r r 2r r 2r , n 0, 1, n

2n 2n 1œ � � � � � �á � � œ á# $ % & �

  s 1 r r r 2r 2r 2r 2r    lim  sÊ œ � � �á � � � � �á � Ê œ �n n
2n 2n 1

1 r 1 r
2ra b a b# % $ & � "

� �n Ä _ # #

 , if r 1 or r 1œ � �1 2r
1 r
�
�

#
# k k k k

92. L s� œ � œn
a ar

1 r 1 r 1 r
a 1 r

� � �
�a bn n

93. area 2 2 (1) 4 2 1 8 mœ � � � �á œ � � � �á œ œ# # #
# #

" "
# �

Š ‹ Š ‹È È2
4

1 "

#

94. (a) L 3, L 3 , L 3 , , L 3    lim  L  lim  3" # $
#

œ œ œ á œ Ê œ œ _ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰4 4 4 4
3 3 3 3n n

n 1 n 1� �

n nÄ _ Ä _

 (b) Using the fact that the area of an equilateral triangle of side length s is s , we see that A ,
È È3 3

4 4
2

" œ

 A A 3 , A A 3 4 ,# " $ #
" "

# #œ � œ � œ � œ � �Š ‹ Š ‹ˆ ‰ ˆ ‰a bÈ È È È È È È3 3 3 3 3 3 3
4 3 4 1 4 3 4 12 7

2 2
2

 A A 3 4 , A A 3 4 , . . . ,% $
" "œ � œ �a b a bŠ ‹ Š ‹ˆ ‰ ˆ ‰2 33 3

4 3 4 3
2 2

5 4
È È

3 4

 A  3 4  3 3 4 3 3  .n

n n n

k 2 k 2 k 2

œ � œ � œ �
È È È È3 3 3 3

4 4 3 4 9 4
k 2 kk 1 k 1 4

9
! ! !a b a bŠ ‹ˆ ‰ ˆ ‰È È Œ �
œ œ œ

� �$" "� �
2

k

k 1

�$

�

   lim   A  lim   3 3  3 3 3 3 1
n nÄ _ Ä _n

n

k 2

œ � œ � œ � œ �Œ � Œ �È È ÈŒ �! ˆ ‰ ˆ ‰È È È È3 3 3 3
4 4 4 20 4 5

4 1 3
9 1

œ

k

k 1

�$

�

1
36

4
9�

 Aœ œ
È3

4 5 5
8 8ˆ ‰ "

10.3  THE INTEGRAL TEST

 1. f x  is positive, continuous, and decreasing for x 1;  dx  lim    dx  lim   a b ’ “œ   œ œ �1 1 1 1
x x x x2 2 2

' '
1 1

b

1

b_

b bÄ _ Ä _

  lim   1 1  dx converges  convergesœ � � œ Ê Ê
b Ä _

ˆ ‰ !1 1 1
b x n

n 1

'
1

_

2 2

œ

_

 2. f x  is positive, continuous, and decreasing for x 1;  dx  lim    dx  lim   xa b ’ “œ   œ œ1 1 1 5
x x x 4

0.8
0.2 0.2 0.2

' '
1 1

b

1

b_

b bÄ _ Ä _

  lim   b  dx diverges  divergesœ � œ _ Ê Ê
b Ä _

ˆ ‰ !5 5 1 1
4 4 x n

0.8

n 1

'
1

_

0.2 0.2

œ

_
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 3. f x  is positive, continuous, and decreasing for x 1; dx  lim    dx  lim   tana b ’ “œ   œ œ1 1 1 1 x
x 4 x 4 x 4 2 2

1
2 2 2� � �

�' '
1 1

b

1

b_

b bÄ _ Ä _

  lim   tan tan tan dx converges  convergesœ � œ � Ê Ê
b Ä _

ˆ ‰ !1 b 1 1 1 1 1 1
2 2 2 2 4 2 2 x 4 n 4

1 1 1

n 1

� � �
� �

œ

_
1 '

1

_

2 2

 4. f x  is positive, continuous, and decreasing for x 1;  dx  lim    dx  lim   ln x 4a b ’ “œ   œ œ l � l1 1 1
x 4 x 4 x 4� � �

' '
1 1

b

1

b_

b bÄ _ Ä _

  lim   ln b 4 ln 5 dx diverges  divergesœ l � l � œ _ Ê Ê
b Ä _

a b !'
1

_

1 1
x 4 n 4

n 1
� �

œ

_

 5. f x e  is positive, continuous, and decreasing for x 1; e dx  lim   e  dx  lim   ea b ’ “œ   œ œ �� � � �2x 2x 2x 2x1
2

' '
1 1

b

1

b_

b bÄ _ Ä _

  lim   e dx converges e  convergesœ � � œ Ê Ê
b Ä _

ˆ ‰ !1 1 1
2e 2e 2e

2x 2n

n 1
2b 2 2

'
1

_

� �

œ

_

 6. f x  is positive, continuous, and decreasing for x 2; dx  lim    dx  lim   a b ’ “œ   œ œ �1 1 1 1
x ln x x ln x x ln x ln xa b a b a b2 2 2

' '
2 2

b

2

b_

b bÄ _ Ä _

  lim   dx converges  convergesœ � � œ Ê Ê
b Ä _

ˆ ‰ !1 1 1 1 1
ln b ln 2 ln 2 x ln x n ln n

n 2

'
2

_

a b a b2 2

œ

_

 7. f x  is positive and continuous for x 1, f x 0 for x 2, thus f is decreasing for x 3;a b a bœ   œ � �  x 4 x
x 4 x 42 2

2

2�
w �

�a b
 dx  lim    dx  lim   ln x 4  lim   ln b 4 ln 13 dx' ' '

3 3 3

b

3

b_ _

x x 1 1 1 x
x 4 x 4 2 2 2 x 4

2 2
2 2 2� � �œ œ � œ � � œ _ Ê

b b bÄ _ Ä _ Ä _
’ “a b a b a bˆ ‰

 diverges  diverges   divergesÊ Ê œ � �! ! !
n 3 n 1 n 3

n n 1 2 n
n 4 n 4 5 8 n 4

œ œ œ

_ _ _

� � �2 2 2

 8. f x  is positive and continuous for x 2, f x 0 for x e, thus f is decreasing for x 3;a b a bœ   œ � �  ln x 2 ln x
x x

2 2

2
w �

 dx  lim    dx  lim   2 ln x  lim   2 ln b 2 ln 3 dx' ' '
3 3 3

b

3

b_ _

ln x ln x ln x
x x x

2 2 2
œ œ œ � œ _ Ê

b b bÄ _ Ä _ Ä _
’ “a b a ba b a b

 diverges  diverges   divergesÊ Ê œ �! ! !
n 3 n 2 n 3

ln n ln n ln 4 ln n
n n 2 n

œ œ œ

_ _ _
2 2 2

 9. f x  is positive and continuous for x 1, f x 0 for x 6, thus f is decreasing for x 7;a b a bœ   œ � �  x
e 3e

x x 62

x 3 x 3Î Î
w � �a b

 dx  lim    dx  lim    lim   ' '
7 7

b

7

b_

x x 3x 18x 54 3b 18b 54 327
e e e e e e e

2 2 2 2

x 3 x 3 x 3 x 3 x 3 b 3 7 3Î Î Î Î Î Î Îœ œ � � � œ � œ
b b bÄ _ Ä _ Ä _

’ “ Š ‹� � �

  lim    lim   dx converges  convergesœ � œ � œ Ê Ê
b bÄ _ Ä _

Š ‹ ˆ ‰ !3 6b 18
e e e e e e e

327 54 327 327 x n

n 7

a b� � �

œ

_

b 3 7 3 b 3 7 3 7 3 x 3 n 3

2 2

Î Î Î Î Î Î Î
'

7

_

    convergesÊ œ � � � � � �! !
n 1

n 1 4 9 16 25 36 n
e e e e e ee e

n 7œ

_ _

œ

2 2

n 3 1 3 2 3 4 3 5 3 n 31 2Î Î Î Î Î Î

10. f x   is continuous for x 2, f is positive for x 4, and f x 0 for x 7, thus f isa b a bœ œ   � œ � �x 4 x 4 7 x
x 2x 1 x 1 x 1

� � �
� � � �

w
2 2 3a b a b

 decreasing for x 8; dx  lim    dx  dx  lim    dx  dx  œ � œ �' ' ' ' '
8 8 8 8 8

b b b b_

x 4 x 1 3 1 3
x 1 x 1 x 1 x 1x 1
� �
� � � ��a b a b a b a b2 2 2 2

b bÄ _ Ä _
” • ” •

  lim   ln x 1  lim   ln b 1 ln 7 dx divergesœ l � l � œ l � l � � � œ _ Ê
b bÄ _ Ä _

’ “ ˆ ‰3 3 3 x 4
x 1 b 1 7 x 1� �

�
�8

b

8
' _

a b2

  diverges  2 0   divergesÊ Ê œ � � � � � � �! ! !
n 8 n 2 n 8

n 4 n 4 1 1 2 3 n 4
n 2n 1 n 2n 1 4 16 25 36 n 2n 1

œ œ œ

_ _ _
� � �

� � � � � �2 2 2

11. converges; a geometric series with r 1 12. converges; a geometric series with r 1œ � œ �" "
10 e

13. diverges; by the nth-Term Test for Divergence,  lim   1 0
n Ä _

n
n 1� œ Á
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14. diverges by the Integral Test;  dx 5 ln (n 1) 5 ln 2  dx  ' '
1 1

n
5 5

x 1 x 1� �œ � � Ê Ä _
_

15. diverges;  3  , which is a divergent p-series (p )! !_ _

œ œn 1 n 1

3
n nÈ Èœ œ" "

#

16. converges;   2  , which is a convergent p-series (p )! !_ _

œ œn 1 n 1

� "
#

2 3
n n nÈ œ � œ

$Î#

17. converges; a geometric series with r 1œ �"
8

18. diverges;   8     and since    diverges, 8     diverges! ! ! !_ _ _ _

œ œ œ œn 1 n 1 n 1 n 1

� "8 1 1
n n n nœ � �

19. diverges by the Integral Test:   dx ln n ln 2    dx  ' '
2 2

n
ln x ln x

x xœ � Ê Ä _"
#

#a b _

20. diverges by the Integral Test:   dx;   te  dt  lim  2te 4e
t ln x
dt

dx e  dt

' '
2 ln 2

_ _

ln x
x

dx
x
t

t 2 t 2 t 2È
Ô ×
Õ Ø � ‘œ

œ

œ

Ä œ �Î Î Î

b Ä _

b

ln 2

  lim  2e (b 2) 2e (ln 2 2)œ � � � œ _
b Ä _

� ‘b 2 ln 2 2Î Ð ÑÎ

21. converges; a geometric series with r 1œ �2
3

22. diverges;  lim    lim    lim  0
n n nÄ _ Ä _ Ä _

5 5  ln 5 ln 5 5
4 3 4  ln 4 ln 4 4

nn n

n n� œ œ œ _ Áˆ ‰ ˆ ‰
23. diverges;   2   , which diverges by the Integral Test! !_ _

œ œn 0 n 0

� "
� �

2
n 1 n 1œ �

24. diverges by the Integral Test:   ln (2n 1)   as n  '
1

n
dx

2x 1� #
"œ � Ä _ Ä _

25. diverges;  lim  a  lim    lim   0
n n nÄ _ Ä _ Ä _n

2 2  ln 2
n 1 1œ œ œ _ Á

n n

�

26. diverges by the Integral Test:  ; ln n 1 ln 2  as n
u x

du
' '

1 2

n n 1
dx du

x x 1 dx
x

uÈ Èˆ ‰ È� – —È ˆ ‰Èœ � "

œ
Ä œ � � Ä _ Ä _

È �

27. diverges;  lim    lim    lim   0
n n nÄ _ Ä _ Ä _

È ÈŠ ‹
Š ‹

n n
ln n œ œ œ _ Á

"

"

2 n

n

È

#

28. diverges;  lim  a  lim  1 e 0
n nÄ _ Ä _n n

n
œ � œ Áˆ ‰"

29. diverges; a geometric series with r 1.44 1œ ¸ �"
#ln 

30. converges; a geometric series with r 0.91 1œ ¸ �"
ln 3

31. converges by the Integral Test:   dx;    du
u ln x

du  dx
' '

3 ln 3

_ _Š ‹
È È

"

x

(ln x) (ln x) 1
x

u u 1# #� "
"

�
” •œ

œ
Ä
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  lim  sec  u  lim  sec b sec (ln 3)  lim  cos sec (ln 3)œ œ � œ �
b b bÄ _ Ä _ Ä _

c d c dk k � ‘ˆ ‰�" �" �" �" �""b
ln 3 b

 cos (0) sec (ln 3) sec (ln 3) 1.1439œ � œ � ¸�" �" �"
#
1

32. converges by the Integral Test:   dx   dx;    du
u ln x

du  dx
' ' '

1 1 0

_ _ _

" "
� � �"x 1 ln x 1 (ln x) 1 u

x
a b

Š ‹
# # #œ Ä

œ

œ

"

x ” •
  lim  tan u  lim  tan b tan 0 0œ œ � œ � œ

b bÄ _ Ä _
c d a b�" �" �"

# #

b

0
1 1

33. diverges by the nth-Term Test for divergence;  lim  n sin  lim    lim   1 0
n n x 0Ä _ Ä _ Ä

ˆ ‰"
n x

sin xœ œ œ Á
sin ˆ ‰
ˆ ‰

"

"

n

n

34. diverges by the nth-Term Test for divergence;  lim  n tan  lim    lim   
n n nÄ _ Ä _ Ä _

ˆ ‰"
n œ œ

tan  secˆ ‰
ˆ ‰

Š ‹ ˆ ‰
Š ‹

"

"

"

#

# "

"

#

n

n

n n

n

�

�

  lim  sec sec 0 1 0œ œ œ Á
n Ä _

# #"ˆ ‰
n

35. converges by the Integral Test:   dx;      du  lim  tan u
u e

du e  dx
' '

1 e

x

x

_ _

e
1 e 1 u

x

2x� �
" �"” • c dœ

œ
Ä œ# n Ä _

b
e

  lim  tan b tan e tan e 0.35œ � œ � ¸
b Ä _

a b�" �" �"
#
1

36. converges by the Integral Test:   dx;   du  du
u e

du e  dx
dx  du

' ' '
1 e e

_ _ _

2 2 2 2
1 e u(1 u) u u 1

x

x

u

� � �
"

x

Ô ×
Õ Ø ˆ ‰œ

œ

œ
Ä œ �

  lim  2 ln  lim  2 ln 2 ln 2 ln 1 2 ln 2 ln 0.63œ œ � œ � œ � ¸
b bÄ _ Ä _

� ‘ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰u b e e e
u 1 b 1 e 1 e 1 e 1� � � � �

b

e

37. converges by the Integral Test:   dx;   8u du 4u 4
u tan x
du

' '
1 4

2 2

4

_ Î

Î

Î

Î
8 tan x 3

1 x 4 16 4dx
1 x

�" # # #

#

#

�

�"

�

#” • c d Š ‹œ

œ
Ä œ œ � œ

1

1
1

1

1 1 1

38. diverges by the Integral Test:   dx;     lim   ln u  lim   (ln b ln 2)
u x 1
du 2x dx

' '
1 2

_ _

x du
x 1 4#� # # #

#
" " "” • � ‘œ �

œ
Ä œ œ � œ _

b bÄ _ Ä _

b

2

39. converges by the Integral Test:  sech x dx 2  lim   dx 2  lim  tan e' '
1 1

b b

1

_

œ œ
b bÄ _ Ä _

e
1 e

xx

x�
�"a b# c d

 2  lim  tan e tan e 2 tan e 0.71œ � œ � ¸
b Ä _

a b�" �" �"b
1

40. converges by the Integral Test:  sech x dx  lim  sech x dx  lim  tanh x  lim  (tanh b tanh 1)' '
1 1

b
b
1

_

# #œ œ œ �
b b bÄ _ Ä _ Ä _

c d
 1 tanh 1 0.76œ � ¸

41.  dx  lim  a ln x 2 ln x 4  lim  ln ln ;'
1

_ˆ ‰ ˆ ‰c dk k k ka 3
x 2 x 4 b 4 5

(b 2)
� � �

" �� œ � � � œ �
b bÄ _ Ä _

b
1

a a

  lim   a  lim  (b 2)   the series converges to ln  if a 1 and diverges to  if
, a 1

1,  a 1b bÄ _ Ä _

(b 2)
b 4 3

a 1 5�
�

�
a

œ � œ Ê œ _
_ �

œœ ˆ ‰
 a 1.  If a 1, the terms of the series eventually become negative and the Integral Test does not apply.  From� �

 that point on, however, the series behaves like a negative multiple of the harmonic series, and so it diverges.

42.  dx  lim  ln  lim  ln ln ;  lim   '
3

b

3

_ˆ ‰ ˆ ‰’ “¹ ¹" � � �"
� � � � �x 1 x 1 (x 1) (b 1) 4 (b 1)

2a x 1 b 1 2 b� œ œ �
b b bÄ _ Ä _ Ä _

2a 2a 2a 2a

  lim     the series converges to ln ln 2 if a  and diverges to  if
1,  a

, a
œ œ Ê œ œ _

œ

_ �b Ä _

" "
# � # #

"
#
"
#

a(b 1)
4

2a 1� � ˆ ‰
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 if a .  If a , the terms of the series eventually become negative and the Integral Test does not apply.� �" "
# #

 From that point  on, however, the series behaves like a negative multiple of the harmonic series, and so it diverges.

43. (a)      

 (b) There are (13)(365)(24)(60)(60) 10  seconds in 13 billion years; by part (a) s 1 ln n wherea b* n Ÿ �

 n (13)(365)(24)(60)(60) 10   s 1 ln (13)(365)(24)(60)(60) 10œ Ê Ÿ �a b a ba b* *
n

 1 ln (13) ln (365) ln (24) 2 ln (60) 9 ln (10) 41.55œ � � � � � ¸

44. No, because     and   diverges! ! !_ _ _

œ œ œn 1 n 1 n 1

" " " "
nx x n nœ

45. Yes.  If   a  is a divergent series of positive numbers, then   a   also diverges and a .! ! !ˆ ‰ ˆ ‰_ _

œ œn 1 n 1
n n n

a a"
# # #

_

n 1œ

œ �n n

 There is no “smallest" divergent series of positive numbers:  for any divergent series  a  of positive numbers!_
œn 1

n

   has smaller terms and still diverges.! ˆ ‰_

œn 1

an
#

46. No, if   is a convergent series of positive numbers, then 2 a  2a   also converges, and 2a a .! ! !_ _ _

œ œ œn 1 n 1 n 1
 a   n n n n nœ  

 There is no “largest" convergent series of positive numbers.

47. (a) Both integrals can represent the area under the curve f x , and the sum s  can be considered ana b œ 1
x 1 50È �

 approximation of either integral using rectangles with x 1. The sum s  is an overestimate of the? œ œ50
1

n 1
!50

n 1œ

 È �

 integral  dx. The sum s  represents a left-hand sum (that is, the we are choosing the left-hand endpoint of'
1

51
1

x 1 50È �

 each subinterval for c ) and because f is a decreasing function, the value of f is a maximum at the left-hand endpoint ofi

 each sub interval. The area of each rectangle overestimates the true area, thus dx . In a similar'
1

51
1 1

x 1 n 1È È� �
� !50

n 1œ

 

 manner, s  underestimates the integral dx. In this case, the sum s  represents a right-hand sum and because50 50
1

x 1
'

0

50

È �

 f is a decreasing function, the value of f is aminimum at the right-hand endpoint of each subinterval. The area of each

 rectangle underestimates the true area, thus  dx. Evaluating the integrals we find dx!50

n 1œ

 1 1 1
n 1 x 1 x 1È È È� � �

� ' '
0 1

50 51

 2 x 1 2 52 2 2 11.6 and dx 2 x 1 2 51 2 1 12.3. Thus,œ � œ � ¸ œ � œ � ¸’ “ ’ “È ÈÈ ÈÈ È
1 0

51 50

0

50' 1
x 1È �

 11.6 12.3.� �!50

n 1œ

 1
n 1È �

 (b) s 1000 dx 2 x 1 2 n 1 2 2 1000 n 500 2 2 251414.2n

n
1

x 1

n 2
� Ê œ � œ � � � Ê � � � ¸'

1

1

1

1� �

È �
’ “È È È ÈŠ ‹

 n 251415.Ê  
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48. (a) Since we are using s  to estimate  , the error is given by . We can consider this sum as 30
1 1 1
n n nœ ! ! !30

n 1 n 1 n 31œ œ œ

_ _

   4 4 4 an estimate

 of the area under the curve f x  when x 30 using rectangles with x 1 and c  is the right-hand endpoint ofa b œ   œ1
x i4 ?

 each subinterval. Since f is a decreasing function, the value of f is a minimum at the right-hand endpoint of each

 subinterval, thus  dx dx 1.23 10 .! ’ “ Š ‹_

œn 31
 1 1 1 1 1 1
n x x 3x 3bb b b

b b

3 30
5

4 4 4 3 3 3� œ œ � œ � � ¸ ‚' '
30 30 30

_

Ä_ Ä_ Ä_

�lim lim lim a b
 Thus the error 1.23 10� ‚ Þ�5

 (b) We want S s 0.000001 dx 0.000001 dx dx� � Ê � Ê œ œ �n
1 1 1 1
x x x 3xb b

b b' ' '
n n n n

_ _

Ä_ Ä_
4 4 4 3lim lim ’ “

 0.000001 n 69.336 n 70.œ � � œ � Ê � ¸ Ê  lim
b

1 1 1 1000000
3b 3n 3n 3Ä_

ˆ ‰ É3 3 3
3

49. We want S s 0.01 dx 0.01 dx dx� � Ê � Ê œ œ � œ � �n
1 1 1 1 1 1
x x x 2x 2b 2nb b b

b b' ' '
n n n n

_ _

Ä_ Ä_ Ä_
3 3 3 2 2 2lim lim lim’ “ ˆ ‰

 0.01 n 50 7.071 n 8 S s 1.195œ � Ê � ¸ Ê   Ê ¸ œ ¸1 1
2n n82 3

È !8

n 1œ

 

50. We want S s 0.1 dx 0.1 dx tan� � Ê � Ê œn
1 1 1 x

x 4 x 4 2 2b b

b
1

b' '
n n n

_

� �Ä_ Ä_

�
2 2lim lim ’ “ˆ ‰

 tan tan tan 0.1 n 2tan 0.2 9.867 n 10 S sœ � œ � � Ê � � ¸ Ê   Ê ¸lim
b

1 b 1 n 1 n
2 2 2 2 4 2 2 2

1 1 1
10

Ä_

� � �ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰ 1 1

 0.57œ ¸!10

n 1œ

 1
n 42 �

51. S s 0.00001 dx 0.00001 dx dx� � Ê � Ê œ œ � œ � �n
1 1 1 10 10 10

x x x x b nb b b

b b' ' '
n n n n

_ _

Ä_ Ä_ Ä_
1.1 1.1 1.1 0.1 0.1 0.1lim lim lim’ “ ˆ ‰

 0.00001 n 1000000 n 10œ � Ê � Ê �10
n

10 60
0.1

52. S s 0.01 dx 0.01 dx dx� � Ê � Ê œ œ �n
1 1 1 1

x ln x x ln x x ln x 2 ln xb b

b b' ' '
n n n n

_ _

Ä_ Ä_a b a b a b a b3 3 3 2lim lim ’ “
 0.01 n e 1177.405 n 1178œ � � œ � Ê � ¸ Ê  lim

b

1 1 1
2 ln b 2 ln n 2 ln n

50

Ä_
Š ‹a b a b a b È

2 2 2

53. Let A  and B 2 a , where {a } is a nonincreasing sequence of positive terms converging ton k n k
k

2œ œ! !n n

k 1 k 1œ œ

 a  a bk

 0.  Note that {A } and {B } are nondecreasing sequences of positive terms.  Now,n n

 B 2a 4a 8a 2 a 2a 2a 2a 2a 2a 2a 2an
n

2œ � � �á � œ � � � � � � �á# % ) # % % ) ) ) )a bn a b a b
 2a 2a 2a 2a 2a 2a 2a 2a 2a 2a 2a� � �á � Ÿ � � � � � � � �áðóóóóóóóóóóóóóóñóóóóóóóóóóóóóóòˆ ‰ a b a ba b a b a b2 2 2n n n " # $ % & ' ( )

 2  termsn 1�

 2a 2a 2a 2A 2 a .  Therefore if  a  converges,� � �á � œ Ÿˆ ‰ ! !a b a b a b a b2 2 1 2 2 k kn 1 n 1 n n
� � �

_

œk 1
 

 then {B } is bounded above   2 a  converges.  Conversely,n Ê ! k
2a bk

 A a a a a a a a a a 2a 4a 2 a a B a 2 a .n n n
n k

2 2œ � � � � � � �á � � � � �á � œ � � �" # $ % & ' ( " # % " "a b a b !a b a bn k

_

œk 1
 

 Therefore, if  2 a   converges, then {A } is bounded above and hence converges.!_
œk 1

k
2 na bk

54. (a) a    2 a  2     , which divergesa b a ba b2 22  ln 2 2 n(ln 2) n(ln 2) ln n
n n

n nn n n nœ œ Ê œ œ" " " " "
# #† †

! ! !_ _ _

œ œ œn 2 n 2 n 2

     diverges.Ê !_
œn 2

"
n ln n
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 (b) a    2 a   2    , a geometric series thata b a b a b2 2
n n

2

n
n nnp np p 1 p 1nœ Ê œ œ œ" " " "

# # #
! ! ! ! ˆ ‰_ _ _ _

œ œ œ œn 1 n 1 n 1 n 1
†

� �

 converges if 1 or p 1, but diverges if p 1."
#p 1� � � Ÿ

55. (a) ;   u  du  lim   lim  b (ln 2)
u ln x
du

' '
2 ln 2

p
b

ln 2

_ _

�dx u
x(ln x) p 1 1 pdx

x

p 1 p 1
p

p 1” • ’ “ Š ‹ c dœ

œ
Ä œ œ �

b bÄ _ Ä _

� �

� � �
" � � � �

   the improper integral converges if p 1 and diverges if p 1.
(ln 2) , p 1

, p
œ Ê � �

�

_ � "
œ "

�p 1
� �p 1

 For p 1:   lim  ln (ln x)  lim  ln (ln b) ln (ln 2) , so the improper integral diverges ifœ œ œ � œ _'
2

b
2

_

dx
x ln x b bÄ _ Ä _

c d c d
 p 1.œ

 (b) Since the series and the integral converge or diverge together,    converges if and only if p 1.!_
œn 2

"
n(ln n)p �

56. (a) p 1  the series divergesœ Ê

 (b) p 1.01  the series convergesœ Ê

 (c)      ; p 1  the series diverges! !_ _

œ œn 2 n 2

" " "
n ln n 3 n(ln n)a b$ œ œ Ê

 (d) p 3  the series convergesœ Ê

57. (a) From Fig. 10.11(a) in the text with f(x)  and a , we have  dx 1œ œ Ÿ � � �á �" " " " " "
#x k x 3 nk '

1

n 1�

 1 f(x) dx  ln (n 1) 1 1 ln n  0 ln (n 1) ln nŸ � Ê � Ÿ � � �á � Ÿ � Ê Ÿ � �'
1

n
" " "
# 3 n

 1 ln n 1.  Therefore the sequence 1 ln n  is bounded above byŸ � � �á � � Ÿ � � �á � �ˆ ‰ ˜ ™ˆ ‰" " " " " "
# #3 n 3 n

 1 and below by 0.

 (b) From the graph in Fig. 10.11(b) with f(x) ,   dx ln (n 1) ln nœ � œ � �" " "
�x n 1 x

'
n

n 1�

  0 ln (n 1) ln n 1 ln (n 1) 1 ln n .Ê � � � � œ � � �á � � � � � � �á � �" " " " " " "
� # � #n 1 3 n 1 3 nc d ˆ ‰ ˆ ‰

 If we define a 1 ln n, then 0 a a   a a   {a } is a decreasing sequence ofn n 1 n n 1 n n3 nœ � œ � � � � Ê � Ê" " "
# � �

 nonnegative terms.

58. e e  for x 1, and e  dx  lim  e  lim  e e e  e  dx converges by� � � � �x x x b 1# #

Ÿ   œ � œ � � œ Ê' '
1 1

x 1 x
_ _

� � �

b bÄ _ Ä _
c d ˆ ‰b

"

 the Comparison Test for improper integrals   e 1  e  converges by the Integral Test.Ê œ �! !_ _

œ œn 0 n 1

� �n n# #

59. (a) s   1.97531986;   dx  lim x  dx  lim  lim  and10

10

n x 2 2b 242 242
1 x 1 1 13œ œ œ œ � œ � � œ! ’ “ ˆ ‰

n 1

b

11œ

" �
3 3 2

2' '
11 11

b_

b b bÄ _ Ä _ Ä _

�

   dx  lim x  dx  lim  lim' '
10 10

b_

1 x 1 1 1
x 2 2b 200 200

3
3 2

2
œ œ � œ � � œ

b b bÄ _ Ä _ Ä _
� ’ “ ˆ ‰�

b

10

 1.97531986 s 1.97531986 1.20166 s 1.20253Ê � � � � Ê � �1 1
242 200

 (b) s   1.202095; error 0.000435œ ¸ œ Ÿ œ!_ " � �

n 1œ
n 2 2

1.20166 1.20253 1.20253 1.20166
3

60. (a) s   1.082036583;   dx  lim x  dx  lim  lim  and10

10

n x 3 3b 3993 3993
1 x 1 1 14œ œ œ œ � œ � � œ! ’ “ ˆ ‰

n 1

b

11œ

" �
4 4 3

3' '
11 11

b_

b b bÄ _ Ä _ Ä _

�

   dx  lim x  dx  lim  lim' '
10 10

b_

1 x 1 1 1
x 3 3b 3000 3000

4
4 3

3
œ œ � œ � � œ

b b bÄ _ Ä _ Ä _
� ’ “ ˆ ‰�

b

10

 1.082036583 s 1.082036583 1.08229 s 1.08237Ê � � � � Ê � �1 1
3993 3000

 (b) s   1.08233; error 0.00004œ ¸ œ Ÿ œ!_ " � �

n 1œ
n 2 2

1.08229 1.08237 1.08237 1.08229
4
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10.4  COMPARISON TESTS

 1. Compare with    , which is a convergent p-series, since p 2 1. Both series have nonnegative terms for n 1. For!_
œn 1

"
n2 œ �  

 n 1, we have n n 30 .  Then by Comparison Test,    converges.  Ÿ � Ê  2 2 1 1 1
n n 30 n 302 2 2� �

!_
œn 1

 2. Compare with    , which is a convergent p-series, since p 3 1. Both series have nonnegative terms for n 1. For!_
œn 1

"
n3 œ �  

 n 1, we have n n 2 .  Then by Comparison Test,      Ÿ � Ê   Ê   Ê    4 4 1 1 n n 1 n n 1 n 1
n n 2 n n 2 n n 2 n 2 n 24 4 4 4 3 4 4 4� � � � �

� �!_
œn 1

 converges.

 3. Compare with    , which is a divergent p-series, since p 1. Both series have nonnegative terms for n 2. For!_
œn 2

" "
#Èn

œ Ÿ  

 n 2, we have n 1 n .  Then by Comparison Test,     diverges.  � Ÿ Ê  È È !1 1 1
n 1 n n 1È È È� �

_

œn 2

 4. Compare with    , which is a divergent p-series, since p 1 1. Both series have nonnegative terms for n 2. For!_
œn 2

"
n œ Ÿ  

 n 2, we have n n n .  Thus    diverges.  � Ÿ Ê   Ê   œ Ê    2 2 1 1 n n 1 n 2 n 1 n 2
n n n n n n n n n n n n n n2 2 2 2 2 2 2� � � � �

� �!_
œn 2

 5. Compare with    , which is a convergent p-series, since p 1. Both series have nonnegative terms for n 1.!_
œn 1

"
n

3
23 2Î œ �  

 For n 1, we have 0 cos n 1 .  Then by Comparison Test,     converges.  Ÿ Ÿ Ê Ÿ2 cos n 1 cos n
n n n

2 2

3 2 3 2 3 2Î Î Î
!_
œn 1

 6. Compare with    , which is a convergent geometric series, since r 1. Both series have nonnegative terms for! ¹ ¹_

œn 1

"
3 3

1
n l l œ �

 n 1. For n 1, we have n 3 3 .  Then by Comparison Test,     converges.    †   Ê Ÿn n 1 1 1
n 3 3 n 3† †n n n

!_
œn 1

 7. Compare with    . The series     is a convergent p-series, since p 1, and the series    ! ! !_ _ _

œ œ œn 1 n 1 n 1

È È5 5
n n n

1 3
23 2 3 2 3 2Î Î Îœ �

 5    converges by Theorem 8 part 3. Both series have nonnegative terms for n 1. For n 1, we haveœ    È !_
œn 1

1
n3 2Î

 n n 4n 4n n 4n n 4n 5n n 4n 5n 20 5 n 4 5.3 4 3 4 4 3 4 4 4 4 3 4 4 n 4n
n 4Ÿ Ê Ÿ Ê � Ÿ � œ Ê � Ÿ � œ � Ê Ÿa b 4 3

4
�
�

 5   Then by Comparison Test,     converges.Ê Ÿ Ê Ÿ Ê Ÿ œn n 4
n 4 n 4 n n 4 n n 4

n 4 5 n 4 5 n 45
n

3

4 4 3 4 3 43 2
a b È�
� � � �

� � �É ÉÉ !
Î

_

œn 1

 8. Compare with    , which is a divergent p-series, since p 1. Both series have nonnegative terms for n 1. For!_
œn 1

" "
#Èn

œ Ÿ  

 n 1, we have n 1 2 n 2 2 n 1 3 n 2 n 1 3n 3 2 n n n 3    Ê   Ê �   Ê �     Ê �  È È È È Èˆ ‰
 n 2 n n n n 3 1Ê � �   � Ê   Ê   Ê   Ê  2 2 n n 2 n 1 n 1 n 1

n 3 n 3 n n 3 n n 3 n
n 2 n 1 1 1 1È Ê Éˆ ‰ È ˆ ‰ ˆ ‰È È È� � � �

� � � �

� �
2 2 2 2

2 2

 .  Then by Comparison Test,    diverges.Ê  
È ÈÈ È Èn 1 n 1

n 3 n 3
1

n
� �

� �2 2
!_
œn 1
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 9. Compare with    , which is a convergent p-series, since p 2 1. Both series have positive terms for n 1.   !_
œn 1

"

Ä_n bn

a
2

n

n
œ �   lim

           1 0. Then by Limit Comparison Teœ œ œ œ œ œ �lim lim lim lim lim
n n n n n1 n n n 3 3n 2n 6n 2 6

n 2n 3n 4n 6n 4 6

Ä_ Ä_ Ä_ Ä_ Ä_Î � � � �
� � �

n 2
n n 33 2

2 3 2 2

3 2 2
�

� � st,

     converges.!_
œn 1

n 2
n n 3

�
� �3 2

10. Compare with    , which is a divergent p-series, since p 1. Both series have positive terms for n 1.   !_
œn 1

" "
# Ä_Èn n

a
bœ Ÿ   lim n

n

           1 1 0. Then by Limit Comparisonœ œ œ œ œ œ œ �lim lim lim lim lim
n n n n n1 n

n n n n 2n 1 2
n 2 n 2 2n 2Ä_ Ä_ Ä_ Ä_ Ä_Î

� � �
� �

É
È
n 1

n 22 2 2

2 2

�

� É É É É È
 Test,     diverges.! É_

œn 1

n 1
n 2
�
�2

11. Compare with    , which is a divergent p-series, since p 1 1. Both series have positive terms for n 2.   !_
œn 2

"

Ä_n bn

aœ Ÿ   lim n

n

           1 0. Then by Limit Compœ œ œ œ œ œ �lim lim lim lim lim
n n n n n1 n n n n 1 3n 2n 1 6n 2 6

n + n 3n 2n 6n 2 6

Ä_ Ä_ Ä_ Ä_ Ä_Î � � � � � �
� �

n n 1

n 1 n 12 3 2 2

3 2 2

a b
Š ‹a b

�

� �

arison

 Test,     diverges.!_
œn 2

n n 1
n 1 n 1

a ba ba b�
� �2

12. Compare with    , which is a convergent  geometric series, since r 1. Both series have positive terms for! ¹ ¹_

œn 1

"
2 2

1
n l l œ �

 n 1.          1 0. Then by Limit Comparison Test,    conver  œ œ œ œ �lim lim lim lim
n n n n

a
b 1 2 3 4 4 ln 4 3 4

4 4 ln 4 2

Ä_ Ä_ Ä_ Ä_Î � �
n

n

2n

3 4n
n n n n

n n n
� !_

œn 1
ges.

13. Compare with    , which is a divergent p-series, since p 1. Both series have positive terms for n 1.   !_
œn 1

"

Ä_Èn
1
2 bn

aœ Ÿ   lim n

n

        . Then by Limit Comparison Test,     diverges.œ œ œ œ _lim lim lim
n n n1 n n 4

5 5 5
4 4

n

Ä_ Ä_ Ä_Î †

5n

n 4n n n

n n

È
†È Èˆ ‰ !_

œn 1

14. Compare with    , which is a convergent  geometric series, since r 1. Both series have positive terms for! ˆ ‰ ¹ ¹_

œn 1

2 2
5 5

n
l l œ �

 n 1.        exp  ln exp  n ln  œ œ œ œlim lim lim lim lim
n n n n n

a
b 10n 8 10n 8 10n 82 5

10n 15 10n 15 10n 15n n

Ä_ Ä_ Ä_ Ä_ Ä_Î
� � �
� � �

n

n

2n 3
5n 4

n

n

ˆ ‰
a b
�

� ˆ ‰ ˆ ‰ ˆ ‰
 exp  exp  exp  exp  œ œ œ œlim lim lim lim

n n n n

ln
1 n 1 n 10n 15 10n 8 100n 230n 120

70n 70n

Ä_ Ä_ Ä_ Ä_Î � Î � � � �

�ˆ ‰ a ba b
10n 15 10 10
10n 8 10n 15 10n 8

2 2

2 2�

� � �

 exp  exp  e 0.  Then by Limit Comparison Test,    converges.œ œ œ �lim lim
n n

140n 140 2n 3
200n 230 200 5n 4

7 10 n

Ä_ Ä_� �
Î �! ˆ ‰_

œn 1

15. Compare with    , which is a divergent p-series, since p 1 1. Both series have positive terms for n 2.   !_
œn 2

"

Ä_n bn

aœ Ÿ   lim n

n

         n  . Then by Limit Comparison Test,     diverges.œ œ œ œ œ _lim lim lim lim
n n n n1 n ln n 1 n ln n

n 1

Ä_ Ä_ Ä_ Ä_Î Î
"

"

ln n !_
œn 2

16. Compare with    , which is a convergent p-series, since p 2 1. Both series have positive terms for n 1.   !_
œn 1

"

Ä_n bn

a
2

n

n
œ �   lim

        1 0. Then by Limit Comparison Test,    ln 1  convergœ œ œ œ � �lim lim lim
n n n

ln 1

1 n n
1

1Ä_ Ä_ Ä_

�

Î

�

� �
"

Š ‹ Š ‹
Š ‹

"
�

"

"

n2

2 2

1 2
1

n2
n3

2
n3 n2

! ˆ ‰_

œn 1
es.
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17. diverges by the Limit Comparison Test (part 1) when compared with   , a divergent p-series:!_
œn 1

"Èn

  lim    lim    lim  
n n nÄ _ Ä _ Ä _

Œ �
Š ‹

"

# � $

"

È È

È

n n

n

œ œ œ
ÈÈ Èn

2 n n n�
" "

#� #$ � Î
ˆ ‰

1 6

18. diverges by the Direct Comparison Test since n n n n n 0  , which is the nth� � � � � Ê �È 3
n n n�

"È
 term of the divergent series    or use Limit Comparison Test with b!_

œn 1

" "
n nn œ

19. converges by the Direct Comparison Test; , which is the nth term of a convergent geometric seriessin n
2

#

n nŸ "
#

20. converges by the Direct Comparison Test;  and the p-series   converges1 cos n 2
n n n

� "
# # #Ÿ !

21. diverges since  lim   0
n Ä _

2n 2
3n 1 3� œ Á

22. converges by the Limit Comparison Test (part 1) with , the nth term of a convergent p-series:"
n$Î#

  lim   lim  1
n nÄ _ Ä _

Š ‹
Š ‹

n
n n

n

�"
#

"
$Î#

È
œ œˆ ‰n

n
�"

23. converges by the Limit Comparison Test (part 1) with , the nth term of a convergent p-series:"
n#

  lim    lim    lim    lim   10
n n n nÄ _ Ä _ Ä _ Ä _

Š ‹
Š ‹
10n

n(n 1)(n 2)

n

�"

� �

"

#

œ œ œ œ10n n 20n 1 20
n 3n 2 2n 3 2

#

#

� �
� � �

24. converges by the Limit Comparison Test (part 1) with , the nth term of a convergent p-series:"
n#

  lim    lim    lim    lim   5
n n n nÄ _ Ä _ Ä _ Ä _

� �
Š ‹

5n 3n

n (n 2) n 5

n

$ �

# #� �

"

#

Š ‹
œ œ œ œ5n 3n 15n 3 30n

n 2n 5n 10 3n 4n 5 6n 4

$ #

$ # #
� �

� � � � � �

25. converges by the Direct Comparison Test; , the nth term of a convergent geometric seriesˆ ‰ ˆ ‰ ˆ ‰n n
3n 1 3n 3

n n n
�

"� œ

26. converges by the Limit Comparison Test (part 1) with , the nth term of a convergent p-series:"
n$Î#

  lim    lim   lim  1 1
n n nÄ _ Ä _ Ä _

Š ‹
Š ‹

"

$Î#

"
$ �

n

n 2È

œ œ � œÉ Én 2 2
n n
$

$ $

�

27. diverges by the Direct Comparison Test; n ln n  ln n ln ln n   and     diverges� Ê � Ê � �" " " "
n ln n ln (ln n) n

!_
œn 3

28. converges by the Limit Comparison Test (part 2) when compared with   , a convergent p-series:!_
œn 1

"
n#

  lim    lim    lim   2  lim   0
n n n nÄ _ Ä _ Ä _ Ä _

’ “
Š ‹
(ln n)

n

n

n

#

$

"

#

"

œ œ œ œ(ln n)
n 1 n

2(ln n) ln n# Š ‹

29. diverges by the Limit Comparison Test (part 3) with , the nth term of the divergent harmonic series:"
n

  lim    lim    lim    lim   
n n n nÄ _ Ä _ Ä _ Ä _

’ “ Š ‹
ˆ ‰ ˆ ‰

1
n ln n 2 n

n n

È È
" "

"

œ œ œ œ _
È Èn n
ln n 2
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30. converges by the Limit Comparison Test (part 2) with , the nth term of a convergent p-series:"
n&Î%

  lim    lim    lim   8  lim   8  lim   32  l
n n n n nÄ _ Ä _ Ä _ Ä _ Ä _

’ “
Š ‹ Š ‹ Š ‹

ˆ ‰ ˆ ‰(ln n)

n

n 4n 4n

2 ln n
n n

#

$Î#

" " "
&Î% $Î% $Î%

"

œ œ œ œ œ(ln n)
n n

ln n#

"Î% "Î% im   32 0 0
n Ä _

"
n"Î% œ œ†

31. diverges by the Limit Comparison Test (part 3) with , the nth term of the divergent harmonic series:"
n

  lim    lim    lim    lim  n
n n n nÄ _ Ä _ Ä _ Ä _

ˆ ‰ˆ ‰
"

�

" "

1 ln n

n n

œ œ œ œ _n
1 ln n�

"Š ‹

32. diverges by the Integral Test:   dx u du  lim  u  lim   b ln 3' '
2 ln 3

_ _

ln (x 1)
x 1 2

�
� #

" "# # #œ œ œ � œ _
b bÄ _ Ä _

� ‘ a bb

ln 3

33. converges by the Direct Comparison Test with , the nth term of a convergent p-series:  n 1 n for" #
n$Î# � �

 n 2  n n 1 n   n n 1 n    or use Limit Comparison Test with .  Ê � � Ê � � Ê �# # $ $Î## " "

�
a b È

n n n 1
1
n$Î# # #È

34. converges by the Direct Comparison Test with , the nth term of a convergent p-series:  n 1 n" # #
n$Î# � �

  n 1 nn   n    or use Limit Comparison Test with  .Ê � � Ê � Ê �# $Î# $Î#� " "
�

È n 1
n

n
n 1 n n

#

# $Î# $Î#È È

35. converges because        which is the sum of two convergent series:! ! !_ _ _

œ œ œn 1 n 1 n 1

"� " �"
#

n
n2 n2n n nœ �

    converges by the Direct Comparison Test since , and    is a convergent geometric series! !_ _

œ œn 1 n 1

" " " �"
# #n2 n 2n n n n�

36. converges by the Direct Comparison Test:      and , the sum of! ! ˆ ‰_ _

œ œn 1 n 1

n 2
n 2 n2 n n2 n n
� " " " " " "

#

n

n n n n# # # #œ � � Ÿ �

 the nth terms of a convergent geometric series and a convergent p-series

37. converges by the Direct Comparison Test:  , which is the nth term of a convergent geometric series" "
�3 1 3n 1 n 1� ��

38. diverges;  lim   lim  0
n nÄ _ Ä _

Š ‹ ˆ ‰3
3 3 3 3

n 1

n n

� �" " " "œ � œ Á

39. converges by Limit Comparison Test: compare with   , which is a convergent geometric series with r 1,! ˆ ‰_

œn 1

1 1
5 5

n
l l œ �

  lim   lim   lim  0.
n n nÄ _ Ä _ Ä _

Š ‹
a b
n 1 1

n 3n2 5n

n 2

�

�
†

Î
�
� �1 5

n 1 1
n 3n 2n 3œ œ œ

40. converges by Limit Comparison Test: compare with   , which is a convergent geometric  series with r 1,! ˆ ‰_

œn 1

3 1
4 5

n
l l œ �

  lim   lim   lim  1 0.
n n nÄ _ Ä _ Ä _

Š ‹
a b ˆ ‰ˆ ‰
2 3n n

3 4n n

n n
n n

n n

8
12

n

9
12

�

�

3 4
8 12 1
9 12 1

1

1Î
�
�

�

�
œ œ œ œ �

41. diverges  by Limit Comparison Test: compare with    , which is a divergent p-series,   lim   lim!_
œn 1

1 2
n 1 nn nÄ _ Ä _

Š ‹2 nn

n 2n n
�

†

Î œ � n
2n

  lim   lim  1 0.œ œ œ �
n nÄ _ Ä _

2 ln 2 1
2 ln 2

2 ln 2
2 ln 2

n

n 2

n 2

n
� a ba b

42. diverges by the definition of an infinite series:  ln  ln n ln n 1 , s ln 1 ln 2 ln 2 ln 3! !ˆ ‰ � ‘a b a b a b_ _

œ œn 1 n 1

n
n 1 k� œ � � œ � � �

 ln k 1 ln k ln k ln k 1 ln k 1  lim s� Þ Þ Þ � � � � � � œ � � Ê œ �_a b a b a ba b a b
k Ä _

k
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43. converges by Comparison Test with     which converges since       , and! ! ! ’ “_ _ _

œ œ œn 2 n 2 n 2

1 1 1 1
n n 1 n n 1 n 1 na b a b� � �œ �

 s 1 1  lim s 1; for n 2, n 2 ! 1k k
1 1 1 1 1 1 1 1
2 2 3 k 2 k 1 k 1 k kœ � � � � Þ Þ Þ � � � � œ � Ê œ   �  ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ a b� � � k Ä _

 n n 1 n 2 ! n n 1 n! n n 1Ê � �   � Ê   � Ê Ÿa ba b a b a b 1 1
n! n n 1a b�

44. converges by Limit Comparison Test: compare with   , which is a convergent p-series,   lim  !_
œn 1

1
n 1 n3 3

n 1
n 2

n Ä _

a b
a b
� x

� x

Î

  lim   lim   lim   lim  1 0œ œ œ œ œ �
n n n nÄ _ Ä _ Ä _ Ä _

n n 1
n 2 n 1 n n 1 n 3n 2 2n 3 2

n 2n 23 2

2
a ba ba b a b� x

� � � x � � �

45. diverges by the Limit Comparison Test (part 1) with , the nth term of the divergent harmonic series:"
n

  lim    lim   1
n x 0Ä _ Ä

ˆ ‰ˆ ‰sin "
"

n

n
œ œsin x

x

46. diverges by the Limit Comparison Test (part 1) with , the nth term of the divergent harmonic series:"
n

  lim    lim    lim   1 1 1
n n x 0Ä _ Ä _ Ä

ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰tan sin 

cos 

" "

" ""

n n

n nn
œ œ œ œŠ ‹ ˆ ‰ ˆ ‰" "

cos x x
sin x

†

47. converges by the Direct Comparison Test:   and       is the product of atan n
n n n n

�"

1.1 1.1 1.1 1.1� œ
1 1

# #! !_ _

œ œn 1 n 1

1

#
"

 convergent p-series and a nonzero constant

48. converges by the Direct Comparison Test:  sec n    and      is the�"
# #

"� Ê � œ1 1sec n
n n n n

�"
# #

1 3 1 3 1 3 1 3Þ Þ Þ Þ

ˆ ‰ ˆ ‰1 1! !_ _

œ œn 1 n 1

 product of a convergent p-series and a nonzero constant

49. converges by the Limit Comparison Test (part 1) with :   lim    lim  coth n  lim   " �
�n e e

e e
# �

�

n n nÄ _ Ä _ Ä _

Š ‹
Š ‹
coth n

n

n

#

"

#

œ œ
n n

n n

  lim   1œ œ
n Ä _

"�
�

e
1 e

�

�

2n

2n

50. converges by the Limit Comparison Test (part 1) with :   lim    lim  tanh n  lim   " �
�n e e

e e
# �

�

n n nÄ _ Ä _ Ä _

Š ‹
Š ‹
tanh n

n

n

#

"

#

œ œ
n n

n n

  lim   1œ œ
n Ä _

"�
�

e
1 e

�

�

2n

2n

51. diverges by the Limit Comparison Test (part 1) with :  lim    lim   1.1 1
n nn nÄ _ Ä _

Š ‹
ˆ ‰

1
n nn

1
n

È
œ œÈn

52. converges by the Limit Comparison Test (part 1) with :   lim    lim  n 1"
n#

#

"

#
n nÄ _ Ä _

Š ‹
Š ‹

n n

n

n

n

È

œ œÈ

53. . The series converges by the Limit Comparison Test (part 1) with :" "
� � �á� �1 2 3 n n(n 1) n

2œ œ"ˆ ‰n(n 1)�

#

#

   lim    lim   lim   lim  2.
n n n nÄ _ Ä _ Ä _ Ä _

Š ‹
Š ‹

2
n n 1

n

a b�

"

#

œ œ œ œ2n 4n 4
n n 2n 1 2

#

# � �

54.   the series converges by the Direct Comparison Test"
� � �á� � �1 2 3 n n(n 1)(2n 1) n

6 6
# # # $œ œ Ÿ Ê"

n(n 1)(2n 1)
6

� �
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55. (a) If  lim   0, then there exists an integer N such that for all n N, 0 1  1 1
n Ä _

a a a
b b b

n n n

n n n
œ � � � Ê � � �¹ ¹

  a b .  Thus, if  b  converges, then  a  converges by the Direct Comparison Test.Ê �n n n n! !
 (b) If  lim   , then there exists an integer N such that for all n N, 1  a b .  Thus, if

n Ä _
a a
b b n n

n n

n n
œ _ � � Ê �

  b  diverges, then  a  diverges by the Direct Comparison Test.! !n n

56. Yes,    converges by the Direct Comparison Test because a!_
œn 1

a a
n n n
n n �

57.  lim     there exists an  integer N such that for all n N, 1  a b .  If  a  converges,
n Ä _

a a
b b n n n

n n

n n
œ _ Ê � � Ê � !

 then  b  converges by the Direct Comparison Test! n

58.  a  converges   lim  a 0  there exists an  integer N such that for all n N, 0 a 1  a a! n n n nnÊ œ Ê � Ÿ � Ê �
n Ä _

#

   a  converges by the Direct Comparison TestÊ ! #
n

59. Since a 0 and  lim  a 0, by n  term test for divergence,  a  diverges.n n n
th� œ _ Á

n Ä _
!

60. Since a 0 and  lim  n a 0, compare a  with  , which is a convergent p-series;  lim   n n n
2

n 1 n
a� † œ

n nÄ _ Ä _
a b ! ! "

Î#

n
2

  lim  n a 0 a  converges by Limit Comparison Testœ † œ Ê
n Ä _

a b !2
n n

61. Let q  and p 1. If q 0, then      , which is a convergent p-series. If q 0, compare with�_ � � _ � œ œ Á! !_ _

œ œn 2 n 2

a bln n
n n

1
q

p p

    where 1 r p, then   lim    lim  , and p r 0. If q 0 q 0 and  lim  !_
œn 2

1
n 1 n n n

ln n ln n
r r p r p r

ln n q

np
q q

� � œ � � � Ê � �
n n nÄ _ Ä _ Ä _

a b

Î
a b a b

� �

  lim  0. If q 0,  lim   lim   lim  . If q 1 0 1 q 0œ œ � œ œ � Ÿ Ê �  
n n n nÄ _ Ä _ Ä _ Ä _

1
ln n n

ln n q ln n
n p r n p r n

q ln na b a b a ba b ˆ ‰a b a b�

�
� � � �

�

�

q p r

q q 1

p r p r 1 p r

q 1 1
n

� �  and

  lim   lim  0, otherwise, we apply L'Hopital's Rule again.  lim  
n n nÄ _ Ä _ Ä _

q ln n
p r n

q
p r n ln n

q q 1 ln na ba b a b a b a ba b ˆ ‰q 1

p r 1 qp r

q 2 1
n

�

� �

�

�

� �

�
œ œ a bp r n� 2 p r 1� �

   lim  . If q 2 0 2 q 0 and   lim   lim  0; otœ � Ÿ Ê �   œ œ
n n nÄ _ Ä _ Ä _

q q 1 ln n q q 1 ln n q q 1
p r n p r n p r n ln n

a ba b a ba b a ba b a b a b a b� � �

� � �

q 2 q 2

2 2 2 2 qp r p r p r

� �

� � �

�

herwise, we

 apply L'Hopital's Rule again. Since q is finite, there is a positive integer k such that q k 0 k q 0. Thus, after k� Ÿ Ê �  

 applications of L'Hopital's Rule we obtain  lim    lim  0
n nÄ _ Ä _

q q 1 q k 1 ln n q q 1 q k 1
p r n p r n ln n

a b a ba b a b a ba b a b a b� â � � � â � �

� �

q k

k k k qp r p r

�

� �

�

œ œ . Since the limit is

 0 in every case, by Limit Comparison Test, the series  converges.!
n 1

ln n
n

œ

_ a bq

p

62. Let q  and p 1. If q 0, then      , which is a divergent p-series. If q 0, compare with�_ � � _ Ÿ œ œ �! !_ _

œ œn 2 n 2

a bln n
n n

1
q

p p

   , which is a divergent p-series. Then   lim    lim  ln n . If q 0 q 0, compare with   ,! !a b_ _

œ œn 2 n 2

1 1
n 1 n n

q
p p r

ln n q

np

n nÄ _ Ä _

a b

Î œ œ _ � Ê � �

 where 0 p r 1.  lim    lim   lim   since r p 0. Apply L'Hopital's to obtain� � Ÿ œ œ � �
n n nÄ _ Ä _ Ä _

a bln n q

np
r p r

q r p
q1 n n

ln n n
ln nÎ

a b a b�

�

�

  lim   lim  . If q 1 0 q 1 0 and  lim  ,
n n nÄ _ Ä _ Ä _

a b a b a b a ba ba b a ba bˆ ‰ a br p n r p n r p n ln n
q ln n q ln n q
� � �

� � �

r p 1 r p r p

q 1 q 11
n

q 1
� � � �

� � � �

�

œ � � Ÿ Ê �   œ _

 otherwise, we apply L'Hopital's Rule again to obtain  lim   lim  
n nÄ _ Ä _

a b a ba ba ba b a ba ba bˆ ‰r p n r p n
q q 1 ln n q q 1

� �

� � � � � �

2 2r p 1 r p

q 2 1
n

� � �

� �

œ
ln n � �q 2 . If

 q 2 0 q 2 0 and  lim   lim  , otherwise, we� � Ÿ Ê �   œ œ _
n nÄ _ Ä _

a b a b a ba ba ba b a ba br p n r p n ln n
q q 1 ln n q q 1

� �

� � � � � �

2 2 q 2r p r p

q 2

� �

� �

�

 apply L'Hopital's Rule again. Since q is finite, there is a positive integer k such that q k 0 q k 0. Thus, after� � Ÿ Ê �  

 k applications of L'Hopital's Rule we obtain  lim    lim  
n nÄ _ Ä _

a b a b a ba ba b a ba b a ba br p n r p n ln n
q q 1 q k 1 ln n q q

� �

� � � â � � � � �

k k q kr p r p

q k

� �

� �

�

œ � â � � �1 q k 1a b œ _.
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 Since the limit is  if q 0 or if q 0 and p 1, by Limit comparison test, the series  diverges. Finally if q 0_ � � � �!
n 1

ln n
n

œ

_ a bq

p r�

 and p 1 then       . Compare with   , which is a divergent p-series. For n 3,  ln n 1œ œ    ! ! !_ _ _

œ œ œn 2 n 2 n 2

a b a bln n ln n
n n n

1
q q

p

  ln n 1  . Thus     diverges by Comparison Test. Thus, if q  and p 1,Ê   Ê   �_ � � _ Ÿa b !q ln n ln n
n n n

1a b a bq q_

œn 2

 the series  diverges.!
n 1

ln n
n

œ

_ a bq

p r�

63. Converges by Exercise 61 with q 3 and p 4.œ œ

64. Diverges by Exercise 62 with q  and p .œ œ1 1
2 2

65. Converges by Exercise 61 with q 1000 and p 1.001.œ œ

66. Diverges by Exercise 62 with q  and p 0.99.œ œ1
5

67. Converges by Exercise 61 with q 3 and p 1.1.œ � œ

68. Diverges by Exercise 62 with q  and p .œ � œ1 1
2 2

69. Example CAS commands:
 :Maple
 a := n -> 1./n^3/sin(n)^2;
 s := k -> sum( a(n), n=1..k );                                                    # (a)]
 limit( s(k), k=infinity );
 pts := [seq( [k,s(k)], k=1..100 )]:                                              # (b)
 plot( pts, style=point, title="#69(b) (Section 10.4)" );
 pts := [seq( [k,s(k)], k=1..200 )]:                                              # (c)
 plot( pts, style=point, title="#69(c) (Section 10.4)" );
 pts := [seq( [k,s(k)], k=1..400 )]:                                              # (d)
 plot( pts, style=point, title="#69(d) (Section 10.4)" );
 evalf( 355/113 );
 :Mathematica
 Clear[a, n, s, k, p]

 a[n_]:= 1 / ( n  Sin[n]  )3 2

 s[k_]= Sum[ a[n], {n, 1, k}]
 points[p_]:= Table[{k, N[s[k]]}, {k, 1, p}]
 points[100]
 ListPlot[points[100]]
 points[200]
 ListPlot[points[200]
 points[400]
 ListPlot[points[400], PlotRange All]Ä

 To investigate what is happening around k = 355, you could do the following.
 N[355/113]
 N[   355/113]1 �

 Sin[355]//N
 a[355]//N
 N[s[354]]
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 N[s[355]]
 N[s[356]]

70. (a) Let S , which is a convergent p-series. By Example 5 in Section 10.2,  converges to 1. By Theorem 8,œ ! !_ _

œ œn 1 n 1

1 1
n n n 12 a b�

  S         also converges.œ œ � � œ � �! ! ! ! ! ! Š ‹_ _ _ _ _ _

œ œ œ œ œ œn 1 n 1 n 1 n 1 n 1 n 1

1 1 1 1 1 1 1
n n n 1 n n n 1 n n 1 n n n 12 2 2a b a b a b a b� � � �

 (b) Since   converges to 1 (from Example 5 in Section 10.2), S 1  1! ! !Š ‹_ _ _

œ œ œn 1 n 1 n 1

1 1 1 1
n n 1 n n n 1 n n 1a b a b a b� � �œ � � œ �2 2

 (c) The new series is comparible to , so it will converge faster because its terms 0  faster than the terms of  ! !_ _

œ œn 1 n 1

1 1
n3 Ä n2 .

 (d) The series 1  gives a better approximation. Using Mathematica, 1 1.644933568, while� � œ! !1000 1000

n 1 n 1œ œ

1 1
n n 1 n n 12 2a b a b� �

     1.644933067. Note that 1.644934067. The error is 4.99 10  compared with 1 10 .!1000000

n 1œ

1
n 6

7 6
2

2
œ œ ‚ ‚1 � �

10.5  THE RATIO AND ROOT TESTS

 1. 0 for all n 1;         0 1  converges2 2 2 n! 2 2
n! n n! 2 n n!n n n n 1

n n n
2n

n !
2n
n!

n�   œ † œ œ � Êlim lim lim
Ä_ Ä_ Ä_

†
�" † � "

œ

_Œ � Š ‹ ˆ ‰ !�"

�"a b a b

 2. 0 for all n 1;          1  convn 2 n 3 3 n 3 1 1 n 2
3 3 3 n 2 3n 6 3 3 3n n n n n 1

� � � �

Ä_ Ä_ Ä_ Ä_† � �
œ

_

n n 2 n n

n 1 2
3n 1

3n

n
�   œ † œ œ œ � Êlim lim lim limŒ � ˆ ‰ ˆ ‰ ˆ ‰ !a b� �

�

� erges

 3. 0 for all n 1;         a b a b a ba b a b a bn 1 ! n n 1 ! n
n 1 n 2n n nn 1 !

n� † � �"

� �Ä_ Ä_ Ä_�
�

2 2

n 1 1 !

n 1 1 2

n 1 !

n 1 2

2 3
�   œ † œlim lim limŒ � Š ‹ Š ‹a ba b

a ba b
a b

a b

� �

� �

�

�

2n n 3n 4n 1
n 4n 4 2n 4n

2 2

2
� � �

� � �Ä_
œ   lim Š ‹

   1  divergesœ œ _ � Êlim
n

6n 4
2

n 1

n 1 !
n 1Ä_

�

œ

_
�

�
ˆ ‰ ! a ba b2

 4. 0 for all n 1;         2 2 2 n 3 2n
n 3 n 1 3 3 2 3n n n

n 1 n 1 n 1

n 1 n 1 n 1 n 1

2 n 1 1

n 1 3 n 1 1

2
n 3n 1

� � �

� � � �

� �

� †
� �

† �

† � † †Ä_ Ä_ Ä_

† †�   œ † œlim lim lim� � Š ‹ ˆ ‰a b

a b a b a b n 3 3 3n

2 2
� Ä_

œ œ �  1lim ˆ ‰
  convergesÊ !

n 1

2
n 3

œ

_

†

n 1

n 1

�

�

 5. 0 for all n 1;         n 4 n 4n 6n 4n 1
4 4 4 n 4nn n n

n 14 n 4 3 2

n 4 n 4 4

n 1 4

4n 1

n
4n

4

�   œ † œlim lim lim
Ä_ Ä_ Ä_

�
†

� � � �Œ � Š ‹ Š ‹a b�

� a b

   1  convergesœ � � � � œ � Êlim
n

1 1 3 1 1 1 n
4 n 2n n 4n 4 4

n 1Ä_ œ

_ˆ ‰ !
2 3 4 n

4

 6. 0 for all n 2;          3 3 3 ln n 3 ln n
ln n ln n 1 3 ln n 1n n n n

n 2 n 2
3 n 1 2

ln n 1

3n 2 n 2 1
ln n

3
n

� �

� �

�

� ��   œ † œ œlim lim lim lim
Ä_ Ä_ Ä_ Ä_

†
� �Œ � Š ‹ Š ‹ Š ‹a b

a b a b a b
n 1�

œ  lim
n

3n 3
nÄ_

�ˆ ‰
  3 1  divergesœ œ � Êlim

n

3 3
1 ln n

n 2Ä_ œ

_ˆ ‰ ! n 2�

 7. 0 for all n 1;       n n 2 ! n 1 n 3 n 2 !
n 3 n 1 n 3 3n n

2

2n 2 2n

n 1 n 1 2 !2

n 1 32 n 1

n n 2 !
n 32n

2a b a b a ba ba b� � � �
x � † x †Ä_ Ä_

�   œlim lim� � Š ‹a b a ba b

a b a b

a b

� � �

� x �

�

x

2 2 3 2

2n 3 2
† œn 3 n 5n 7n 3

n n 2 ! 9n 9nn

x � � �
� �Ä_a b   lim Š ‹

    1  convergesœ œ œ œ � Êlim lim lim
n n n

3n 15n 7 6n 15 6 1
27n 18n 54n 18 54 9 n 3

n 1

n n 2 !

Ä_ Ä_ Ä_

� � �
� � x

œ

_
�Š ‹ ˆ ‰ ˆ ‰ !2

2 2n

2a b
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 8. 0 for all n 1;        n 5
2n 3 ln n 1 2n 5 lnn n

n 1 5 5†
� � �Ä_ Ä_

� † †n
n 1 5n 1

2 n 1 3 ln n 1 1
n 5n

2n 3 ln n 1

n

a b a b a b aa b�   œlim limŒ � Š ‹a b
a b a ba b a b

a b a b

� †
�

� � � �

†

� �
b a b a b

n 2 n 5
2n 3 ln n 1

� †
� �† n

               œ † œ † œ †lim lim lim lim
n n n n

5 n 1 2n 3 ln n 1 ln n 1
n 2n 5 ln n 2 2n 5n ln n 2 4n 5

10n 25n 15 20n 25

Ä_ Ä_ Ä_ Ä_

� † � � �
� � � � �

� � �Š ‹ Š ‹ Š ‹ ˆ ‰a b a b a b a ba b a b a b2

2 lim
nÄ_

Š ‹1
n 1

1
n 2

�

�

      5    5 1 5 1  divergesœ † œ † œ † œ � Êlim lim lim
n n n

20 n 2 1 n 5
4 n 1 1 2n 3 ln n 1

n 2Ä_ Ä_ Ä_

� †
� � �

œ

_ˆ ‰ ˆ ‰ ˆ ‰ ! na b a b

 9. 0 for all n 1;        0 1  converges7 7 7
2n 5 2n 5 2n 5n n

7
2n 5

n 1
a b a b a bÈ

� � �Ä_ Ä_ �
œ

_

n n n
n

n

    œ œ � Êlim limÉ Š ‹ !

10. 0 for all n 1;        0 1  converges4 4 4 4
3n 3n 3nn n 3n

n 1

n n
n n n

n
na b a b a b    œ œ � Êlim lim

Ä_ Ä_ œ

_É ˆ ‰ !

11. 0 for all n 2;           1  divergesˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰É !4n 3 4n 3 4n 3 4 4 4n 3
3n 5 3n 5 3n 5 3 3 3n 5

n n n

n n n n 1

� � � �
� � � �Ä_ Ä_ Ä_ œ

_

    œ œ œ � Êlim lim limn

12. ln e 0 for all n 1;    ln e    ln e ln e 2 1’ “ Ê’ “ ’ “ˆ ‰ ˆ ‰ ˆ ‰ a b2 2 21 1 1
n n n

n 1 n 1 1 1 n

n n
2�     � œ � œ œ �

� � � Î

Ä_ Ä_
lim limn

 ln e  divergesÊ �!’ “ˆ ‰
n 1

2 1
n

n 1

œ

_ �

13. 0 for all n 1;        1  converges8 8 1 8
3 3 3 3n n

8
9

n 1
ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰

È
� � � �Ä_ Ä_ œ

_

1 1 1 1
n n n n

2n 2n 2 2n
n

n

    œ œ � Êlim limÉ Œ � !

14. sin 0 for all n 1;    sin    sin sin 0 0 1 sin  converges’ “ ’ “ ’ “Š ‹ Š ‹ Š ‹ Š ‹Ê a b !1 1 1 1
n n n n

n n n

n n n 1
È È È È    œ œ œ � Êlim lim

Ä_ Ä_ œ

_
n

15. 1 0 for all n 1;    1    1  e 1 1  convergesˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰É !�     � œ � œ � Ê �1 1 1 1
n n n n

n n n n

n n
1

n 1

2 2
n 2

lim lim
Ä_ Ä_

�

œ

_

16. 0 for all n 2;          0 1  converges" " "

Ä_ Ä_ Ä_ œ

_

n n nn n n

1 1
n n n

n 2
1 n 1 n 1 n

n
n n

1 n 1 n� � �Î �    œ œ œ � Êlim lim limÉ Š ‹ Š ‹ !È ÈÈ

17. converges by the Ratio Test:   lim   lim   lim  lim  1
n n n nÄ _ Ä _ Ä _ Ä _

a
a n

(n 1) 2
n

2n 1

n

2

n 1

n

2
�

�œ œ œ � œ
” •
” •

(n  1) 2

2n 1

n 2
n

�

�

#

È

È
�
# # #

" " "
È

È†
ˆ ‰ ˆ ‰È

� 1

18. converges by the Ratio Test:   lim    lim    lim    1 1
n n n

 limnÄ _ Ä _ Ä _
œ

Ä _
a
a e n n e e

(n 1) en 1

n

2

n 1 2

n
�

�œ œ � œ �
Š ‹
Š ‹
(n 1)2

en 1

n
en

�

�

#

� " " "#
†

ˆ ‰ ˆ ‰

19. diverges by the Ratio Test:   lim    lim    lim    lim   
n n n nÄ _ Ä _ Ä _ Ä _

a
a e n! e

(n )! e nn 1

n
n 1

n
�

�œ œ œ œ _
Š ‹
ˆ ‰
(n 1)!
en 1

n!
en

�

� �" �"
†

20. diverges by the Ratio Test:   lim    lim    lim    lim   
n n n nÄ _ Ä _ Ä _ Ä _

a
a 10 n! 10

(n )! 10 nn 1

n
n 1

n
�

�œ œ œ œ _
Š ‹
ˆ ‰
(n 1)!
10n 1

n!
10n

�

� �"
†

21. converges by the Ratio Test:   lim   lim   lim   lim  1
n n n nÄ _ Ä _ Ä _ Ä _

a
a 10 n n 1

(n ) 10n 1

n
n 1

n
�

"!

� "!œ œ œ �
Š ‹
Š ‹
(n 1)
10n 1

n
10n

�
"!

�

"!

�" " ""!
†

ˆ ‰ ˆ ‰
0 10œ �" 1
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22. diverges;  lim  a  lim   lim  1 e 0
n n nÄ _ Ä _ Ä _n

n 2 2
n n

n n
œ œ � œ Áˆ ‰ ˆ ‰� � �#

23. converges by the Direct Comparison Test:  2 ( 1) (3) which is the n  term of a convergent2 ( 1)
(1.25) 5 5

4 4n nn th� � n

n œ � � Ÿˆ ‰ ˆ ‰c d
 geometric series

24. converges; a geometric series with r 1k k ¸ ¸œ � �2
3

25. diverges;  lim  a  lim  1  lim  1 e 0.05 0
n n nÄ _ Ä _ Ä _n

3 3
n n

n n
œ � œ � œ ¸ Áˆ ‰ ˆ ‰� �$

26. diverges;  lim  a  lim  1  lim  1 e 0.72 0
n n nÄ _ Ä _ Ä _n 3n n

n
n

œ � œ � œ ¸ Áˆ ‰ � �"
�

�"Î$
Š ‹"3

27. converges by the Direct Comparison Test:   for n 2, the n  term of a convergent p-series.ln n n
n n n

th
$ $ #� œ  "

28. converges by the nth-Root Test:   lim  a  lim   lim   lim   lim  0
n n n n nÄ _ Ä _ Ä _ Ä _ Ä _

È Én n n

n

n 1 n

n 1 nn
(ln n)

n n 1
(ln n)

n
ln nœ œ œ œ œ �a ba b

Š ‹Î

Î

"

n 1

29. diverges by the Direct Comparison Test:   for n 2 or by the Limit Comparison Test (part 1)" " � " "
#n n n n

n 1� œ � �# #
ˆ ‰

 with ."n

30. converges by the nth-Root Test:   lim  a  lim   lim   lim  0 1
n n n nÄ _ Ä _ Ä _ Ä _

È Éˆ ‰ ˆ ‰ ˆ ‰ˆ ‰n n
n n n n n n n

n n 1 n
œ � œ � œ � œ �" " " " " "Î

# # #

31. diverges by the Direct Comparison Test:   for n 3ln n
n n�  "

32. converges by the Ratio Test:   lim    lim   1
n nÄ _ Ä _

a
a n ln (n)

(n 1) ln (n 1) 2n 1

n
n 1

n
�

�œ œ �� �
# #

"
†

33. converges by the Ratio Test:   lim    lim   0 1
n nÄ _ Ä _

a
a (n 1)! (n 1)(n 2)

(n 2)(n 3) n!n 1

n

� œ œ �� �
� � �†

34. converges by the Ratio Test:   lim    lim   1
n nÄ _ Ä _

a
a e n e

(n 1) en 1

n
n 1

n
�

$

� $œ œ �� "
†

35. converges by the Ratio Test:   lim    lim    lim   1
n n nÄ _ Ä _ Ä _

a
a 3! (n 1)! 3 (n 3)! 3(n 1) 3

(n 4)! 3! n! 3 n 4n 1

n
n 1

n
�

�œ œ œ ��
� � �

� "
†

36. converges by the Ratio Test:   lim   lim   lim  1
n n nÄ _ Ä _ Ä _

a
a 3 (n 1)! n2 (n 1)! n 3 n 1 3

(n 1)2 (n 2)! 3 n! n 1 2 n 2 2n 1

n

n 1

n 1 n

n
�

�

�œ œ œ �� �
� � �

� �
†

ˆ ‰ ˆ ‰ ˆ ‰
37. converges by the Ratio Test:   lim    lim    lim   0 1

n n nÄ _ Ä _ Ä _
a
a (2n 3)! n! (2n 3)(2n 2)

(n 1)! (2n 1)! nn 1

n

� œ œ œ �� �
� � �

�"
†

38. converges by the Ratio Test:   lim    lim    lim    lim   
n n n nÄ _ Ä _ Ä _ Ä _

a
a (n 1) n! n 1

(n 1)! n n nn 1

n
n 1

n
�

�œ œ œ�
� �

"
†

ˆ ‰ ˆ ‰n
n

n� "

  lim   1œ œ �
n Ä _

" "ˆ ‰1� "

n
n e

39. converges by the Root Test:   lim  a  lim   lim    lim   0 1
n n n nÄ _ Ä _ Ä _ Ä _

È Én n
n

n

n
n

(ln n) ln n ln n
n

œ œ œ œ �
È "
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40. converges by the Root Test:   lim  a  lim   lim   0 1
n n nÄ _ Ä _ Ä _

È Én n
n 2

n n

n
n

(ln n)
n

ln n  lim  ln n

 lim  n
œ œ œ œ �Î

ÈÈ È
È

n

n

Ä_

Ä_

  lim  n 1Š ‹È
n Ä _

n œ

41. converges by the Direct Comparison Test:  n! ln n ln n n
n(n 2)! n(n 1)(n 2) n(n 1)(n 2) (n 1)(n ) n� � � � � � �#

" "œ � œ � #

 which is the nth-term of a convergent p-series

42. diverges by the Ratio Test:   lim    lim    lim   1
n n nÄ _ Ä _ Ä _

a
a (n 1) 2 3 (n 1)

3 n 2 n 3 3n 1

n

n 1 n 3

n 1 n 3
�

� $

$ �œ œ œ �� � # #†
ˆ ‰

43. converges by the Ratio Test:   lim    lim    lim    lim   
n n n nÄ _ Ä _ Ä _ Ä _

a
a (2n 2)(2n 1)

n 1
2(n 1)

2n n 1

n
nn 1

n

2

2

2 2
� œ œ œ

� ‘a b� ‘ a b a b� ‘� x

� x

x �

x � �†

� �
� �

2n 1 1
4n 6n 2 42 œ � 1

44. converges by the Ratio Test:   lim    lim    lim  
n n nÄ _ Ä _ Ä _

a
a 3 2 2n 3 2 3 2n 3

2n 5 2 3 3 2 2n 5 2 6 4 2 3 3n 1

n

n 1

n 1 n

n n n
�

�

�œ œ †
a bˆ ‰ a ba b� �

� � � �
� � † � † � †

† ’ n

n n n
�

† � † � † �
6

3 6 9 3 2 2 6“
  lim   lim  1 1œ † œ † œ �

n nÄ _ Ä _
’ “ ’ “2n 5 2 6 4 2 3 3 6 2 2

2n 3 3 6 9 3 2 2 6 3 3
� † � † � † �
� † � † � † �

n n n

n n n

45. converges by the Ratio Test:   lim    lim   0 1
n nÄ _ Ä _

a
a a

an 1

n n

n n� œ œ �
ˆ ‰1 sin n�

46. converges by the Ratio Test:   lim    lim    lim   0 since the numerator
n n nÄ _ Ä _ Ä _

a
a a n

a tan nn 1

n n

n
�

�"

œ œ œ
Š ‹1 tan n

n
�

�"

"�

 approaches 1  while the denominator tends to � _1

#

47. diverges by the Ratio Test:   lim    lim    lim   1
n n nÄ _ Ä _ Ä _

a
a a 2n 5

a 3n 1 3n 1 2n 5

n n

n� �œ œ œ �
ˆ ‰3n 1�

�
� #

48. diverges;  a a   a  a   a  an 1 n n 1 n 1 n 1 n 2
n n n 1 n n 1 n 2

n 1 n 1 n n 1 n n 1� � � � �� � � �
� � �œ Ê œ Ê œˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰

  a a   a   a , which is a constant times theÊ œ â Ê œ Ê œn 1 n 1 n 1
n n 1 n 2 3

n 1 n n 1 n 1 n 1
a

� " � �� � # � �
� � "ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ "

 general term of the diverging harmonic series

49. converges by the Ratio Test:   lim    lim    lim   0 1
n n nÄ _ Ä _ Ä _

a
a a n

a 2n 1

n n

n
� œ œ œ �

Š ‹2
n

50. converges by the Ratio Test:   lim    lim    lim   1
n n nÄ _ Ä _ Ä _

a
a a n

a
n 1

n n

n
� œ œ œ �

Œ �Èn n
n# Èn "

#

51. converges by the Ratio Test:   lim    lim    lim    lim   0 1
n n n nÄ _ Ä _ Ä _ Ä _

a
a a n n

a ln nn 1

n n

n
� œ œ œ œ �

Š ‹1 ln n
n
�

"� "

52. 0 and a   a 0; ln n 10 for n e   n ln n n 10  1n ln n n ln n
n 10 n 10n
� " �
� # �"

"!� œ Ê � � � Ê � � � Ê �

  a  a a ; thus a a    lim  a 0, so the series diverges by the nth-Term TestÊ œ � �   Ê Án 1 n n n 1 n n
n ln n
n 10� �
� "
� # n Ä _

53. diverges by the nth-Term Test:  a , a , a , a , ," # $ %
" " " " " "œ œ œ œ œ œ á3 3 3 3 3 3É É É É ÉÊ ÊË2 2 23 36 !% %

 a    lim  a 1 because  is a subsequence of  whose limit is 1 by Table 8.1n nœ Ê œÉ É Éš › š ›n! n! n" " "
3 3 3n Ä _
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54. converges by the Direct Comparison Test:  a , a , a , a ," # $ %
" " " " " "
# # # # # #

# # ' ' #%$ %

œ œ œ œ œ œ áˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰Š ‹ Š ‹
  a  which is the nth-term of a convergent geometric seriesÊ œ �n

n! nˆ ‰ ˆ ‰" "
# #

55. converges by the Ratio Test:   lim    lim    lim   
n n nÄ _ Ä _ Ä _

a
a (2n  2)! 2 n! n! (2n

2 (n  1)! (n  1)! (2n)! 2(n  1)(n  1)n 1

n

n 1

n
�

�

œ œ� � � �
� †   )(2n  1)� # �

  lim   1œ œ �
n Ä _

n  
2n  1

� " "
� #

56. diverges by the Ratio Test:   lim    lim   
n nÄ _ Ä _

a
a (n  1)! (n  2)! (n  3)! (3n)!

(3n  3)! n! (n  1)! (n  2)!n 1

n

� œ � � �
� � � †

  lim    lim  3 3 3 3 27 1œ œ œ œ �
n nÄ _ Ä _

(3n  3)(3  2)(3n  1)
(n  1)(n  2)(n  3) n  n  3

3n  2 3n  1� � �
� � � � # �

� �ˆ ‰ ˆ ‰
† †

57. diverges by the Root Test:   lim  a  lim   lim   1
n n nÄ _ Ä _ Ä _

È Én n
n

nn
(n!)
n

n!
n´ œ œ _ �a b# #

58. converges by the Root Test:   lim   lim   lim    lim  
n n n nÄ _ Ä _ Ä _ Ä _

É É ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰n
n n

n
n

n n n
(n!) (n!)
n n

n! 2 3 n  1 n
n n n n n n# œ œ œ âa b " �

  lim  0 1Ÿ œ �
n Ä _

"
n

59. converges by the Root Test:   lim  a  lim   lim    lim   0 1
n n n nÄ _ Ä _ Ä _ Ä _

È Én n
n

n n nn
n n
2  ln 2œ œ œ œ �# # #

"

60. diverges by the Root Test:   lim  a  lim   lim   1
n n nÄ _ Ä _ Ä _

È Én n
n

nn
n n

4œ œ œ _ �a b# #

61. converges by the Ratio Test:   lim   lim   lim   
n n nÄ _ Ä _ Ä _

a
a 4 2 (n  1)! 1 3 (2n  1)

1 3 (2n  1)(2n  1) 4 2 n! 2nn 1

n
n 1 n 1

n n
�

� �œ œ† † †

† † †

â � �
� â �†

  
(4 )(n  1) 4

� " "
# �†

œ � 1

62. converges by the Ratio Test:  an
1 3 (2n  1) 1 2 3 4 (2n  1)(2n) (2n)!

(2 4 n) 3   1 (2 4 2n) 3   1 2 n! 3   1
œ œ œ† † † †

† †

â � â �
â# � â � �a b a b a b a bn n n n# #

   lim    lim   Ê œ
n nÄ _ Ä _

(2n  2)!
2 (n  1)! 3   1

2 n! 3   1 (2n  )(2n  2) 3   1
(2n)! 2 (n  1) 3   1

�

� �

� � " � �
� �c d a b a b a b a ba bn 1 n 1

n n n

n 1� �#

#

# # �†

  lim   1 1œ œ œ �
n Ä _

Š ‹4n   6n  2
4n   8n  4 3  3 3 3

1  3#

# �

�� � " "
� � �

�a ba b
n

n †

63. Ratio:   lim    lim    lim  1 1  no conclusion
n n nÄ _ Ä _ Ä _

a
a (n  1) 1 n  1

n n pn 1

n
p

p
� œ œ œ œ Ê"

� �†
ˆ ‰ p

 Root:   lim  a  lim   lim   1  no conclusion
n n nÄ _ Ä _ Ä _

È Én n
p pn pn n (1)n

œ œ œ œ Ê" " "ˆ ‰È

64. Ratio:   lim    lim    lim   lim    lim   
n n n n nÄ _ Ä _ Ä _ Ä _ Ä _

a
a (ln (n 1)) 1 ln (n 1) n

(ln n) ln n n
p pp

n 1

n
p

p
� œ œ œ œ" �"

� �† ’ “ Š ‹” •ˆ ‰ˆ ‰
"

"

�

n

n 1

 (1) 1  no conclusionœ œ Êp

 Root:   lim  a  lim  ; let f(n) (ln n) , then ln f(n)
n nÄ _ Ä _

È Én n
p pn (ln n) n  

1 n ln (ln n)œ œ œ œ" " ÎŠ ‹lim (ln n)nÄ_

1 nÎ

   lim  ln f(n)  lim    lim    lim   0   lim  (ln n)Ê œ œ œ œ Ê
n n n n nÄ _ Ä _ Ä _ Ä _ Ä _

ln (ln n)
n 1 n ln n

1 nˆ ‰"

n ln n " Î

  lim  e e 1; therefore  lim  a 1  no conclusionœ œ œ œ œ œ Ê
n nÄ _ Ä _

ln f n
n

 (1)
Ð Ñ ! " "Èn

p pŠ ‹ lim (ln n)nÄ_

1 nÎ

65. a  for every n and the series    converges by the Ratio Test since  lim   1n
n n 2
2 2 n

(n )Ÿ œ �n n n 1

n!_
œn 1

# #
�" "

n Ä _ � †

   a  converges by the Direct Comparison TestÊ !_
œn 1

n
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66. 0 for all n 1;             2 2 n! 2 2 4
n! n 1 n! n 1 n 1n n n n2

n n 2n 1 2n 1 n2 22 n 1 2

n 1 !

2n n2 2

n!

�   œ † œ œ œlim lim lim lim
Ä_ Ä_ Ä_ Ä_� † � �

†� � Š ‹ Š ‹ ˆ ‰a b

a b

�

�
� � �a b lim

n

2 4 ln 4
1Ä_

†ˆ ‰n

 1  divergesœ _ � Ê !
n 1

2
n!

œ

_
n2

10.6  ALTERNATING SERIES, ABSOLUTE AND CONDITIONAL CONVERGENCE

1. converges by the Alternating Convergence Test since: u 0 for all n 1; n 1 n 1 n n 1 nn
1

n
œ �     Ê �   Ê �  È È È

 u u ;    u     0.Ê Ÿ Ê Ÿ œ œ1 1 1
n 1 n nn 1 n n

n nÈ È È� �
Ä_ Ä_
lim lim

 2. converges absolutely  converges by the Alternating Convergence Test since  a    which is aÊ œ! !k k_ _

œ œn 1 n 1
n n

"
$Î#

 convergent p-series

 3. converges converges by Alternating Series Test since: u 0 for all n 1; n 1 n 1 n 3 3Ê œ �     Ê �   Ê  n
1

n3
n 1 n

n
�

 n 1 3 n 3 u u ;    u     0.Ê �   Ê Ÿ Ê Ÿ œ œa b n 1 n 1 1 1
n 1 3 n 3 n 3n 1 n n

n n
�

� �
Ä_ Ä_a b n 1 n n� lim lim

 4. converges converges by Alternating Series Test since: u 0 for all n 2; n 2 n 1 nÊ œ �     Ê �  n
4

ln na b2

 ln n 1 ln n ln n 1 ln n u u ;Ê �   Ê �   Ê Ÿ Ê Ÿ Ê Ÿa b a b a ba b 2 2 1 1 4 4
ln n 1 ln n ln n 1 ln n n 1 na b a b a b a ba b a b� � �2 2 2 2

     u      0.lim lim
n n

n
4

ln nÄ_ Ä_
œ œa b2

 5. converges converges by Alternating Series Test since: u 0 for all n 1; n 1 2n 2n n n 1Ê œ �     Ê �   � �n
n

n 1
2 2

2 �

 n 2n 2n n n n 1 n n 2n 2 n n n 1 n n 1 1 n 1 n 1Ê � �   � � � Ê � �   � � � Ê � �   � �3 2 3 2 2 3 2 22a b a b a ba bŠ ‹
 u u ;    u      0.Ê   Ê Ÿ œ œn n 1 n

n 1 n 1n 1 1 n 1 n n
n n

2 2 2� �
�

� � �
Ä_ Ä_a b lim lim

 6. diverges diverges by n  Term Test for Divergence since:     1     1 does not existÊ œ Ê � œth
n n

n 5 n 5
n 4 n 4

n 1lim lim
Ä_ Ä_

� �
� �

�2 2

2 2a b
 7. diverges diverges by n  Term Test for Divergence since:         1 does not existÊ œ _ Ê � œth

n n

2 2
n n

n 1lim lim
Ä_ Ä_

�n n

2 2a b

 8. converges absolutely  converges by the Absolute Convergence Test since  a  , which converges by theÊ œ! !k k_ _

œ œn 1 n 1
n

10
n 1

na b� x

 Ratio Test, since         0 1lim lim
n n

a
a n 2

10

Ä_ Ä_ �
n 1

n

� œ œ �

 9. diverges by the nth-Term Test since for n 10  1   lim  0   ( 1)  diverges� Ê � Ê Á Ê �n n n
10 10 10

n nn 1
n Ä _

ˆ ‰ ˆ ‰!_
œn 1

�

10. converges by the Alternating Series Test because f(x) ln x is an increasing function of x   is decreasingœ Ê "
ln x

  u u  for n 1; also u 0 for n 1 and  lim   0Ê         œn n 1 n ln n�
"

n Ä _

11. converges by the Alternating Series Test since f(x)   f (x) 0 when x e  f(x) is decreasingœ Ê œ � � Êln x 1 ln x
x x

w �
#

  u u ; also u 0 for n 1 and  lim  u  lim    lim   0Ê       œ œ œn n 1 n n
ln n

n 1� n n nÄ _ Ä _ Ä _

Š ‹"n
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12. converges by the Alternating Series Test since f(x) ln 1 x   f (x) 0 for x 0  f(x) is decreasingœ � Ê œ � � Êa b�" w �"
�x(x 1)

  u u ; also u 0 for n 1 and  lim  u  lim  ln 1 ln  lim  1 ln 1 0Ê       œ � œ � œ œn n 1 n n n n�
" "

n n nÄ _ Ä _ Ä _
ˆ ‰ ˆ ‰Š ‹

13. converges by the Alternating Series Test since f(x)   f (x) 0  f(x) is decreasingœ Ê œ � Ê
È ÈÈx 1 x 2 x

x 1 2 x (x 1)
�" � �

�
w

� #

  u u ; also u 0 for n 1 and  lim  u  lim   0Ê       œ œn n 1 n� n nÄ _ Ä _n
n

n 1

È �"

�

14. diverges by the nth-Term Test since  lim    lim   3 0
n nÄ _ Ä _

3 n 1
n 1

3 1

1

ÈÈ
É
Š ‹

�

�

�

�
œ œ Á

"

"

n

nÈ

15. converges absolutely since   a   a convergent geometric series! !k k ˆ ‰_ _

œ œn 1 n 1
n 10

n
œ "

16. converges absolutely by the Direct Comparison Test since  which is the nth term¹ ¹ ˆ ‰( 1) (0.1)
n (10) n 10

n� " "n 1 n

n

�

œ �

 of a convergent geometric series

17. converges conditionally since 0 and  lim   0  convergence; but  a   " " " "
�È È Èn nn 1 n n� � œ Ê œ

n Ä _
! !k k_ _

œ œn 1 n 1
"Î#

 is a divergent p-series

18. converges conditionally since 0 and  lim   0  convergence; but" " "
� �� �1 n 1 n1 n 1È È È� � œ Ê

n Ä _

  a    is a divergent series since  and   is a divergent p-series! ! !k k_ _ _

œ œ œn 1 n 1 n 1
n 1 n 1 n n nœ  " " " "

� � #È È È "Î#

19. converges absolutely since   a    and  which is the nth-term of a converging p-series! !k k_ _

œ œn 1 n 1
n

n n
n 1 n 1 nœ �$ $ #� �

"

20. diverges by the nth-Term Test since  lim   
n Ä _

n!
#n œ _

21. converges conditionally since 0 and  lim   0  convergence; but  a" " "
� � � �n 3 (n 1) 3 n 3 n� � œ Ê

n Ä _
! k k_

œn 1

    diverges because  and    is a divergent seriesœ  ! !_ _

œ œn 1 n 1

" " " "
� �n 3 n 3 4n n

22. converges absolutely because the series    converges by the Direct Comparison Test since ! ¸ ¸ ¸ ¸_

œn 1

sin n sin n
n n n# # #Ÿ "

23. diverges by the nth-Term Test since  lim   1 0
n Ä _

3 n
5 n
�
� œ Á

24. converges absolutely by the Direct Comparison Test since 2  which is the nth term¹ ¹ ˆ ‰( 2)
n 5 n 5 5

2 2 n�
� �

n 1

n n

n 1� �

œ �

 of a convergent geometric series

25. converges conditionally since f(x)   f (x) 0  f(x) is decreasing and henceœ � Ê œ � � � Ê" " "w
x x x x

2
# $ #

ˆ ‰
 u u 0 for n 1 and  lim  0  convergence; but   a   n n 1 n� �   � œ Ê œ� n Ä _

ˆ ‰ ! !k k" " �
n n n

1 n
# #

_ _

œ œn 1 n 1

      is the sum of a convergent and divergent series, and hence divergesœ �! !_ _

œ œn 1 n 1

" "
n n#
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26. diverges by the nth-Term Test since  lim  a  lim  10 1 0
n nÄ _ Ä _n

1 nœ œ ÁÎ

27. converges absolutely by the Ratio Test:   lim   lim  1
n nÄ _ Ä _

Š ‹ ” •u
u 3

2n 1

n

� œ œ �
(n )

n

�" #
�

#

ˆ ‰ˆ ‰
2
3

n 1

2
3

n

28. converges conditionally since f(x)   f (x) 0  f(x) is decreasingœ Ê œ � � Ê" w �
x ln x (x ln x)

ln (x) 1c d
#

  u u 0 for n 2 and  lim   0  convergence; but by the Integral Test,Ê � �   œ Ên n 1� n Ä _
"

n ln n

   lim   dx  lim  ln (ln x)  lim  ln (ln b) ln (ln 2)' '
2 2

b
b
2

_

dx
x ln x ln xœ œ œ � œ _

b b bÄ _ Ä _ Ä _� � c d c dŠ ‹"x

   a    divergesÊ œ! !k k_ _

œ œn 1 n 1
n n ln n

"

29. converges absolutely by the Integral Test since tan x  dx  lim  '
1

b

1

_a b ˆ ‰ ’ “�" "
� #1 x

tan x
#

�" #

œ
b Ä _

a b

  lim  tan b tan 1œ � œ � œ
b Ä _

’ “ ’ “a b a b ˆ ‰ ˆ ‰�" �"# # "
# #

# #1 1 1

4 32
3 #

30. converges conditionally since f(x)   f (x)œ Ê œln x
x ln x (x ln x)

(x ln x) (ln x) 1

� �
w

� � �Š ‹ Š ‹" "

x x
#

 0  u u 0 when n e and  lim   œ œ � Ê   � �
1 ln x

(x ln x) (x ln x) n ln n
1 ln x ln n

n n 1
� � �

� � �
�

�

Š ‹ Š ‹ln x ln x
x x

# # n Ä _

  lim   0  convergence; but n ln n n     so thatœ œ Ê � � Ê � Ê �
n Ä _

Š ‹
Š ‹
"

"

n

n1 n ln n n n ln n n
ln n

�

" " "
� �

  a    diverges by the Direct Comparison Test! !k k_

œn 1
n

ln n
n ln nœ

_

œn 1
�

31. diverges by the nth-Term Test since  lim   1 0
n Ä _

n
n 1� œ Á

32. converges absolutely since  a   is a convergent geometric series! !k k ˆ ‰_ _

œ œn 1 n 1
n 5

n
œ "

33. converges absolutely by the Ratio Test:   lim   lim    lim   0 1
n n nÄ _ Ä _ Ä _

Š ‹u
u (n 1)! (100) n 1

( 00) n! 00n 1

n

n 1

n
�

�

œ œ œ �"
� �

"
†

34. converges absolutely by the Direct Comparison Test since  a    and  which is the! !k k_ _

œ œn 1 n 1
n n 2n 1 n 2n 1 nœ �" " "

� � � �# # #

 nth-term of a convergent p-series

35. converges absolutely since  a      is a convergent p-series! ! !k k ¹ ¹_ _ _

œ œ œn 1 n 1 n 1
n

( 1)
n n nœ œ� "nÈ $Î#

36. converges conditionally since      is the convergent alternating harmonic series, but! !_ _

œ œn 1 n 1

cos n
n n

( 1)1 œ � n

  a    diverges! !k k_ _

œ œn 1 n 1
n nœ "

37. converges absolutely by the Root Test:   lim   a  lim    lim   1
n n nÄ _ Ä _ Ä _

Èk k Š ‹n
n

nn œ œ œ �(n 1)
(2n) n

1 n
n�

Î
�" "
# #
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38. converges absolutely by the Ratio Test:   lim   lim    lim  
n n nÄ _ Ä _ Ä _

¹ ¹a
a ((2n 2)!) (n!) (2n 2)(2n 1)

(n 1)! (2n)! (n 1)n 1

n

�

#

#

#

œ œ œa b�
� � �

�
†

"
4 � 1

39. diverges by the nth-Term Test since  lim   a  lim    lim   
n n nÄ _ Ä _ Ä _

k kn
(2n)! (n )(n 2) (2n)
2 n! n 2 nœ œn

�" � â
n

  lim    lim  0œ � œ _ Á
n nÄ _ Ä _

(n 1)(n 2) (n (n 1)) n 1 n 1� � â � �
# #

� �
n 1� ˆ ‰

40. converges absolutely by the Ratio Test:   lim    lim   
n nÄ _ Ä _

¹ ¹a
a (2n 3)! n! n! 3

(n 1)! (n 1)! 3 (2n 1)!n 1

n

n 1

n
�

�

œ � � �
� †

  lim   1œ œ �
n Ä _

(n 1) 3
(2n 2)(2n 3) 4

3�
� �

#

41. converges conditionally since  and  is a
È ÈÈ ÈÈ È ÈÈ È Èn 1 n n 1 n

1 n 1 n n 1 n n 1 n

� � � �

� � � � � �
" "

† œ š ›
 decreasing sequence of positive terms which converges to 0     converges; butÊ !_

œn 1

( )
n 1 n

�"

� �

nÈ È
   a      diverges by the Limit Comparison Test (part 1) with ; a divergent p-series:! !k k_ _

œ œn 1 n 1
n n 1 n n
œ " "

� �È ÈÈ

  lim    lim    lim   
n n nÄ _ Ä _ Ä _� �

"

� �

"

È È

È

n 1 n

n
1
n

œ œ œ
ÈÈ È É

n

n 1 n
1

1 1� � � �

"
#

42. diverges by the nth-Term Test since  lim  n n n  lim  n n n
n nÄ _ Ä _

Š ‹ Š ‹ Š ‹È È# # � �

� �
� � œ � � †

ÈÈn n n
n n n

#

#

  lim    lim   0œ œ œ Á
n nÄ _ Ä _

n
n n n 1 1È É# "� �

" "

� � #
n

43. diverges by the nth-Term Test since  lim  n n n  lim  n n n
n nÄ _ Ä _

Š ‹ Š ‹É ÉÈ È È È– —� �� � œ � �
É È È
É È È

n n n

n n n

� �

� �

  lim    lim   0œ œ œ Á
n nÄ _ Ä _

È
É ÉÈ È

n

n n n 1 1� �

" "

� � #"

Èn

44. converges conditionally since  is a decreasing sequence of positive terms converging to 0š ›"
� �È Èn n 1

    converges; but  lim    lim    lim   Ê œ œ œ!_
œn 1

( )
n n 1 n n 1

n

1 1

�"

� � � �
" "

� � #

n

n
È ÈÈ ÈÈ Én n nÄ _ Ä _ Ä _

Š ‹
Š ‹

"

� �

"

È È

È

n n 1

n
"

 so that    diverges by the Limit Comparison Test with   which is a divergent p-series! !_ _

œ œn 1 n 1

" "
� �È È Èn n 1 n

45. converges absolutely by the Direct Comparison Test since sech (n)  which is theœ œ � œ2 2e 2e 2
e e e 1 e en n 2n 2n n

n n

� ��

 nth term of a convergent geometric series

46. converges absolutely by the Limit Comparison Test (part 1):   a   ! !k k_ _

œ œn 1 n 1
n

2
e eœ n n� �

 Apply the Limit Comparison Test with , the n-th term of a convergent geometric series:1
en

  lim    lim    lim   2
n n nÄ _ Ä _ Ä _Œ �2

e en n
1
en

�

�

œ œ œ2e 2
e e 1 e

n

n n 2n� �� �

47.   ; converges by Alternating Series Test since: u 0 for all n 1;1 1 1 1 1 1 1
4 6 8 10 12 14 2 n 1 2 n 1

( )
n� � � � � � Þ Þ Þ œ œ �  !_

œn 1

�"
� �

n 1�

a b a b
 n 2 n 1 2 n 2 2 n 1 u u ;    u     0.�   � Ê �   � Ê Ÿ Ê Ÿ œ œa b a b 1 1 1

2 n 1 1 2 n 1 2 n 1n 1 n n
n na b a b a ba b� � � ��
Ä_ Ä_
lim lim
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48. 1  a ; converges by the Absolute Convergence Test since  a   � � � � � � � � Þ Þ Þ œ œ1 1 1 1 1 1 1
4 9 16 25 36 49 64 nn n! ! !k k_ _ _

œ œ œn 1 n 1 n 1

"
#

 which is a convergent p-series

49. error ( 1) 0.2 50. error ( 1) 0.00001k k k k¸ ¸ ¸ ¸ˆ ‰ ˆ ‰� � œ � � œ' '" "
5 10&

51. error ( 1) 2 10  52. error ( 1) t t 1k k k k k k¹ ¹� � œ ‚ � � œ �' �"" % % %(0.01)
5

&

53. error 0.001 u 0.001 0.001 n 1 3 1000 n 1 997 30.5753 n 31k k a b È� Ê � Ê � Ê � � � Ê � � � ¸ Ê  n 1
1

n 1 3
2

� � �a b2

54. error 0.001 u 0.001 0.001 n 1 1 1000 n 1 nk k a b a b� Ê � Ê � Ê � � � � Ê �n 1
n 1

n 1 1
2 998 998 4 998

2�
�

� �

� �a b
È a b

2

2

 998.9999 n 999¸ Ê  

55. error 0.001 u 0.001 0.001 n 1 3 n 1 1000k k a bŠ ‹È� Ê � Ê � Ê � � � �n 1
1

n 1 3 n 1

3

�
� � �ˆ ‰a b È 3

 n 1 3 n 1 10 0 n 1 2 n 3 n 4Ê � � � � � Ê � œ � œ Ê œ Ê  Š ‹È È È2
3 9 40

2
� �È

56. error 0.001 u 0.001 0.001 ln ln n 3 1000 n 3 e 5.297 10k k a ba b� Ê � Ê � Ê � � Ê � � � ¸ ‚n 1
1

ln ln n 3
e 323228467

� �a ba b 1000

 which is the maximum arbitrary-precision number represented by Mathematica on the particular computer solving this
 problem..

57.   (2n)! 200,000  n 5  1 0.54030" " " " "
#(2n)! 10 5 ! 4! 6! 8!

5 10� Ê � œ Ê   Ê � � � � ¸'

'

58.   n!  n 9  1 1 0.367881944" " " " " " " "
#n! 10 5 ! 3! 4! 5! 6! 7! 8!

5 10� Ê � Ê   Ê � � � � � � � � ¸'

'

59. (a) a a  fails since n n 1 3  ��
" "

#

 (b) Since   a       is the sum of two absolutely convergent! ! ! !k k � ‘ ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰_ _ _ _

œ œ œ œn 1 n 1 n 1 n 1
n 3 3

n n n n
œ � œ �" " " "

# #

 series, we can rearrange the terms of the original series to find its sum:

 1ˆ ‰ ˆ ‰" " " " " " " "
# # #� �3 9 27 4 8 1 1

� � �á � � � �á œ � œ � œ �
ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰
" "

" "

#

#

3

3

60. s 1 0.6687714032  s 0.692580927#! #!
" " " " " " "
# # #œ � � � �á � � ¸ Ê � ¸3 4 19 20 1†

61. The unused terms are  ( 1) a ( 1) a a ( 1) a a! a b a b_

œ �

� � �

� � � �

j n 1

j 1 n 1 n 3
j n 1 n 2 n 3 n 4� œ � � � � � �á

 ( 1) a a a a .  Each grouped term is positive, so the remainderœ � � � � �án 1
n 1 n 2 n 3 n 4

�

� � � �c da b a b
 has the same sign as ( 1) , which is the sign of the first unused term.� n 1�

62. s     n 1 2 3 3 4 n(n 1) k(k 1) k k 1œ � � �á � œ œ �" " " " " " "
# � � �† † †

! ! ˆ ‰n n

k 1 k 1œ œ

 1  which are the first 2n termsœ � � � � � � � �á � �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰" " " " " " " " "
# # �3 3 4 4 5 n n 1

 of the first series, hence the two series are the same.  Yes, for

 s   1 1n k k 1 3 3 4 4 5 n 1 n n n 1 n 1œ � œ � � � � � � � �á � � � � œ �! ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰n

k 1œ

" " " " " " " " " " " " " "
� # # � � �
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   lim  s  lim  1 1  both series converge to 1.  The sum of the first 2n 1 terms of the firstÊ œ � œ Ê �
n nÄ _ Ä _n n 1

ˆ ‰"
�

 series is 1 1.  Their sum is  lim  s  lim  1 1.ˆ ‰ ˆ ‰� � œ œ � œ" " "
� � �n 1 n 1 n 1nn nÄ _ Ä _

63. Theorem 16 states that  a  converges   a  converges. But this is equivalent to   a  diverges  a  div! ! ! !k k k k_ _ _ _

œ œ œ œn 1 n 1 n 1 n 1
n n n nÊ Ê erges

64. a a a a a a  for all n; then  a  converges   a  converges and these imply thatk k k k k k k k k k! !" # " #� �á � Ÿ � �á � Ên n n n

_ _

œ œn 1 n 1

  a  aº º! ! k k_ _

œ œn 1 n 1
n nŸ

65. (a)   a b  converges by the Direct Comparison Test since a b a b  and hence! k k k k k k k k_

œn 1
n n n n n n� � Ÿ �

 a b  converges absolutely!a b_

œn 1
n n�

 (b)  b  converges   b   converges absolutely; since  a  converges absolutely and! ! !k k_ _ _

œ œ œn 1 n 1 n 1
n n nÊ �

 b   converges absolutely, we have a ( b ) a b   converges absolutely by part (a)! ! !c d a b_ _ _

œ œ œn 1 n 1 n 1
� � � œ �n n n n n

 (c)  a  converges  k  a ka  converges  ka  converges absolutely! ! ! !k k k k k k k k_ _ _ _

œ œ œ œn 1 n 1 n 1 n 1
n n n nÊ œ Ê

66. If a b ( 1)  , then  ( 1)   converges, but  a b    divergesn n n n
n n

n n nœ œ � � œ" " "È È! ! !_ _ _

œ œ œn 1 n 1 n 1

67. s , s 1 ," #
" " "
# # #œ � œ � � œ

 s 1 0.5099,$
" " " " " " " " " " "
# # # #œ � � � � � � � � � � � � ¸ �4 6 8 10 1 14 16 18 0 2

 s s 0.1766,% $
"œ � ¸ �3

 s s 0.512,& %
" " " " " " " " " " "
# # # #œ � � � � � � � � � � � ¸ �4 6 8 30 3 34 36 38 40 42 44

 s s 0.312,' &
"œ � ¸ �5

 s s 0.51106( '
" " " " " " " " " " "œ � � � � � � � � � � � ¸ �46 48 50 52 54 56 58 60 62 64 66

 

68. (a) Since   a  converges, say to M, for 0 there is an integer N  such that   a M! !k k k kº ºn n% � � �" #

N 1

n 1

"�

œ

%

     a    a  a       a     a .  Also,  aÍ � � � Í � � Í �» » » »! ! ! ! ! !k k k k k k k k k k� �N 1 N 1

n 1 n 1 n N n N n N

" "

" " "

� �

œ œ œ œ œ

_ _ _

n n n n n n
% % %

# # #

 converges to L  for 0 there is an integer N  (which we can choose greater than or equal to N ) suchÍ �% # "

 that s L .  Therefore,   a  and s L .k k k k k k!N N# #
� � � � �% % %

# # #

_

œn N"

n
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 (b) The series  a  converges absolutely, say to M.  Thus, there exists N  such that   a M! !k k k kº º_

œ œn 1 n 1

k

n n" � � %

 whenever k N .  Now all of the terms in the sequence b  appear in a .  Sum together all of the� " e f e fk k k kn n

 terms in b , in order, until you include all of the terms a , and let N  be the largest index in thee f e fk k k kn n
N
n 1
"

œ #

 sum   b  so obtained.  Then   b M  as well  b  converges to M.! ! !k k k k k kº ºN N

n 1 n 1 n 1

# #

œ œ œ

_

n n n� � Ê%

10.7  POWER SERIES

 1.  lim   1   lim   1  x 1  1 x 1; when x 1 we have  ( 1) , a divergent
n nÄ _ Ä _

¹ ¹ ¹ ¹ k k !u
u x

xn 1

n

n 1

n
�

�

� Ê � Ê � Ê � � � œ � �
_

œn 1

n

 series; when x 1 we have  1, a divergent seriesœ !_
œn 1

 (a) the radius is 1; the interval of convergence is 1 x 1� � �

 (b) the interval of absolute convergence is 1 x 1� � �

 (c) there are no values for which the series converges conditionally

 2.  lim   1   lim   1  x 5 1  6 x 4; when x 6 we have
n nÄ _ Ä _

¹ ¹ ¹ ¹ k ku
u (x 5)

(x 5)n 1

n

n 1

n
�

�

� Ê � Ê � � Ê � � � � œ ��
�

  ( 1) , a divergent series; when x 4 we have  1, a divergent series! !_ _

œ œn 1 n 1
� œ �n

 (a) the radius is 1; the interval of convergence is 6 x 4� � � �

 (b) the interval of absolute convergence is 6 x 4� � � �

 (c) there are no values for which the series converges conditionally

 3.  lim   1   lim   1  4x 1 1  1 4x 1 1 x 0; when x  we
n nÄ _ Ä _

¹ ¹ ¹ ¹ k ku
u (4x 1)

(4x 1)n 1

n

n 1

n
�

�

� Ê � Ê � � Ê � � � � Ê � � � œ ��
� # #

" "

 have ( 1) ( 1)  ( 1)  1 , a divergent series; when x 0 we have  ( 1) (1) ( 1) ,! ! ! ! !_ _ _ _ _

œ œ œ œ œn 1 n 1 n 1 n 1 n 1
� � œ � œ œ � œ �n n 2n n n n n

 a divergent series

 (a) the radius is ; the interval of convergence is x 0" "
#4 � � �

 (b) the interval of absolute convergence is x 0� � �"
#

 (c) there are no values for which the series converges conditionally

 4.  lim   1   lim   1  3x 2   lim  1  3x 2 1
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ k k k kˆ ‰u
u n 1 (3x 2) n 1

(3x 2) n nn 1

n

n 1

n
�

�

� Ê � Ê � � Ê � ��
� � �†

  1 3x 2 1  x 1; when x  we have    which is the alternating harmonic series and isÊ � � � � Ê � � œ" " �"
3 3 n

( )!_
œn 1

n

 conditionally convergent; when x 1 we have   , the divergent harmonic seriesœ !_
œn 1

"
n

 (a) the radius is ; the interval of convergence is x 1" "
3 3 Ÿ �

 (b) the interval of absolute convergence is x 1"
3 � �

 (c) the series converges conditionally at x œ "
3

 5.  lim   1   lim   1  1  x 2 10  10 x 2 10
n nÄ _ Ä _

¹ ¹ ¹ ¹ k ku
u 10 (x 2) 10

(x 2) 10 x 2n 1

n

n 1

n 1 n

n
�

�

�� Ê � Ê � Ê � � Ê � � � ��
�

�
†

k k

  8 x 12; when x 8 we have   ( ) , a divergent series; when x 12 we have 1, a divergent seriesÊ � � � œ � �" œ! !_ _

œ œn 1 n 1

n

 (a) the radius is 0; the interval of convergence is 8 x 12" � � �

 (b) the interval of absolute convergence is 8 x 12� � �

 (c) there are no values for which the series converges conditionally
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 6.  lim   1   lim   1   lim   2x 1  2x 1  x ; when x  we have
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ k k k ku
u (2x)

(2x)n 1

n

n 1

n
�

�

� Ê � Ê � Ê � Ê � � � œ �" " "
# # #

  ( ) , a divergent series; when x  we have 1, a divergent series! !_ _

œ œn 1 n 1
�" œn "

#

 (a) the radius is ; the interval of convergence is x" " "
# # #� � �

 (b) the interval of absolute convergence is x� � �" "
# #

 (c) there are no values for which the series converges conditionally

 7.  lim   1   lim   1  x   lim   1  x 1
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ k k k ku
u (n 3) nx (n 3)(n)

(n 1)x (n 2) (n 1)(n 2)n 1

n

n 1

n
�

�

� Ê � Ê � Ê �� � � �
� �†

  1 x 1; when x 1 we have  ( )  , a divergent series by the nth-term Test; when x  weÊ � � � œ � �" œ "!_
œn 1

n n
n�#

 have  , a divergent series!_
œn 1

n
n�#

 (a) the radius is ; the interval of convergence is x" �" � � "

 (b) the interval of absolute convergence is x�" � � "

 (c) there are no values for which the series converges conditionally

 8.  lim   1   lim   1  x 2   lim  1  x 2 1
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ k k k kˆ ‰u
u n 1 (x 2) n 1

(x 2) n nn 1

n

n 1

n
�

�

� Ê � Ê � � Ê � ��
� � �†

  1 x 2 1  3 x 1; when x 3 we have   , a divergent series; when x  we haveÊ � � � � Ê � � � � œ � œ �"!_
œn 1

"
n

   , a convergent series!_
œn 1

( 1)
n

� n

 (a) the radius is ; the interval of convergence is 3 x" � � Ÿ �"

 (b) the interval of absolute convergence is 3 x� � � �"

 (c) the series converges conditionally at x 1œ �

 9.  lim   1   lim   1   lim    lim   1
n n n nÄ _ Ä _ Ä _ Ä _

¹ ¹ ¹ ¹ Š ‹Š ‹Éu
u x 3 n 1 n 1

x n n
(n 1) n 1 3

n n 3 xn 1

n

n 1

n 1

n

n
�

�

�
� Ê � Ê �

� � � �È È k k
†

  (1)(1) 1  x 3  3 x 3; when x 3 we have  , an absolutely convergent series;Ê � Ê � Ê � � � œ �k kx
3

( )
nk k !_

œn 1

�" n

$Î#

 when x 3 we have   , a convergent p-seriesœ !_
œn 1

1
n$Î#

 (a) the radius is 3; the interval of convergence is 3 x 3� Ÿ Ÿ

 (b) the interval of absolute convergence is 3 x 3� Ÿ Ÿ

 (c) there are no values for which the series converges conditionally

10.  lim   1   lim   1  x 1  lim   1  x 1 1
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ k k k kÉu
u (x 1) n 1

(x 1)
n 1

n nn 1

n

n 1

n
�

�

� Ê � Ê � � Ê � ��

� � �È È
†

  1 x 1 1  0 x 2; when x 0 we have   , a conditionally convergent series; when x 2Ê � � � � Ê � � œ œ!_
œn 1

( )
n
�" n

"Î#

 we have   , a divergent series!_
œn 1

1
n"Î#

 (a) the radius is 1; the interval of convergence is 0 x 2Ÿ �

 (b) the interval of absolute convergence is 0 x 2� �

 (c) the series converges conditionally at x 0œ

11.  lim   1   lim   1  x   lim  1 for all x
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ k k ˆ ‰u
u (n 1)! x n 1

x n!n 1

n

n 1

n
�

�

� Ê � Ê �� �
"

†

 (a) the radius is ; the series converges for all x_
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 (b) the series converges absolutely for all x
 (c) there are no values for which the series converges conditionally

12.  lim   1   lim   1  3 x   lim  1 for all x
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ k k ˆ ‰u
u (n 1)! 3 x n 1

3 x n!n 1

n

n 1 n 1

n n
�

� �

� Ê � Ê �� �
"

†

 (a) the radius is ; the series converges for all x_

 (b) the series converges absolutely for all x
 (c) there are no values for which the series converges conditionally

13.  lim   1   lim   1  x   lim  4x 1 x
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ ˆ ‰u
u n 1 4 x n 1 4

4 x n 4n 1n 1

n

n 1 2n 2

n 2n
�

� �

� Ê � Ê œ � Ê �� �
# # #

†

  x ; when x  we have  , a divergent p-series; when x  we haveÊ � � � œ � � œ œ1 1 1 4 1 1 1
2 2 2 n 2 n 2

2n! !ˆ ‰_ _

œ œn 1 n 1

n

     , a divergent p-series! !ˆ ‰_ _

œ œn 1 n 1

4 1 1
n 2 n

2nn
œ

 (a) the radius is ; the interval of convergence is x1 1 1
2 2 2� � �

 (b) the interval of absolute convergence is x� � �1 1
2 2

 (c) there are no values for which the series converges conditionally

14.  lim   1   lim   1  x 1   lim  x 1 1
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ Š ‹u
u (x 1) 3

(x 1)
n 1 3 3 n 1

n 3 n 1n 1

n

n 1

2 n 2n 1

2 n 2
�

�

�
� Ê � Ê l � l œ l � l ��

� ��a b a b†

 2 x 4; when x 2 we have , an absolutely convergent series; when x 4 we haveÊ � � � œ � œ œ! !_ _

œ œn 1 n 1

( 3) ( 1)
n 3 n
� �n n

2 n 2

 , an absolutely convergent series.! !_ _

œ œn 1 n 1

(3)
n 3 n

1n

2 n 2œ

 (a) the radius is 3; the interval of convergence is 2 x 4� Ÿ Ÿ

 (b) the interval of absolute convergence is 2 x 4� Ÿ Ÿ

 (c) there are no values for which the series converges conditionally

15.  lim   1   lim   1  x   lim     x 1
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ k k k kÉu
u x n 2n 4

x n 3
(n 1) 3

n 3n 1

n

n 1

n
�

�

#

# #

#� Ê � Ê � " Ê �È È
� �

� �
� �†

  1 x 1; when x 1 we have   , a conditionally convergent series; when x 1 we haveÊ � � � œ � œ!_
œn 1

( )
n 3
�"

�

nÈ #

   , a divergent series!_
œn 1

"

�Èn 3#

 (a) the radius is 1; the interval of convergence is 1 x 1� Ÿ �

 (b) the interval of absolute convergence is 1 x 1� � �

 (c) the series converges conditionally at x 1œ �

16.  lim   1   lim   1  x   lim     x 1
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ k k k kÉu
u x n 2n 4

x n 3
(n 1) 3

n 3n 1

n

n 1

n
�

�

#

# #

#� Ê � Ê � " Ê �È È
� �

� �
� �†

  1 x 1; when x 1 we have   , a divergent series; when x 1 we have   ,Ê � � � œ � œ! !_ _

œ œn 1 n 1

"

� �

�"È Èn 3 n 3
( )

# #

n

 a conditionally convergent series
 (a) the radius is 1; the interval of convergence is 1 x 1� � Ÿ

 (b) the interval of absolute convergence is 1 x 1� � �

 (c) the series converges conditionally at x 1œ
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17.  lim   1   lim   1    lim  1  1
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ ˆ ‰u
u 5 n(x 3) 5 n 5

(n 1)(x 3) 5 nx 3 x 3n 1

n

n 1

n 1 n

n
�

�

�� Ê � Ê � Ê �� �
�

� ��"
†

k k k k

  x 3 5  5 x 3 5  8 x 2; when x 8 we have    ( 1) n, a divergentÊ � � Ê � � � � Ê � � � œ � œ �k k ! !_ _

œ œn 1 n 1

n( 5)
5
� n

n
n

 series; when x 2 we have   n, a divergent seriesœ œ! !_ _

œ œn 1 n 1

n5
5

n

n

 (a) the radius is 5; the interval of convergence is 8 x 2� � �

 (b) the interval of absolute convergence is 8 x 2� � �

 (c) there are no values for which the series converges conditionally

18.  lim   1   lim   1    lim  1  x 4
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ ¹ ¹ k ku
u 4 n 2n 2 nx 4 n n 2n 2

(n 1)x 4 n 1 (n 1) n 1xn 1

n

n 1

n 1 n

n
�

�

� # #

# #

� Ê � Ê � Ê ��
� � � �

� � �a b a ba b a bk k
†

  4 x 4; when x 4 we have   , a conditionally convergent series; when x 4 we have   ,Ê � � � œ � œ! !_ _

œ œn 1 n 1

n( 1)
n 1 n 1

n�
� �

n

# #

 a divergent series
 (a) the radius is 4; the interval of convergence is 4 x 4� Ÿ �

 (b) the interval of absolute convergence is 4 x 4� � �

 (c) the series converges conditionally at x 4œ �

19.  lim   1   lim   1    lim  1  1  x 3
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ É ˆ ‰ k ku
u 3 3 n 3

n 1 x x x3 n 1
n x

n 1

n

n 1

n 1

n

n
�

�

�� Ê � Ê � Ê � Ê �
È È k k k k� �

†

 3 x 3; when x 3 we have  ( 1) n , a divergent series; when x 3 we have   n, a divergent seriesÊ � � � œ � � œ! !È È_ _

œ œn 1 n 1

n

 (a) the radius is 3; the interval of convergence is 3 x 3� � �

 (b) the interval of absolute convergence is 3 x 3� � �

 (c) there are no values for which the series converges conditionally

20.  lim   1   lim   1  2x 5   lim  1
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ Š ‹k ku
u

n  1 (2x 5) n  1
n (2x 5) n

n 1

n

n 1 n 1n 1

n nn
�

� ��

� Ê � Ê � �
È ÈÈ È� � �

�

  2x 5  1  2x 5 1  1 2x 5 1  3 x 2; when x 3 we haveÊ � � Ê � � Ê � � � � Ê � � � � œ �k k k kŒ � lim  t

 lim  n
t

n

Ä_

Ä_

È
È
t

n

 ( 1) n, a divergent series since  lim  n 1; when x 2 we have n, a divergent series! !È È È_ _

œ œn 1 n 1
� œ œ �n n n

n Ä _

 (a) the radius is ; the interval of convergence is 3 x 2"
# � � � �

 (b) the interval of absolute convergence is 3 x 2� � � �

 (c) there are no values for which the series converges conditionally

21. First, rewrite the series as   2 ( 1) x 1  2 x 1  ( 1) x 1 . For the series! ! !a ba b a b a b_ _ _

œ œ œn 1 n 1 n 1
� � � œ � � � �n nn 1 n 1 n 1� � �

  2 x 1 :  lim   1  lim   1 x 1  lim   1 x 1 1 2 x 0; For the! a b ¹ ¹ ¹ ¹_

œn 1
� � Ê � Ê l � l œ l � l � Ê � � �n 1 2 x 1u

u 2 x 1
� �

�n n nÄ _ Ä _ Ä _
n 1

n

n

n 1
�

�

a ba b
 series  ( 1) x 1 :  lim   1  lim   1 x 1  lim   1 x 1 1! a b ¹ ¹ ¹ ¹_

œn 1
� � � Ê � Ê l � l œ l � l �n n 1 ( 1) x 1u

u ( 1) x 1
� � �

� �n n nÄ _ Ä _ Ä _
n 1

n

n 1 n

n n 1
�

�

�

a ba b
 2 x 0; when x 2 we have  2 ( 1) 1 , a divergent series; when x 0 we haveÊ � � � œ � � � � œ! a ba b_

œn 1

n n 1�

   2 ( 1) , a divergent series! a b_

œn 1
� � n

 (a) the radius is 1; the interval of convergence is 2 x 0� � �

 (b) the interval of absolute convergence is 2 x 0� � �

 (c) there are no values for which the series converges conditionally
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22.  lim   1  lim   1 x 2  lim   9 x 2 1
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹u
u 3 n 1 n 1

( 1) 3 x 2 3n 9n
( 1) 3 x 2

n 1

n

n 1 2n 2 n 1

n 2n n
�

� � �

� Ê † � Ê l � l œ l � l �� �
� �� �
a ba b a b

 x ; when x  we have   , a divergent series; when x  we haveÊ � � œ � œ œ17 19 17 1 1 19
9 9 9 3n 9 3n 9

( 1) 3 n! !ˆ ‰_ _

œ œn 1 n 1

� n 2n

    , a conditionally convergent series.! !ˆ ‰_ _

œ œn 1 n 1

( 1) 3 ( 1)
3n 9 3n

1 n� �n 2n n

œ

 (a) the radius is ; the interval of convergence is x1 17 19
9 9 9� Ÿ

 (b) the interval of absolute convergence is x17 19
9 9� �

 (c) the series converges conditionally at x œ 19
9

23.  lim   1   lim   1  x  1  x 1  x 1
n nÄ _ Ä _

¹ ¹ » » � �k k k k k kˆ ‰u
u e

1 x  lim  1

1 x  lim  1

en 1

n n

n 1 t
n 1

n n
�

�
�

� Ê � Ê � Ê � Ê �
Š ‹ Š ‹

Š ‹ Š ‹
� �

� �

" "

�

" "

n 1 t

n n

t

n

Ä_

Ä_

  1 x 1; when x 1 we have  ( 1) 1 , a divergent series by the nth-Term Test sinceÊ � � � œ � � �! ˆ ‰_

œn 1

n
n

n"

  lim  1 e 0; when x 1 we have  1 , a divergent series
n Ä _

ˆ ‰ ˆ ‰!� œ Á œ �" "
n n

n n_

œn 1

 (a) the radius is ; the interval of convergence is 1 x 1" � � �

 (b) the interval of absolute convergence is 1 x 1� � �

 (c) there are no values for which the series converges conditionally

24.  lim   1   lim   1  x   lim   1  x   lim  1  x 1
n n n nÄ _ Ä _ Ä _ Ä _

¹ ¹ ¹ ¹ k k k k k kº º ˆ ‰u
u x  ln n n 1

ln (n 1)x nn 1

n

n 1

n
�

�

� Ê � Ê � Ê � Ê ��
�

ˆ ‰ˆ ‰
"

�

"

n 1

n

 1 x 1; when x 1 we have ( 1)  ln n, a divergent series by the nth-Term Test since  lim  ln n 0;Ê � � � œ � � Á!_
œn 1

n
n Ä _

 when x 1 we have  ln n, a divergent seriesœ !_
œn 1

 (a) the radius is 1; the interval of convergence is 1 x 1� � �

 (b) the interval of absolute convergence is 1 x 1� � �

 (c) there are no values for which the series converges conditionally

25.  lim   1   lim   1  x   lim  1  lim  (n 1) 1
n n n nÄ _ Ä _ Ä _ Ä _

¹ ¹ ¹ ¹ Š ‹Š ‹k k ˆ ‰u
u n x n

(n 1) x nn 1

n

n 1 n 1

n n
�

� �

� Ê � Ê � � �� "

  e x   lim  (n 1) 1  only x 0 satisfies this inequalityÊ � � Ê œk k
n Ä _

 (a) the radius is 0; the series converges only for x 0œ

 (b) the series converges absolutely only for x 0œ

 (c) there are no values for which the series converges conditionally

26.  lim   1   lim   1  x 4   lim  (n 1) 1  only x 4 satisfies this inequality
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ k ku
u n! (x 4)

(n 1)! (x 4)n 1

n

n 1

n
�

�

� Ê � Ê � � � Ê œ� �
�

 (a) the radius is 0; the series converges only for x 4œ

 (b) the series converges absolutely only for x 4œ

 (c) there are no values for which the series converges conditionally

27.  lim   1   lim   1    lim  1  1  x 2 2
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ ˆ ‰ k ku
u (n 1) 2 (x 2) n 1

(x 2) n2 nx 2 x 2n 1

n

n 1

n 1 n

n
�

�

�� Ê � Ê � Ê � Ê � ��
� � # � #

� �
†

k k k k

  2 x 2 2  4 x 0; when x 4 we have , a divergent series; when x 0 we have ,Ê � � � � Ê � � � œ � œ! !_ _

œ œn 1 n 1

�" �
n n

( 1)n 1�

 the alternating harmonic series which converges conditionally
 (a) the radius is 2; the interval of convergence is 4 x 0� � Ÿ

 (b) the interval of absolute convergence is 4 x 0� � �

 (c) the series converges conditionally at x 0œ
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28.  lim   1   lim   1  2 x 1   lim  1  2 x 1 1
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ k k k kˆ ‰u
u ( 2) (n 1)(x 1) n 1

( 2) (n 2)(x 1) n 2n 1

n

n 1 n 1

n n
�

� �

� Ê � Ê � � Ê � �� � �
� � � �

�

  x 1   x 1   x ; when x  we have (n 1) , a divergent series; when xÊ � � Ê � � � � Ê � � œ � œk k !" " " " "
# # # # # # #

3 3
_

œn 1

 we have ( 1) (n 1), a divergent series!_
œn 1

n� �

 (a) the radius is ; the interval of convergence is x" "
# # #� � 3

 (b) the interval of absolute convergence is x"
# #� � 3

 (c) there are no values for which the series converges conditionally

29.  lim   1   lim   1   x    lim   lim   1
n n n nÄ _ Ä _ Ä _ Ä _

¹ ¹ ¹ ¹ Š ‹Š ‹k ku
u x n 1 ln (n 1)

x n ln n
(n 1) ln (n 1)

n(ln n)n 1

n

n 1

n
�

�

#

#

� Ê � Ê �
� � � �

#

a b †

  x (1)  lim   1  x   lim   1  x 1  1 x 1; when x 1 we haveÊ � Ê � Ê � Ê � � � œ �k k k k k kŒ � Š ‹n nÄ _ Ä _

ˆ ‰ˆ ‰
"

"

�

n

n 1

#
�

#
n 1

n

   which converges absolutely; when x 1 we have    which converges! !_ _

œ œn 1 n 1

( 1)
n(ln n) n(ln n)
� "n

# #œ

 (a) the radius is ; the interval of convergence is 1 x 1" � Ÿ Ÿ

 (b) the interval of absolute convergence is 1 x 1� Ÿ Ÿ

 (c) there are no values for which the series converges conditionally

30.  lim   1   lim   1   x    lim   lim   1
n n n nÄ _ Ä _ Ä _ Ä _

¹ ¹ ¹ ¹ Š ‹Š ‹k ku
u (n 1) ln (n 1) x n 1 ln (n 1)

x nn ln (n) ln (n)n 1

n

n 1

n
�

�

� Ê � Ê �� � � �†

  x (1)(1) 1  x 1  1 x 1; when x 1 we have   , a convergent alternating series;Ê � Ê � Ê � � � œ �k k k k !_
œn 2

( 1)
n ln n
� n

 when x 1 we have    which diverges by Exercise 38, Section 9.3œ !_
œn 2

"
n ln n

 (a) the radius is ; the interval of convergence is 1 x 1" � Ÿ �

 (b) the interval of absolute convergence is 1 x 1� � �

 (c) the series converges conditionally at x 1œ �

31.  lim   1   lim   1   (4x 5)  lim  1  (4x 5) 1
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ Š ‹u
u (4x 5) n 1

(4x 5)
(n 1)

n nn 1

n

2n 3

2n 1
�

�

$Î#

$Î#

�� Ê � Ê � � Ê � ��
� � �

# #
$Î#

†

  4x 5 1  1 4x 5 1  1 x ; when x 1 we have       which isÊ � � Ê � � � � Ê � � œ œk k ! !3 ( 1)
n n#

� �"
_ _

œ œn 1 n 1

2n 1�

$Î# $Î#

 absolutely convergent; when x  we have  , a convergent p-seriesœ 3 ( )
n#
"!_

œn 1

2n 1�

$Î#

 (a) the radius is ; the interval of convergence is 1 x"
#4
3Ÿ Ÿ

 (b) the interval of absolute convergence is 1 xŸ Ÿ 3
#

 (c) there are no values for which the series converges conditionally

32.  lim   1   lim   1   3x 1   lim  1  3x 1 1
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ k k k kˆ ‰u
u 2n 4 (3x 1) 2n 4

(3x 1) 2n 2 2n 2n 1

n

n 2

n 1
�

�

�� Ê � Ê � � Ê � ��
� � �

� �
†

  1 3x 1 1  x 0; when x  we have  , a conditionally convergent series;Ê � � � � Ê � � � œ �2 2
3 3 2n 1

( 1)!_
œn 1

�
�

n 1�

 when x 0 we have     , a divergent seriesœ œ! !_ _

œ œn 1 n 1

( )
2n 1 n 1
"
� # �

"n 1�

 (a) the radius is ; the interval of convergence is x 0"
3 3

2� Ÿ �

 (b) the interval of absolute convergence is x 0� � �2
3

 (c) the series converges conditionally at x œ � 2
3

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



614 Chapter 10 Infinite Sequences and Series

33.  lim   1   lim   1   x   lim  1 for all x
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ k k ˆ ‰u
u 2 4 6 2n 2 n 1 x 2n 2

x 12 4 6 2nn 1

n

n 1

n
�

�

� Ê � Ê �† † â � �
† † âa ba ba b a b

†

 (a) the radius is ; the series converges for all x_

 (b) the series converges absolutely for all x
 (c) there are no values for which the series converges conditionally

34.  lim   1   lim   1 x   lim  1 
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ Š ‹k ku
u 3 5 7 2n 1 x

3 5 7 2n 1 2 n 1 1 x 2n 3 n
n 1 2 2 n 1

n 2n 1

n

n 2 2

2 n 1 2n 1

2 n
�

�

� �� Ê � Ê �† † â � � � �

� �† † â �
a ba b a ba ba b a ba b† Ê  only

 x 0 satisfies this inequalityœ

 (a) the radius is 0; the series converges only for x 0œ

 (b) the series converges absolutely only for x 0œ

 (c) there are no values for which the series converges conditionally

35. For the series  x , recall 1 2 n  and 1 2 n  so that we can!_
œn 1

1 2 n
1 2 n 2 6

n 2 2 2n n 1 n n 1 2n 1� �â�
� �â�

� � �
2 2 2 � � â� œ � � â� œa b a ba b

 rewrite the series as  x  x ; then  lim   1   lim   ! !Œ � ˆ ‰ ¹ ¹ ¹ ¹_ _

œ œn 1 n 1

n n 1
2

n n 1 2n 1
6

n 1

n

n 1a b

a ba b

�

� �

�
�n n3 3x

2n 1 u 2 n 1 1
u 2nœ � Ê� � �n nÄ _ Ä _ a ba b a b

†

� 1
3xn � 1

 x    lim   1 x 1 1 x 1; when x 1 we have  1 , a conditionallyÊ � Ê � Ê � � � œ � �k k k k a b¹ ¹ ! ˆ ‰
n Ä _

a ba b2n 1 n
2n 3 2n 1

3�
� �

_

œn 1

 convergent series; when x 1 we have  , a divergent series.œ ! ˆ ‰_

œn 1

3
2n 1�

 (a) the radius is 1; the interval of convergence is 1 x 1� Ÿ �

 (b) the interval of absolute convergence is 1 x 1� � �

 (c) the series converges conditionally at x 1œ �

36. For the series  n 1 n x 3 , note that n 1 n   so that we! Š ‹È ÈÈ Èa b_

œn 1
� � � � � œ † œn n 1 n n 1 n

1 n 1 n n 1 n
1È ÈÈ ÈÈ ÈÈ È� � � �

� � � �

 can rewrite the series as  ; then   lim   1  lim   1! ¹ ¹ ¹ ¹_

œn 1

a b a bÈ È ÈÈ
È Èa bx 3 x 3

n 1 n n 2 n 1
u
u

n 1 n
x 3

� �

� � � � �

� �

�

n n 1
n 1

n
nn nÄ _ Ä _

�

�

� Ê �†

 x 3  lim   1 x 3 1 2 x 4; when x 2 we have  , a conditionallyÊ l � l � Ê l � l � Ê � � œ
n Ä _

È ÈÈ È È a b Èn 1 n

n 2 n 1 n 1 n
1� �

� � � � �

�!_
œn 1

n

 convergent series; when x 4 we have  , a divergent series;œ !_
œn 1

1
n 1 nÈ È� �

 (a) the radius is 1; the interval of convergence is 2 x 4Ÿ �

 (b) the interval of absolute convergence is 2 x 4� �

 (c) the series converges conditionally at x 2œ

37.  lim   1  lim   1 x  lim   1 1 x 3 R 3
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ ¹ ¹u
u 3 6 9 3n 3 n 1 n x 3 n 1 3

n 1 x 3 6 9 3n n 1 xn 1

n

n 1

n
�

�

� Ê � Ê l l � Ê � Ê l l � Ê œa b a b a ba ba b a ba b� x † † â �
† † â � x �

l l
†

38.  lim   1  lim   1 x  lim
n n nÄ _ Ä _ Ä

¹ ¹ ¹ ¹u
u

2 4 6 2n 2 n 1 x 2 5 8 3n 1
2 5 8 3n 1 3 n 1 1 2 4 6 2n x

n 1

n

2 2n 1

2 2 n
�

�

� Ê � Ê l la b a ba ba b a ba ba b a ba ba b a ba b† † â � † † â �

† † â � � � † † â
†

_
  1 1¹ ¹a ba b2n 2

3n 2
4 x

9
�

�

l l2

2 � Ê �

 x RÊ l l � Ê œ9 9
4 4

39.  lim   1  lim   1 x  lim   1 1 x 8
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ ¹ ¹u
u 2 2 n 1 2 2n 2 2n 1 8

n 1 x 2 2n n 1
n x

xn 1

n

2 2n 1 n

n 1 2 n
�

�

�� Ê � Ê l l � Ê � Ê l l � Êa b a b a ba ba b a ba ba b a b� x x �
� x � �x

l l
† R 8œ

40.  lim   u 1  lim   x 1 x  lim   1 x e 1 x e R e
n n nÄ _ Ä _ Ä _

È Éˆ ‰ ˆ ‰n n
2

n
n n

n 1 n 1
n nn 1� Ê � Ê l l � Ê l l � Ê l l � Ê œ� �

�
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41.  lim   1   lim   1   x   lim   3 1  x   x ; at x  we have
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹u
u 3 x 3 3 3 3

3 x 1 1 1 1n 1

n

n 1 n 1

n n
�

� �

� Ê � Ê l l � Ê l l � Ê � � � œ �

  3  1 , which diverges; at x  we have  3  1 , which diverges. The series  3 x! ! ! ! !ˆ ‰ ˆ ‰a b_ _ _ _ _

œ œ œ œ œn 0 n 0 n 0 n 0 n 0

n n n n1 1 1
3 3 3

n nn� œ � œ œ

  3x  is a convergent geometric series when x  and the sum is .œ � � �! a b_

œn 0

n 1 1 1
3 3 1 3x�

42.  lim   1   lim   1 e 4   lim   1 1 e 4 1 3 e 5 ln 3 x ln 5;
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹u
u

e 4
e 4

x x xn 1

n

x n 1

x n
�

�

� Ê � Ê l � l � Ê l � l � Ê � � Ê � �a ba b�
�

 at x ln 3 we have  e 4  1 , which diverges; at x ln 5 we have  e 4  1, whichœ � œ � œ � œ! ! ! !ˆ ‰ ˆ ‰a b_ _ _ _

œ œ œ œn 0 n 0 n 0 n 0

ln 3 ln 5n nn

 diverges. The series  e 4  is a convergent geometric series when ln 3 x ln 5 and the sum is .! a b_

œn 0

x n 1 1
1 e 4 5 e� � � œ� � �a bx x

43.  lim   1   lim   1     lim   1 1  (x 1) 4  x 1 2
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ k k k ku
u 4 (x 1) 4

(x 1) (x 1)4n 1

n

2n 2

n 1 2n

n
�

� #

�� Ê � Ê � Ê � � Ê � �� �
�

#
†

  2 x 1 2  1 x 3; at x 1 we have    1, which diverges; at x 3Ê � � � � Ê � � � œ � œ œ œ! ! !_ _ _

œ œ œn 0 n 0 n 0

( 2)
4 4

4� 2n

n n

n

 we have     1, a divergent series; the interval of convergence is 1 x 3; the series! ! !_ _ _

œ œ œn 0 n 0 n 0

2 4
4 4

2n n

n nœ œ � � �

     is a convergent geometric series when 1 x 3 and the sum is! ! Š ‹ˆ ‰_ _

œ œn 0 n 0

(x )
4

x 1
n

�" �
#

#2n

n œ � � �

 " "

�
� � � � �

1

4 4
4 x 2x 1 3 2x xŠ ‹ ’ “x 4 (x )

4
� "

#

� �" #
# # #œ œ œ

44.  lim   1   lim   1     lim  1 1  (x 1) 9  x 1 3
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ k k k ku
u 9 (x 1) 9

(x 1) (x 1)9n 1

n

2n 2

n 1 2n

n
�

� #

�� Ê � Ê � Ê � � Ê � �� �
�

#
†

  3 x 1 3  4 x 2; when x 4 we have   1 which diverges; at x 2 we haveÊ � � � � Ê � � � œ � œ œ! !_ _

œ œn 0 n 0

( 3)
9

� 2n

n

    which also diverges; the interval of convergence is 4 x 2; the series! !_ _

œ œn 0 n 0

3
9

2n

n œ " � � �

    is a convergent geometric series when 4 x 2 and the sum is! ! Š ‹ˆ ‰_ _

œ œn 0 n 0

(x 1)
9 3

x 1
n

� � #2n

n œ � � �

 " "

�
� � � � �

1

9 9
9 x 2x 1 8 2x xŠ ‹ ’ “x 1

3
9 (x 1)

9
� � � ## # #œ œ œ

45.  lim   1   lim   1  x 2 2  2 x 2 2  0 x 4
n nÄ _ Ä _

¹ ¹ º º ¸ ¸È È Èu
u 2

x 2 2
x 2

n 1

n

n 1

n 1

n
n

�

�

�� Ê � Ê � � Ê � � � � Ê � �
ˆ ‰È ˆ ‰È�

�
†

  0 x 16; when x 0 we have  ( 1) , a divergent series; when x 16 we have  (1) , a divergentÊ � � œ � œ! !_ _

œ œn 0 n 0

n n

 series; the interval of convergence is 0 x 16; the series   is a convergent geometric series when� � ! Š ‹_

œn 0

Èx 2�

#

n

 0 x 16 and its sum is � � œ œ" "

�
�

1

2
4 xŒ � Œ � ÈÈ Èx 2 2 x 2� � �

# #

46.  lim   1   lim   1  ln x 1  1 ln x 1  e x e; when x e  or e we
n nÄ _ Ä _

¹ ¹ ¹ ¹ k ku
u (ln x)

(ln x)n 1

n

n 1

n
�

�

� Ê � Ê � Ê � � � Ê � � œ�" �"

 obtain the series  1  and  ( 1)  which both diverge; the interval of convergence is e x e;  (ln x)! ! !_ _ _

œ œ œn 0 n 0 n 0

n n
1 ln x� � � œ�" "
�

n

 when e x e�" � �
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47.  lim   1   lim   1    lim   1 1  1  x 2
n n nÄ _ Ä _ Ä _

¹ ¹ Š ‹º ºˆ ‰ k ku
u 3 x 1 3 3

x 1 3 x
n 1 n x 1n 1

n

�
# #

#

#

� Ê � Ê � Ê � Ê �� �"
�

�
� #

†

a b

  x 2  2 x 2 ; at x 2 we have  (1)  which diverges; the interval of convergence isÊ � Ê � � � œ „k k È È È È !_
œn 0

n

 2 x 2 ; the series   is a convergent geometric series when 2 x 2 and its sum is� � � � � �È È È È! Š ‹_

œn 0

x 1
3

n
# �

 " "

� #�1

3
xŠ ‹ Š ‹x 1 3 x 1

3 3
# #� � �

œ œ #

48.  lim   1   lim   1  x 1 2  3 x 3 ; when x 3 we
n nÄ _ Ä _

¹ ¹ ¹ ¹ k k È È Èu
u 2

x 1 2
x 1

n 1

n

n 1

n 1

n
n

�
# �

� #� Ê � Ê � � Ê � � � œ „a b a b�
�

#
†

 have  1 , a divergent series; the interval of convergence is 3 x 3 ; the series   is a! !È È Š ‹_ _

œ œn 0 n 0

n � � � x 1
2

n
# �

 convergent geometric series when 3 x 3 and its sum is � � � œ œÈ È " "

� �1

2
3 xŠ ‹ � �x 1

2
2 x 1#� � �#

#

Š ‹ #

49.  lim   1  x 3 2  1 x 5; when x 1 we have  (1)  which diverges;
n Ä _

¹ ¹ k k !(x 3) 2
(x 3)

n�
# �

n 1

n 1 n

n�

� † � Ê � � Ê � � œ
_

œn 1

 when x 5 we have ( 1)  which also diverges; the interval of convergence is 1 x 5; the sum of thisœ � � �!_
œn 1

n

 convergent geometric series is .  If f(x) 1 (x 3) (x 3) (x 3)" " " "

� � # #
#

1

2
x 1 4

n nŠ ‹x 3�
#

œ œ � � � � �á � � � �áˆ ‰
  then f (x) (x 3) n(x 3)  is convergent when 1 x 5, and divergesœ œ � � � �á � � � �á � �2

x 1
n n 1

� # # #
w �" " "ˆ ‰

 when x 1 or 5.  The sum for f (x) is , the derivative of .œ w �
� �

2 2
(x 1) x 1#

50. If f(x) 1 (x 3) (x 3) (x 3)  then f(x) dxœ � � � � �á � � � �á œ" " "
# # �

#
4 x 1

n n 2ˆ ‰ '

 x   .  At x 1 the series  diverges; at x 5œ � � �á � � �á œ œ(x 3) (x 3) (x 3)
4 12 n 1 n 1

n 2� � �" �
# � �

# $ �ˆ ‰ !n 1 _

œn 1

 the series  converges.  Therefore the interval of convergence is 1 x 5 and the sum is!_
œn 1

( 1) 2
n 1
�
�

n

� Ÿ

 2 ln x 1 (3 ln 4), since  dx 2 ln x 1 C, where C 3 ln 4 when x 3.k k k k� � � œ � � œ � œ' 2
x 1�

51. (a) Differentiate the series for sin x to get cos x 1œ � � � � � �á3x 5x 7x 9x 11x
3! 5! 7! 9! 11!

# % ' ) "!

 1  .  The series converges for all values of x sinceœ � � � � � �áx x x x x
! 4! 6! 8! 10!

# % ' ) "!

#

  lim   x   lim  0 1 for all x.
n nÄ _ Ä _

¹ ¹ Š ‹x
(2n 2)! x 2n 1 2n 2

n ! 22n 2�

#8� � �
# "

†

a b a ba bœ œ �

 (b) sin 2x 2x 2xœ � � � � � �á œ � � � � � �á2 x 2 x 2 x 2 x 2 x 8x 32x 128x 512x 2048x
3! 5! 7! 9! 11! 3! 5! 7! 9! 11!

$ $ & & ( ( * * "" "" $ & ( * ""

 (c) 2 sin x cos x 2 (0 1) (0 0 1 1)x 0 1 0 0 1 x 0 0 1 0 0 1 xœ � � � � � � � � �� ˆ ‰ ˆ ‰
† † † † † † † † † †

�" " "
# #

# $
3!

 0 1 0 0 0 0 1 x 0 0 1 0 0 0 0 1 x� � � � � � � � � � �ˆ ‰ ˆ ‰
† † † † † † † † † † †

" " " " " " "
# #

% &
4! 3! 4! 3! 5!

 0 1 0 0 0 0 0 0 1 x 2 x� � � � � � � �á œ � � �á‘ˆ ‰ ’ “† † † † † † †

" " " " "
#

'
6! 4! 3! 5! 3! 5!

4x 16x$ &

 2xœ � � � � � �á2 x 2 x 2 x 2 x 2 x
3! 5! 7! 9! 11!

$ $ & & ( ( * * "" ""

52. (a) e 1 1 x e ; thus the derivative of e  is e  itselfd 2x 3x 4x 5x x x x
x 2! 3! 4! 5! ! 3! 4!

x x x xa b œ � � � � �á œ � � � � �á œ
# $ % # $ %

#

 (b) e  dx e C x C, which is the general antiderivative of e' x x x x x x
3! 4! 5!œ � œ � � � � �á �

# $ % &

#
x

 (c) e 1 x  ; e e 1 1 (1 1 1 1)x 1 1 1 1 x� #
# # #

" "x x x x x
! 3! 4! 5! ! !œ � � � � � �á œ � � � � �
# $ % &

�x x
† † † † † † †

ˆ ‰
 1 1 1 1 x 1 1 1 1 x� � � � � � � � �ˆ ‰ ˆ ‰

† † † † † † † † †

" " " " " " " " " "
# # # #

$ %
3! ! ! 3! 4! 3! ! ! 3! 4!

 1 1 1 1 x 1 0 0 0 0 0� � � � � � �á œ � � � � � �áˆ ‰
† † † † † †

" " " " " " " "
# #

&
5! 4! ! 3! 3! ! 4! 5!
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53. (a) ln sec x C tan x dx x  dxk k Š ‹� œ œ � � � � �á' ' x 2x 17x 62x
3 15 315 2835

$ & ( *

 C; x 0  C 0  ln sec x ,œ � � � � �á � œ Ê œ Ê œ � � � � �áx x x 17x 31x x x x 17x 31x
1 45 2520 14,175 12 45 2520 14,175

# % ' ) "! # % ' ) "!

# # #k k
 converges when x� � �1 1

# #

 (b) sec x x 1 x , converges# #œ œ � � � � �á œ � � � � �ád(tan x)
dx dx 3 15 315 2835 3 45 315

d x 2x 17x 62x 2x 17x 62xŠ ‹$ & ( * % ' )

 when x� � �1 1

# #

 (c) sec x (sec x)(sec x) 1 1#
# #œ œ � � � �á � � � �áŠ ‹Š ‹x 5x 61x x 5x 61x

24 720 24 720

# % ' # % '

 1 x x xœ � � � � � � � � � �áˆ ‰ ˆ ‰ ˆ ‰" " "
# #

# % '5 5 61 5 5 61
24 4 24 720 48 48 720

 1 x , xœ � � � � �á � � �#
# #

2x 17x 62x
3 45 315

% ' )
1 1

54. (a) ln sec x tan x C sec x dx 1  dxk k Š ‹� � œ œ � � � �á' ' x 5x 61x
2 24 720

# % '

 x C; x 0  C 0  ln sec x tan xœ � � � � �á � œ Ê œ Ê �x x 61x 277x
6 24 5040 72,576

$ & ( * k k
 x , converges when xœ � � � � �á � � �x x 61x 277x

6 24 5040 72,576

$ & ( *
1 1

# #

 (b) sec x tan x 1 x , convergesœ œ � � � �á œ � � � �ád(sec x)
dx dx 24 720 6 120 1008

d x 5x 61x 5x 61x 277xŠ ‹# % ' $ & (

#

 when x� � �1 1

# #

 (c) (sec x)(tan x) 1 xœ � � � �á � � � �áŠ ‹Š ‹x 5x 61x x 2x 17x
24 720 3 15 315

# % ' $ & (

#

 x x x x x ,œ � � � � � � � � � �á œ � � � �áˆ ‰ ˆ ‰ ˆ ‰" " " "
#

$ & (
3 15 6 24 315 15 72 720 6 120 1008

2 5 17 5 61 5x 61x 277x$ & (

 x� � �1 1

# #

55. (a) If f(x)  a x , then f (x)  n(n 1)(n 2) (n (k 1)) a x  and f (0) k!aœ œ � � â � � œ! !_ _

œ œn 0 n k
n n k

n k n k kÐ Ñ � Ð Ñ

  a ; likewise if f(x)  b x , then b   a b  for every nonnegative integer kÊ œ œ œ Ê œk n k k k
f (0) f (0)

k! k!
nÐ Ñ Ð Ñk k!_

œn 0

 (b) If f(x)  a x  0 for all x, then f (x) 0 for all x  from part (a) that a 0 for every nonnegative integer kœ œ œ Ê œ!_
œn 0

n k
n kÐ Ñ

10.8  TAYLOR AND MACLAURIN SERIES

 1. f(x) e , f (x) 2e , f (x) 4e , f (x) 8e ; f(0) e , f (0) 2, f (0) 4,  f (0) 8  P (x) 1,œ œ œ œ œ œ " œ œ œ Ê œ2x 2x 2x 2x 2 0w ww www w ww www
!

a b
 P (x) 1 2x, P (x) 1 x 2x , P (x) 1 x 2x x" # $

# #œ � œ � � œ � � � 4
3

3

 2. f(x) sin x, f (x) cos x , f (x) sin x , f (x) cos x; f(0) sin 0 0, f (0) 1, f (0) 0,  f (0) 1œ œ œ � œ � œ œ œ œ œ �w ww www w ww www

   P (x) 0, P (x) x, P (x) x, P (x) x xÊ œ œ œ œ �! " # $
1
6

3

 3. f(x) ln x, f (x) , f (x) , f (x) ; f(1) ln 1 0, f (1) 1, f (1) 1,  f (1) 2  P (x) 0,œ œ œ � œ œ œ œ œ � œ Ê œw ww www w ww www" "
!x x x

2
# $

 P (x) (x 1), P (x) (x 1) (x 1) , P (x) (x 1) (x 1) (x 1)" # $
" " "
# #

# # $œ � œ � � � œ � � � � �3

 4. f(x) ln (1 x), f (x) (1 x) , f (x) (1 x) , f (x) 2(1 x) ; f(0) ln 1 0,œ � œ œ � œ � � œ � œ œw �" ww �# www �$"
�1 x

 f (0) 1, f (0) (1) 1, f (0) 2(1) 2 P (x) 0, P (x) x, P (x) x , P (x) xw ww �# www �$
! " # $# #œ œ œ � œ � œ œ Ê œ œ œ � œ � �1 x x x

1 3

# # $

 5. f(x) x , f (x) x , f (x) 2x , f (x) 6x ; f(2) , f (2) , f (2) , f (x)œ œ œ � œ œ � œ œ � œ œ �" " " "�" w �# ww �$ www �% w ww www
#x 4 4 8

3

 P (x) , P (x) (x 2), P (x) (x 2) (x 2) ,Ê œ œ � � œ � � � �! " #
" " " " " "
# # #

#
4 4 8

 P (x) (x 2) (x 2) (x 2)$
" " " "
#

# $œ � � � � � �4 8 16
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 6. f(x) (x 2) , f (x) (x 2) , f (x) 2(x 2) , f (x) 6(x 2) ; f(0) (2) , f (0) (2)œ � œ � � œ � œ � � œ œ œ ��" w �# ww �$ www �% �" w �#"
#

 , f (0) 2(2) , f (0) 6(2)   P (x) , P (x) , P (x) ,œ � œ œ œ � œ � Ê œ œ � œ � �" " " " "ww �$ www �%
! " ## # #4 4 8 4 4 8

3 x x x#

 P (x)$
"
#œ � � �x x x

4 8 16

# $

 7. f(x) sin x, f (x) cos x, f (x) sin x, f (x) cos x; f sin , f cos ,œ œ œ � œ � œ œ œ œw ww www w
# #

ˆ ‰ ˆ ‰1 1 1 1

4 4 4 4
2 2È È

 f sin , f cos   P , P (x) x ,ww www
# # # # #! "ˆ ‰ ˆ ‰ ˆ ‰1 1 1 1 1

4 4 4 4 4
2 2 2 2 2œ � œ � œ � œ � Ê œ œ � �

È È È È È
 P (x) x x , P (x) x x x# $# # # # #

# # $
œ � � � � œ � � � � � �

È È È È È È È2 2 2 2 2 2 2
4 4 4 4 4 4 1 4

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰1 1 1 1 1

 8. f(x) tan x, f (x) sec  x, f (x) 2sec  x tan x, f (x) 2sec  x 4sec  x tan  x; f tan 1 ,œ œ œ œ � œ œw ww www2 2 4 2 2
4 4

ˆ ‰1 1

 f sec 2 , f 2sec tan 4 , f 2sec  4sec  tan 16 P (x) 1 ,w ww www
!ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰1 1 1 1 1 1 1 1 1

4 4 4 4 4 4 4 4 4
2 2 4 2 2œ œ œ œ œ � œ Ê œ

 P (x) 1 2 x , P (x) 1 2 x 2 x , P (x) 1 2 x 2 x x" # $œ � � œ � � � � œ � � � � � �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰1 1 1 1 1 1

4 4 4 4 4 3 4
2 2 38

 9. f(x) x x , f (x) x , f (x) x , f (x) x ; f(4) 4 2,œ œ œ œ � œ œ œÈ ˆ ‰ ˆ ‰ ˆ ‰ È"Î# w �"Î# ww �$Î# www �&Î#" "
# 4 8

3

 f (4) 4 , f (4) 4 ,f (4) 4   P (x) 2, P (x) 2 (x 4),w �"Î# ww �$Î# www �&Î#" " " " "
# ! "œ œ œ � œ � œ œ Ê œ œ � �ˆ ‰ ˆ ‰ ˆ ‰

4 4 32 8 256 4
3 3

 P (x) 2 (x 4) (x 4) , P (x) 2 (x 4) (x 4) (x 4)# $
" " " " "# # $

#œ � � � � œ � � � � � �4 64 4 64 51

10. f(x) (1 x) , f (x) (1 x) , f (x) (1 x) , f (x) (1 x) ; f(0) (1) 1,œ � œ � � œ � � œ � � œ œ"Î# w �"Î# ww �$Î# www �&Î# "Î#" "
# 4 8

3

 f (0) (1) , f (0) (1) , f (0) (1)   P (x) 1,w �"Î# ww �$Î# www �&Î#" " " "
# # !œ � œ � œ � œ � œ � œ � Ê œ4 4 8 8

3 3

 P (x) 1 x, P (x) 1 x x , P (x) 1 x x x" # $
" " " " "# # $œ � œ � � œ � � �2 2 8 2 8 16

1

11. f(x) e , f (x) e , f (x) e , f (x) e   f (x) 1 e ; f(0) e , f (0) 1,œ œ � œ œ � Ê á œ � œ œ " œ �� w � ww � www � � � wx x x x x 0kÐ Ñk a b a b
 f (0) 1,  f (0) 1, f (0) ( 1)  e 1 x x x  xww www � # �œ œ � á ß œ � Ê œ � � � �á œÐ Ñk k x 3 n1 1

2 6 n!
( 1)!_

œn 0

n

12. f(x) x e , f (x) x e e , f (x) x e 2e , f (x) x e 3e   f (x) x e k e ; f(0) 0 e 0,œ œ � œ � œ � Ê á œ � œ œx x x x x x x x x 0w ww www Ð Ñk a b a b
 f (0) 1, f (0) 2,  f (0) 3,  f (0) k  x x x  xw ww www #

�œ œ œ á ß œ Ê � � �á œÐ Ñk 1 1
2 n 1 !

3 n!_
œn 0

a b

13. f(x) (1 x)   f (x) (1 x) , f (x) 2(1 x) , f (x) 3!(1 x)    f (x)œ � Ê œ � � œ � œ � � Ê á�" w �# ww �$ www �% Ð Ñk

 ( 1) k!(1 x) ; f(0) 1, f (0) 1, f (0) 2, f (0) 3!, f (0) ( 1) k!œ � � œ œ � œ œ � á ß œ �k k 1� � w ww www Ð Ñk k

  1 x x x  ( x)  ( 1) xÊ � � � �á œ � œ �# $ ! !_ _

œ œn 0 n 0

n n n

14. f(x)   f (x) , f (x) 6(1 x) , f (x) 18(1 x)    f (x) 3 k! (1 x) ; f(0) 2,œ Ê œ œ � œ � Ê á œ � œ2 x 3
1 x (1 x)
�
� �

w ww �$ www �%
#

Ð Ñ � �k k 1a b
 f (0) 3, f (0) 6, f (0) 18, f (0) 3 k!  2 3x 3x 3x 2  3xw ww www # $œ œ œ á ß œ Ê � � � �á œ �Ð Ñk a b !_

œn 1

n

15. sin x    sin 3x   3xœ Ê œ œ œ � � �á! ! !_ _ _

œ œ œn 0 n 0 n 0

( ) x ( ) (3x) ( ) 3 x
( n 1)! ( n 1)! ( n 1)! 3! 5!

3 x 3 x�" �" �"
# � # � # �

n 2n 1 n 2n 1 n 2n 1 2n 1� � � � $ $ & &

16. sin x    sin    œ Ê œ œ œ � � �á! ! !_ _ _

œ œ œn 0 n 0 n 0

( ) x ( ) x
( n 1)! ( n 1)! (2n 1)! 2 3! 2 5!

x x x x( )�" �"
# � # # � # � #

�"n 2n 1 n 2n 1n x 2n 1

2n 1

� �
#

�

� $ &

$ &ˆ ‰
† †

17. 7 cos ( x) 7 cos x 7  7 , since the cosine is an even function� œ œ œ � � � �á!_
œn 0

( ) x
(2n)! ! 4! 6!

7x 7x 7x�"
#

n 2n # % '
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18. cos x     5 cos x 5  5œ Ê œ œ � � � �á! !_ _

œ œn 0 n 0

( 1) x ( 1) ( x)
(2n)! ( n)! 2! 4! 6!

5 x 5 x 5 x� �
#

n 2n n 2n

1
1 1 1 1

# # % % ' '

19. cosh x 1 x 1 x 1œ œ � � � � �á � � � � � �á œ � � � �áe e x x x x x x x x x
! 3! 4! ! 3! 4! ! 4! 6!

x x� "
# # # # #

#� # $ % # $ % # % '’ “Š ‹ Š ‹
  œ !_

œn 0

x
(2n)!

2n

20. sinh x 1 x 1 x xœ œ � � � � �á � � � � � �á œ � � � �áe e x x x x x x x x x
! 3! 4! ! 3! 4! 3! 5! 6!

x x� "
# # # #

� # $ % # $ % $ & '’ “Š ‹ Š ‹
  œ !_

œn 0

x
(2n 1)!

2n 1�

�

21. f(x) x 2x 5x 4  f (x) 4x 6x 5, f (x) 12x 12x, f (x) 24x 12, f (x) 24œ � � � Ê œ � � œ � œ � œ% $ w $ # ww # www Ð Ñ4

  f (x) 0 if n 5; f(0) 4, f (0) 5, f (0) 0, f (0) 12, f (0) 24, f (0) 0 if n 5Ê œ   œ œ � œ œ � œ œ  Ð Ñ w ww www Ð Ñ Ð Ñn 4 n

  x 2x 5x 4 4 5x x x x 2x 5x 4Ê � � � œ � � � œ � � �% $ $ % % $12 24
3! 4!

22. f(x)   f (x) ; f (x) ;  f (x)   f (x) ; f(0) 0, f (0) 0, f (0) 2,œ Ê œ œ œ Ê œ œ œ œx 2x x 2 6
x 1 x 1 x 1 x 1 x 1

n 1 n# #

��
w ww www Ð Ñ w ww� �

� � � �

� xa b a b a b a ba b
2 3 4 n 1

n

 f (0) 6, f (0) 1 n  if n 2  x x x x  1 xwww Ð Ñ #œ � œ � x   Ê � � � � Þ Þ Þ œ �n 3 4 5 nn na b a b!_
œn 2

23. f(x) x 2x 4  f (x) 3x 2, f (x) 6x, f (x) 6  f (x) 0 if n 4; f(2) 8, f (2) 10,œ � � Ê œ � œ œ Ê œ   œ œ$ w # ww www Ð Ñ wn

 f (2) 12, f (2) 6, f (2) 0 if n 4  x 2x 4 8 10(x 2) (x 2) (x 2)ww www Ð Ñ $ # $œ œ œ   Ê � � œ � � � � � �n 12 6
2! 3!

 8 10(x 2) 6(x 2) (x 2)œ � � � � � �# $

24. f(x) 2x x 3x 8  f (x) 6x 2x 3, f (x) 12x 2, f (x) 12  f (x) 0 if n 4; f(1) 2,œ � � � Ê œ � � œ � œ Ê œ   œ �$ # w # ww www Ð Ñn

 f (1) 11, f (1) 14, f (1) 12, f (1) 0 if n 4  2x x 3x 8w ww www Ð Ñ $ #œ œ œ œ   Ê � � �n

 2 11(x 1) (x 1) (x 1) 2 11(x 1) 7(x 1) 2(x 1)œ � � � � � � � œ � � � � � � �14 12
2! 3!

# $ # $

25. f(x) x x 1  f (x) 4x 2x, f (x) 12x 2, f (x) 24x, f (x) 24, f (x) 0 if n 5;œ � � Ê œ � œ � œ œ œ  % # w $ ww # www Ð Ñ Ð Ñ4 n

 f( 2) 21, f ( 2) 36, f ( 2) 50, f ( 2) 48, f ( 2) 24, f ( 2) 0 if n 5  x x 1� œ � œ � � œ � œ � � œ � œ   Ê � �w ww www Ð Ñ Ð Ñ % #4 n

 21 36(x 2) (x 2) (x 2) (x 2) 21 36(x 2) 25(x 2) 8(x 2) (x 2)œ � � � � � � � � œ � � � � � � � �50 48 24
2! 3! 4!

# $ % # $ %

26. f(x) 3x x 2x x 2  f (x) 15x 4x 6x 2x, f (x) 60x 12x 12x 2,œ � � � � Ê œ � � � œ � � �& % $ # w % $ # ww $ #

 f (x) 180x 24x 12, f (x) 360x 24, f (x) 360, f (x) 0 if n 6; f( 1) 7,www # Ð Ñ Ð Ñ Ð Ñœ � � œ � œ œ   � œ �4 5 n

 f ( 1) 23, f ( 1) 82, f ( 1) 216, f ( 1) 384, f ( 1) 360, f ( 1) 0 if n 6w ww www Ð Ñ Ð Ñ Ð Ñ� œ � œ � � œ � œ � � œ � œ  4 5 n

  3x x 2x x 2 7 23(x 1) (x 1) (x 1) (x 1) (x 1)Ê � � � � œ � � � � � � � � � � �& % $ # # $ % &82 216 384 360
2! 3! 4! 5!

 7 23(x 1) 41(x 1) 36(x 1) 16(x 1) 3(x 1)œ � � � � � � � � � � �# $ % &

27. f(x) x   f (x) 2x , f (x) 3! x , f (x) 4! x   f (x) ( 1) (n 1)! x ;œ Ê œ � œ œ � Ê œ � ��# w �$ ww �% www �& Ð Ñ � �n n n 2

 f(1) 1, f (1) 2, f (1) 3!, f (1) 4!, f (1) ( 1) (n 1)! œ œ � œ œ � œ � � Êw ww www Ð Ñ "n n
x#

 1 2(x 1) 3(x 1) 4(x 1)  ( 1) (n 1)(x 1)œ � � � � � � �á œ � � �# $ !_
œn 0

n n

28. f(x)  f (x) 3(1 x) , f (x) 12(1 x) , f (x) 60 (1 x)   f (x) (1 x) ;œ Ê œ � œ � œ � Ê œ �1
1 x

4 5 6 n n 3n 2 !
2a b a b

�
w � ww � www � Ð Ñ � ��

3

 f 0 1, f 0 3, f 0 12, f 0 60, , f 0  1 3x 6x 10xa b a b a b a b a bœ œ œ œ á œ Ê œ � � � �áw ww www Ð Ñ #�

�
n 3n 2 !

2
1

1 x
a b a b3

   xœ !_
œn 0

a ba bn 2 n 1
2

n� �
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29. f(x) e   f (x) e , f (x) e   f (x) e ; f(2) e , f (2) e ,  f (2) eœ Ê œ œ Ê œ œ œ á œx x x n x nw ww Ð Ñ # w # Ð Ñ #

  e e e (x 2) (x 2) (x 2)   (x 2)Ê œ � � � � � � �á œ �x ne e e
3! n!

# # # $
#

# $ #!_
œn 0

30. f(x) 2   f (x) 2  ln 2, f (x) 2 (ln 2) , f (x) 2 (ln 2)   f (x) 2 (ln 2) ; f(1) 2, f (1) 2 ln 2,œ Ê œ œ œ Ê œ œ œx x x x 3 n x nw ww # www Ð Ñ w

 f (1) 2(ln 2) , f (1) 2(ln 2) , , f (1) 2(ln 2)ww # www $ Ð Ñœ œ á œn n

 2 2 (2 ln 2)(x 1) (x 1) (x 1)  Ê œ � � � � � � �á œx 32(ln 2) 2(ln 2) 2(ln 2) (x 1)
3! n!

#

#
# �3 n n!_

œn 0

31. f(x) cos 2x , f (x) 2 sin 2x , f (x) 4 cos 2x , f (x) 8 sin 2x ,œ � œ � � œ � � œ �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰1 1 1 1

2 2 2 2
w ww www

 f x 2  cos 2x  f x 2 sin 2x  . . ; f 1, f 0,  f 4, f 0, f 2 ,a b a b a b4 4 5 5 4 4
2 2 4 4 4 4 4a b a bˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰œ � ß œ � � ß œ � œ œ œ œ1 1 1 1 1 1 1w ww www

 f 0, . . ., f 1 2  cos 2x 1 2 x x . . .a b5 2n 2n
4 4 2 4 3 4

n 2 42ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰a b1 1 1 1 1œ œ � Ê � œ � � � � � �Ð Ñ

   xœ �! ˆ ‰_

œn 0

a ba b�
x

1 2
2n 4

2nn 2n
1

32. f(x) x 1, f (x) x 1 , f (x) x 1 , f (x) x 1 , f (x) x 1 , . . .;œ � œ � œ � � œ � œ � �È a b a b a b a bw ww www� Î � Î � Î � Î1 1 3 15
2 4 8 16

1 2 3 2 5 2 7 24a b
 f(0) 1, f (0) , f (0) , f (0) , f (0) , . . . x 1 1 x x x xœ œ œ � œ œ � Ê � œ � � � � � Þ Þ Þw ww www1 1 3 15 1 1 1 5

2 4 8 16 2 8 16 128
4 2 3 4a b È

33. The Maclaurin series generated by cos x is  x  which converges on ,  and the Maclaurin series generated! a b_

œn 0

a ba b�
x

1
2n

2n
n

�_ _

 by  is 2  x  which converges on 1, 1 . Thus the Maclaurin series generated by  f x cos x  is given by2 2
1 x 1 x

n
� �

! a b a b_

œn 0
� œ �

  x 2  x 1 2x x  which converges on the intersection of ,  and 1, 1 , so the! ! a b a b_ _

œ œn 0 n 0

a ba b�
x

1
2n 2

2n n 25
n

� œ � � � � Þ Þ Þ Þ �_ _ �

 interval of convergence is 1, 1 .a b�

34. The Maclaurin series generated by e  is   which converges on , . The Maclaurin series generated byx x
n

! a b_

œn 0

n

x �_ _

 f x 1 x x e  is given by 1 x x   1 x x  which converges on , a b a b a b a b!œ � � � � œ � � Þ Þ Þ Þ �_ _ Þ2 x 2 2 3x 1 2
n 2 3

_

œn 0

n

x

35. The Maclaurin series generated by sin x is  x  which converges on ,  and the Maclaurin series! a b_

œn 0

a ba b�
� x

�1
2n 1

2n 1
n

�_ _

 generated by ln 1 x  is  x  which converges on 1, 1 . Thus the Maclaurin series genereated bya b a b!� �
_

œn 1

a b�1
n

n
n 1�

 f x sin x ln 1 x  is given by  x  x x x x  which converges ona b a b Œ �Œ �! !œ † � œ � � � Þ Þ Þ Þ
_ _

œ œn 0 n 1

a b a ba b� �
� x

�1 1
2n 1 n 2 6

2n 1 n 2 3 41 1
n n 1�

 the intersection of ,  and 1, 1 , so the interval of convergence is 1, 1 .a b a b a b�_ _ � �

36. The Maclaurin series generated by sin x is  x  which converges on , . The Maclaurin series! a b_

œn 0

a ba b�
� x

�1
2n 1

2n 1
n

�_ _

 genereated by f x x sin x is given by x  x x  x  xa b Œ � Œ �Œ �! ! !œ œ2 2n 1 2n 1 2n 11 1 1
2n 1 2n 1 2n 1

2
_ _ _

œ œ œn 0 n 0 n 0

a b a b a ba b a b a b� � �
� x � x � x

� � �
n n n

 x x x . . . which converges on , œ � � � �_ _ Þ3 5 71 2
3 45 a b

37. If e  (x a)  and f(x) e , we have f (a) e  f or all n 0, 1, 2, 3, x œ � œ œ œ á!_
œn 0

f (a)
n!

n x n aÐ Ñn
Ð Ñ

  e e e 1 (x a)  at x aÊ œ � � �á œ � � � �á œx a a(x a) (x a) (x a) (x a)
0! 1! 2! 2!’ “ ’ “� � � �! " # #

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



 Section 10.9 Convergence of Taylor Series 621

38. f(x) e   f (x) e  for all n  f (1) e for all n 0, 1, 2, œ Ê œ Ê œ œ áx n x nÐ Ñ Ð Ñ

  e e e(x 1) (x 1) (x 1) e 1 (x 1)Ê œ � � � � � � �á œ � � � � �áx e e
! 3! 2! 3!

(x 1) (x 1)
#

# $ � �’ “# $

39. f(x) f(a) f (a)(x a) (x a) (x a)   f (x)œ � � � � � � �á Êw # $ w
#

f (a) f (a)
3!

ww www

 f (a) f (a)(x a) 3(x a)   f (x) f (a) f (a)(x a) 4 3(x a)œ � � � � �á Ê œ � � � � �áw ww # ww ww www #f (a) f (a)
3! 4!

www Ð Ñ4

†

  f (x) f (a) f (a)(x a) (x a)Ê œ � � � � �áÐ Ñ Ð Ñ Ð � Ñ #
#

n n n 1 f (a)Ð � Ñn 2

  f(a) f(a) 0, f (a) f (a) 0, , f (a) f (a) 0Ê œ � œ � á œ �w w Ð Ñ Ð Ñn n

40. E(x) f(x) b b (x a) b (x a) b (x a) b (x a)œ � � � � � � � �á � �! " # $
# $

n
n

  0 E(a) f(a) b   b f(a); from condition (b),Ê œ œ � Ê œ! !

 lim   0
x aÄ

f(x) f(a) b (x a) b (x a) b (x a) b (x a)
(x a)

� � � � � � � �á� �
�

" # $
# $

n
n

n œ

   lim   0Ê œ
x aÄ

f (x) b 2b (x a) 3b (x a) nb (x a)
n(x a)

w # �
" # $

�

� � � � � �á� �
�

n
n 1

n 1

  b f (a)   lim   0Ê œ Ê œ"
w � � � �á� �" �

� �x aÄ
f (x) 2b 3! b (x a) n(n )b (x a)

n(n 1)(x a)

ww �
# $

�

n
n 2

n 2

  b f (a)   lim   0Ê œ Ê œ#
"
# � �# �

ww � �á� � � �

x aÄ
f (x) 3! b n(n 1)(n 2)b (x a)

n(n 1)(n )(x a)

www �
$

�

n
n 3

n 3

 b f (a)   lim   0  b f (a); therefore,œ œ Ê œ Ê œ$
" "www Ð Ñ�
3! n! n!

f (x) n! b
n

n
x aÄ

Ð Ñn
n

 g(x) f(a) f (a)(x a) (x a) (x a) P (x)œ � � � � �á � � œw #f (a) f (a)
2! n!

n
n

ww Ð Ñn

41. f(x) ln (cos x)  f (x) tan x and f (x) sec x; f(0) 0, f (0) 0, f (0) 1 L(x) 0 and Q(x)œ Ê œ � œ � œ œ œ � Ê œ œ �w ww # w ww x
2

#

42. f(x) e   f (x) (cos x)e  and f (x) ( sin x)e (cos x) e ; f(0) 1, f (0) 1, f (0) 1œ Ê œ œ � � œ œ œsin x sin x sin x sin xw ww # w ww

 L(x) 1 x and Q(x) 1 xÊ œ � œ � � x#

#

43. f(x) 1 x   f (x) x 1 x  and f (x) 1 x 3x 1 x ; f(0) 1, f (0) 0,œ � Ê œ � œ � � � œ œa b a b a b a b# w # ww # # # w�"Î# �$Î# �$Î# �&Î#

 f (0) 1  L(x) 1 and Q(x) 1ww
#œ Ê œ œ � x#

44. f(x) cosh x  f (x) sinh x and f (x) cosh x; f(0) 1, f (0) 0, f (0) 1  L(x) 1 and Q(x) 1œ Ê œ œ œ œ œ Ê œ œ �w ww w ww
#
x#

45. f(x) sin x  f (x) cos x and f (x) sin x; f(0) 0, f (0) 1, f (0) 0  L(x) x and Q(x) xœ Ê œ œ � œ œ œ Ê œ œw ww w ww

46. f(x) tan x  f (x) sec x and f (x) 2 sec x tan x; f(0) 0, f (0) 1, f 0  L(x) x and Q(x) xœ Ê œ œ œ œ œ Ê œ œw # ww # w ww

10.9  CONVERGENCE OF TAYLOR SERIES

 1. e 1 x     e 1 ( 5x) 1 5x   x 5xx x 5 x 5 x
! n! ! ! 3! n!

( 5x) ( 1) 5 xœ � � �á œ Ê œ � � � �á œ � � � �á œ
# # # $ $#

# # #
� � �! !_ _

œ œn 0 n 0

n n n n

 2. e 1 x     e 1 1  x x 2x x x x x x
! n! ! 2 ! 2 3! 2 n!

( 1) xœ � � �á œ Ê œ � � �á œ � � � �á œ
# # $

#

#

# $# # # # #
� Î � � �! !ˆ ‰_ _

œ œn 0 n 0

n x n n

n

ˆ ‰

 3. sin x x    5 sin ( x) 5 ( x)œ � � �á œ Ê � œ � � � �á œx x
3! 5! ( n 1)! 3! 5! ( n 1)!

( 1) x ( x) ( x) 5( 1) x$ & � $ & � �! !’ “_ _

œ œn 0 n 0

� � � �
# � # �

n 2n 1 n 1 2n 1

 4. sin x x    sin œ � � �á œ Ê œ � � � �á œx x x x
3! 5! ( n 1)! 3! 5! 7! 2 ( n 1)!

( 1) x ( 1) x$ & � � �
# # #

$ & (

�
! !_ _

œ œn 0 n 0

� �
# � # # # �

n 2n 1 n 2n 1 2n 1x x x

2n 1
1 1 1ˆ ‰ ˆ ‰ ˆ ‰1 1 1
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622 Chapter 10 Infinite Sequences and Series

 5. cos x    cos 5x   1œ Ê œ œ œ � � � �á! ! !_ _ _

œ œ œn 0 n 0 n 0

( 1) x ( 1) 5 x
(2n)! (2n)! (2n)! ! 4! 6!

2 ( 1) 5x 25x 625x 15625x� ��

#

n 2n n 2n 4nn 2 2n
4 8 12� ‘

 6. cos x   cos cos     œ Ê œ œ œ! ! !Š ‹ Š ‹Œ �_ _

œ œn 0 n 0

a b È
a b Œ �Š ‹

�
# #

"Î# � _

œ

�1 x
(2n)! ( n)! 2 (2n)!

x x
2

1

n 0

( 1) xn 2n
n x

2n

n 3n

n

$Î# $

$

#

"Î#

 1œ � � � �áx x x
2 2! 2 4! 2 6!

$ ' *

# $
† † †

 7. ln 1 x  ln 1 x   x . . .a b a b! ! !� œ Ê � œ œ œ � � � �
_ _ _

œ œ œn 1 n 1 n 1

a b a ba b ˆ ‰� ��1 x 1 x
n n n 2 3 4

2 21 x x x x
n 1 n 1n 2nn 1 2 n

4 6 8� �

�

 8. tan x  tan 3x   3x 9x x x . . .� �� �
� �

�1 1 4 4 12 20 281 x 1 3 x
2n 1 2n 1 n 5 7

1 3x 243 2187œ Ê œ œ œ � � � �! ! !a b_ _ _

œ œ œn 0 n 0 n 0

a b a ba b ˆ ‰n n2n 1 2n 1 8n 4n 4 2n 1
� � �

�

 9.  1 x  1 x  1 x 1 x x x . . .1 1 3 3 3 9 27
1 x 4 4 4 16 64

n n nn 3 3n 3 6 9
1 x

n n
� �

œ � Ê œ � œ � œ � � � �! ! !a b a b a bˆ ‰ ˆ ‰_ _ _

œ œ œn 0 n 0 n 0
3
4

3

10.  x  x  x x x x . . .1 1 1 1 1 1
1 x 2 x 4 8 16

n n 2 3
1 x

n n 1
� � # # # # #

" " " " "
�

�
œ Ê œ œ œ œ � � � �! ! !ˆ ‰ ˆ ‰_ _ _

œ œ œn 0 n 0 n 0
"

#

11. e     xe x     x xx xx x x x x x
n! n! n! ! 3! 4!

n 0
œ Ê œ œ œ � � � � �á! ! !Œ �_ _

œ œn 0 n 0

n n n 1
_

œ

#
#

� $ % &

12. sin x    x  sin x x    xœ Ê œ œ œ � � � �á! ! !Œ �_ _ _

œ œ œn 0 n 0 n 0

( 1) x ( 1) x ( 1) x
(2n 1)! ( n 1)! (2n 1)! 3! 5! 7!

x x x� � �
� # � �

# # $
n 2n 1 n 2n 1 n 2n 3� � � & ( *

13. cos x    1 cos x 1   1 1œ Ê � � œ � � œ � � � � � � � �á! !_ _

œ œn 0 n 0

( 1) x ( 1) x
(2n)! ( n)! 2 4! 6! 8! 10!

x x x x x x x x� �
# # # #

n 2n n 2n# # # # % ' ) "!

 œ � � � �á œx x x x
4! 6! 8! 10! ( n)!

( 1) x% ' ) "! !_
œn 2

�
#

n 2n

14. sin x    sin x x   xœ Ê � � œ � �! !Œ �_ _

œ œn 0 n 0

( 1) x ( 1) x
(2n 1)! 3! ( n 1)! 3!

x x� �
� # �

n 2n 1 n 2n 1� �$ $

 x x  œ � � � � � �á � � œ � � � �á œŠ ‹ !x x x x x x x x x x
3! 5! 7! 9! 11! 3! 5! 7! 9! 11! (2n 1)!

( 1) x$ & ( * "" $ & ( * "" �
_

œn 2

�
�

n 2n 1

15. cos x    x cos x x   xœ Ê œ œ œ � � � �á! ! !_ _ _

œ œ œn 0 n 0 n 0

( 1) x ( 1) ( x) ( ) x
(2n)! ( n)! ( n)! 2! 4! 6!

x x x� � �"
# #

n 2n n 2n n 2n 2n 1

1
1 1 1 1 1

� # $ % & ' (

16. cos x    x  cos x x    xœ Ê œ œ œ � � � �á! ! !a b_ _ _

œ œ œn 0 n 0 n 0

( 1) x ( ) x
(2n)! ( n)! ( n)! 2! 4! 6!

( 1) x x x x� �"# # # #�
# #

n 2n n 4n 2n 2na b# � ' "! "%

17. cos x  1# " " " " "
# # # # # #

�œ � œ � œ � � � � � �ácos 2x ( 1) (2x) (2x) (2x) (2x) (2x)
(2n)! 2! 4! 6! 8!

! ’ “_

œn 0

n 2n # % ' )

 1 1  1  œ � � � � �á œ � œ �(2x) (2x) (2x) (2x) ( 1) (2x) ( 1)  2  x
2 2! 2 4! 2 6! 2 8! 2 (2n)! (2n)!

# % ' ) �

† † † † †

! !_ _

œ œn 1 n 1

� �n 2n n 2n 1 2n

18. sin x  cos 2x 1# � " " " "
# # # # # #œ œ � œ � � � � �á œ � � �áˆ ‰ Š ‹1 cos 2x (2x) (2x) (2x) (2x) (2x) (2x)

! 4! 6! 2 2! 2 4! 2 6!

# % ' # % '

† † †

   œ œ! !_ _

œ œn 1 n 1

( 1) (2x) ( 1)  2  x
(2n)! (2n)!

� �
#

n 1 2n n 2n 1 2n� �

†
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19. x x  (2x) 2 x x 2x 2 x 2 xx
1 2x 1 2x

n n n 2#

� �
# # � # $ # % $ &"œ œ œ œ � � � �áˆ ‰ ! !_ _

œ œn 0 n 0

20. x ln (1 2x) x   2x� œ œ œ � � � �á! !_ _

œ œn 1 n 1

( 1) (2x) ( 1) 2 x
n n 4 5

2 x 2 x 2 x� � #
#

n 1 n n 1 n n 1� � � # $ $ % % &

21.  x 1 x x x   1 2x 3x  nx  (n 1)x" " "
� � �

# $ # �
_

œ
1 x dx 1 x (1 x)

n n 1 nd

n 0
œ œ � � � �á Ê œ œ � � �á œ œ �! ! !ˆ ‰_ _

œ œn 0 n 1
#

22. 1 2x 3x 2 6x 12x n(n 1)x2 d d d
1 x dx 1 x dx (1 x) dx

n 2a b�
" "
� �

# # �
$

#

# #œ œ œ � � �á œ � � �á œ �ˆ ‰ Š ‹ a b !_
œn 2

  (n 2)(n 1)xœ � �!_
œn 0

n

23. tan x x x x x x tan x x x x x x� �1 3 5 7 1 2 2 2 2 21 1 1 1 1 1
3 5 7 3 5 7

3 5 7
œ � � � � Þ Þ Þ Ê œ � � � � Þ Þ ÞŠ ‹a b a b a b

 x x x x  œ � � � � Þ Þ Þ œ3 7 11 151 1 1
3 5 7 2n 1

1 x!_
œn 1

a b�
�

n 4n 1�

24.  sin x x sin x cos x sin 2x 2xœ � � � �á Ê † œ œ � � � �áx x x
3! 5! 7! 3! 5! 7!

2x 2x 2x3 5 7 3 5 7
" "
# #Š ‹a b a b a b

 x x  œ � � � �á œ � � � �á œ4 x 16 x 64 x 2 x 2x 4 x
3! 5! 7! 3 15 315 ( n 1)!

( 1) 2 x3 5 7 3 5 7 n 2n 2n 1!_
œn 0

�
# �

�

25. e 1 x  and 1 x x x ex 2 3 xx x 1 1
2! 3! 1 x 1 xœ � � � �á œ � � � �á Ê �

2 3

� �

 1 x 1 x x x 2 x x x 1 xœ � � � �á � � � � �á œ � � � �á œ � �Š ‹ a b a b!ˆ ‰x x 3 5 25 1
2! 3! 2 6 24 n!

2 3 2 3 4 nn2 3
_

œn 0

26. sin x x  and cos x 1 cos x sin xœ � � � �á œ � � � �á Ê �x x x x x x
3! 5! 7! 2! 4! 6!

3 5 7 2 4 6

 1 x 1 xœ � � � �á � � � � �á œ � � � � � � � �áŠ ‹ Š ‹x x x x x x x x x x x x
2! 4! 6! 3! 5! 7! 2! 3! 4! 5! 6! 7!

2 4 6 3 5 7 2 3 4 5 6 7

 œ �!Š ‹_

œn 0

( 1) x ( 1) x
(2n)! ( n 1)!
� �

# �

n 2n n 2n 1�

27. ln 1 x x x x x ln 1 x x x x xa b a b a b a b a bŠ ‹� œ � � � �á Ê � œ � � � �á1 1 1 x x 1 1 1
2 3 4 3 3 2 3 4

2 3 4 2 2 2 2 22 3 4

 x x x x xœ � � � �á œ1 1 1 1
3 6 9 12 3n

3 5 7 9 2n 11!_
œn 1

a b� �
n 1�

28. ln 1 x x x x x  and ln 1 x x x x x ln 1 x ln 1 xa b a b a b a b� œ � � � �á � œ � � � � �á Ê � � �1 1 1 1 1 1
2 3 4 2 3 4

2 3 4 2 3 4

 x x x x x x x x 2x x x xœ � � � �á � � � � � �á œ � � �á œˆ ‰ ˆ ‰ !1 1 1 1 1 1 2 2 2
2 3 4 2 3 4 3 5 2n 1

2 3 4 2 3 4 3 5 2n 1
_

œn 0
�

�

29. e 1 x  and sin x x e sin xx xx x x x x
2! 3! 3! 5! 7!œ � � � �á œ � � � �á Ê †

2 3 3 5 7

 1 x x x x x xœ � � � �á � � � �á œ � � � � Þ Þ Þ ÞŠ ‹Š ‹x x x x x 1 1
2! 3! 3! 5! 7! 3 30

2 3 52 3 3 5 7

30. ln 1 x x x x x  and 1 x x x  ln 1 xa b a b� œ � � � �á œ � � � �á Ê œ � †1 1 1
2 3 4 1 x 1 x 1 x

2 3 4 ln 1 x" "
� � �

# $ �a b
 x x x x 1 x x x x x x xœ � � � �á � � � �á œ � � � � Þ Þ Þ Þˆ ‰a b1 1 1 1 5 7

2 3 4 2 6 12
2 3 4 2 3 4# $
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31. tan x x x x x tan x tan x tan x� � � �1 3 5 7 1 1 11 1 1
3 5 7

2
œ � � � � Þ Þ Þ Ê œa b a ba b

 x x x x x x x x x x x xœ � � � � Þ Þ Þ � � � � Þ Þ Þ œ � � � � Þ Þ Þ Þˆ ‰ˆ ‰1 1 1 1 1 1 2 23 44
3 5 7 3 5 7 3 45 105

3 5 7 3 5 7 2 4 6 8

32. sin x x  and cos x 1 cos x sin x cos x cos x sin xœ � � � �á œ � � � �á Ê † œ † †x x x x x x
3! 5! 7! 2! 4! 6!

23 5 7 2 4 6

 cos x sin 2x 1 2x x x x xœ † œ � � � �á � � � �á œ � � � � Þ Þ Þ" "
# #Š ‹Š ‹x x x 7 61 1247

2! 4! 6! 3! 5! 7! 6 120 5040
2x 2x 2x 3 5 72 4 6 3 5 7a b a b a b

33. sin x x  and e 1 xœ � � � �á œ � � � �áx x x x x
3! 5! 7! 2! 3!

x3 5 7 2 3

 e 1 x x xÊ œ � � � � �á � � � � �á � � � � �á �ásin x x x x 1 x x x 1 x x x
3! 5! 7! 2 3! 5! 7! 6 3! 5! 7!

2 3Š ‹ Š ‹ Š ‹3 5 7 3 5 7 3 5 7

 1 x x xœ � � � � Þ Þ Þ Þ1 1
2 8

2 4

34. sin x x  and tan x x x x x sin tan x x x x xœ � � � �á œ � � � � Þ Þ Þ Ê œ � � � � Þ Þ Þx x x 1 1 1 1 1 1
3! 5! 7! 3 5 7 3 5 7

1 3 5 7 1 3 5 73 5 7 � �a b ˆ ‰
       x x x x x x x x x x x x� � � � � Þ Þ Þ � � � � � Þ Þ Þ � � � � � Þ Þ Þ �á1 1 1 1 1 1 1 1 1 1 1 1

6 3 5 7 120 3 5 7 5040 3 5 7
3 5 7 3 5 7 3 5 73 5 7ˆ ‰ ˆ ‰ ˆ ‰

 x x x xœ � � � � Þ Þ Þ1 3 5
2 8 16

3 5 7

35. Since n 3, then f x sin x, f x M on 0, 0.1 sin x 1 on 0, 0.1 M 1. Then R 0.1 1œ œ l l Ÿ Ò Ó Ê l l Ÿ Ò Ó Ê œ l l Ÿa b a b4 4
3

0.1 0
4a b a b a b l � l
x

4

 4.2 10 error 4.2 10œ ‚ Ê Ÿ ‚� �6 6

36. Since n 4, then f x e , f x M on 0, 0.5 e e on 0, 0.5 M 2.7. Thenœ œ l l Ÿ Ò Ó Ê l l Ÿ Ò Ó Ê œa b a b5 x 5 xa b a b È
  R 0.5 2.7 7.03 10 error 7.03 10l l Ÿ œ ‚ Ê Ÿ ‚4

0.5 0
5

4 4a b l � l
x

� �
5

37. By the Alternating Series Estimation Theorem, the error is less than   x 5! 5 10 x 600 10k kx
5!

&

Ê � ‚ Ê � ‚k k a b a b k k& &�% �%

  x 6 10 0.56968Ê � ‚ ¸k k È5 �#

38. If cos x 1  and x 0.5, then the error is less than 0.0026, by Alternating Series Estimation Theorem;œ � � œx (.5)
24

# %

# k k ¹ ¹
 since the next term in the series is positive, the approximation 1  is too small, by the Alternating Series Estimation� x#

#

 Theorem

39. If sin x x and x 10 , then the error is less than 1.67 10 , by Alternating Series Estimation Theorem;œ � ¸ ‚k k �$ �a b10
3!

10�$ $

 The Alternating Series Estimation Theorem says R (x) has the same sign as .  Moreover, x sin x# � �x
3!

$

  0 sin x x R (x)  x 0  10 x 0.Ê � � œ Ê � Ê � � �#
�$

40. 1 x 1  .  By the Alternating Series Estimation Theorem the errorÈ k k ¹ ¹� œ � � � �á � �x x x x
8 16 8 8

(0.01)
#

�# $ # #

 1.25 10œ ‚ �&

41. R (x) 1.87 10 , where c is between 0 and xk k ¹ ¹#
�œ � � ‚e x

3! 3!
3 (0.1) 4c 0 1$ Ð Þ Ñ $

42. R (x) 1.67 10 , where c is between 0 and xk k ¹ ¹#
�%œ � œ ‚e x

3! 3!
(0.1)c $ $

43. sin x  cos 2x 1# � " " " "
# # # # # #œ œ � œ � � � � �á œ � � �áˆ ‰ Š ‹1 cos 2x 2x 2 x 2 x(2x) (2x) (2x)

2! 4! 6! ! 4! 6!

# % ' # $ % & '

  sin x 2x   2 sin x cos xÊ œ � � �á œ � � � �á Êd d 2x 2 x 2 x
dx dx 2! 4! 6! 3! 5! 7!

(2x) (2x) (2x)a b Š ‹# # $ % & ' $ & (

 2x sin 2x, which checksœ � � � �á œ(2x) (2x) (2x)
3! 5! 7!

$ & (
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44. cos x cos 2x sin x 1# #
# #œ � œ � � � � �á � � � � �áŠ ‹ Š ‹(2x) (2x) (2x) (2x)

! 4! 6! 8! ! 4! 6! 8!
2x 2 x 2 x 2 x# % ' ) # $ % & ' ( )

 1 1 x x x xœ � � � �á œ � � � � �á2x 2 x 2 x 2
! 4! 6! 3 45 315

# $ % & '

#
# % ' )" "

45. A special case of Taylor's Theorem is f(b) f(a) f (c)(b a),  where c is between a and b f(b) f(a) f (c)(b a),œ � � Ê � œ �w w

 the Mean Value Theorem.

46. If f(x) is twice differentiable and at x a there is a point of inflection, then f (a) 0.  Therefore,œ œww

 L(x) Q(x) f(a) f (a)(x a).œ œ � �w

47. (a) f 0, f (a) 0 and x a interior to the interval I  f(x) f(a) (x a) 0 throughout Iww w #
#Ÿ œ œ Ê � œ � Ÿf (c )ww

#

  f(x) f(a) throughout I  f has a local maximum at x aÊ Ÿ Ê œ

 (b) similar reasoning gives f(x) f(a) (x a) 0 throughout I  f(x) f(a) throughout I  f has a� œ �   Ê   Êf (c )ww
#

#
#

 local minimum at x aœ

48. f(x) (1 x)   f (x) (1 x)   f (x) 2(1 x)   f (x) 6(1 x)œ � Ê œ � Ê œ � Ê œ ��" w �# ww �$ Ð Ñ �%3

  f (x) 24(1 x) ; therefore 1 x x x . x 0.1    Ê œ � ¸ � � � � Ê � � Ê �Ð Ñ �& # $" " "
� � �

&4
1 x 11 1 x 9 (1 x) 9

10 10 10k k ¹ ¹ ˆ ‰
&

  x   the error  e (0.1) 0.00016935 0.00017, since .Ê � Ê Ÿ � œ � œ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ˆ ‰ ˆ ‰x 10 10
(1 x) 9 4! 9 4! (1 x)

max f (x) x f (x)%

& &

Ð Ñ % Ð Ñ

� �
% %& &

$
"4 4

49. (a) f(x) (1 x)   f (x) k(1 x)   f (x) k(k 1)(1 x) ; f(0) 1, f (0) k, and f (0) k(k 1)œ � Ê œ � Ê œ � � œ œ œ �k k 1 k 2w � ww � w ww

  Q(x) 1 kx xÊ œ � � k(k )�"
#

#

 (b) R (x) x   x   0 x  or 0 x .21544k k k k¸ ¸#
" " " "$ $œ � Ê � Ê � � � �3 2

3! 100 100 100
† †

"Î$

50. (a) Let P x   x P .5 10  since P approximates  accurate to n decimals.  Then,œ � Ê œ � � ‚1 1 1k k k k �n

 P sin P ( x) sin ( x) ( x) sin x (x sin x)  (P sin P)� œ � � � œ � � œ � � Ê � �1 1 1 1 1k k
 sin x x 10 .5 10   P sin P gives an approximation to  correct to 3n decimals.œ � Ÿ � ‚ � ‚ Ê �k k k kx

3! 3!
0.125 3n 3n

$

� �
1

51. If f(x)  a x , then f (x)  n(n 1)(n 2) (n k 1)a x  and f (0) k! aœ œ � � â � � œ! !_ _

œ œn 0 n k
n n k

n k n k kÐ Ñ � Ð Ñ

  a  for k a nonnegative integer.  Therefore, the coefficients of f(x) are identical with the correspondingÊ œk
f (0)

k!

Ð Ñk

 coefficients in the Maclaurin series of f(x) and the statement follows.

52. :  f even  f( x) f(x)  f ( x) f (x)  f ( x) f (x)  f  odd;Note Ê � œ Ê � � œ Ê � œ � Êw w w w w

 f odd  f( x) f(x)  f ( x) f (x)  f ( x) f (x)  f  even;Ê � œ � Ê � � œ � Ê � œ Êw w w w w

 also, f odd  f( 0) f(0)  2f(0) 0  f(0) 0Ê � œ Ê œ Ê œ

 (a) If f(x) is even, then any odd-order derivative is odd and equal to 0 at x 0.  Therefore,œ

 a a a 0; that is, the Maclaurin series for f contains only even powers." $ &œ œ œ á œ

 (b) If f(x) is odd, then any even-order derivative is odd and equal to 0 at x 0.  Therefore,œ

 a a a 0; that is, the Maclaurin series for f contains only odd powers.! # %œ œ œ á œ

53-58.  Example CAS commands:
 :Maple
 f := x -> 1/sqrt(1+x);
 x0 := -3/4;
 x1 :=  3/4;
 # Step 1:
 plot( f(x), x=x0..x1, title="Step 1: #53 (Section 10.9)" );
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 # Step 2:
 P1 := unapply( TaylorApproximation(f(x), x = 0, order=1), x );
 P2 := unapply( TaylorApproximation(f(x), x = 0, order=2), x );
 P3 := unapply( TaylorApproximation(f(x), x = 0, order=3), x );
 # Step 3:
 D2f := D(D(f));
 D3f := D(D(D(f)));
 D4f := D(D(D(D(f))));
 plot( [D2f(x),D3f(x),D4f(x)], x=x0..x1, thickness=[0,2,4], color=[red,blue,green], title="Step 3: #57 (Section 9.9)" );
 c1 := x0;
 M1 := abs( D2f(c1) );
 c2 := x0;
 M2 := abs( D3f(c2) );
 c3 := x0;
 M3 := abs( D4f(c3) );
 # Step 4:
 R1 := unapply( abs(M1/2!*(x-0)^2), x );
 R2 := unapply( abs(M2/3!*(x-0)^3), x );
 R3 := unapply( abs(M3/4!*(x-0)^4), x );
 plot( [R1(x),R2(x),R3(x)], x=x0..x1, thickness=[0,2,4], color=[red,blue,green], title="Step 4: #53 (Section 10.9)" );
 # Step 5:
 E1 := unapply( abs(f(x)-P1(x)), x );
 E2 := unapply( abs(f(x)-P2(x)), x );
 E3 := unapply( abs(f(x)-P3(x)), x );
 plot( [E1(x),E2(x),E3(x),R1(x),R2(x),R3(x)], x=x0..x1, thickness=[0,2,4], color=[red,blue,green],
         linestyle=[1,1,1,3,3,3], title="Step 5: #53 (Section 10.9)" );
 # Step 6:
 TaylorApproximation( f(x), view=[x0..x1,DEFAULT], x=0, output=animation, order=1..3 );
 L1 := fsolve( abs(f(x)-P1(x))=0.01, x=x0/2 );                 # (a)
 R1 := fsolve( abs(f(x)-P1(x))=0.01, x=x1/2 );
 L2 := fsolve( abs(f(x)-P2(x))=0.01, x=x0/2 );
 R2 := fsolve( abs(f(x)-P2(x))=0.01, x=x1/2 );
 L3 := fsolve( abs(f(x)-P3(x))=0.01, x=x0/2 );
 R3 := fsolve( abs(f(x)-P3(x))=0.01, x=x1/2 );
 plot( [E1(x),E2(x),E3(x),0.01], x=min(L1,L2,L3)..max(R1,R2,R3), thickness=[0,2,4,0], linestyle=[0,0,0,2],
        color=[red,blue,green,black], view=[DEFAULT,0..0.01], title="#53(a) (Section 10.9)" );
 abs(`f(x)`-`P`[1](x) ) <= evalf( E1(x0) );                           # (b)
 abs(`f(x)`-`P`[2](x) ) <= evalf( E2(x0) );
 abs(`f(x)`-`P`[3](x) ) <= evalf( E3(x0) );
 : (assigned function and values for a, b, c, and n may vary)Mathematica
 Clear[x, f, c]

 f[x_]=  (1 x)� 3/2

 {a, b}= { 1/2, 2};�

 pf=Plot[ f[x], {x, a, b}];
 poly1[x_]=Series[f[x], {x,0,1}]//Normal
 poly2[x_]=Series[f[x], {x,0,2}]//Normal
 poly3[x_]=Series[f[x], {x,0,3}]//Normal
 Plot[{f[x], poly1[x],  poly2[x], poly3[x]}, {x, a, b},
 PlotStyle {RGBColor[1,0,0], RGBColor[0,1,0], RGBColor[0,0,1], RGBColor[0,.5,.5]}];Ä
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 The above defines the approximations. The following analyzes the derivatives to determine their maximum values.
 f''[c]
 Plot[f''[x], {x, a, b}];
 f'''[c]
 Plot[f'''[x], {x, a, b}];
 f''''[c]
 Plot[f''''[x], {x, a, b}];
 Noting the upper bound for each of the above derivatives occurs at x = a, the upper bounds m1, m2, and m3 can be defined
 and bounds for remainders viewed as functions of x.
 m1=f''[a]
 m2=-f'''[a]
 m3=f''''[a]

 r1[x_]=m1 x  /2!2

 Plot[r1[x], {x, a, b}];

 r2[x_]=m2 x  /3!3

 Plot[r2[x], {x, a, b}];

 r3[x_]=m3 x  /4!4

 Plot[r3[x], {x, a, b}];
 A three dimensional look at the error functions, allowing both c and x to vary can also be viewed. Recall that c must be a
 value between 0 and x, so some points on the surfaces where c is not in that interval are meaningless.

 Plot3D[f''[c] x  /2!, {x, a, b}, {c, a, b}, PlotRange All]2 Ä

 Plot3D[f'''[c] x  /3!, {x, a, b}, {c, a, b}, PlotRange All]3 Ä

 Plot3D[f''''[c] x  /4!, {x, a, b}, {c, a, b}, PlotRange All]4 Ä

10.10  THE BINOMIAL SERIES

 1. (1 x) 1 x 1 x x x� œ � � � �á œ � � � �á"Î# # $" " " "
# # #

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰" " " "

# # # # #

# $� � �x x
! 3! 8 16

3

 2. (1 x) 1 x 1 x x x� œ � � � �á œ � � � �á"Î$ # $" " "
#3 ! 3! 3 9 81

5ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰" "# $

3 3 3 3 3
2 2 5

� � �x x

 3. (1 x) 1 ( x) 1 x x x� œ � � � � �á œ � � � �á�"Î# # $" "
# # #

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰� � � � � � �
" "

# # # # #

# $3 3 5( x) ( x)
! 3! 8 16

3 5

 4. (1 2x) 1 ( 2x) 1 x x x� œ � � � � �á œ � � � �á"Î# # $"
# #

� � �ˆ ‰ ˆ ‰" "

# #

#
" "

# # #� �( 2x)
! 3! 2 2

( 2x) 1 1Š ‹Š ‹Š ‹3 $

 5. 1 1 1 x x xˆ ‰ ˆ ‰� œ � # � � �á œ � � �x x 3
! 3! 4# # # #

�# # $"( 2)( 3) ( 2)( 3)( 4)� � � � �ˆ ‰ ˆ ‰x x
# #

# $

 6. 1 1 4 0 1 x x x xˆ ‰ ˆ ‰� œ � � � � � � �á œ � � � �x x 4 2 4 1
3 3 ! 3! 4! 3 3 27 81

4 2 3 4(4)(3) (4)(3)(2) (4)(3)(2)(1)ˆ ‰ ˆ ‰ ˆ ‰� � �
x x x
3 3 3

4# $

#

 7. 1 x 1 x 1 x x xa b� œ � � � �á œ � � � �á$ $ $ ' *�"Î# " "
# # #

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰a b a b� � � � �
" "

# # # # #

$ $# $3 3 5x x
! 3! 8 16

3 5

 8. 1 x 1 x 1 x x xa b� œ � � � �á œ � � � �á# # # % '�"Î$ " "
#3 ! 3! 3 9 81

2 14ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰a b a b� � � � �
" "# ## $

3 3 3 3 3
4 4 7x x

 9. 1 1 1ˆ ‰ ˆ ‰� œ � � � �á œ � � � �á1 1 1
x x ! 3! x 8x 16x

"Î# " " "
# # #

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰" " " "

# # # # #

# $

� � �
1 3 1
x x

# $
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10. x 1 x x 1 x x x x xx 1 2 14
1 x

3
! 3! 3 9 81

3 4È3 �

�"Î
#

#œ � œ � � � �á œ � � � �áa b Œ �ˆ ‰
�

" � � � � �

3
x xˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰" "# $

3 3 3 3 3
4 4 7

11. (1 x) 1 4x 1 4x 6x 4x x� œ � � � � œ � � � �% # $ %
#

(4)(3)x (4)(3)(2)x (4)(3)(2)x
! 3! 4!

# $ %

12. 1 x 1 3x 1 3x 3x xa b� œ � � � œ � � �# # # % '$

#
(3)(2) x (3)(2)(1) x

! 3!
a b a b# ## $

13. (1 2x) 1 3( 2x) 1 6x 12x 8x� œ � � � � œ � � �$ # $� �
#

(3)(2)( 2x) (3)(2)(1)( 2x)
! 3!

# $

14. 1 1 4 1 2x x x xˆ ‰ ˆ ‰� œ � � � � � œ � � � �x x 3
! 3! 4! 2 16# # # #

% # $ %" "(4)(3) (4)(3)(2) (4)(3)(2)(1)ˆ ‰ ˆ ‰ ˆ ‰� � �
x x x
# # #

# $ %

15. sin x  dx x  dx 0.00267 with error' '
0 0

0 2 0 2Þ Þ

# #
!Þ# !Þ#

! !
œ � � �á œ � �á ¸ ¸Š ‹ ’ “ ’ “x x x x x

3! 5! 3 7 3! 3

' "! $ ( $

†

 E 0.0000003k k Ÿ ¸(.2)
7 3!

(

†

16.  dx  1 x 1  dx 1  dx' ' '
0 0 0

0 2 0 2 0 2Þ Þ Þ

e   x x x x x x
x x ! 3! 4! 6 24

� # $ % # $x � " "
# #œ � � � � �á � œ � � � � �áŠ ‹ Š ‹

 x 0.19044 with error E 0.00002œ � � � �á ¸ � Ÿ ¸’ “ k kx x
4 18 96

(0.2)# $ %!Þ#

!

17.  dx 1  dx x [x] 0.1 with error' '
0 0

0 1 0 1Þ Þ

"

�

!Þ"

!

!Þ"
!È1  x

x 3x x
2 8 10%

% ) &

œ � � �á œ � �á ¸ ¸Š ‹ ’ “
 E 0.000001k k Ÿ œ(0.1)

10

&

18.   1 x  dx 1  dx x x 0.25174 with error' '
!

!Þ#&
$ #

!Þ#& !Þ#&

! !

È Š ‹ ’ “ ’ “� œ � � �á œ � � �á ¸ � ¸
0

0 25Þ

x x x x x
3 9 9 45 9

# % $ & $

 E 0.0000217k k Ÿ ¸(0.25)
45

&

19.  dx 1  dx x x' '
0 0

0 1 0 1Þ Þ

sin x x x x x x x x x
x 3! 5! 7! 3 3! 5 5! 7 7! 3 3! 5 5!œ � � � �á œ � � � �á ¸ � �Š ‹ ’ “ ’ “# % ' $ & ( $ &

† † † † †

!Þ" !Þ"

! !

 0.0999444611, E 2.8 10¸ Ÿ ¸ ‚k k (0.1)
7 7!

127

†
�

20. exp x  dx 1 x  dx x x' '
0 0

0 1 0 1Þ Þa b Š ‹ ’ “ ’ “� œ � � � � �á œ � � � �á ¸ � � �# #
!Þ" !Þ"

! !

x x x x x x x x x
2! 3! 4! 3 10 42 3 10 42

% ' ) $ & ( $ & (

 0.0996676643, E 4.6 10¸ Ÿ ¸ ‚k k (0.1)
216

129
�

21. 1 x (1) (1) x (1) x (1) xa b a b a b a b� œ � � �% "Î# �"Î# % �$Î# % �&Î# %"Î# # $

#

Š ‹"
#

" " " "

# # # # #

1 ! 3!

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰� � �
3

 (1) x 1� �á œ � � � � �á
ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰" "

# # # #
� � �

3 5

4! 8 16 128
x x x 5x�(Î# % %

#a b % ) "# "'

  1  dx x 0.100001, E 1.39 10Ê � � � � �á ¸ � ¸ Ÿ ¸ ‚'
0

0 1Þ Š ‹ ’ “ k kx x x 5x x
8 16 128 10 72

(0.1) 11% ) "# "' &

#

!Þ"

!

�
9

22.  dx  dx' '
0 0

1 1ˆ ‰ Š ‹ ’ “1 cos x x x x x x x x x x
x 4! 6! 8! 10! 3 4! 5 6! 7 8! 9 10!

� "
# #

"

!
#

# % ' ) $ & ( *

œ � � � � �á ¸ � � � �
† † † †

 0.4863853764,  E 1.9 10¸ Ÿ ¸ ‚k k 1
11 12!

10
†

�

23. cos t  dt 1  dt t   error .00011' '
0 0

1 1
#

#

"

!

"œ � � � �á œ � � � �á Ê � ¸Š ‹ ’ “ k kt t t t t t
4! 6! 10 9 4! 13 6! 13 6!

% ) "# & * "$

† † †
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24. cos t dt 1  dt t' '
0 0

1 1È Š ‹ ’ “œ � � � � �á œ � � � � �át t t t t t t t
4! 6! 8! 4 3 4! 4 6! 5 8!#

"

!

# $ % # $ % &

† † †

  error 0.000004960Ê � ¸k k "
5 8!†

25. F(x) t  dt  œ � � � �á œ � � � �á ¸ � �'
0

x xŠ ‹ ’ “#

!

t t t t t t t x x x
3! 5! 7! 3 7 3! 11 5! 15 7! 3 7 3! 11 5!

' "! "% $ ( "" "& $ ( ""

† † † † †

  error 0.000013Ê � ¸k k "
15 7!†

26. F(x) t t  dtœ � � � � � �á œ � � � � � �á'
0

x xŠ ‹ ’ “# %

!

t t t t t t t t t t
2! 3! 4! 5! 3 5 7 2! 9 3! 11 4! 13 5!

' ) "! "# $ & ( * "" "$

† † † †

   error 0.00064¸ � � � � Ê � ¸x x x x x
3 5 7 2! 9 3! 11 4! 13 5!

$ & ( * ""

† † † †

k k "

27. (a) F(x) t  dt   error .00052œ � � � �á œ � � �á ¸ � Ê � ¸'
0

x xŠ ‹ ’ “ k kt t t t t t x x
3 5 7 2 1 30 1 30

(0.5)$ & ( # % ' # % '

# # #!

 (b) error .00089 when F(x) ( 1)  k k � ¸ ¸ � � � �á � �"
#

"&
33 34 3 4 5 6 7 8 31 32

x x x x x
† † † † †

# % ' ) $#

28. (a) F(x) 1  dt t xœ � � � �á œ � � � � �á ¸ � � � �'
0

x xŠ ‹ ’ “t t t t t t t x x x x
2 3 4 2 2 3 3 4 4 5 5 3 4 5

# $ # $ % & # $ % &

# # # #
† † † † ! #

  error .00043Ê � ¸k k (0.5)
6

'

#

 (b) error .00097 when F(x) x ( 1)  k k � ¸ ¸ � � � �á � �"
#

$"
32 3 4 31

x x x x
# # # # #

# $ % $"

29. e (1 x) 1 x 1 x    lim   " " "
# #

� �
x x 3! 3! 4! x

x x x x x e (1 x)
# # #

# $ #a b Š ‹Š ‹� � œ � � � �á � � œ � � �á Ê
x 0Ä

x

  lim  œ � � �á œ
x 0Ä

Š ‹" "
# #

x x
3! 4!

#

30. e e 1 x 1 x 2x" " "�
# #x x ! 3! 4! ! 3! 4! x 3! 5! 7!

x x x x x x x x 2x 2x 2xa b ’ “ Š ‹Š ‹ Š ‹� œ � � � � �á � � � � � �á œ � � � �á
# $ % # $ % $ & (

 2    lim    lim  2 2œ � � � �á Ê œ � � � �á œ2x 2x 2x e e 2x 2x 2x
3! 5! 7! x 3! 5! 7!

# % ' � # % '

x 0 xÄ Ä _

x x� Š ‹

31. 1 cos t 1 1    lim   " " "
# # #

"� �

t t t
t t t t t t t

4! 6! 4! 6! 8!

cos t
% % %

# # # % ' # %Š ‹ ’ “Š ‹� � œ � � � � � �á œ � � � �á Ê
t 0Ä

Š ‹t#

#

  lim  œ � � � �á œ �
t 0Ä

Š ‹" "
4! 6! 8! 24

t t# %

32. sin    lim   " " "
� �

) ) )

) ) ) ) ) )
) )

& & &

$ $ $ & # %Š ‹ Š ‹� � � œ � � � � � �á œ � � �á Ê) ) ) )6 6 3! 5! 5! 7! 9!

sin 

) Ä 0

Š ‹)
$

6

  lim  œ � � �á œ
) Ä 0

Š ‹" "
#5! 7! 9! 1 0

) )
# %

33. y tan y y y    lim    lim  " " " "�" �
y y 3 5 3 5 7 y 3 5 7

y y y y y tan y y y
$ $ $

$ & # % �" # %a b ’ “ Š ‹Š ‹� œ � � � �á œ � � �á Ê œ � � �á
y 0 y 0Ä Ä

 œ "
3

34. tan y sin y
y  cos y y  cos y y  cos y cos y

y y
�"

$ $ $

�
� � �á � � � �á � � �á � � �á

œ œ œ
Œ � Œ � Œ � Œ �y y y y y 23y 23y

3 5 3! 5! 6 5! 6 5!

$ & $ & $ & #
"

   lim    lim   Ê œ œ �
y 0 y 0Ä Ä

tan y sin y
y  cos y cos y 6

�"

$

�
� � �á

"
Œ �"

#

6 5!
23y

35. x 1 e x 1 1 1    lim  x e 1# � Î # # � Î" " " " "
# #Š ‹ Š ‹ˆ ‰� � œ � � � � � �á œ � � � �á Ê �1 x 1 x

x 6x xx 6x
# #

# ' #% % x Ä _

  lim  1 1œ � � � �á œ �x Ä _
ˆ ‰" "

#x 6x# %
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36. (x 1) sin (x 1) 1� œ � � � �á œ � � �áˆ ‰ Š ‹" " " " " "
� � � � � �x 1 x 1 3!(x 1) 5!(x 1) 3!(x 1) 5!(x 1)$ & # %

   lim  (x 1) sin  lim  1 1Ê � œ � � �á œx xÄ _ Ä _
ˆ ‰ Š ‹" " "

� � �x 1 3!(x 1) 5!(x 1)# %

37.  lim   lim   ln 1 x ln 1 x
1 cos x 1 cos x

x 1 1

1 1

a b a bŒ � Œ � Œ �
Š ‹ Š ‹ Š ‹

� �
� �

� � �á � � �á � � �á

� � � �á � �á

# #

#

œ œ Ê œ

x x x x x x
3 3 3

x x
! 4! ! 4!

x

% ' # % # %

# # #

# %

#

" "

# #

#
x 0 x 0Ä Ä ! 4!

x� �á
# œ œ2! 2

38.    lim   x 4 x 2 x 4
ln (x 1) ln (x 1)

(x 2)(x 2)

(x 2) 1

# #� � �
� �

� �

� � � �á � � �á
œ œ Ê’ “ ’ “(x 2) (x 2) (x 2)

3 3
x 2� � �

# $ #

# #

� x 2Ä

  lim   4œ œ
x 2Ä

x 2

1

�

� � �á’ “x 2 (x 2)
3

�

#

� #

39. sin 3x 3x x x . . .  and 1 cos 2x 2x x x . . .  lim   2 2 6 10 2 4 69 81 2 4 sin 3x
2 40 3 45 1 cos 2xœ � � � � œ � � � Ê

x 0Ä

2

�

  lim    lim   œ œ œ
x 0 x 0Ä Ä

3x x x . . . 3 x x . . .

2x x x . . . 2 x x . . .
3
2

2 6 10 4 89 81 9 81
2 40 2 40

2 4 6 2 42 4 2 4
3 45 3 45

� � � � � �

� � � � � �

40. ln 1 x x . . .  and  x sin x x x x x  lim   a b� œ � � � � œ � � � � Þ Þ Þ Ê3 3 2 3 7 11 15x x x 1 1 1
2 3 4 6 120 5040 x sin x

ln 1 x6 9 12 3

2
x 0Ä

ˆ ‰�

  lim    lim   1œ œ œ
x 0 x 0Ä Ä

x . . . 1 . . .

x x x x 1 x x x

3 x x x x x x6 9 12 3 6 9

2 3 4 2 3 4
3 7 11 15 4 8 121 1 1 1 1 1

6 120 5040 6 120 5040

� � � � � � � �

� � � � Þ Þ Þ � � � � Þ Þ Þ

41. 1 1 e e� � � � � Þ Þ Þ œ œ1 1 1
2 3 4

1
x x x

42. 1ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰” •1 1 1 1 1 1 1 1 1 4 1
4 4 4 4 4 4 64 1 1 4 64 3 48

3 4 5 3 2
� � � Þ Þ Þ œ � � � Þ Þ Þ œ œ œ� Î

43. 1 1 cos� � � � Þ Þ Þ œ � � � � Þ Þ Þ œ3 3 3 1 3 1 3 1 3 3
4 2 4 4 4 6 2 4 4 4 6 4 4

2 4 62 4 6

2 4 6x x x x x x
ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰

44. ln 1 ln1 1 1 1 1 1 1 1 1 1 1 1 3
2 2 2 3 2 4 2 2 2 3 4 2 2

2 3 4
� � � � Þ Þ Þ œ � � � � Þ Þ Þ œ � œ† † † # # #2 3 4 ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰

45. sin1 1 1 1 1 1 1 1 1

3 3 3 3 5 3 7 3 3 3 5 3 7 3 3 2
1 1 13 5 7 3� � � � Þ Þ Þ œ � � � � Þ Þ Þ œ œ

3 5 7

3 5 7x x x x x x
ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ È

46. tan2 2 2 2 2 1 2 1 2 1 2 2
3 3 3 3 5 3 7 3 3 3 5 3 7 3 3

3 5 7 1� � � � Þ Þ Þ œ � � � � Þ Þ Þ œ
3 5 7

3 5 7† † †
�ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰

47. x x x x x 1 x x x x3 4 5 6 3 2 3 3 1 x
1 x 1 x� � � � Þ Þ Þ œ � � � � Þ Þ Þ œ œa b ˆ ‰
� �

3

48. 1 1 3x 3x 3x cos 3x� � � � Þ Þ Þ œ � � � � Þ Þ Þ œ3 x 3 x 3 x 1 1 1
2 4 6 2 4 6

2 4 62 2 4 4 6 6

x x x x x xa b a b a b a b
49. x x x x x 1 x x x x3 5 7 9 3 2 2 2 32 3 1 x

1 + x 1 + x� � � � Þ Þ Þ œ � � � � Þ Þ Þ œ œŠ ‹a b a b ˆ ‰2 2

3

50. x 2x x 1 2x x e2 3 2 2 2x2 x 2 x 2 x
2 3 4 2 3 4

2x 2x 2x� � � � � Þ Þ Þ œ � � � � � Þ Þ Þ œ
2 4 3 5 4 6 2 3 4

x x x x x x
�Š ‹a b a b a b

51. 1 2x 3x 4x 5x 1 x x x x x� � � � � � Þ Þ Þ œ � � � � � � Þ Þ Þ œ œ2 3 4 2 3 4 5d d 1 1
dx dx 1 x 1 x
a b ˆ ‰

�
�
�a b2

52. 1 x ln 1 x� � � � � Þ Þ œ � � � � � � � Þ Þ œ � � œ �x x x x 1 x x x x 1
2 3 4 5 x 2 3 4 5 x x

ln 1 x2 3 4 2 3 4 5Š ‹ a b a b�
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53. ln ln (1 x) ln (1 x) x x 2 xˆ ‰ Š ‹ Š ‹ Š ‹1 x x x x x x x x x
1 x 3 4 3 4 3 5
�
� # #œ � � � œ � � � �á � � � � � �á œ � � �á

# $ % # $ % $ &

54. ln (1 x) x   error  when  x 0.1;� œ � � � �á � �á Ê œ œ œx x x
3 4 n n n10

( 1) x ( ) x# $ % � �

#
� �" "n 1 n n 1 n

nk k ¹ ¹
   n10 10  when n 8  7 terms" " )

n10 10
n

n � Ê �   Ê)

55. tan x x   error  when x 1;�" �" �
� � # �

"œ � � � � �á � �á Ê œ œ œx x x x
3 5 7 9 2n 1 2n 1 n 1

( ) x ( 1) x$ & ( * � � � �n 1 2n 1 n 1 2n 1k k ¹ ¹
   n 500.5  the first term not used is the 501   we must use 500 terms" "

# � #n 1 10
1001� Ê � œ Ê Ê$

st

56. tan x x  and  lim   x   lim   x�" # #�
� � # �

� �œ � � � � �á � �á œ œx x x x x 2n 1 2n 1
3 5 7 9 2n 1 2n 1 x n 1

( 1) x$ & ( * �� �

�

n 1 2n 1 2n 1

2n 1n nÄ _ Ä _
¹ ¹ ¸ ¸

†

  tan x converges for x 1; when x 1 we have    which is a convergent series; when x 1Ê � œ � œ�" �
�k k !_

œn 1

( 1)
2n 1

n

 we have   which is a convergent series  the series representing tan x diverges for x 1! k k_

œn 1

( 1)
2n 1
�

�
�"

n 1�

Ê �

57. tan x x  and when the series representing 48 tan  has an�" �"�
�

"œ � � � � �á � �áx x x x
3 5 7 9 2n 1 18

( 1) x$ & ( * � �n 1 2n 1 ˆ ‰
 error less than 10 , then the series representing the sum" �'

3 †

 48 tan 32 tan 20 tan  also has an error of magnitude less than 10 ; thus�" �" �" �'" " "
#

ˆ ‰ ˆ ‰ ˆ ‰
18 57 39� �

 error 48   n 4  using a calculator  4 termsk k œ � Ê   Ê
Š ‹"

18

2n 1�

'# � †
"

n 1 3 10

58. ln (sec x) tan t dt t  dtœ œ � � �á ¸ � � �á' '
0 0

x xŠ ‹t 2t x x x
3 15 12 45

$ & # % '

#

59. (a) 1 x 1   sin x x ; Using the Ratio Test:a b� ¸ � � � Ê ¸ � � �# �"�"Î#

#
x 3x 5x x 3x 5x

8 16 6 40 112

# % ' $ & (

  lim   1  x   lim   
n nÄ _ Ä _

¹ ¹ ¹ ¹1 3 5 (2n 1)(2n 1)x 2 4 6 (2n)(2n )
2 4 6 (2n)(2n 2)(2n 3) 1 3 5 (2n 1)x
† † † †

† † † †

â � � â �"
â � � â �

#
2n 3

2n 1

�

�† � Ê
(2n 1)(2n 1)
(2n 2)

� �

� (2n 3)�
� 1

  x 1  the radius of convergence is 1. See Exercise 69.Ê � Êk k
 (b) cos x 1 x   cos x sin x x xd x 3x 5x x 3x 5x

dx 6 40 112 6 40 112a b a b Š ‹�" # �" �"�"Î#

# # #œ � � Ê œ � ¸ � � � � ¸ � � � �1 1 1
$ & ( $ & (

60. (a) 1 t (1) (1) ta b a bˆ ‰� ¸ � � � �# �"Î# �$Î# #�"Î# � � � � �"
# #

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰a b a b" "

# # # # #
�&Î# # �(Î# ## $3 3 5(1) t (1) t

! 3!

 1   sinh x 1  dt xœ � � � Ê ¸ � � � œ � � �t 3t 3 5t t 3t 5t x 3x 5x
2 2! 2 3! 8 16 6 40 112

# % ' # % ' $ & (

# $# #
�"

† †

† '
0

xŠ ‹
 (b) sinh 0.24746908; the error is less than the absolute value of the first unused�" " " "ˆ ‰

4 4 384 40,960
3¸ � � œ

 term, , evaluated at t  since the series is alternating  error 2.725 105x
112 4 112

5(
" (

œ Ê � ¸ ‚" �'k k ˆ ‰
4

61. 1 x x x   1 x x x�" " � "
� � � � �

# $ # $
1 x 1 ( x) dx 1 x 1 x dx

d 1 dœ � œ � � � � �á Ê œ œ � � � � �áˆ ‰ a b#

 1 2x 3x 4xœ � � � �á# $

62. 1 x x x   1 x x x 2x 4x 6x" "
� �

# % ' # % ' $ &
�1 x dx 1 x dx

d 2x d
1 x# # # #œ � � � �á Ê œ œ � � � �á œ � � �áˆ ‰ a ba b

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



632 Chapter 10 Infinite Sequences and Series

63. Wallis' formula gives the approximation 4  to produce the table1 ¸ ’ “2 4 4 6 6 8 (2n 2) (2n)
3 3 5 5 7 7 (2n 1) (2n 1)

† † † † † †

† † † † † †

â �
â � �

  n  µ 1

  10 3.221088998
  20 3.181104886
  30 3.167880758
  80 3.151425420
  90 3.150331383
  93 3.150049112
  94 3.149959030
  95 3.149870848
 100 3.149456425 
 At n 1929 we obtain the first approximation accurate to 3 decimals:  3.141999845.  At n 30,000 we still doœ œ

 not obtain accuracy to 4 decimals:  3.141617732, so the convergence to  is very slow.  Here is a  CAS1 Maple
 procedure to produce these approximations:
 pie  :=
 proc(n)
 local  i,j;
 a(2)  := evalf(8/9);
 for  i  from  3  to n do  a(i)  :=  evalf(2*(2*i 2)*i/(2*i 1)^2*a(i 1))  od;� � �

 [[j,4*a(j)]  $  (j  =  n 5  ..  n)]�

 end

64. (a) f x 1 x f x k x  1 x f x 1 x k xa b a b a b a b a b! ! !ˆ ‰ ˆ ‰ ˆ ‰œ � Ê œ Ê � † œ �
_ _ _

œ œ œk k k1 1 1

m m m
k k k

k k 1 k 1w � w �

 k x x k x k x k x 1 x k x k xœ � † œ � œ � �! ! ! ! ! !ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰a b_ _ _ _ _ _

œ œ œ œ œ œk k k k k k1 1 1 1 2 1

m m m m m m m
k k k k 1 k k

k 1 k 1 k 1 k 0 k 1 k� � � �

 m  k x  k x    Note that:  k x  k 1 x .œ � � œ �! ! ! !ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰a b_ _ _ _

œ œ œ œk k k k2 1 2 1

m m m m
k k k k 1

k 1 k k 1 k� �
�

 Thus, 1 x f x m  k x  k x m  k 1 x  k xa b a b a b! ! ! !ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰� † œ � � œ � � �w �
�

_ _ _ _

œ œ œ œk k k k2 1 1 1

m m m m
k k k 1 k

k 1 k k k

 m  k 1 x k x m  k 1 k x .œ � � � œ � � �! !’ “ ’ “ˆ ‰ ˆ ‰ ˆ ‰a b a bˆ ‰ ˆ ‰_ _

œ œk k1 1

m m m m
k 1 k k 1 k

k k k
� �

 Note that: k 1 k k 1 kˆ ‰ ˆ ‰a b a bm m
k 1 k k 1 ! k!

m m m k 1 1 m m m k 1
� �

† �" â � � � † �" â � �� � œ � �a b a b a b a ba ba b
 k m k k m m .œ � œ � � œ œm m m k m m m k 1 m m m k 1 m m m k 1

k! k! k! k! k
m† � " â � † �" â � � † �" â � � † �" â � �a b a b a b a b a b a b a b a ba ba b ˆ ‰

 Thus, 1 x f x m  k 1 k x m  m x m m xa b a b a b! ! !’ “ ’ “ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰ ˆ ‰� † œ � � � œ � œ �w
�

_ _ _

œ œ œk k k1 1 1

m m m m
k 1 k k k

k k k

 m 1 x m f x f x  if x 1.œ � œ † Ê œ �" � �Œ �!ˆ ‰ a b a b_

œk 1

m
k 1 x

k m f xw †
�
a ba b

 (b) Let g x 1 x f x g x m 1 x f x 1 x f xa b a b a b a b a b a b a b a bœ � Ê œ � � � �� � � �w wm m 1 m

 m 1 x f x 1 x m 1 x f x 1 x m f x 0.œ � � � � † œ � � � � † † œa b a b a b a b a b a b a b� � � † � � � �
�

m 1 m m f x m 1 m 1
1 x
a ba b

 (c) g x 0 g x c 1 x f x c f x c 1 x . Since f x 1 xw �
�

a b a b a b a b a b a b a b !ˆ ‰œ Ê œ Ê � œ Ê œ œ � œ �m mc
1 x

m
k

ka b�m

_

œk 1

 f 0 1 0 1 0 1 c 1 0 1 c 1 f x 1 x .Ê œ � œ � œ Ê � œ Ê œ Ê œ �a b a b a b a b a b!ˆ ‰_

œk 1

m
k

k m m

65. 1 x 1 x (1) (1) xa b a b a ba b ˆ ‰� œ � � œ � � � �# # �"Î# �$Î# #�"Î# �"Î# "
# #

ˆ ‰ ˆ ‰ a b� � �
"

# #

�&Î# # #3 (1) x
!

 1 1  � �á œ � � � �á œ �
ˆ ‰ ˆ ‰ ˆ ‰ a b� � � �

"
# # #

�(Î# # $3 5 (1) x
3! 2 ! 2 3! n!

x 1 3x 1 3 5x 1 3 5 (2n 1)x# % '

# $# # #
â �

† † †

† † †

† †!_
œn 1

2n

n
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  sin x 1 t  dt 1   dt x  ,Ê œ � œ � œ ��" # �"Î# â � â �
# # â �

' '
0 0

x xa b Œ �! !_ _

œ œn 1 n 1

1 3 5 (2n 1)x 1 3 5 (2n 1)x
n! 4 (2n)(2n 1)

† † † †

† †

2n 2n 1

n

�

 where x  1k k �

66. tan t tan x  dt  1  dtc d – — ˆ ‰�" �"_

# �
" " " "

x x x x
œ � œ œ œ � � � �á1 ' ' '_ _ _

dt
1 t t t tt# # # '%

Š ‹
Š ‹
1
t

t

#

"

#
1�

  dt  lim   œ � � � �á œ � � � � �á œ � � � �á'
x

b

x

_ˆ ‰ � ‘" " " " " " " " " " " "
t t t t 3t 5t x 3x 5xt 7t 7x# ' ) $ & $ &% ( (

b Ä _

  tan x , x 1; tan t tan x   Ê œ � � � �á � œ � œ�" �" �"
# # �

" " "1 1

x 3x 5x 1 t
dt

$ & #c d x x

�_
�_

'
  lim     tan x ,œ � � � � �á œ � � � � �á Ê œ � � � � �á

b Ä �_
� ‘" " " " " " " " " " "�"

#t 3t 5t x 3x 5x x 3x 5x7t 7x$ & $ & $ &( (

x

b
1

 x 1� �

67. (a) e cos ( ) i sin ( ) 1 i(0) 1�i1 œ � � � œ � � œ �1 1

 (b) e cos i sin (1 i)i 4
4 4 2 2 2

i1 1 1Î " "œ � œ � œ �ˆ ‰ ˆ ‰ Š ‹È È È
 (c) e cos i sin 0 i( 1) i� Î

# #
i 21 1 1œ � � � œ � � œ �ˆ ‰ ˆ ‰

68. e cos i sin   e e cos ( ) i sin ( ) cos i sin ;i i i( )) ) )œ � Ê œ œ � � � œ �) ) ) ) ) )
� �

 e e cos i sin cos i sin 2 cos   cos ;i i e e) )� œ � � � œ Ê œ� �
#) ) ) ) ) )

i i) )�

 e e cos i sin (cos i sin ) 2i sin   sin i i e e
i

) )� œ � � � œ Ê œ� �
#) ) ) ) ) )

i i) )�

69. e 1 x   e 1 i  andx ix x x
! 3! 4! 2! 3! 4!

(i ) (i ) (i )œ � � � � �á Ê œ � � � � �á
# $ % # $ %

#
) ) ) )

)

 e 1 i 1 i� � � �
#

i ( i ) ( i ) ( i ) (i ) (i ) (i )
2! 3! 4! ! 3! 4!

) ) ) ) ) ) )œ � � � � �á œ � � � � �á) )
# $ % # $ %

  Ê œe ei i) )�
# #

�

Š ‹ Š ‹1 i 1 i� � � � �á � � � � � �á) )
(i ) (i ) (i ) (i ) (i ) (i )

! 3! 4! ! 3! 4!
) ) ) ) ) )
# $ % # $ %

# #

 1 cos ;œ � � � �á œ) ) )
# % '

#! 4! 6! )

 e e
i i

i i) )�
# #

�

œ
Š ‹ Š ‹1 i 1 i� � � � �á � � � � � �á) )

(i ) (i ) (i ) (i ) (i ) (i )
! 3! 4! ! 3! 4!
) ) ) ) ) )
# $ % # $ %

# #

 sin œ � � � �á œ) )
) ) )
$ & (

3! 5! 7!

70. e cos i sin   e e cos ( ) i sin ( ) cos i sin i i i) ) )œ � Ê œ œ � � � œ �) ) ) ) ) )
� Ð� Ñ

 (a) e e (cos i sin ) (cos i sin ) 2 cos   cos cosh ii i e e) )� œ � � � œ Ê œ œ� �
#) ) ) ) ) ) )

i i) )�

 (b) e e (cos i sin ) (cos i sin ) 2i sin   i sin sinh ii i e e
2

) )� œ � � � œ Ê œ œ� �
) ) ) ) ) ) )

i i) )�

71. e  sin x 1 x xx x x x x x x
! 3! 4! 3! 5! 7!œ � � � � �á � � � �áŠ ‹Š ‹# $ % $ & (

#

 (1)x (1)x x x x x x x x ;œ � � � � � � � � � � �á œ � � � �á# $ % & # $ &" " " " " " " " "
# # # #

ˆ ‰ ˆ ‰ ˆ ‰
6 6 6 1 0 1 4 3 30

 e e e e (cos x i sin x) e  cos x i e  sin x   e  sin x is the series of the imaginary partx ix 1 i x x x x x
† œ œ � œ � ÊÐ � Ñ a b

 of e  which we calculate next; e   1 (x ix)Ð � Ñ Ð � Ñ � � � �
#

1 i x 1 i x (x ix) (x ix) (x ix) (x ix)
n! ! 3! 4!œ œ � � � � � �á!_

œn 0

n # $ %

 1 x ix 2ix 2ix 2x 4x 4x 4ix 8ix   the imaginary partœ � � � � � � � � � � � � �á Ê" " " " "
#

# $ $ % & & '
! 3! 4! 5! 6!a b a b a b a b a b

 of e  is x x x x x x x x x x  in agreement with ourÐ � Ñ # $ & ' # $ & '
#

" " "1 i x 2 2 4 8
! 3! 5! 6! 3 30 90� � � � �á œ � � � � �á

 product calculation. The series for e sin x converges for all values of x.x

72. e e (cos bx i sin bx) ae (cos bx i sin bx) e ( b sin bx bi cos bx)d d
dx dx

a ib ax ax axˆ ‰ c dÐ � Ñ œ � œ � � � �

 ae (cos bx i sin bx) bie (cos bx i sin bx) ae ibe (a ib)eœ � � � œ � œ �ax ax a ib x a ib x a ib xÐ � Ñ Ð � Ñ Ð � Ñ
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73. (a) e e (cos i sin )(cos i sin ) (cos cos sin sin ) i(sin cos sin cos )i i) )" # œ � � œ � � �) ) ) ) ) ) ) ) ) ) ) )" " # # " # " # " # # "

 cos( ) i sin( ) eœ � � � œ) ) ) )" # " #
Ð � Ñi ) )" #

 (b) e cos( ) i sin( ) cos i sin (cos i sin )� � " "
� �

i cos i sin 
cos i sin cos i sin e

) ) )

) ) ) )
œ � � � œ � œ � œ œ) ) ) ) ) ) ˆ ‰

i)

74. e C iC e (cos bx i sin bx) C iCa bi a bi
a b a b

a bi x ax� �
� �

Ð � Ñ
" # " ## # # #� � œ � � �ˆ ‰

 (a cos bx ia sin bx ib cos bx b sin bx) C iCœ � � � � �e
a b

ax

# #� " #

 [(a cos bx b sin bx) (a sin bx b cos bx)i] C iCœ � � � � �e
a b

ax

# #� " #

 C iC ;œ � � �e (a cos bx b sin bx) ie (a sin bx b cos bx)
a b a b

ax ax� �
� �" ## # # #

 e e e e (cos bx i sin bx) e  cos bx ie  sin bx, so that givenÐ � Ña bi x ax ibx ax ax axœ œ � œ �

 e  dx e C iC  we conclude that e  cos bx dx C' 'Ð � Ñ Ð � Ñ�
� �" # "

�a bi x a bi x axa bi
a b a b

e (a cos bx b sin bx)œ � � œ �# # # #

ax

 and e  sin bx dx C' ax e (a sin bx b cos bx)
a bœ �

ax �
� ## #

CHAPTER 10 PRACTICE EXERCISES

 1. converges to 1, since  lim  a  lim  1 1
n nÄ _ Ä _n

( 1)
nœ � œŠ ‹� n

 2. converges to 0, since 0 a ,  lim  0 0,  lim   0 using the Sandwich Theorem for SequencesŸ Ÿ œ œn
2 2

n nÈ Èn nÄ _ Ä _

 3. converges to 1, since  lim  a  lim   lim  1 1� œ œ � œ �
n n nÄ _ Ä _ Ä _n

1 2
2

ˆ ‰ ˆ ‰� "
#

n

n n

 4. converges to 1, since  lim  a  lim  1 (0.9) 1 0 1
n nÄ _ Ä _n œ � œ � œc dn

 5. diverges, since sin 0 1 0 1 0 1˜ ™ e fn1
# œ ß ß ß� ß ß ßá

 6. converges to 0, since {sin n } {0 0 0 }1 œ ß ß ßá

 7. converges to 0, since  lim  a  lim   2  lim   0
n n nÄ _ Ä _ Ä _n

ln n
n 1œ œ œ

# Š ‹"n

 8. converges to 0, since  lim  a  lim    lim   0
n n nÄ _ Ä _ Ä _n

ln (2n )
n 1œ œ œ�" Š ‹2

2n 1�

 9. converges to 1, since  lim  a  lim   lim   1
n n nÄ _ Ä _ Ä _n

n ln n
n 1

1
œ œ œˆ ‰�

�Š ‹"n

10. converges to 0, since  lim  a  lim    lim    lim    lim   0
n n n n nÄ _ Ä _ Ä _ Ä _ Ä _n

ln 2n 1
n 1 6n n

12n 2œ œ œ œ œa b Š ‹$

#

�
6n

2n 1

#

$ �

11. converges to e , since  lim  a  lim   lim  1 e  by Theorem 5� �5 5
n

n n

n n nÄ _ Ä _ Ä _
œ œ � œˆ ‰ Š ‹n 5

n n
( 5)� �

12. converges to , since  lim  a  lim  1  lim    by Theorem 5" " " "
�e n en 1n n nÄ _ Ä _ Ä _

œ � œ œˆ ‰�n ˆ ‰"
n

n

13. converges to 3, since  lim  a  lim   lim   3 by Theorem 5
n n nÄ _ Ä _ Ä _n

3 3 3
n 1

1 n

nœ œ œ œˆ ‰n

1 n

Î
Î

14. converges to 1, since  lim  a  lim   lim   1 by Theorem 5
n n nÄ _ Ä _ Ä _n

3 3 1
n 1

1 n

nœ œ œ œˆ ‰ Î 1 n

1 n

Î

Î
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15. converges to ln 2, since  lim  a  lim  n 2 1  lim    lim    lim  2  ln 2
n n n n nÄ _ Ä _ Ä _ Ä _ Ä _n

2 1œ � œ œ œa b1 n 1 nÎ Î
1 nÎ �Š ‹"

� Î

#

�"
#n

2  ln 21 n

n

n

– —
Š ‹

Š ‹

 2 ln 2 ln 2œ œ!
†

16. converges to 1, since  lim  a  lim  2n 1  lim  exp  lim  exp e 1
n n n nÄ _ Ä _ Ä _ Ä _n

ln (2n 1)
n 1œ � œ œ œ œÈ Š ‹ Œ �n � !

2
2n 1�

17. diverges, since  lim  a  lim    lim  (n 1)
n n nÄ _ Ä _ Ä _n

(n 1)!
n!œ œ � œ _�

18. converges to 0, since  lim  a  lim   0 by Theorem 5
n nÄ _ Ä _n

( 4)
n!œ œ� n

19.   s"
� � # � � # � � �(2n 3)(2n 1) n 3 2n 1 3 5 5 7 n 3 2n 1 3 2n 1nœ � Ê œ � � � �á � � œ �

Š ‹ Š ‹ Š ‹ Š ‹ Š ‹ Š ‹ Š ‹ Š ‹ Š ‹ Š ‹" " " " " " " " " "

# # # # # # # # # #– — – — – —
   lim  s  lim  Ê œ � œ

n nÄ _ Ä _n 6 2n 1 6– —" "
�

Š ‹"
#

20.   s    lim  s� � � � �
� � # � # �
2 2 2 2 2 2 2 2 2 2 2

n(n 1) n n 1 3 3 4 n n 1 n 1n nœ � Ê œ � � � �á � � œ � � Êˆ ‰ ˆ ‰ ˆ ‰
n Ä _

  lim  1 1œ � � œ �
n Ä _

ˆ ‰2
n 1�

21.   s9 3 3 3 3 3 3 3 3 3 3
(3n 1)(3n 2) 3n 1 3n 2 5 5 8 8 11 3n 1 3n 2n� � � � # � �œ � Ê œ � � � � � �á � �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰

    lim  s  lim  œ � Ê œ � œ3 3 3 3 3
3n 3n 2n# �# # � #n nÄ _ Ä _

ˆ ‰
22.   s� � � � � �

� � � � � �
8 2 2 2 2 2 2 2 2 2 2

(4n 3)(4n 1) 4n 3 4n 1 9 13 13 17 17 21 4n 3 4n 1œ � Ê œ � � � � � �á � �n ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰
    lim  s  lim  œ � � Ê œ � � œ �2 2 2 2 2

9 4n 1 9 4n 1 9� �n nÄ _ Ä _n ˆ ‰
23.  e   , a convergent geometric series with r  and a 1  the sum is ! !_ _

œ œn 0 n 0

� " " "

� �
n

e e e 11

eœ œ œ Ê œn Š ‹"e

24.  ( 1)   a convergent geometric series with r  and a   the sum is! ! ˆ ‰ ˆ ‰_ _

œ œn 1 n 0
� œ � œ � œ Ên n3 3 3

4 4 4 4 4n
�" " �

 
ˆ ‰ˆ ‰�

�

3
4

41
3
5�" œ �

25. diverges, a p-series with p œ "
#

26.   5   , diverges since it is a nonzero multiple of the divergent harmonic series! !_ _

œ œn 1 n 1

� "5
n nœ �

27. Since f(x)   f (x) 0  f(x) is decreasing  a a , and  lim  a  lim   0, thenœ Ê œ � � Ê Ê � œ œ
Ä _

" "w
# �x x n 1 n n

1
n"Î# $Î# n Ä _ È

 series   converges by the Alternating Series Test.  Since  diverges, the given series converges conditional! !_ _

œ œn 1 n 1

( )
n n

�" "nÈ È ly.

28. converges absolutely by the Direct Comparison Test since  for n 1, which is the nth term of a convergent" "
#n n$ $�  

 p-series
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29. The given series does not converge absolutely by the Direct Comparison Test since , which is" "
� �ln (n 1) n 1�

 the nth term of a divergent series.  Since f(x)   f (x) 0 f(x) is decreasingœ Ê œ � � Ê" "
� � �

w
ln (x 1) (ln (x 1)) (x 1)#

 a a , and  lim  a  lim   0, the given series converges conditionally by the AlternatingÊ � œ œn 1 n ln (n 1)�
"
�n nÄ _ Ä _n

 Series Test.

30.   dx  lim    dx  lim  (ln x)   lim    the series' '
2 2

b b

2

_

" " " " "�"
#x(ln x) x(ln x) ln b ln 2 ln # #œ œ � œ � � œ Ê

b b bÄ _ Ä _ Ä _
c d ˆ ‰

 converges absolutely by the Integral Test

31. converges absolutely by the Direct Comparison Test since , the nth term of a convergent p-seriesln n n
n n n$ $ #� œ "

32. diverges by the Direct Comparison Test for e n  ln e ln n  n ln n  ln n ln (ln n)n n n nn n
� Ê � Ê � Ê �ˆ ‰

  n ln n ln (ln n)  , the nth term of the divergent harmonic seriesÊ � Ê �ln n
ln (ln n) n

"

33.  lim    lim   1 1  converges absolutely by the Limit Comparison Test
n nÄ _ Ä _

Š ‹
Š ‹

"

# �

"

#

n n 1

n

È
œ œ œ ÊÉ Èn

n 1
#

# �

34.  Since f(x)   f (x) 0 when x 2  a a  for n 2 and  lim   0, theœ Ê œ �   Ê �   œ3x 3n
x 1 n 1

3x 2 x
x 1 n 1 n

# #

$ $

$

$ #� �
w �

� �
a ba b n Ä _

 series converges by the Alternating Series Test.  The series does not converge absolutely:  By the Limit

 Comparison Test,  lim     lim   3.   Therefore the convergence is conditional.
n nÄ _ Ä _

Š ‹
ˆ ‰
3n

n   1

n

#

$ �

" œ œ3n
n 1

$

$ �

35. converges absolutely by the Ratio Test since  lim   lim   0 1
n nÄ _ Ä _

’ “n 2 n! n 2
(n 1)! n 1 (n 1)

� �
� � �† œ œ �#

36. diverges since  lim  a  lim    does not exist
n nÄ _ Ä _n

( ) n 1
2n n 1œ �" �

� �

n a b#

#

37. converges absolutely by the Ratio Test since  lim   lim   0 1
n nÄ _ Ä _

’ “3 n! 3
(n 1)! 3 n 1

n 1

n

�

� �† œ œ �

38. converges absolutely by the Root Test since  lim  a  lim   lim   0 1
n n nÄ _ Ä _ Ä _

È Én n n n

nn œ œ œ �2 3 6
n n

39. converges absolutely by the Limit Comparison Test since  lim    lim   1
n nÄ _ Ä _

Š ‹
Š ‹

"

$Î#

"
� �

n

n(n 1)(n 2)È

œ œÉ n(n 1)(n 2)
n

� �
$

40. converges absolutely by the Limit Comparison Test since  lim    lim   1
n nÄ _ Ä _

Š ‹
Š ‹

"

#

"

# �

n

n n 1È

œ œÉ n n 1
n

# #

%

a b�

41.  lim   1   lim   1    lim  1  1
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ ˆ ‰u
u (n 1)3 (x 4) 3 n 1 3

(x 4) n3 nx 4 x 4n 1

n

n 1

n 1 n

n
�

�

�� Ê � Ê � Ê ��
� � �

� �
†

k k k k

  x 4 3  3 x 4 3  7 x 1; at x 7 we have  , the alternatingÊ � � Ê � � � � Ê � � � � œ � œk k ! !_ _

œ œn 1 n 1

( 1) 3 ( )
n3 n

� �"n n n

n

 harmonic series, which converges conditionally; at x 1 we have   , the divergent harmonic seriesœ � œ! !_ _

œ œn 1 n 1

3
n3 n

n

n
"

 (a) the radius is 3; the interval of convergence is 7 x 1� Ÿ � �

 (b) the interval of absolute convergence is 7 x 1� � � �

 (c) the series converges conditionally at x 7œ �
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42.  lim   1   lim   1  (x 1)   lim   0 1, which holds for all x
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹u
u (2n 1)! (x 1) ( n)(2n 1)

(x 1) (2n 1)!n 1

n

� � Ê � Ê � œ �� �
� � # �

# "2n

2n 2†

�

 (a) the radius is ; the series converges for all x_

 (b) the series converges absolutely for all x
 (c) there are no values for which the series converges conditionally

43.  lim   1   lim   1  3x 1   lim   1  3x 1 1
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ k k k ku
u (n 1) (3x 1) (n 1)

(3x 1) n nn 1

n

n 1

n
�

�

# #

# #

� Ê � Ê � � Ê � ��
� � �†

  1 3x 1 1  0 3x 2  0 x ; at x 0 we have Ê � � � � Ê � � Ê � � œ œ2
3 n n

( 1) ( 1) ( )! !_ _

œ œn 1 n 1

� � �"n 1 n 2n 1� �

# #

  , a nonzero constant multiple of a convergent p-series, which is absolutely convergent; at x  weœ � œ!_
œn 1

"
n 3

2
#

 have  , which converges absolutely! !_ _

œ œn 1 n 1

( 1) (1) ( )
n n

� �"n 1 n n 1� �

# #œ

 (a) the radius is ; the interval of convergence is 0 x"
3 3

2Ÿ Ÿ

 (b) the interval of absolute convergence is 0 xŸ Ÿ 2
3

 (c) there are no values for which the series converges conditionally

44.  lim   1   lim   1    lim  1
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ ¸ ¸u
u 2n 3 2 n 1 (2x 1) 2 2n 3 n 1

n 2 2n 1 2 n 2 2n(2x 1) 2x 1n 1

n

n 1

n 1 n

n
�

�

�� Ê � Ê �� � � �"
� � � � �

� �
† † † †

k k
  (1) 1  2x 1 2  2 2x 1 2  3 2x 1  x ; at x  we haveÊ � Ê � � Ê � � � � Ê � � � Ê � � � œ �k k2x 1 3 3�

# # # #
"k k

   which diverges by the nth-Term Test for Divergence since! !_ _

œ œn 1 n 1

n 1
2n 1 2n 1

( 2) ( ) (n 1)�
� # �

� �" �
†

n n

n œ

  lim  0; at x  we have , which diverges by the nth-Term Test
n Ä _

ˆ ‰ ! !n 1 n 1 2 n
2n 1 2n 1 2n 1
� " " � �"
� # # � # �œ Á œ œ

_ _

œ œn 1 n 1
†

n

n

 (a) the radius is 1; the interval of convergence is x� � �3
# #

"

 (b) the interval of absolute convergence is x� � �3
# #

"

 (c) there are no values for which the series converges conditionally

45.  lim   1   lim   1  x   lim  1    lim  1
n n n nÄ _ Ä _ Ä _ Ä _

¹ ¹ ¹ ¹ k k ¸ ¸ ˆ ‰ˆ ‰ ˆ ‰u
u (n 1) x n 1 n 1 e n 1

x n n n xn 1

n

n 1 n

n 1 n
�

�

�� Ê � Ê � Ê �� � � �
" "

†

k k
  0 1, which holds for all xÊ �k kx

e †

 (a) the radius is ; the series converges for all x_

 (b) the series converges absolutely for all x
 (c) there are no values for which the series converges conditionally

46.  lim   1   lim   1  x   lim  1  x 1; when x 1 we have
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ k k k kÉu
u x n 1

x n
n 1

nn 1

n

n 1

n
�

�

� Ê � Ê � Ê � œ �È È
� �†

 , which converges by the Alternating Series Test; when x 1 we have   , a divergent p-series! !_

œn 1

( 1)
n n

� "nÈ Èœ
_

œn 1

 (a) the radius is 1; the interval of convergence is 1 x 1� Ÿ �

 (b) the interval of absolute convergence is 1 x 1� � �

 (c) the series converges conditionally at x 1œ �

47.  lim   1   lim   1    lim  1  3 x 3;
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ ˆ ‰ È Èu
u 3 (n 1)x 3 n 1

(n 2)x 3 x n 2n 1

n

2n 1

n 1 2n 1

n
�

�

� �

#

� Ê � Ê � Ê � � ��
� �

�
†

 the series  and  , obtained with x 3, both diverge! ! È_ _

œ œn 1 n 1
� œ „n 1 n 1

3 3
� �È È

 (a) the radius is 3; the interval of convergence is 3 x 3È È È� � �

 (b) the interval of absolute convergence is 3 x 3� � �È È
 (c) there are no values for which the series converges conditionally
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48.  lim   1   lim   1  (x 1)   lim  1  (x 1) (1) 1
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ ˆ ‰u
u 2n 3 (x 1) 2n 3

(x 1)x 2n 1 2n 1n 1

n

2n 3

2n 1
�

�

�� Ê � Ê � � Ê � ��
� � �

� �# #
†

  (x 1) 1  x 1 1  1 x 1 1  0 x 2; at x 0 we have Ê � � Ê � � Ê � � � � Ê � � œ# � �
# �k k !_

œn 1

( 1) ( 1)
n 1

n 2n 1�

   which converges conditionally by the Alternating Series Test and the factœ œ! !_ _

œ œn 1 n 1

( 1) ( 1)
2n 1 2n 1
� �

� �

3n 1� n 1�

 that   diverges; at x 2 we have   , which also converges conditionally! ! !_ _ _

œ œ œn 1 n 1 n 1

"
� � �

� �
2n 1 2n 1 2n 1

( 1) (1) ( 1)œ œ
n 2n 1 n�

 (a) the radius is 1; the interval of convergence is 0 x 2Ÿ Ÿ

 (b) the interval of absolute convergence is 0 x 2� �

 (c) the series converges conditionally at x 0 and x 2œ œ

49.  lim   1   lim   1  x   lim   1
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ k k » »u
u csch (n)x

csch (n 1)xn 1

n

n 1

n
�

�

� Ê � Ê ��
Š ‹

ˆ ‰
2

e en 1 n 1

2
e en n

� � ��

� �

  x   lim   1  1  e x e; the series e  csch n, obtained with x e,Ê � Ê � Ê � � � „ œ „k k a b¹ ¹ !
n Ä _

e e
1 e e

x n�" � �

� �

�
�

2n 1

2n 2
k k _

œn 1

 both diverge since  lim  e)  csch n 0
n Ä _

a„ Án

 (a) the radius is e; the interval of convergence is e x e� � �

 (b) the interval of absolute convergence is e x e� � �

 (c) there are no values for which the series converges conditionally

50.  lim   1   lim   1  x   lim   1  x 1
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ ¹ ¹k k k ku
u x  coth (n) 1 e 1 e

x  coth (n 1) 1 e 1 en 1

n

n 1

n 2n 2 2n

2n 2 2n
�

� � � �

� � �� Ê � Ê � Ê �� � �
� �†

  1 x 1; the series 1  coth n, obtained with x 1, both diverge since  lim  1  coth n 0Ê � � � „ œ „ „ Á!a b a b_

œn 1

n n
n Ä _

 (a) the radius is 1; the interval of convergence is 1 x 1� � �

 (b) the interval of absolute convergence is 1 x 1� � �

 (c) there are no values for which the series converges  conditionally

51. The given series has the form 1 x x x ( x) , where x ; the sum is � � � �á � � �á œ œ œ# $ " " "
� �

n
1 x 4 51

4ˆ ‰"
4

52. The given series has the form x ( 1)  ln (1 x), where x ; the sum is� � �á � � �á œ � œx x x 2
3 n 3

n 1# $

#
� n

 ln 0.510825624ˆ ‰5
3 ¸

53. The given series has the form x ( 1)  sin x, where x ; the sum is sin 0� � �á � � �á œ œ œx x x
3! 5! (2n 1)!

n$ & �2n 1

� 1 1

54. The given series has the form 1 ( 1)  cos x, where x ; the sum is cos � � �á � � �á œ œ œx x x
2! 4! (2n)! 3 3

n# % 2n
1 1 "

#

55. The given series has the form 1 x e , where x ln 2; the sum is e 2� � � �á � �á œ œ œx x x
2! 3! n!

x ln 2# # n Ð Ñ

56. The given series has the form x ( 1)  tan x, where x ; the sum is� � �á � � �á œ œx x x
3 5 (2n 1)

n
3

$ & �2n 1

�
�" "È

 tan�" "Š ‹È3 6œ 1

57. Consider  as the sum of a convergent geometric series with a 1 and r 2x  " "
� �1 2x 1 2xœ œ Ê

 1 (2x) (2x) (2x)  (2x)  2 x  where 2x 1  xœ � � � �á œ œ � Ê �# $ "
#

! ! k k k k_ _

œ œn 0 n 0

n n n
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58. Consider  as the sum of a convergent geometric series with a 1 and r x   " " "
� � � �

$
1 x 1 x 1 x$ $ $œ œ � Ê œ a b

 1 x x x  ( 1) x  where x 1  x 1 x 1œ � � � � � � �á œ � � � Ê � Ê �a b a b a b k k k k k k!$ $ $ $ $# $
_

œn 0

n 3n

59. sin x    sin x   œ Ê œ œ! ! !_ _ _

œ œ œn 0 n 0 n 0

( 1) x ( 1) ( x) ( 1) x
(2n 1)! (2n 1)! ( n 1)!
� � �

� � # �

n 2n 1 n 2n 1 n 2n 1 2n 1� � � �

1
1 1

60. sin x     sin   œ Ê œ œ! ! !_ _ _

œ œ œn 0 n 0 n 0

( 1) x ( 1) 2 x
(2n 1)! 3 (2n 1)! 3 ( n 1)!

2x ( 1)� �
� � # �

�n 2n 1 n 2n 1 2n 1
n

2n 1

2n 1

� � �

�

�

Š ‹2x
3

61. cos x    cos x   œ Ê œ œ! ! !ˆ ‰_ _ _

œ œ œn 0 n 0 n 0

( 1) x ( 1) x
(2n)! (2n)! ( n)!

5 3 ( 1) x� �Î �

#

n 2n n 10n 3n 5 3 2nˆ ‰Î Î

62. cos x    cos   œ Ê œ œ! ! !Š ‹_ _ _

œ œ œn 0 n 0 n 0

( 1) x ( 1) x
(2n)! (2n)! 5 ( n)!

x
5

( 1)� ��

#

n 2n n 6n3
n x3

5

2n

nÈ
Š ‹È

63. e     e    x x 2x x
n! n! n!

n 0
œ Ê œ œ! ! !_ _

œ œn 0 n 0

n n nx n

n
Ð Î Ñ

_

œ
#

1 1
ˆ ‰1

#

64. e     e    x xx
n! n! n!

x ( 1) xœ Ê œ œ! ! !_ _ _

œ œ œn 0 n 0 n 0

n n n 2n
� � �# #a b

65. f(x) 3 x 3 x   f (x) x 3 x   f (x) x 3 x 3 xœ � œ � Ê œ � Ê œ � � � �È a b a b a b a b# # w # ww # # #"Î# �"Î# �$Î# �"Î#

  f (x) 3x 3 x 3x 3 x ; f( 1) 2, f ( 1) ,  f ( 1) ,Ê œ � � � � œ � œ � � œ � � œwww $ # # w ww�&Î# �$Î# " " "
# #a b a b 8 8

3

  f ( 1)   3 x 2www # � � �� œ � � œ Ê � œ � � � �á3 3 9
32 8 32 2 1! 2 2! 2 3!

(x 1) 3(x 1) 9(x 1)È
† † †

# $

$ &

66. f(x) (1 x)   f (x) (1 x)    f (x) 2(1 x)  f (x) 6(1 x) ;  f(2) 1, f (2) 1,œ œ � Ê œ � Ê œ � Ê œ � œ � œ"
�

�" w �# ww �$ www �% w
1 x

  f (2) 2, f (2) 6  1 (x 2) (x 2) (x 2)ww www # $"
�œ � œ Ê œ � � � � � � � �á1 x

67. f(x) (x 1)   f (x) (x 1)    f (x) 2(x 1)   f (x) 6(x 1) ;  f(3) ,œ œ � Ê œ � � Ê œ � Ê œ � � œ" "
�

�" w �# ww �$ www �%
x 1 4

 f (3) ,  f (3) , f (2)   (x 3) (x 3) (x 3)w ww www # $" � " " " " "
�œ � œ œ Ê œ � � � � � � �á4 4 x 1 4 4 4

2 6
4 4# $ # $% %

68. f(x) x   f (x) x    f (x) 2x   f (x) 6x ;  f(a) , f (a) ,  f (a) ,œ œ Ê œ � Ê œ Ê œ � œ œ � œ" " "�" w �# ww �$ www �% w ww
x a a a

2
# $

 f (a)   (x a) (x a) (x a)www # $� " " " " "œ Ê œ � � � � � � �á6
a ax a a a% %# $

69. exp x  dx 1 x  dx x' '
0 0

1 2 1 2Î Îa b Š ‹ ’ “� œ � � � � �á œ � � � � �á$ $
"Î#

!

x x x x x x x
2! 3! 4! 4 7 2! 10 3! 13 4!

' * "# % ( "! "$

† † †

 0.484917143¸ � � � � � ¸" " " " " "
# # #% ( "! "$ "'

† † † † † † † † †4 7 2! 2 10 3! 2 13 4! 2 16 5!

70. x sin x  dx x x  dx x  dx' ' '
0 0 0

1 1 1a b Š ‹ Š ‹$ $ %œ � � � � �á œ � � � � �áx x x x x x x x
3! 5! 7! 9! 3! 5! 7! 9!

* "& #" #( "! "' ## #)

 0.185330149œ � � � � �á ¸’ “x x x x x
5 11 3! 17 5! 23 7! 29 9!

& "" "( #$ #*

† † † †

"

!

71.   dx 1  dx x' '
1 1

1 2 1 2Î Î
tan x x x x x x x x x x x

x 3 5 7 9 11 9 25 49 81 121

�" # % ' ) "! $ & ( * ""

œ � � � � � �á œ � � � � � �áŠ ‹ ’ “ "Î#

!

 0.4872223583¸ � � � � � � � � � � ¸" " " " " " " " " " "
# # # ## #9 2 5 9 2 11 2 13 2 15 2 19 217 17† † † † † † † †† †

$ # & # * # "" # "$ # "& # "* # #"# ( # "(
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72.   dx  x  dx x x x x  dx' ' '
0 0 0

1 64 1 64 1 64Î Î Î
tan x x x x

x x 3 5 7 3 5 7

�" $ & (È Èœ � � � �á œ � � � �á" " " ""Î# &Î# *Î# "$Î#Š ‹ ˆ ‰
 x x x x 0.0013020379œ � � � �á œ � � � �á ¸� ‘ ˆ ‰2 2 2 2 2 2 2 2

3 1 55 105 3 8 55 8 105 821 8
$Î# (Î# ""Î# "&Î#

#

"Î'%

! † † ††

$ "" "&(

73.  lim    lim    lim   
x 0 x 0 x 0Ä Ä Ä

7 sin x 7
e 12x � #œ œ œ

7 x 7 1

2x 2

Š ‹ Š ‹
Š ‹ Š ‹

� � �á � � �á

� � �á � � �á

x x x x
3! 5! 3! 5!

2 x 2 x 2 x 2 x
2! 3! ! 3!

$ & # %

# # $ $ # $ #

#

74.  lim    lim    lim   
) ) )Ä Ä Ä0 0 0

e e 2
sin 

) )� �
�

�

)

) )
œ œ

Š ‹ Š ‹ Š ‹
Š ‹ Š ‹

1 1 2 2� � � �á � � � � �á � � �á

� � � �á �

) ) )

) )

) ) ) ) ) )

) ) ) )

# $ # $ $ &

# #

$ & $ &

! 3! ! 3! 3! 5!

3! 5! 3! 5! �á

  lim   2œ œ
) Ä 0

2Š ‹
Š ‹

"
#

" #

3! 5!

3! 5!

� �á

� �á

)

)

75.  lim   lim    lim    lim   
t 0 t 0 t 0 t 0Ä Ä Ä Ä

ˆ ‰" " � �
#� �

� �

2 cos t t 2t (1 cos t)
t 2 2 cos t

t 2 2 2

2t
� œ œ œ# #

#

#

#

Œ � Œ �
Š ‹

1

1 1

� � �á

� � � �á

t t t
4! 4!

t t
4!

# % %

#

# %

#

� �á

� �á

t
6!

2t
4!

'

%
'Š ‹t

  lim   œ œ
t 0Ä

2

1

Š ‹
Š ‹

"
#

#

4! 6!
t

2t
4!

� �á

� �á1
"
#

76.  lim    lim   
h 0 h 0Ä Ä

Š ‹ Œ � Œ �sin h
h

h h h h
3! 5! ! 4!� �cos h

h h# #œ
1 1� � �á � � �á

# % # %

#

  lim    lim   œ œ � � � � � �á œ
h 0 h 0Ä Ä

Œ �h h h h h h
! 3! 5! 4! 6! 7!

# # % % ' '

#
� � � � � �á

h ! 3! 5! 4! 6! 7! 3
h h h h

#

# # % %Š ‹" " "
#

77.  lim    lim    lim   
z 0 z 0 z 0Ä Ä Ä

"�
� �

� � �

�

cos z
ln (1 z) sin z

1 1 z z

z z

#

# #

œ œ
Š ‹ Š ‹

Š ‹ Š ‹ Š ‹
z z
3 3

z z z z z 2z z
3 3! 5! 3 4

% %

# $ $ & # $ %

# #

�á � �á

� � �á � � � �á � � � �á

  lim   2œ œ �
z 0Ä

Š ‹
Š ‹

1� �á

� � � �á

z
3

2z z
3 4

#

"

#

#

78.  lim    lim    lim   
y 0 y 0 y 0Ä Ä Ä

y y y
cos y cosh y

1 1

# # #

�
� � �

œ œŒ � Œ � Œ �y y y y y y 2y 2y
4! 6! ! 4! 6! 6!

# % ' # % ' # '

# # #
� � �á � � �á � � �á

  lim   1œ œ �
y 0Ä

"

� � �áŒ �1 2y
6!

%

79.  lim  s  lim  s  lim  s 0
x 0 x 0 x 0Ä Ä Ä

ˆ ‰ – — Š ‹sin 3x r r 3 9 81x r
x x x x x 40 x

3x
$ # $ # # #

$ &

#

� � œ � � œ � � �á � � œ
Š ‹� � �á

#

(3x) (3x)
6 120

  0 and s 0  r 3 and sÊ � œ � œ Ê œ � œr 3 9 9
x x# # # #

80. The approximation sin x  is better than sin x x.¸ ¸6x
6 x� #
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81.  lim   1  x   lim   1  x
n nÄ _ Ä _

¹ ¹ k k k k¸ ¸2 5 8 (3n 1)(3n 2)x 2 4 6 (2n)
4 6 (2n)(2n 2) 5 8 (3n 1)x 2n 2 3

3n 2 2† † † †

† † † †

â � � â
# â � # â � �

�n 1

n

�

† � Ê � Ê �

  the radius of convergence is Ê 2
3

82.  lim   1  x   lim   1  x
n nÄ _ Ä _

¹ ¹ k k k k¸ ¸3 5 7 (2n 1)(2n 3)(x 1) 4 9 14 (5n 1)
4 9 14 (5n 1)(5n 4) 3 5 7 (2n 1)x 5n 4 2

2n 3 5† † † †

† † † †

â � � � â �
â � � â � �

�n 1

n

�

† � Ê � Ê �

  the radius of convergence is Ê 5
2

83.  ln 1  ln 1 ln 1  ln (k 1) ln k ln (k 1) ln k! ! !ˆ ‰ � ‘ˆ ‰ ˆ ‰ c dn n n

k 2 k 2 k 2œ œ œ

� œ � � � œ � � � � �" " "
k k k#

 ln 3 ln 2 ln 1 ln 2 ln 4 ln 3 ln 2 ln 3 ln 5 ln 4 ln 3 ln 4 ln 6 ln 5 ln 4 ln 5œ � � � � � � � � � � � � � � �c d c d c d c d
 ln (n 1) ln n ln (n 1) ln n ln 1 ln 2 ln (n 1) ln n  after cancellation�á � � � � � � œ � � � �c d c d c d
  ln 1 ln    ln 1  lim  ln ln  is the sumÊ � œ Ê � œ œ! !ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰n

k 2 k 2œ œ

" � " � "
#k 2n k 2n

n 1 n 1
# #

_

n Ä _

84.  -  ! !ˆ ‰ �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰n n

k 2 k 2œ œ

" " " " " " " " " " " " " "
� # � � # # �#k 1 k 1 k 1 1 3 4 3 5 4 6 n n

1
# œ � œ � � � � � � � �á � �

 � � œ � � � œ � � œ œ‘ ˆ ‰ ˆ ‰ˆ ‰ ’ “" " " " " " " " " " " � �
� � # # � # # � # � �

� � � �
n 1 n 1 1 n n 1 n n 1 2n(n 1) 4n(n 1)

3 3n n 23n(n 1) 2(n 1) 2n #

    lim  Ê œ � � œ! ˆ ‰_

k 2œ

" "
� # �k 1 2 n n 1 4

3 1 1 3
# n Ä _

85. (a)  lim   1  x   lim   
n nÄ _ Ä _

¹ ¹ k k1 4 7 (3n 2)(3n 1)x (3n)! (3n )
(3n 3)! 1 4 7 (3n 2)x (3n 1)(3n 2)(3n 3)

† †

† †

â � � �"
� â � � � �

$
3n 3

3n

�

† � Ê

 x 0 1  the radius of convergence is œ � Ê _k k$ †

 (b) y 1  x    xœ � Ê œ! !_ _

œ œn 1 n 1

1 4 7 (3n 2) dy 1 4 7 (3n 2)
(3n)! dx (3n 1)!

† † † †â � â �
�

3n 3n 1�

   x x  xÊ œ œ �d y 1 4 7 (3n 2) 1 4 7 (3n 5)
dx (3n 2)! (3n 3)!

#

#
! !_ _

œ œn 1 n 2

† † † †â � â �
� �

3n 2 3n 2� �

 x 1  x xy 0  a 1 and b 0œ � œ � Ê œ œŒ �!_
œn 1

1 4 7 (3n 2)
(3n)!

† † â � 3n

86. (a) x x ( x) x ( x) x ( x) x x x x  ( 1) x  whichx x
1 x 1 ( x)

n n# #

� � �
# # # # # $ # $ % &œ œ � � � � � � �á œ � � � �á œ �!_

œn 2

 converges absolutely for x 1k k �
 (b) x 1   ( 1) x  ( 1)  which divergesœ Ê � œ �! !_ _

œ œn 2 n 2

n n n

87. Yes, the series  a b  converges as we now show.  Since a  converges it follows that a   0  a 1! !_ _

œ œn 1 n 1
n n n n nÄ Ê �

 for n some index N  a b b  for n N  a b  converges by the Direct Comparison Test with   b� Ê � � Ên n n n n n! !_ _

œ œn 1 n 1

88. No, the series a b  might diverge (as it would if a  and b  both equaled n) or it might converge (as it would if!_
œn 1

n n n n

 a  and b  both equaled ).n n n
"

89. (x x )  lim   (x x )  lim  (x x )  lim  (x ) x   both the series and! !_ _

œ œn 1 1
n 1 n k 1 k n 1 n 1� � � " � "� œ � œ � œ � Ê

n n nÄ _ Ä _ Ä _
k

 sequence must either converge or diverge.
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90. It converges by the Limit Comparison Test since  lim    lim   1 because a  converges
n nÄ _ Ä _

Š ‹an
1 an

n

�

a œ œ"
�1 a n

n
!_
œn 1

 and so a 0.n Ä

91.  a a a a a! ˆ ‰ ˆ ‰ ˆ ‰_

œn 1

a
n 3 4 3 4 5 6 7 8

a a an œ � � � �á   � � � � � � �" " # % )# #
" " " " " " "# $ %

 a (a a a a ) which is a divergent series� � � �á � �á   � � � �áˆ ‰" " " " "
"' # % ) "'#9 10 11 16

92. a  for n 2  a a a , and n ln n ln ln 4 ln 8 ln  ln 2 3 ln 2œ   Ê       á � � �á œ � � �á" " " " " " "
# $ % # # #

 1  which diverges so that 1   diverges by the Integral Test.œ � � �á �" " " "
# #ln 3 n ln n
ˆ ‰ !_

œn 2

CHAPTER 10 ADDITIONAL AND ADVANCED EXERCISES

 1. converges since  and  converges by the Limit Comparison Test:" " "
�# � �(3n ) (3n 2) (3n 2)Ð � ÑÎ $Î# $Î#2n 1 2 � !_

œn 1

  lim    lim  3
n nÄ _ Ä _

Š ‹
Š ‹

"

$Î#

"

� $Î#

n

(3n 2)

œ œˆ ‰3n 2
n
� $Î# $Î#

 2. converges by the Integral Test:  tan x   lim   lim  '
1

b_

"

a b ’ “ ’ “�" #

�
dx

x 1 3 3 192
tan x tan b

#

�" �"$ $
$

œ œ �
b bÄ _ Ä _

a b a b 1

 œ � œŠ ‹1 1 1
$ $ $

24 192 192
7

 3. diverges by the nth-Term Test since  lim  a  lim  ( 1)  tanh n  lim  ( 1)  lim  ( 1)
n n nbÄ _ Ä _ Ä _Ä _

n
n n n1 e

1 eœ � œ � œ �Š ‹�
�

�

�

2n

2n

 does not exist

 4. converges by the Direct Comparison Test:  n! n   ln (n!) n ln (n)  n� Ê � Ê �n ln (n!)
ln (n)

  log (n!) n  , which is the nth-term of a convergent p-seriesÊ � Ê �n
log (n!)

n n
n
$ #

"

 5. converges by the Direct Comparison Test:  a 1 , a , a" # $œ œ œ œ œ12 1 2 12 2 3 1 2
(1)(3)(2) 3 4 (2)(4)(3) 4 5 3 4# #

† † †

† † †

ˆ ‰ ˆ ‰
 , a ,   1   represents theœ œ œ á Ê �12 3 4 2 3 1 2 2 12

(3)(5)(4) 5 6 4 5 3 4 (4)(6)(5) (n 1)(n 3)(n 2)# # #%
"

� � �
ˆ ‰ ˆ ‰ ˆ ‰ !† † †

† † †

_

œn 1

 given series and , which is the nth-term of a convergent p-series12 12
(n 1)(n 3)(n 2) n� � � # %�

 6. converges by the Ratio Test:   lim    lim   0 1
n nÄ _ Ä _

a
a (n 1)(n 1)

nn 1

n

� œ œ �� �

 7. diverges by the nth-Term Test since if a   L as n  , then L   L L 1 0  L 0n 1 L
1 5Ä Ä _ œ Ê � � œ Ê œ Á"

� #
# � „È

 8. Split the given series into   and ; the first subseries is a convergent geometric series and the! !_ _

œ œn 1 n 1

"
3 3

2n
2n 1 2n�

 second converges by the Root Test:   lim   lim   1
n nÄ _ Ä _

Én
2n

n n2n 1
3 9 9 9

2 n
œ œ œ �

È È " "†

 9. f(x) cos x with a   f 0.5, f , f 0.5, f , f 0.5;œ œ Ê œ œ � œ � œ œ1 1 1 1 1 1

3 3 3 3 3 3
3 3ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰w www

# #
wwÈ È

Ð Ñ4

 cos x x x xœ � � � � � � �á" "
# # #

# $È È3 3
3 4 3 1 3

ˆ ‰ ˆ ‰ ˆ ‰1 1 1
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10. f(x) sin x with a 2   f(2 ) 0, f (2 ) 1, f (2 ) 0, f (2 ) 1, f (2 ) 0, f (2 ) 1,œ œ Ê œ œ œ œ � œ œ1 1 1 1 1 1 1
w wwwww Ð Ñ Ð Ñ4 5

 f (2 ) 0, f (2 ) 1; sin x (x 2 )Ð Ñ Ð Ñ6 7
1 1 1œ œ � œ � � � � �á(x 2 ) (x 2 ) (x 2 )

3! 5! 7!
� � �1 1 1

$ & (

11. e 1 x  with a 0x œ � � � �á œx x
! 3!

# $

#

12. f(x) ln x with a 1  f(1) 0, f (1) 1,  f (1) 1,f (1) 2, f (1) 6;œ œ Ê œ œ œ � œ œ �w wwwww Ð Ñ4

 ln x (x 1)œ � � � � �á(x 1) (x 1) (x 1)
3 4

� � �
#

# $ %

13. f(x) cos x with a 22   f(22 ) 1, f (22 ) 0,  f (22 ) 1, f (22 ) 0, f (22 ) ,œ œ Ê œ œ œ � œ œ "1 1 1 1 1 1
w wwwww Ð Ñ4

 f (22 ) 0, f (22 ) 1; cos x 1 (x 22 ) (x 22 ) (x 22 )Ð Ñ Ð Ñ5 6
1 1 1 1 1œ œ � œ � � � � � � �á" " "

#
# % '

4! 6!

14. f(x) tan x with a 1  f(1) , f (1) ,  f (1) , f (1) ;œ œ Ê œ œ œ � œ�" w www" " "
# # #

ww1

4

 tan x�" � � �œ � � � �á1

4 2 4 12
(x 1) (x 1) (x 1)# $

15. Yes, the sequence converges:  c a b   c b 1   lim  c ln bn œ � Ê œ � Ê œ �a b ˆ ‰ˆ ‰n n 1 n
n n

a
b n

n 1 n

n

ln 1Î Î

Ä_

�

n Ä _
lim

ˆ ‰ˆ ‰a
b

n

 ln b ln b ln b since 0 a b. Thus,  lim  c e b.œ � œ � œ � � œ œlim
n

ln 0 ln 

1 0 1 n
ln b

Ä_ �

†

�

ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰
a a a
b b b

n

a
b

n n Ä _

16. 1 1  � � � � � � �á œ � � �2 3 7 2 3 7 2 3 7
10 10 10 10 10 10 10 1010# $ & ' � �%

! ! !_ _ _

œ œ œn 1 n 1 n 1
3n 2 3n 1 3n

 1     1œ � � � œ � � �! ! !_ _ _

œ œ œn 0 n 0 n 0

2 3 7
10 10 10 1 1 1

3n 1 3n 2 3n 3

2
10

10 10 10

3 7
10 10

� � � " " "$ $ $

# $ˆ ‰
ˆ ‰ ˆ ‰ ˆ ‰

Š ‹ Š ‹
� � �

 1œ � � � œ œ200 30 7 999 237 412
999 999 999 999 333

�

17. s     s    sn n n
dx dx dx dx dx

1 x 1 x 1 x 1 x 1 xœ Ê œ � �á � Ê œ!n 1

k 0

�

œ

' ' ' ' '
k 0 1 n 1 0

k 1 1 2 n n�

�� � � � �# # # # #

   lim  s  lim  tan n tan 0Ê œ � œ
n nÄ _ Ä _n a b�" �"

#
1

18.  lim    lim    lim   1
n n nÄ _ Ä _ Ä _

¹ ¹ ¹ ¹ ¹ ¹ ¸ ¸u
u (n 2)(2x 1) nx 2x 1 n(n 2) 2x 1

(n 1)x (n 1)(2x 1) (n 1)x xn 1

n

n 1 n

n 1 n
�

� #

�œ œ œ �� � � �
� � � � �† †

  x 2x 1 ; if x 0, x 2x 1   x 2x 1  x 1; if x 0, x 2x 1Ê � � � � � Ê � � Ê � � � � � � �k k k k k k k k k k k k"
#

  x 2x 1  3x 1  x  ; if x  , x 2x 1   x 2x 1  x 1.  Therefore,Ê � � � Ê � � Ê � � � � � � Ê � � � � Ê � �" "
#3 k k k k

 the series converges absolutely for x 1 and x .� � � � "
3

19. (a) No, the limit does not appear to depend on the value of the constant a
 (b) Yes, the limit depends on the value of b

 (c) s 1   ln s    lim  ln sœ � Ê œ Ê œŠ ‹cos
n

n ln 1ˆ ‰ Œ �
ˆ ‰

� �Œ �
Š ‹

a
n

n

�

�

cos a
n

n 1
cos a

n
n

a a a
n n n sin cos

n

n

ˆ ‰
ˆ ‰

ˆ ‰ ˆ ‰

" n Ä _

"

�

� �

#

"

#

  lim   1   lim  s e 0.3678794412; similarly,œ œ œ � Ê œ ¸
n nÄ _ Ä _

a a a
n n n

cos a
n

n

 sin cos

1

ˆ ‰ ˆ ‰�

�
ˆ ‰

0 1
1 0
�
�

�"

  lim  1 e
n Ä _

Š ‹� œ
cos

bn

n
1 bˆ ‰a

n � Î

20.  a  converges   lim  a 0;  lim   lim  ! ’ “ˆ ‰ ˆ ‰_

œn 1
n n

1 sin a 1 sin an 1 n 1 sin  lim  a 1 sin 0Ê œ œ œ œ
n n nÄ _ Ä _ Ä _

� �
# # # #

Î �
�n n

nŠ ‹nÄ_

   the series converges by the nth-Root Testœ Ê"
#
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21.  lim   1   lim   1  bx 1  x 5  b
n nÄ _ Ä _

¹ ¹ ¹ ¹ k ku
u ln (n 1) b x b b 5

b x ln nn 1

n

n 1 n 1

n n
�

� �

� Ê � Ê � Ê � � � œ Ê œ „�
" " "

†

22. A polynomial has only a finite number of nonzero terms in its Taylor series, but the functions sin x, ln x and
 e  have infinitely many nonzero terms in their Taylor expansions.x

23.  lim    lim    lim  x
x 0 x 0 x 0Ä Ä Ä

sin (ax) sin x x
x x x 3! 3! 5! 5!

ax x x a 2 a a� � � �á � � �á �
� " " #

$ $ #

$ &

œ œ � � � � �á
Š ‹ Š ‹a x x

3! 3!

$ $ $ ’ “Š ‹
 is finite if a 2 0  a 2;  lim   � œ Ê œ œ � � œ �

x 0Ä

sin 2x sin x x 2 7
x 3! 3! 6
� � "

$

$

24.  lim   1   lim   1   lim  1
x 0 x 0 x 0Ä Ä Ä

cos ax b b a a x
x x 2x 4 48

1 b
� "�

# #

� � �á �

# # #

# # #

œ � Ê œ � Ê � � �á œ �
Œ �a x a x

4!

# # % %

# Š ‹
  b 1 and a 2Ê œ œ „

25. (a) 1   C 2 1 and    convergesu
u n n n n

(n 1) 2n

n 1�

#

# # #œ œ � � Ê œ �� " "!_
œn 1

 (b) 1   C 1 1 and    divergesu
u n n n n

n 1 1 0n

n 1�
#œ œ � � Ê œ Ÿ� "!_

œn 1

26. 1 1  after long divisionu
u (2n 1) 4n 4n 1 n 4n 4n 1 n n

2n(2n 1) 4n 2n 5n

n 1�
# # # #

#

œ œ œ � � œ � ��
� � � � �

�
Š ‹ Š ‹ – —6 3

4

5n

4n 4n 1
#

#

#� �Š ‹

  C 1 and f(n) 5  u  converges by Raabe's TestÊ œ � œ œ Ÿ Ê3 5n 5
4n 4n 1 4

n# � � � �
k k !#

# Š ‹4
n n

"

#

_

œn 1

27. (a)  a L  a a   a a L  a  converges by the Direct Comparison Test! ! !_ _ _

œ œ œn 1 n 1 n 1
n n n nn nœ Ê Ÿ œ Ê# #

 (b) converges by the Limit Comparison Test:   lim    lim   1 since  a  converges and
n nÄ _ Ä _

Š ‹an
1 an�

a 1 a n
n n

œ œ"
�

!_
œn 1

 therefore  lim  a 0x Ä _ n œ

28. If 0 a 1 then ln (1 a ) ln (1 a ) a a a a ,� � � œ � � œ � � �á � � � �á œn n n n n
a a

3 1 an n
ak k # $

n n n

n# �
# $

 a positive term of a convergent series, by the Limit Comparison Test and Exercise 27b

29. (1 x) 1  x  where x 1  (1 x) nx  and when x  we have� œ � � Ê œ � œ œ�" �" �" "
� #

! !k k_ _

œ œn 1 n 1

n n 1
(1 x) dx

d
#

 4 1 2 3 4 nœ � � � �á � �áˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰" " " "
# # # #

# $ �n 1

30. (a) x   (n 1)x   n(n 1)x   n(n 1)x! ! ! !_ _ _ _

œ œ œ œn 1 n 1 n 1 n 1

n 1 n n 1 nx 2x x 2 2x
1 x (1 x) (1 x) (1 x)

� �
� � � �

�œ Ê � œ Ê � œ Ê � œ
# #

# $ $

   , x 1Ê œ œ �! k k_

œn 1

n(n 1)
x (x 1)

1

2x�

�
�n

2
x

xŠ ‹" $

#

$

 (b) x     x   x 3x x 1 0  x 1 1 1œ Ê œ Ê � � � œ Ê œ � � � �! Š ‹ Š ‹_

œn 1

n(n )
x (x 1) 9 9

2x 57 57�"
�

$ #
"Î$ "Î$

n

#

$

È È

 2.769292, using a CAS or calculator¸

31. (a) 1 x x x 1 2x 3x 4x nx" "
� �

# $ # $ �
(1 x) dx 1 x dx

d d n 1
# œ œ � � � �á œ � � � �á œˆ ‰ a b !_

œn 1

 (b) from part (a) we have n 6! ˆ ‰ ˆ ‰ ˆ ‰ ’ “_

œn 1

5
6 6 6

n 1

1

2� " " "
�

œ œˆ ‰5
6

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



 Chapter 10 Additional and Advanced Exercises 645

 (c) from part (a) we have np q!_
œn 1

n 1 q q
(1 p) q q

�
�

"œ œ œ# #

32. (a)  p  2 1 and E(x)  kp  k2   k2  2! ! ! ! ! ˆ ‰_ _ _ _ _

œ œ œ œ œk 1 k 1 k 1 k 1 k 1
k k

k k 1 k
1 1

œ œ œ œ œ œ œ œ� � �
�

" " "
# # �

ˆ ‰ˆ ‰ � ‘ˆ ‰
"

#

" #

#
"

#

 by Exercise 31(a)

 (b)  p     1 and E(x)  kp  k   k! ! ! ! ! !ˆ ‰ ˆ ‰ ˆ ‰’ “_ _ _ _ _ _

œ œ œ œ œ œk 1 k 1 k 1 k 1 k 1 k 1
k k

5 5 5 5
6 65 6 5 6 6

k k 1

1
œ œ œ œ œ œ œ

k 1 k 1

k k

5
6

5
6

� �" " "
�

�ˆ ‰̂ ‰
  6œ œˆ ‰" "

�6 1� ‘ˆ ‰5
6

#

 (c)  p    lim  1 1 and E(x)  kp  k
k

! ! ! ! !ˆ ‰ ˆ ‰ Š ‹_ _ _ _ _

œ œ œ œ œk 1 k 1 k 1 k 1 k 1
k kk(k 1) k k 1 k 1 k(k 1)œ œ � œ � œ œ œ

Ä _
" " " " "
� � � �

  , a divergent series so that E(x) does not existœ !_
œk 1

"
�k 1

33. (a) R C e C e C e   R  lim  Rnn n
kt 2kt nkt C e 1 e

1 e 1 e e 1
C e Cœ � �á � œ Ê œ œ œ

Ä _! ! !
� � � �

� � �
! ! !

!
� �! !

� �! ! !

! !
� !

kt nkt

kt kt kt

ktˆ ‰
 (b) R   R e 0.36787944 and R 0.58195028;n

e 1 e e 1 e
1 e 1 eœ Ê œ ¸ œ ¸

� � �" �"!

�" �"

1 na b a b� �
� �" "!

�"

 R 0.58197671; R R 0.00002643  0.0001œ ¸ � ¸ Ê �"
� "!

�
e 1 R

R R"!

 (c) R , 4.7541659; R   n n
e 1 e

1 e e 1 e 1 e 1
R R 1 eœ œ ¸ � Ê �

�Þ �Þ

�Þ Þ Þ Þ

�Þ1 1n

1 1 1 1

1nˆ ‰�

� # # � # � # �
" " � " "ˆ ‰ ˆ ‰ ˆ ‰

  1 e   e   ln   ln   n 6.93  n 7Ê � � Ê � Ê � � Ê � � Ê � Ê œ� Î � Î" " " "
# # # #

n 10 n 10 n n
10 10

ˆ ‰ ˆ ‰
34. (a) R   Re R C C   e   t  lnœ Ê œ � œ Ê œ Ê œC

e 1
kt kt

H
C C
C k C

!

!

! !
kt

H H

L L� ! !
" Š ‹

 (b) t  ln e 20 hrs!
"œ œ0.05

 (c) Give an initial dose that produces a concentration of 2 mg/ml followed every t  ln 69.31 hrs!
"
#œ ¸0.0 0.5

2ˆ ‰
 by a dose that raises the concentration by 1.5 mg/ml

 (d) t  ln 5 ln 6 hrs!
"œ œ ¸0.2 0.03 3

0.1 10ˆ ‰ ˆ ‰
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NOTES:

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



CHAPTER 11   PARAMETRIC EQUATIONS AND
POLAR COORDINATES

11.1  PARAMETRIZATIONS OF PLANE CURVES

 1. x 3t, y 9t , t   y x   2. x t , y t, t 0  x yœ œ �_ � � _ Ê œ œ � œ   Ê œ �# # È È
 or y x , x 0œ Ÿ#

  

 3. x 2t 5, y 4t 7, t   4. x 3 3t, y 2t, 0 t 1  tœ � œ � �_ � � _ œ � œ Ÿ Ÿ Ê œy
#

  x 5 2t  2(x 5) 4t  x 3 3   2x 6 3yÊ � œ Ê � œ Ê œ � Ê œ �ˆ ‰y
#

  y 2(x 5) 7  y 2x 3  y 2 x, xÊ œ � � Ê œ � Ê œ � ! Ÿ Ÿ $2
3

  

 5. x cos 2t, y sin 2t, 0 t     6. x cos ( t), y sin ( t), 0 tœ œ Ÿ Ÿ œ � œ � Ÿ Ÿ1 1 1 1

  cos 2t sin 2t 1  x y 1  cos ( t) sin ( t) 1Ê � œ Ê � œ Ê � � � œ# # # # # #
1 1

  x y 1, yÊ � œ   !# #
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648 Chapter 11 Parametric Equations and Polar Coordinates

 7. x 4 cos t, y 2 sin t, 0 t 2    8. x 4 sin t, y 5 cos t, 0 t 2œ œ Ÿ Ÿ œ œ Ÿ Ÿ1 1

  1  1  1  1Ê � œ Ê � œ Ê � œ Ê � œ16 cos t 4 sin t x 16 sin t 25 cos t x
16 4 16 4 16 25 16 5

y y# # # # # ## #

#

  

 9. x sin t, y cos 2t, t   10. x 1 sin t, y cos t 2, 0 tœ œ � Ÿ Ÿ œ � œ � Ÿ Ÿ1 1

2 2 1

  y cos 2t 1 2sin t y 1 2x   sin t cos t 1  x 1 y 2 1Ê œ œ � Ê œ � Ê � œ Ê � � � œ# # # # #2 a b a b
  

11. x t , y t 2t , t   12. x , y , 1 t 1œ œ � �_ � � _ œ œ � � �2 6 4 t t 2
t 1 t 1� �

�

 y t 2 t y x 2x   t  yÊ œ � Ê œ � Ê œ Ê œa b a b2 2 3 23 2 x 2 x
x 1 2x 1� �

�

  

13. x t, y 1 t , 1 t 0 14. x t 1, y t, t 0œ œ � � Ÿ Ÿ œ � œ  È È È#

  y 1 x   y t  x y 1, y 0Ê œ � Ê œ Ê œ �  È È# ##
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15. x sec t 1, y tan t, t  16. x sec t, y tan t, tœ � œ � � � œ � œ � � �#
# # # #
1 1 1 1

  sec t 1 tan t  x y   sec t tan t 1  x y 1Ê � œ Ê œ Ê � œ Ê � œ# # # # # # #

  

17. x cosh t, y sinh t, 1  18. x 2 sinh t, y 2 cosh t, tœ � œ �_ � � _ œ œ �_ � � _

  cosh t sinh t 1  x y 1  4 cosh t 4 sinh t 4  y x 4Ê � œ Ê � œ Ê � œ Ê � œ# # # # # # # #

  

19. (a) x a cos t, y a sin t, 0 t 2  20. (a) x a sin t, y b cos t, tœ œ � Ÿ Ÿ œ œ Ÿ Ÿ1
1 1

# #
5

 (b) x a cos t, y a sin t, 0 t 2  (b) x a cos t, y b sin t, 0 t 2œ œ Ÿ Ÿ œ œ Ÿ Ÿ1 1

 (c) x a cos t, y a sin t, 0 t 4  (c) x a sin t, y b cos t, tœ œ � Ÿ Ÿ œ œ Ÿ Ÿ1
1 1

# #
9

 (d) x a cos t, y a sin t, 0 t 4  (d) x a cos t, y b sin t, 0 t 4œ œ Ÿ Ÿ œ œ Ÿ Ÿ1 1

21. Using  we create the parametric equations x at and y bt, representing a line which goesa b�"ß �$ œ �" � œ �$ �

 through  at t . We determine a and b so that the line goes through  when t .a b a b�"ß �$ œ ! %ß " œ "

 Since a a . Since b b . Therefore, one possible parameterization is x t,% œ �" � Ê œ & " œ �$ � Ê œ % œ �" � &

 y t, 0 t .œ �$ � % Ÿ Ÿ "

 
22. Using  we create the parametric equations x at and y bt, representing a line which goes througha b�"ß $ œ �" � œ $ �

  at t . We determine a and b so that the line goes through  when t . Since a a .a b a b�"ß $ œ ! $ß�# œ " $ œ �" � Ê œ %

  Since b b . Therefore, one possible parameterization is x t, y t, 0 t .�# œ $ � Ê œ �& œ �" � % œ $ � & Ÿ Ÿ "

23. The lower half of the parabola is given by x y  for y . Substituting t for y, we obtain one possibleœ � " Ÿ !#

 parameterization x t , y t, t 0œ � " œ Ÿ Þ#

24. The vertex of the parabola is at , so the left half of the parabola is given by y x x for x . Substitutinga b�"ß �" œ � # Ÿ �"#

 t for x, we obtain one possible parametrization: x t, y t t, t .œ œ � # Ÿ �"#

25. For simplicity, we assume that x and y are linear functions of t and that the point x, y  starts at  for t  and passesa b a b#ß $ œ !

 through  at t . Then x f t , where f  and f .a b a b a b a b�"ß �" œ " œ ! œ # " œ �"

 Since slope , x f t t t. Also, y g t , where g  and g .œ œ œ �$ œ œ �$ � # œ # � $ œ ! œ $ " œ �"?

?

x
t

�"�#
"�! a b a b a b a b

 Since slope 4. y g t t t.œ œ œ � œ œ �% � $ œ $ � %?

?

y
t

3�"�
"�! a b

 One possible parameterization is: x t, y t, t .œ # � $ œ $ � %   !
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26. For simplicity, we assume that x and y are linear functions of t and that the point x, y  starts at  for t  anda b a b�"ß # œ !

 passes through  at t . Then x f t , where f  and f .a b a b a b a b!ß ! œ " œ ! œ �" " œ !

 Since slope , x f t t t. Also, y g t , where g  and g .œ œ œ " œ œ " � �" œ �" � œ ! œ # " œ !?

?

x
t

!� �"
"�!
a b a b a b a b a b a b

 Since slope . y g t t t.œ œ œ �# œ œ �# � # œ # � #?

?

y
t

!�#
"�! a b

 One possible parameterization is: x t, y t, t .œ �" � œ # � #   !

27. Since we only want the top half of a circle, y 0, so let x 2cos t, y 2 sin t , 0 t 4  œ œ l l Ÿ Ÿ 1

28. Since we want x to stay between 3 and 3, let x 3 sin t, then y 3 sin t 9sin t, thus x 3 sin t, y 9sin t,� œ œ œ œ œa b2 # #

 0 tŸ � _

29. x y a   2x 2y 0  ; let t   t  x yt.  Substitution yields# # #� œ Ê � œ Ê œ � œ Ê � œ Ê œ �dy dy dy
dx dx y dx y

x x

 y t y a   y  and x , t# # # #
�

�
�

� œ Ê œ œ �_ � � _a at
1 t 1 tÈ È#

30. In terms of , parametric equations for the circle are x a cos , y a sin , 0 2 .  Since , the arc) ) ) ) 1 )œ œ Ÿ � œ s
a

 length parametrizations are:  x a cos , y a sin , and 0 2   0 s 2 a is the interval for s.œ œ Ÿ � Ê Ÿ Ÿs s s
a a a 1 1

31. Drop a vertical line from the point x, y  to the x-axis, then  is an angle in a right triangle, and from trigonometry wea b )

 know that tan y x tan . The equation of the line through 0, 2  and 4, 0  is given by y x 2. Thus) )œ Ê œ œ � �y
x 2

1a b a b
 x tan x 2 x  and y  where 0 .) )œ � � Ê œ œ Ÿ �1 4 4 tan

2 2 tan 1 2 tan 1 2) )

) 1

� �

32. Drop a vertical line from the point x, y  to the x-axis, then  is an angle in a right triangle, and from trigonometry wea b )

 know that tan y x tan . Since y x y x x tan x x cot y cot  where) ) ) ) )œ Ê œ œ Ê œ Ê œ Ê œ Ê œy
x

2 22È a b
 0 .� Ÿ)

1

2

33. The equation of the circle is given by x 2 y 1. Drop a vertical line from the point x, y  on the circle to thea b a b� � œ2 2

 x-axis, then  is an angle in a right triangle. So that we can start at 1, 0  and rotate in a clockwise direction, let) a b
 x 2 cos , y sin , 0 2 .œ � œ Ÿ Ÿ) ) ) 1

34. Drop a vertical line from the point x, y  to the x-axis, then  is an angle in a right triangle, whose height is y and whosa b ) e

 base is x 2. By trigonometry we have tan y x 2 tan . The equation of the circle is given by� œ Ê œ �) )
y

x 2� a b
 x y 1 x x 2 tan 1 x sec 4x tan 4tan 1 0. Solving for x we obtain2 2 2 2 2 2 22� œ Ê � � œ Ê � � � œa ba b ) ) ) )

 x 2sin cos cos 3sinœ œ œ � „ �
� „ � � � „ �4tan 4tan 4 sec 4tan 1

2 sec 2 sec
4tan 2 1 3tan 2 2 2

2 2 2 22

2 2

2 2) ) ) )

) )

) )
Éa b a b È

) ) ) )È
 2 2cos cos 4cos 3 and y 2 2cos cos 4cos 3 2 tanœ � � „ � œ � � „ � �2 22 2) ) ) ) ) ) )È ÈŠ ‹
 2sin cos sin 4cos 3. Since we only need to go from 1, 0  to 0, 1 , letœ „ �) ) ) )È a b a b2

 x 2 2cos cos 4cos 3, y 2sin cos sin 4cos 3, 0 tan .œ � � � � œ � � Ÿ Ÿ2 12 2 1
2) ) ) ) ) ) ) )È È ˆ ‰�

 To obtain the upper limit for , note that x 0 and y 1, using y x 2 tan 1 2 tan tan .) ) ) )œ œ œ � Ê œ Ê œa b ˆ ‰�1 1
2

35. Extend the vertical line through A to the x-axis and let C be the point of intersection.  Then OC AQ xœ œ
 and tan t   x 2 cot t; sin t  OA ; and (AB)(OA) (AQ)   AB xœ œ Ê œ œ œ Ê œ œ Ê œ2 2 2 2 2 2

OC x tan t OA sin t sin t
# #ˆ ‰

  AB   AB .  Next y 2 AB sin t  y 2  sin tÊ œ Ê œ œ � Ê œ � œˆ ‰ ˆ ‰ ˆ ‰2 2 2 sin t 2 sin t
sin t tan t tan t tan t

#
# #

 2 2 2 cos t 2 sin t.  Therefore let x 2 cot t and y 2 sin t, 0 t .� œ � œ œ œ � �2 sin t
tan t

#

#

# # #
1
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36. Arc PF Arc AF since each is the distance rolled andœ

 FCP  Arc PF b( FCP); Arc PF Arc AF
b aœ n Ê œ n œ )

  Arc AF a   a b( FCP)  FCP ;Ê œ Ê œ n Ê n œ) ) )
a
b

 OCG ; OCG OCP PCEn œ � n œ n �n1

# )

 OCP .  Now OCP FCPœ n � � n œ �nˆ ‰1

# ! 1

 .  Thus OCG   œ � n œ � � � Ê �1 ) 1 ) ! )
a a
b b

1 1

# #

   .œ � � � Ê œ � � œ �1 ) ! ! 1 ) ) 1 )
a a a b
b b b

1

#
�ˆ ‰

 

 Then x OG BG OG PE (a b) cos b cos (a b) cos b cosœ � œ � œ � � œ � � �) ! ) 1 )ˆ ‰a b
b
�

 (a b) cos b cos .  Also y EG CG CE (a b) sin b sin œ � � œ œ � œ � �) ) ) !ˆ ‰a b
b
�

 (a b) sin b sin (a b) sin b sin .  Thereforeœ � � � œ � �) 1 ) ) )ˆ ‰ ˆ ‰a b a b
b b
� �

 x (a b) cos b cos  and y (a b) sin b sin .œ � � œ � �) ) ) )ˆ ‰ ˆ ‰a b a b
b b
� �

 If b , then x a  cos  cosœ œ � �a a a
4 4 4

aˆ ‰ Š ‹) )
� ˆ ‰
ˆ ‰

a
4

a
4

  cos  cos 3  cos (cos  cos 2 sin  sin 2 )œ � œ � �3a a 3a a
4 4 4 4) ) ) ) ) ) )

  cos (cos ) cos sin (sin )(2 sin  cos )œ � � �3a a
4 4) ) ) ) ) ) )a ba b# #

  cos  cos  cos  sin  sin  cos œ � � �3a a a 2a
4 4 4 4) ) ) ) ) )

$ # #

  cos  cos  (cos ) 1 cos a cos ;œ � � � œ3a a 3a
4 4 4) ) ) ) )

$ # $a b
 y a  sin  sin  sin  sin 3  sin (sin  cos 2 cos  sin 2 )œ � � œ � œ � �ˆ ‰ Š ‹a a 3a a 3a a

4 4 4 4 4 4
a

) ) ) ) ) ) ) ) )
� ˆ ‰
ˆ ‰

a
4

a
4

  sin (sin ) cos sin (cos )(2 sin  cos )œ � � �3a a
4 4) ) ) ) ) ) )a ba b# #

  sin   sin  cos  sin  cos  sin œ � � �3a a a 2a
4 4 4 4) ) ) ) ) )

# $ #

  sin  sin  cos  sinœ � �3a 3a a
4 4 4) ) ) )

# $

  sin (sin ) 1 sin  sin a sin .œ � � � œ3a 3a a
4 4 4) ) ) ) )a b# $ $

37. Draw line AM in the figure and note that AMO is a rightn

 angle since it is an inscribed angle which spans the diameter
 of a circle.  Then AN MN AM .  Now, OA a,# # #œ � œ

 tan t, and sin t.  Next MN OPAN AM
a aœ œ œ

  OP AN AM a  tan t a  sin tÊ œ � œ �# # # # # # #

  OP a  tan t a  sin tÊ œ �È # # # #

 (a sin t) sec t 1 .  In triangle BPO,œ � œÈ # a sin t
cos t

#

 x OP sin t a sin t tan t andœ œ œa sin t
cos t

$ #

 y OP cos t a sin t  x a sin t tan t and y a sin t.œ œ Ê œ œ# # # 
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652 Chapter 11 Parametric Equations and Polar Coordinates

38. Let the x-axis be the line the wheel rolls along with the y-axis through a low point of the trochoid
 (see the accompanying figure).
  

 Let  denote the angle through which the wheel turns.  Then h a  and k a.  Next introduce x y -axes) )œ œ w w

 parallel to the xy-axes and having their origin at the center C of the wheel.  Then x b cos  andw œ !

 y b sin , where .  It follows that x b cos b sin  and y b sinw w w
# # #œ œ � œ � œ � œ �! ! ) ) ) )

3 3 31 1 1ˆ ‰ ˆ ‰
 b cos   x h x a b sin  and y k y a b cos  are parametric equations of the trochoid.œ � Ê œ � œ � œ � œ �) ) ) )

w w

39. D (x 2) y   D (x 2) y (t 2) t   D t 4tœ � � � Ê œ � � � œ � � � Ê œ � �É ˆ ‰ ˆ ‰ ˆ ‰# " " "
# # #

# # ## # # # # % 17
4

  4t 4 0  t 1.  The second derivative is always positive for t 0  t 1 gives a localÊ œ � œ Ê œ Á Ê œd D
dt
a b# $

 minimum for D  (and hence D) which is an absolute minimum since it is the only extremum  the closest# Ê

 point on the parabola is (1 1).ß

40. D 2 cos t (sin t 0)   D 2 cos t sin t  œ � � � Ê œ � � ÊÉˆ ‰ ˆ ‰3 3
4 4 dt

d D# ## # # a b#

 2 2 cos t ( 2 sin t) 2 sin t cos t ( 2 sin t) 3 cos t 0  2 sin t 0 or 3 cos t 0œ � � � œ � � œ Ê � œ � œˆ ‰ ˆ ‰3 3 3
4 # #

  t 0,  or t , .  Now 6 cos t 3 cos t 6 sin t so that (0) 3  relativeÊ œ œ œ � � � œ � Ê1
1 1

3 3 dt dt
5 d D d D# # # #

# #

a b a b# #

 maximum, ( ) 9  relative  maximum,   relative minimum, andd D d D
dt dt 3 2

9# # # #

# #

a b a b
1 œ � Ê œ Êˆ ‰1

   relative minimum.  Therefore both t  and t  give points on the ellipse closest tod D
dt 3 3 3

5 9 5# #

#

a b ˆ ‰1 1 1œ Ê œ œ#

 the point   1  and 1  are the desired points.ˆ ‰ Š ‹ Š ‹3
4

3 3ß ! Ê ß ß�
È È
# #

41. (a)     (b)     (c)    

42. (a)     (b)     (c)     
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43. 

44. (a)      (b)      (c)    

45. (a)       (b)      

46. (a)      (b)      
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654 Chapter 11 Parametric Equations and Polar Coordinates

47. (a)       (b)       (c)     

48. (a)      (b)     

 (c)      (d)     

11.2  CALCULUS WITH PARAMETRIC CURVES

 1. t   x 2 cos 2, y 2 sin 2; 2 sin t, 2 cos t  cot tœ Ê œ œ œ œ œ � œ Ê œ œ œ �1 1 1

4 4 4 dt dt dx dx/dt 2 sin t
dx 2 cos tdy dy dy/dtÈ È

�

  cot 1; tangent line is y 2 1 x 2  or y x 2 2 ; csc tÊ œ � œ � � œ � � œ � � œ¹ Š ‹È È Èdy dy
dx 4 dt

tœ1

4

1
w

#

    2Ê œ œ œ � Ê œ �d y dy /dt d y
dx dx/dt 2 sin t 2 sin t dx

csc t# w #

# $ #

#

�
" ¹ È

tœ1

4

 2. t   x sin 2 sin , y cos 2 cos ; 2  cos 2 t,œ � Ê œ � œ � œ � œ � œ � œ œ" " " "
# #6 6 3 6 3 dt

3 dxˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰1 1 1 1
1 1

È

 2  sin 2 t  tan 2 t  tan 2 tan 3;dy dy dy
dt dx 2  cos 2 t dx 6 3

2  sin 2 tœ � Ê œ œ � Ê œ � � œ � � œ1 1 1 1
� "1 1 1

1 1
¹ ˆ ‰ ˆ ‰ˆ ‰ È

tœ� 1
6

 tangent line is y 3 x  or y 3x 2; 2  sec 2 t  � œ � � œ � œ � Ê œ" �
# #

#È È’ “Š ‹È3 dy d y
dt dx 2  cos 2 t

2  sec 2 tw #

#

#

1 1
1 1

1 1

   8œ � Ê œ �"
cos 2 t dx

d y
$ #

#

1
¹

tœ� 1
6
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 3. t   x 4 sin 2 2, y 2 cos 2; 4 cos t, 2 sin t  œ Ê œ œ œ œ œ œ � Ê œ œ1 1 1

4 4 4 dt dt dx dx/dt 4 cos t
dx 2 sin tdy dy dy/dtÈ È �

  tan t   tan ; tangent line is y 2 x 2 2  or y x 2 2 ;œ � Ê œ � œ � � œ � � œ � �" " " " "
# # # # #¹ Š ‹È È Èdy

dx 4
tœ1

4

1

  sec t    dy d y dy /dt d y 2
dt dx dx/dt 4 cos t 8 cos t dx 4

 sec tw # w #

# $ #

"

#

#

œ � Ê œ œ œ � Ê œ �" "
#

# � ¹
tœ1

4

È

 4. t   x cos , y 3 cos ; sin t, 3 sin t  3œ Ê œ œ � œ œ � œ � œ � Ê œ œ2 2 2 dx
3 3 3 dt dt dx sin t

3 3 sin tdy dy1 1 1"
# # �

�È È ÈÈ È

  3 ; tangent line is y 3 x  or y 3 x; 0  0Ê œ � � œ � � œ œ Ê œ œ¹ Š ‹È È È� ‘ˆ ‰dy dy d y
dx dt dx sin t

3 0

tœ 2
3
1

È
# # �

" w #

#

  0Ê œ¹d y
dx

#

#

tœ 2
3
1

 5. t   x , y ; 1,     1; tangent line isœ Ê œ œ œ œ Ê œ œ Ê œ œ1 1 dx 1
4 4 dt dt dx dx/dt dx

dy dy dy/dt dy
t 2 t

" " "
# # #È È É¹

tœ 1
4

"

4

 y 1 x  or y x ; t   t   2� œ � œ � œ � Ê œ œ � Ê œ �" " " " "
#

�$Î# �$Î#
†
ˆ ‰ ¹4 4 dt 4 dx dx/dt 4 dx

dy d y dy /dt d yw # w #

# #

tœ 1
4

 6. t   x sec 1 1, y tan 1; 2 sec t tan t, sec tœ � Ê œ � � œ œ � œ � œ œ1 1 1

4 4 4 dt dt
dx dy# # #ˆ ‰ ˆ ‰

   cot t   cot ; tangent line isÊ œ œ œ Ê œ � œ �dy dy
dx 2 sec t tan t 2 tan t dx 4

sec t#

#

" " " "
# # #¹ ˆ ‰

tœ� 1

4

1

 y ( 1) (x 1) or y x ;  csc t   cot t� � œ � � œ � � œ � Ê œ œ �" " " " "
# # # #

# $�dy d y
dt dx 2 sec t tan t 4

 csc tw #

# #

"

#

#

  Ê œ¹d y
dx 4

#

#

tœ� 1

4

"

 7. t   x sec , y tan ; sec t tan t, sec t  œ Ê œ œ œ œ œ œ Ê œ1 1 1

6 6 6 dt dt dx dx/dt
2 dx

3 3
dy dy dy/dtÈ È" #

 csc t  csc 2; tangent line is y 2 x  or y 2x 3 ;œ œ Ê œ œ � œ � œ �sec t 2
sec t tan t dx 6

dy
3 3

# ¹ Š ‹ È
tœ1

6

1 "È È
 csc t cot t  cot t  3 3dy d y dy /dt d y

dt dx dx/dt sec t tan t dx
csc t cot tw # w #

# #œ � Ê œ œ œ � Ê œ �� $ ¹ È
tœ1

6

 8. t 3  x 3 1 2, y 3(3) 3; (t 1) , (3t)   œ Ê œ � � œ � œ œ œ � � œ Ê œÈ È dx 3
dt dt dx

dy dy (3t)
(t 1)

"
# #

�"Î# �"Î#
� �

ˆ ‰
ˆ ‰

3
#

�"Î#

"
#

�"Î#

 2; tangent line is y 3 2[x ( 2)] or y 2x 1;œ � œ œ œ � � œ � � � œ � �3 t 1 3 3 1

3t
dy
dx 3(3)

È È
È È� � �¹

t 3œ

   dy d y
dt 3t dx

3t (t 1) 3 t 1 (3t) 3 3
2t 3t t 1 t 3t

w #
# #

�"Î# �"Î#

#
�

�
�

œ œ Ê œ œ �
È � ‘ � ‘È

È ÈÈ
Š ‹
Š ‹

� � � �

�

3 3 3
2t 3t t 1

1
2 t 1

È È

È

  Ê œ �¹d y
dx 3

#

#

t 3œ

"

 9. t 1  x 5, y 1; 4t, 4t   t   ( 1) 1; tangent line isœ � Ê œ œ œ œ Ê œ œ œ Ê œ � œdx 4t
dt dt dx dx/dt 4t dx

dy dy dy/dt dy$ # #$ ¹
t 1œ�

 y 1 1 (x 5) or y x 4; 2t    � œ � œ � œ Ê œ œ œ Ê œ†

dy d y dy /dt d y
dt dx dx/dt 4t dx

2tw # w #

# #

" "
# #¹

t 1œ�

10. t 1  x 1, y 2; ,   t  1; tangent line isœ Ê œ œ � œ � œ Ê œ œ � Ê œ �dx
dt t dt t dx dx

dy dy dy" "

�
#

"

"

#

ˆ ‰
Š ‹

t

t

¹
t 1œ

 y ( 2) 1(x 1) or y x 1; 1  t   1� � œ � � œ � � œ � Ê œ œ Ê œdy d y d y
dt dx dx

1w # #

# #
"

#

�

�

#

Š ‹
t

¹
t 1œ

11. t   x sin , y 1 cos 1 ; 1 cos t, sin t  œ Ê œ � œ � œ � œ � œ œ � œ Ê œ1 1 1 1 1

3 3 3 3 3 dt dt dx dx/dt
3 dx dy dy dy/dtÈ

# # #
" "

   3 ; tangent line is y 3 xœ Ê œ œ œ � œ � �sin t
1 cos t dx 3

dy sin
1 cos

3
� # #�

"¹ Š ‹È È
tœ1

3

ˆ ‰
ˆ ‰

Š ‹
ˆ ‰

È1

1

3

3

3È
#

"

#

1
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  y 3x 2;   Ê œ � � œ œ Ê œ œÈ 1È ˆ ‰3
3 dt (1 cos t) 1 cos t dx dx/dt 1 cos t

dy (1 cos t)(cos t) (sin t)(sin t) d y dy /dt1w # w

# #

�

�� �
� � �

�
1

1 cos t

   4œ Ê œ ��
�

1
(1 cos t) dx

d y
# #

# ¹
tœ1

3

12. t   x cos 0, y 1 sin 2; sin t, cos t  cot tœ Ê œ œ œ � œ œ � œ Ê œ œ �1 1 1

2 2 2 dt dt dx sin t
dx cos tdy dy

�

  cot 0; tangent line is y 2; csc t  csc t  1Ê œ � œ œ œ Ê œ œ � Ê œ �¹ ¹dy dy d y d y
dx dt dx sin t dx

csc t

t tœ œ

1 1

2 2

1

# �
# $

w # #

# #

#

13. t 2 x , y 2; ,   9;œ Ê œ œ œ œ œ œ Ê œ Ê œ œ1 1 2 dx 1 1
2 1 3 2 1 dt dt dx dxt 1 t 1 t 1 2 1

dy dy dyt 1 2 1
� �

� �
� � � �

� �

a b a b a b a b
a b a b

2 2 2 2

2 2¹
t 2œ

 tangent line is y 9x 1;   108œ � œ � Ê œ Ê œ œdy d y d y
dt dx dx

4 t 1 4 t 1 4 2 1
t 1 t 1 2 1

w # #

# #

a b a b a b
a b a b a b

� � �

� � �3 3 3

3 3¹
t 2œ

14. t 0 x 0 e 1, y 1 e 0; 1 e , e   ;œ Ê œ � œ œ � œ œ � œ � Ê œ Ê œ œ �0 0 t tdx e e 1
dt dt dx 1 e dx 1 e 2

dy dy dy� �
� �

t 0

t 0¹
t 0œ

 tangent line is y x ;   œ � � œ Ê œ Ê œ œ �1 1 e e e 1
2 2 dt dx dx 8

dy d y d y
1 e 1 e 1 e

w # #

# #

� � �
� � �

t t 0

t t2 3 30a b a b a b¹
t 0œ

15. x 2t 9  3x  4t 0  3x  4t  ;3 2 2dx dx dx 4t
dt dt dt 3x� œ Ê � œ Ê œ � Ê œ# �

2

 2y 3t 4  6y  6t 0  ; thus ; t 2$ # #
� �� œ Ê � œ Ê œ œ œ œ œ œ œdy dy dy dy/dt t(3x )

dt dt 6y y dx dx/dt y ( 4t) 4y
6t t 3x
# # # #

#

�

Š ‹
Š ‹

t
y

4t
3x2

2 2

  x 2(2) 9  x 8 9  x 1  x 1; t 2  2y 3(2) 4Ê � œ Ê � œ Ê œ Ê œ œ Ê � œ3 3 3# $ #

  2y 16  y 8  y 2; therefore Ê œ Ê œ Ê œ œ œ �$ $ "

� #
¹dy

dx 16
3
4

3

t 2œ

a b
a b

2

#

16. x 5 t  5 t t ; y(t 1) t y (t 1) tœ � Ê œ � � œ � � œ Ê � � œÉ È È Èˆ ‰ ˆ ‰dx
dt dt4 t 5 t

dy" " " "
# # #

�"Î# �"Î# �"Î#

�È ÈÉ

  t 1  y  ; thus Ê � œ � Ê œ œ œ œ œ †a b dy dy dy
dt dt t 1 dxt t t 2 t

y y t
  

"
# # �

�

�
"�#È È Èa b

È"

# # �

"�#

�"

�

È È È
È

È ÈÉ

t t t 2 t
y t

4 t 5 t

dy
dt
dx
dt

"�#

# �"

�

�"

y t
t t

4 t 5 tÈÈ a b
È ÈÉ

 ; t 4  x 5 4 3;  t 4 y 3  4 yœ œ Ê œ � œ œ Ê † œ Ê œ
# "�# &�

"�

ˆ ‰È ÈÉy t t

t
É È ÈÈ 2

3

 therefore,   ¹dy
dx 9

10 3

t 4œ
œ œ

2 2 4 4

4

Š ‹a bÈ ÈÉ"� &�

"�

2
3 È

17. x 2x t t  3x  2t 1  1 3x  2t 1  ; y t 1 2t y 4� œ � Ê � œ � Ê � œ � Ê œ � � œ$Î# # "Î# "Î# �
�

dx dx dx dx 2t 1
dt dt dt dt 1 3x

ˆ ‰ È È
"Î#

  t 1 y (t 1) 2 y 2t y  0  t 1 2 y  0Ê � � � � � œ Ê � � � � œdy dy dy y dy
dt dt dt y dt2 t 1

tÈ Èˆ ‰ ˆ ‰È È Š ‹" "
# #

�"Î# �"Î#
�È È

  t 1  2 y  ; thusÊ � � œ � Ê œ œŠ ‹È Èt
y dt dt

dy y dy
2 t 1È È��

Š ‹È
Š ‹È

È È
È È

�

�

y
2 t 1

t
y

È

È

�

� �

� � �

� � �

2 y

t 1

y y 4y t 1

2 y (t 1) 2t t 1

 ; t 0  x 2x 0  x 1 2x 0  x 0; t 0dy dy/dt
dx dx/dtœ œ œ Ê � œ Ê � œ Ê œ œ

Œ �
Š ‹
� � �

� � �

�

�
"Î#

y y 4y t 1

2 y (t 1) 2t t 1

2t 1
1 3x

È È

È È
$Î# "Î#ˆ ‰

  y 0 1 2(0) y 4  y 4; therefore 6Ê � � œ Ê œ œ œ �È È ¹dy
dx

t 0œ

Œ �
Œ �

� � �

� � �

�

� "Î#

4 4 4(4) 0 1

2 4(0 1) 2(0) 0 1

2(0) 1

1 3(0)

È È
È È

18. x sin t 2x t   sin t x cos t 2 1  (sin t 2) 1 x cos t  ;� œ Ê � � œ Ê � œ � Ê œdx dx dx dx 1 x cos t
dt dt dt dt sin t 2

�
�

 t sin t 2t y  sin t t cos t 2 ; thus ; t   x sin 2x� œ Ê � � œ œ œ Ê � œdy dy
dt dx

sin t t cos t 2� �ˆ ‰1 x cos t
sin t 2
�

�

1 1 1

  x ; therefore 4Ê œ œ œ œ �1 1 1 1 1

1# �
� � � �¹dy

dx 2
sin  cos 2 4 8

tœ1 – —1 cos 

sin 2

�
#

�

Š ‹1 1

1
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19. x t t, y 2t 2x t 3t 1, 6t 2 2t 2 3t 1 2t 6t 2t 2œ � � œ � Ê œ � � œ � Ê œ � � � œ �3 3 2 2 2 2 2dx dx
dt dt dt dt

dy dy a b
 1Ê œ Ê œ œdy dy

dx 3t 1 dx
2t 2 2 1 2

3 1 1
�
�

�

�2 2¹
t 1œ

a b
a b

20. t ln x t , y t e 1 1 x t 1 x t 1, t e e ;œ � œ Ê œ � Ê � œ � Ê œ � � œ �a b ˆ ‰t t t1 dx dx dx
x t dt dt dt dt

dy
�

 ; t 0 0 ln x 0 x 1Ê œ œ Ê œ � Ê œ Ê œ œdy dy
dx x t 1 dx 1 0 1 2

t e e 10 e et t 0 0�
� � � �

�a b ¹
t 0œ

a b

21. A  y dx a 1 cos t a 1 cos t dt a 1 cos t dt a 1 2cos t cos t dtœ œ � � œ � œ � �' ' ' '
0 0 0 0

2 2 2 2
2 2 221 1 1 1a b a b a b a b

 a 1 2cos t dt a 2cos t cos 2t dt a t 2sin t sin 2tœ � � œ � � œ � �2 2 2
2 2

1 cos 2t 3 1 3 1
2 2 2 2 4

2
' '

0 0
0

1 1
1ˆ ‰ ˆ ‰ ” •�

 a 3 0 0 0 3  aœ � � � œ2 2a b1 1

22. A  x dy t t e dt u t t du 1 2t dt; dv e dt v eœ œ � � œ � Ê œ � œ � Ê œ' '
0 0

1 1
2 t 2 t ta ba b a b a b” •� � �

 e t t e 1 2t dt    u 1 2t du 2dt; dv e dt v eœ � � � œ � Ê œ � œ Ê œ �� � � �t 2 t t t
1 1a b a bº ” •
0

0
'

 e t t e 1 2t 2e dt e t t e 1 2t 2eœ � � � � � œ � � � �� � � � � �t 2 t t t 2 t t
1 1 11a b a b a b a bº ” º • ” •º
0 0 0

0
'

 e 0 e 1 2e e 0 e 1 2e 1 3e 1œ � � � � � � œ � œ �a b a ba b a b a b a b� � � �1 1 1 0 0 0 1 3
e

23. A 2  y dx 2  b sin t a sin t dt 2ab  sin t dt 2ab  dt ab  1 cos 2t dtœ œ � œ œ œ �' ' ' ' '
1 1

1 1 10 0

0 0 0
2 1 cos 2t

2a ba b a b�

 ab t sin 2t  ab 0 abœ � œ � � ! œ’ “ a ba b1
2 0

1

1 1

24. (a) x t , y t , 0 t 1 A  y dx  t 2t dt  2t  dt t  0œ œ Ÿ Ÿ Ê œ œ œ œ œ � œ2 6 6 7 8
1 1 1

1 1 1
4 4 40

1' ' '
0 0 0

a b ’ “
 (b) x t , y t , 0 t 1 A  y dx  t 3t  dt  3t  dt t  0œ œ Ÿ Ÿ Ê œ œ œ œ œ � œ3 9 9 2 11 12

1 1 1
1 1 1
4 4 40

1' ' '
0 0 0

a b ’ “

25. sin t and 1 cos t  sin t 1 cos t 2 2 cos tdx dx
dt dt dt dt

dy dyœ � œ � Ê � œ � � � œ �Êˆ ‰ Š ‹ Éa b a b È# #
# #

  Length 2 2 cos t dt 2 (1 cos t) dt 2  dtÊ œ � œ � œ' ' '
0 0 0

1 cos t sin t
1 cos t 1 cos t

1 1 1È È ÈÉˆ ‰ É�
� �

#

 2  dt (since sin t 0 on [0 ]); [u 1 cos t  du sin t dt; t 0  u 0,œ   ß œ � Ê œ œ Ê œÈ '
0

sin t
1 cos t

1

È �
1

 t   u 2]  2  u  du 2 2u 4œ Ê œ Ä œ œ1 È È � ‘'
0

2
�"Î# "Î# #

!

26. 3t  and 3t  3t (3t) 9t 9t 3t t 1  since t 0 on 0 3dx dx
dt dt dt dt

dy dyœ œ Ê � œ � œ � œ �   ß# # #
# # % # ##Êˆ ‰ Š ‹ Š ‹Éa b È È ’ “È

  Length  3t t 1 dt; u t 1   du 3t dt; t 0  u 1, t 3 u 4Ê œ � œ � Ê œ œ Ê œ œ Ê œ'
0

3È È ’ “È# #
#
3

  u  du u (8 1) 7Ä œ œ � œ'
1

4
3
#

"Î# $Î# %

"
� ‘

27. t and (2t 1)   t 2t 1 t 1 t 1 t 1 since 0 t 4dx dx
dt dt dt dt

dy dyœ œ � Ê � œ � � œ � œ � œ � Ÿ Ÿ"Î# # #
# #Êˆ ‰ Š ‹ È a b a b k kÉ

  Length t 1  dt t 8 4 12Ê œ � œ � œ � œ'
0

4
t
2a b a b’ “#

%

!
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28. 2t 3  and 1 t  2t 3 1 t t 4t 4 t 2 t 2dx dx
dt dt dt dt

dy dyœ � œ � Ê � œ � � � œ � � œ � œ �a b a b a b k kÊˆ ‰ Š ‹ É È"Î# ## #
#

 since 0 t 3  Length (t 2) dt 2tŸ Ÿ Ê œ � œ � œ'
0

3
t 21
2

3’ “#

! #

29. 8t cos t and 8t sin t  8t cos t 8t sin t 64t  cos t 64t  sin tdx dx
dt dt dt dt

dy dyœ œ Ê � œ � œ �Êˆ ‰ Š ‹ Éa b a b È# #
# # # # # #

 8t 8t since 0 t   Length 8t dt 4tœ œ Ÿ Ÿ Ê œ œ œk k c d1
1

1

#

Î
# #Î#

!
'

0

2
1

30. sec t tan t sec t cos t sec t cos t and sin t  dx dx
dt sec t tan t dt dt dt

dy dyœ � � œ � œ � Ê �ˆ ‰ ˆ ‰a b Ê Š ‹"
�

# # #

 sec t cos t sin t sec t 1 tan t tan t tan t since 0 tœ � � � œ � œ œ œ Ÿ ŸÉa b a b k kÈ È# # # # 1

3

  Length tan t dt   dt ln cos t ln ln 1 ln 2Ê œ œ œ � œ � � œ' '
0 0

3 3
sin t
cos t

1 1
1

Î Î Î$
!

"
#c dk k

31. sin t and cos t  sin t cos t 1  Area 2 y dsdx dx
dt dt dt dt

dy dyœ � œ Ê � œ � � œ Ê œÊˆ ‰ Š ‹ Éa b a b# #
# # ' 1

 2 2 sin t 1 dt 2 2t cos t 2 [ 4 1 0 1 ] 8œ � œ � œ � � � œ'
0

21
1

1 1 1 1 1a ba b c d a b a b#
!

#

32. t  and t   t t   Area 2 x dsdx dx t 1
dt dt dt dt t

dy dyœ œ Ê � œ � œ Ê œ"Î# �"Î# # #
�" �Êˆ ‰ Š ‹ È É # ' 1

 2 t  dt t t 1 dt; u t 1  du 2t dt; t 0  u 1,œ œ � œ � Ê œ œ Ê œ' '
0 0

3 3È È

1 ˆ ‰É È c2 t 4
3 t 3

$Î# #�" ## 1

 t 3  u 4   u du u’ “È È � ‘œ Ê œ Ä œ œ'
1

4
2 4 28
3 9 9
1 1 1$Î# %

"

 Note:  2 t   dt is an improper integral but  lim  f t  exists and is equal to 0, where'
0

3È

1 ˆ ‰ É a b2 t 1
3 t

$Î# �#

t Ä !
�

 f t 2 t  .  Thus the discontinuity is removable:  define F t f t  for t 0 and F 0 0a b a b a b a bˆ ‰ Éœ œ � œ1
2 t
3 t

$Î# �"#

  F t  dt .Ê œ'
0

3È a b 28
9
1

33. 1 and t 2  1 t 2 t 2 2 t 3  Area 2 x dsdx dx
dt dt dt dt

dy dyœ œ � Ê � œ � � œ � � Ê œÈ È ÈÊ Êˆ ‰ Š ‹ Š ‹ É '# # #
# # 1

 2 t 2 t 2 2 t 3 dt; u t 2 2 t 3  du 2t 2 2  dt; t 2  u 1,œ � � � œ � � Ê œ � œ � Ê œ'
�

È

È

2

2

1 Š ‹ ’ Š ‹È È È È ÈÉ # #

 t 2  u 9   u du u 27 1’ “È È � ‘ a bœ Ê œ Ä œ œ � œ'
1

9
2 2 52
3 3 31 1

$Î# *

"
1 1

34. From Exercise 30, tan t  Area 2 y ds 2  cos t tan t dt 2  sin t dtÊˆ ‰ Š ‹dx
dt dt

dy
0 0

3 3# # Î Î
� œ Ê œ œ œ' ' '1 1 1

1 1

 2 cos t 2 ( 1)œ � œ � � � œ1 1 1c d � ‘1Î$
!

"
#

35. 2 and 1 2 1 5 Area 2 y ds 2 t 1 5 dtdx dx
dt dt dt dt

dy dy
1

œ œ Ê � œ � œ Ê œ œ �Êˆ ‰ Š ‹ È È Èa b# #
# # ' '1 1

0

 2 5 t 3 5.  Check:  slant height is 5  Area is 1 2 5 3 5 .œ � œ Ê � œ1 1 1 1È È È È È’ “ a bt
2

#
"

!
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36. h and r  h r   Area 2 y ds 2 rt h r  dtdx dx
dt dt dt dt

dy dy
1

œ œ Ê � œ � Ê œ œ �Êˆ ‰ Š ‹ È È# #
# # # #' '1 1

0

 2 r h r  t dt 2 r h r  r h r .  Check:  slant height is h r   Area isœ � œ � œ � � Ê1 1 1È È È È’ “# # # # # # # #
"

!

'
0

1
t
2

#

 r h r .1 È # #�

37. Let the density be 1.  Then x cos t t sin t  t cos t, and y sin t t cos t  t sin t$ œ œ � Ê œ œ � Ê œdx
dt dt

dy

  dm 1 ds  dt (t cos t) (t sin t) t  dt t dt since 0 t .  The curve's mass isÊ œ œ � œ � œ œ Ÿ Ÿ† Êˆ ‰ Š ‹ È k kdx
dt dt

dy# #
# #

#
1

 M dm t dt .  Also M  y dm sin t t cos t t dt t sin t dt t  cos t dtœ œ œ œ œ � œ �µ' ' ' ' ' '
0 0 0 0

2 2 2 2

8

1 1 1 1
1

Î Î Î Î
##

x a b
 sin t t cos t t  sin t 2 sin t 2t cos t 3 , where we integrated by parts.  Therefore,œ � � � � œ �c d c d1 1 1Î#

!
# Î#

!

#

4

  y 2.  Next, M x dm cos t t sin t  t dt t cos t dt t  sin t dtœ œ œ � œ œ � œ �µM
M

3 24
0 0 0

2 2 2
x

Š ‹
Š ‹
� Î Î Î

#
1

1

#

# #

4

8
1

1 1 1

y
' ' ' 'a b

 cos t t sin t t  cos t 2 cos t 2t sin t 3, again integrating by parts. Henceœ � � � � � œ �c d c d1 1 1Î#
!

# Î#
! #

3

  x .  Therefore x y 2 .œ œ œ � ß œ � ß �M
M

3 12 24 12 24 24y
ˆ ‰
Š ‹
3

8

1

1

#

# # # #

�

1 1 1 1 1
a b ˆ ‰

38. Let the density be 1.  Then x e  cos t e  cos t e  sin t, and y e  sin t e  sin t e  cos t$ œ œ Ê œ � œ Ê œ �t t t t t tdx
dt dt

dy

 dm 1 ds  dt e  cos t e  sin t e  sin t e  cos t  dt 2e  dt 2 e  dt.Ê œ œ � œ � � � œ œ† Êˆ ‰ Š ‹ Éa b a b È Èdx
dt dt

dy t t t t 2t t# #
# #

 The curve's mass is M dm 2 e  dt 2 e 2 .  Also M  y dm e  sin t 2 e  dtœ œ œ � œ œµ' ' ' '
0 0

t t
1 1È È È Èa bŠ ‹t

x
1

 2 e  sin t dt 2 (2 sin t cos t) 2   y .œ œ � œ � Ê œ œ œ'
0

e e e
5 5 5 M 5 e 1

M 2

2 e 2

1 1È È È’ “ Š ‹2t 2t 2 2
e2

5 5

!

" �"
�

� �

1 1

1

1
1

x

È Š ‹
È È a b

"

 Next M x dm e  cos t 2 e  dt 2 e  cos t dt 2 2 cos t sin t 2y
2tœ œ œ œ � œ � �µ' ' '

0 0
t t e 2e 2

5 5 5

1 1 1a b a bŠ ‹ ’ “ Š ‹È È È È2t 2

!

1

  x .  Therefore x y .Ê œ œ œ � ß œ � ßM
M 5 e 1 5 e 1 5 e 1

2

2 e 2
2e 2 2e 2 e 1y

� �

�

� � �
� � �

È Š ‹
È È a b a b a b

2e 22

5 5 2 2 2
1

1

1 1 1

1 1 1
a b Š ‹

39. Let the density be 1.  Then x cos t  sin t, and y t sin t  1 cos t$ œ œ Ê œ � œ � Ê œ �dx
dt dt

dy

  dm 1 ds  dt sin t 1 cos t  dt 2 2 cos t dt.  The curve's massÊ œ œ � œ � � � œ �† Êˆ ‰ Š ‹ Éa b a b Èdx
dt dt

dy# #
# #

 is M dm 2 2 cos t dt 2 1 cos t dt 2 2 cos  dt 2 cos  dtœ œ � œ � œ œ' ' ' ' '
0 0 0 0

t t
1 1 1 1È ÈÈ È É ˆ ‰ ¸ ¸ˆ ‰#

# #

 2 cos  dt since 0 t   0 2 2 sin 4.  Also M y dmœ Ÿ Ÿ Ê Ÿ Ÿ œ œ œ µ' '
0

t t t
2

1
1 1ˆ ‰ ˆ ‰ � ‘ˆ ‰

# # # !
1 x

 t sin t 2 cos  dt 2t cos  dt 2 sin t cos  dtœ � œ �' ' '
0 0 0

t t t
1 1 1a b ˆ ‰ ˆ ‰ ˆ ‰

# # #

 2 4 cos 2t sin 2  cos t cos t 4   y .œ � � � � œ � Ê œ œ œ �� ‘ � ‘ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰t t 3 16 4
2 3 3 M 4 3

M 4
# # #! !

" " �1 1 1
1 1x

ˆ ‰16
3

 Next M x dm cos t 2 cos  dt cos t cos  dt 2 sin 2y œ œ œ œ � œ �µ' ' '
0 0

t t t 2
2 3 3

sin t1 1 1a bˆ ‰ ˆ ‰ ˆ ‰’ “# # !

ˆ ‰3
#

   x .  Therefore x y .œ Ê œ œ œ ß œ ß �4 4
3 M 4 3 3 3

My
ˆ ‰4

3 " "a b ˆ ‰1

40. Let the density be 1.  Then x t   3t , and y   3t  dm 1 ds$ œ œ Ê œ œ Ê œ Ê œ$ #
#

dx 3t
dt dt

dy#

†

  dt 3t (3t)  dt 3 t t 1 dt 3t t 1 dt since 0 t 3.  The curve's massœ � œ � œ � œ � Ÿ ŸÊˆ ‰ Š ‹ Éa b k kÈ È Èdx
dt dt

dy# #
# # # ##

 is M dm 3t t 1 dt t 1 7.  Also M y dm 3t t 1  dtœ œ � œ � œ œ œ �µ' ' ' '
0 0

3 3

x

È ÈÈ È’ “ Š ‹a b# ## $Î#

! #

È3
3t#

 t t 1 dt 17.4 (by computer)  y 2.49.  Next M x dmœ � œ œ Ê œ œ ¸ œ µ9 87 17.4
5 M 7

M
#

$ #' '
0

3

y

È È x
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660 Chapter 11 Parametric Equations and Polar Coordinates

 t 3t t 1  dt 3 t t 1 dt 16.4849 (by computer)  x 2.35.œ † � œ � ¸ Ê œ œ ¸' '
0 0

3 3È È
$ %# #Èa b È M

M 7
16.4849y

 Therefore, x y 2.35 2.49 .a b a bß ¸ ß

41. (a) 2 sin 2t and 2 cos 2t  2 sin 2t 2 cos 2t 2dx dx
dt dt dt dt

dy dyœ � œ Ê � œ � � œÊˆ ‰ Š ‹ Éa b a b# #
# #

  Length 2 dt 2tÊ œ œ œ'
0

21
1

Î Î#
!c d 1

 (b)  cos t and  sin t cos t sin tdx dx
dt dt dt dt

dy dyœ œ � Ê � œ � � œ1 1 1 1 1 1 1 1 1Êˆ ‰ Š ‹ Éa b a b# #
# #

  Length  dt tÊ œ œ œ'
� Î

Î "Î#
�"Î#1 2

1 2
1 1 1c d

42. (a) x g y  has the parametrization x g y  and y y for c y d  g y  and 1; thenœ œ œ Ÿ Ÿ Ê œ œa b a b a bdx
dy dy

dyw

 Length  dy 1  dy 1 [g y ]  dyœ � œ � œ �' ' '
c c c

d d d
dy
dy dy dy

dx dxÊ ÊŠ ‹ Š ‹ Š ‹ È a b# # #
w #

 (b) x y , 0 y y L 1 y  dy 1 y dy 1 yœ Ÿ Ÿ Ê œ Ê œ � œ � œ † �3 2 1 24 dx 3 3 9 4 2 9
3 dy 2 2 4 9 3 40 0

4 3 4 3
1 2 3 2

0

4 3
Î Î

Î Î
Î # Î

Î

' 'É ˆ ‰ ˆ ‰É ” •
 4 1œ � œ8 8 56

27 27 27
3 2 3 2a b a bÎ Î

 (c) x y , 0 y 1 y L 1 y  dy 1  dy  dyœ Ÿ Ÿ Ê œ Ê œ � œ � œ3 dx 1
2 dy

2 3 1 3
0 0 a

1 1 1
1 3

y ya 0

y 1Î � Î � Î #

Ä

�' ' 'É a b É É2 3 2 3

2 3

Î Î
�

Î

lim

 y 1  y dy y 1 2 a 1 2 2 1œ � œ † � œ � � œ �lim lim lim
a 0 a 0 a 0

3 2 3 2
2 3 2 3a

1
2 3 1 3 2 3 2 31 2 3 2 3 2

a

1
3 2

Ä Ä Ä

Î � Î Î ÎÎ Î ÎÎ

� � �

' ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰” • Š ‹a b È

43. x 1 2 sin cos , y 1 2 sin sin 2cos sin 1 2 sin , 2cos sin cos 1 2 sinœ � œ � Ê œ � � œ � �a b a b a b a b) ) ) ) ) ) ) ) ) ) )
dx
d d

2 dy
) )

 Ê œ œ œdy
dx 2cos sin 1 2 sin 2cos 2sin sin 2 cos 2 sin

2cos sin cos 1 2 sin 4cos sin cos 2 sin 2 cos) ) ) )

) ) ) ) ) ) ) )

) ) ) ) )� �
� � � � �

� �a ba b2 2 2

 (a) x 1 2 sin 0 cos 0 1, y 1 2 sin 0 sin 0 0; œ � œ œ � œ œ œ œa b a b a b a ba b a b ºdy
dx 2 cos 2 0 sin 0 2 0 2

0

2 sin 2 0 cos 0 0 1 1

)œ

�
� �

�a b a ba ba b a ba b

 (b) x 1 2 sin cos 0, y 1 2 sin sin 3; 0œ � œ œ � œ œ œ œˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰ º1 1 1 1

) 1

# # # # � �
œ

�

�
�dy

dx 2 1
/2

2 sin 2 cos
2 cos 2 sin

0 0ˆ ‰ ˆ ‰ˆ ‰
ˆ ‰ ˆ ‰ˆ ‰

1 1

1 1

# #

# #

 (c) x 1 2 sin cos , y 1 2 sin sin ; œ � œ œ � œ œˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰ º4 4 4 4
3 3 2 3 3 2 dx

3 1 3 3 dy

4 /3

2 sin 2 cos

2 cos 2 sin
1 1 1 1

) 1

È È ˆ ‰ ˆ ‰ˆ ‰
ˆ ‰ ˆ ‰ˆ ‰� �

œ

�

�

4 4
3 3
4 4
3 3

1 1

1 1

 4 3 3œ œ œ � �
È È

È
3

1

2 3 1
3 2

�

� �

�

�

1
2
3

2

È Š ‹È

44. x t, y 1 cos t, 0 t 2 1, sin t sin t cos t cos t. Theœ œ � Ÿ Ÿ Ê œ œ Ê œ œ Ê œ Ê œ œ1
dx sin t d cos t
dt dt dx 1 dt dx dx 1

dy dy dy d yŠ ‹ 2

2

 maximum and minimum slope will occur at points that maximize/minimize , in other words, points where 0dy d y
dx dx

2

2 œ

 cos t 0 t  or t      
2 3 2

Ê œ Ê œ œ Ê œ ��� ± � � � ± ���
Î Î

1 1

2 2 dx
3 d y2

2

1 1

 (a) the maximum slope is sin 1, which occurs at x , y 1 cos 1dy
dx 2 2 2

t 2
º ˆ ‰ ˆ ‰
œ Î1

1 1 1œ œ œ œ � œ

 (a) the minimum slope is sin 1, which occurs at x , y 1 cos 1dy
dx 2 2 2

t 3 2

3 3 3º ˆ ‰ ˆ ‰
œ Î1

1 1 1œ œ � œ œ � œ

45. cos t and 2 cos 2t  ; then 0  0dx 2 cos 2t
dt dt dx dx/dt cos t cos t dx cos t

dy dy dy/dt dy2 2 cos t 1 2 2 cos t 1œ œ Ê œ œ œ œ Ê œa b a b# #� �

  2 cos t 1 0  cos t   t , , , .  In the 1st quadrant:  t   x sin  andÊ � œ Ê œ „ Ê œ œ Ê œ œ# "
#È

È
2 4 4 4 4 4 4

3 5 7 21 1 1 1 1 1

 y sin 2 1  1  is the point where the tangent line is horizontal.  At the origin:  x 0 and y 0œ œ Ê ß œ œˆ ‰ Š ‹1

4
2È

#

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



 Section 11.2 Calculus With Parametric Curves 661

  sin t 0  t 0 or t  and sin 2t 0  t 0, , , ; thus t 0 and t  give the tangent lines atÊ œ Ê œ œ œ Ê œ œ œ1 1 1
1 1

# #
3

 the origin.  Tangents at origin:  2  y 2x and 2  y 2x¹ ¹dy dy
dx dx

t 0 tœ œ

œ Ê œ œ � Ê œ �
1

46. 2 cos 2t and 3 cos 3t  dx 3 cos 3t
dt dt dx dx/dt 2 cos 2t 2 2 cos t 1

dy dy dy/dt 3(cos 2t cos t sin 2t sin t)œ œ Ê œ œ œ �
�a b#

 œ œ œ3 2 cos t 1  (cos t) 2 sin t cos t sin t
2 2 cos t 1 2 2 cos t 1 2 2 cos t

(3 cos t) 2 cos t 1 2 sin t (3 cos t) 4 cos t 3c da ba b a b a ba b a b#

# # #

# # #� �
� �

� � �
� 1 ; then

 0  0  3 cos t 0 or 4 cos t 3 0:  3 cos t 0  t ,  anddy
dx 2 2 cos t 1

(3 cos t) 4 cos t 3 3œ Ê œ Ê œ � œ œ Ê œa ba b
#

#

�
� # #

# 1 1

 4 cos t 3 0  cos t   t , , , .  In the 1st quadrant:  t   x sin 2#
# #� œ Ê œ „ Ê œ œ Ê œ œ

È È3 3
6 6 6 6 6 6

5 7 111 1 1 1 1 1ˆ ‰
 and y sin 3 1  1  is the point where the graph has a horizontal tangent.  At the origin:  x 0œ œ Ê ß œˆ ‰ Š ‹1

6
3È

#

 and y 0  sin 2t 0 and sin 3t 0  t 0, , ,  and t 0, , , , ,   t 0 and t  giveœ Ê œ œ Ê œ œ Ê œ œ1 1 1 1 1 1

# #1 1 1
3 2 4 5

3 3 3 3

 the tangent lines at the origin.  Tangents at the origin:    y x, and ¹ ¹dy dy
dx 2 cos 0 dx

3 cos 0 3 3

t 0 tœ œ

œ œ Ê œ# #
1

   y xœ œ � Ê œ �3 cos (3 )
2 cos (2 )

3 31

1 # #

47. (a) x a t sin t , y a 1 cos t , 0 t 2 a 1 cos t , a sin t Lengthœ � œ � Ÿ Ÿ Ê œ � œ Êa b a b a b1
dx
dt dt

dy

 a 1 cos t a sin t  dt a 2a cos t a cos t a sin t dtœ � � œ � � �' '
0 0

2 21 1Éa b a ba b È# # # # # # # #

 a 2 1 cos t dt a 2 2 sin  dt 2a sin  dt 4a cosœ � œ œ œ �È ÈÈ É ˆ ‰ ˆ ‰ ˆ ‰’ “' ' '
0 0 0

2 2 2
2 t t t

2 2 2 0

21 1 1 1

 4a cos 4a cos 0 8aœ � � œ1 a b
 (b) a 1 x t sin t, y 1 cos t, 0 t 2 1 cos t, sin t Surface areaœ Ê œ � œ � Ÿ Ÿ Ê œ � œ Ê œ1

dx
dt dt

dy

 2 1 cos t 1 cos t sin t  dt 2 1 cos t 1 2 cos t cos t sin t dtœ � � � œ � � � �' '
0 0

2 21 1

1 1a b a b a b a bÉ È# # # #

 2 1 cos t 2 2 cos t dt 2 2 1 cos t  dt 2 2 1 cos 2  dtœ � � œ � œ � †1 1 1' ' '
0 0 0

2 2 23 2 t
2

3 21 1 1a b a bÈ È È ˆ ‰ˆ ‰Î Î

 2 2 2 sin  dt 8 sin  dtœ œÈ ˆ ‰ ˆ ‰ˆ ‰1 1' '
0 0

2 2
2 3t t

2 2
3 21 1Î

    u du dt dt 2 du; t 0 u 0, t 2 u’ “œ Ê œ Ê œ œ Ê œ œ Ê œt 1
2 2 1 1

 16 sin u du 16 sin u sin u du 16 1 cos u sin u du 16 sin u du 16 cos u sin u duœ œ œ � œ �1 1 1 1 1' ' ' ' '
0 0 0 0 0

3 2 2 2
1 1 1 1 1a b

 16 cos u cos u 16 16œ � � œ � � � � œ’ “ ˆ ‰ ˆ ‰1 1 1
16 16 16 64

3 3 3 3
3

0

1 1 1 1
1

48. x t sin t, y 1 cos t, 0 t 2 ; Volume  y dx 1 cos t 1 cos t dtœ � œ � Ÿ Ÿ œ œ � �1 1 1' '
0 0

2 2
2 21 1 a b a b

 1 3cos t 3cos t cos t dt 1 3cos t 3 cos t cos t dtœ � � � œ � � �1 1' '
0 0

2 2
2 3 21 cos 2t

2

1 1a b ˆ ‰ˆ ‰�

 3cos t cos 2t 1 sin t cos t dt 4cos t cos 2t sin t cos t dtœ � � � � œ � � �1 1' '
0 0

2 2
5 3 5 3
2 2 2 2

2 2
1 1ˆ ‰ ˆ ‰a b

 t 4sin t sin 2t sin t 5 0 0 0 0 5œ � � � œ � � � � œ1 1 1 1’ “ a b5 3 1
2 4 3

3 2

0

21

47-50. Example CAS commands:
 :Maple
 with( plots );
 with( student );
 x := t -> t^3/3;
 y := t -> t^2/2;
 a := 0;
 b := 1;
 N := [2, 4, 8 ];
 for n in N do
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   tt := [seq( a+i*(b-a)/n, i=0..n )];
   pts := [seq([x(t),y(t)],t=tt)];
   L := simplify(add( student[distance](pts[i+1],pts[i]), i=1..n ));       # (b)
   T := sprintf("#47(a) (Section 11.2)\nn=%3d  L=%8.5f\n", n, L );
   P[n] := plot( [[x(t),y(t),t=a..b],pts], title=T ):                                       # (a)
 end do:
 display( [seq(P[n],n=N)], insequence=true );
 ds := t ->sqrt( simplify(D(x)(t)^2 + D(y)(t)^2) ):                                   # (c)
 L := Int( ds(t), t=a..b ):
 L = evalf(L);

11.3  POLAR COORDINATES

 1. a, e;  b, g;  c, h;  d, f  2. a, f;  b, h;  c, g;  d, e

 3. (a) 2 2n  and 2 (2n 1) , n an integerˆ ‰ ˆ ‰ß � � ß � �1 1

# #1 1

 (b) ( 2n ) and ( (2n 1) ), n an integer#ß �#ß �1 1

 (c) 2 2n  and 2 (2n 1) , n an integerˆ ‰ ˆ ‰ß � � ß � �3 31 1

# #1 1

 (d) ( (2n 1) ) and ( 2n ), n an integer#ß � �#ß1 1

 

 4. (a) 3 2n  and 3 2n , n an integerˆ ‰ ˆ ‰ß � � ß �1 1

4 4
5

1 1

 (b) 3 2n  and 3 2n , n an integerˆ ‰ ˆ ‰� ß � ß �1 1

4 4
5

1 1

 (c) 3 2n  and 3 2n , n an integerˆ ‰ ˆ ‰ß � � � ß �1 1

4 4
3

1 1

 (d) 3 2n  and 3 2n , n an integerˆ ‰ ˆ ‰� ß� � ß �1 1

4 4
3

1 1

 

 5. (a) x r cos 3 cos 0 3, y r sin 3 sin 0 0  Cartesian coordinates are ( 0)œ œ œ œ œ œ Ê $ß) )

 (b) x r cos 3 cos 0 3, y r sin 3 sin 0 0  Cartesian coordinates are ( 0)œ œ � œ � œ œ � œ Ê �$ß) )

 (c) x r cos 2 cos 1, y r sin 2 sin 3  Cartesian coordinates are 1 3œ œ œ � œ œ œ Ê � ß) )
2 2
3 3
1 1 È ÈŠ ‹

 (d) x r cos 2 cos 1, y r sin 2 sin 3  Cartesian coordinates are 1 3œ œ œ œ œ œ Ê ß) )
7 7
3 3
1 1 È ÈŠ ‹

 (e) x r cos 3 cos 3, y r sin 3 sin 0  Cartesian coordinates are (3 0)œ œ � œ œ œ � œ Ê ß) 1 ) 1

 (f) x r cos 2 cos 1, y r sin 2 sin 3  Cartesian coordinates are 1 3œ œ œ œ œ œ Ê ß) )
1 1

3 3
È ÈŠ ‹

 (g) x r cos 3 cos 2 3, y r sin 3 sin 2 0  Cartesian coordinates are ( 3 0)œ œ � œ � œ œ � œ Ê � ß) 1 ) 1

 (h) x r cos 2 cos 1, y r sin 2 sin 3  Cartesian coordinates are 1 3œ œ � � œ � œ œ � � œ Ê � ß) )ˆ ‰ ˆ ‰ È ÈŠ ‹1 1

3 3

 6. (a) x 2 cos 1, y 2 sin 1  Cartesian coordinates are (1 1)œ œ œ œ Ê ßÈ È1 1

4 4

 (b) x 1 cos 0 1, y 1 sin 0 0  Cartesian coordinates are (1 0)œ œ œ œ Ê ß

 (c) x 0 cos 0, y 0 sin 0  Cartesian coordinates are ( 0)œ œ œ œ Ê !ß1 1

# #

 (d) x 2 cos 1, y 2 sin  1  Cartesian coordinates are ( 1 1)œ � œ � œ � œ � Ê � ß�È Èˆ ‰ ˆ ‰1 1

4 4

 (e) x 3 cos , y 3 sin   Cartesian coordinates are œ � œ œ � œ � Ê ß�5 5 3 3
6 2 6

3 3 3 31 1
È È

# # #Š ‹
 (f) x 5 cos tan  3, y 5 sin tan  4  Cartesian coordinates are ( 4)œ œ œ œ Ê $ßˆ ‰ ˆ ‰�" �"4 4

3 3
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 (g) x 1 cos 7 1, y 1 sin 7 0  Cartesian coordinates are (1 0)œ � œ œ � œ Ê ß1 1

 (h) x 2 3 cos 3, y 2 3 sin 3  Cartesian coordinates are 3 3œ œ � œ œ Ê � ßÈ È È ÈŠ ‹2 2
3 3
1 1

 7. (a) 1, 1 r 1 1 2, sin  and cos Polar coordinates are 2, a b È È ÈŠ ‹Ê œ � œ œ œ Ê œ Ê2 2 1 1
2 2 4 4) ) )È È 1 1

 (b) 3, 0 r 3 0 3, sin 0 and cos 1 Polar coordinates are 3, a b a b a bÉ� Ê œ � � œ œ œ � Ê œ Ê2 2 ) ) ) 1 1

 (c) 3, 1 r 3 1 2, sin  and cos Polar coordinates are 2, Š ‹ ÊŠ ‹È È a b ˆ ‰� Ê œ � � œ œ � œ Ê œ Ê
2

2 1 11 11
2 2 6 6

3
) ) )

È
1 1

 (d) 3, 4 r 3 4 5, sin  and cos arctan Polar coordinates area b a bÉ ˆ ‰� Ê œ � � œ œ œ � Ê œ � Ê2 2 4 3 4
5 5 3) ) ) 1

 5, arctanˆ ‰ˆ ‰1 � 4
3

 8. (a) 2, 2 r 2 2 2 2, sin  and cos Polar coordinates area b a b a bÉ È� � Ê œ � � � œ œ � œ � Ê œ � Ê2 2 1 1 3
2 2 4) ) )È È 1

 2 2, Š ‹È � 3
4
1

 (b) 0, 3 r 0 3 3, sin 1 and cos 0 Polar coordinates are 3, a b È ˆ ‰Ê œ � œ œ œ Ê œ Ê2 2
2 2) ) )
1 1

 (c) 3, 1 r 3 1 2, sin  and cos Polar coordinates are 2, Š ‹ ÊŠ ‹È È ˆ ‰� Ê œ � � œ œ œ � Ê œ Ê
2

2 1 5 5
2 2 6 6

3
) ) )

È
1 1

 (d) 5, 12 r 5 12 13, sin  and cos arctan Polar coordinates area b a bÉ ˆ ‰� Ê œ � � œ œ � œ Ê œ � Ê2 2 12 5 12
13 12 5) ) )

 13, arctanˆ ‰ˆ ‰� 12
5

 9. (a) 3, 3 r 3 3 3 2, sin  and cos Polar coordinates area b È ÈÊ œ � � œ � œ � œ � Ê œ Ê2 2 1 1 5
2 2 4) ) )È È 1

 3 2, Š ‹È� 5
4
1

 (b) 1, 0 r 1 0 1, sin 0 and cos 1 0 Polar coordinates are 1, 0a b a b a bÉ� Ê œ � � � œ � œ œ Ê œ Ê �2 2 ) ) )

 (c) 1, 3 r 1 3 2, sin  and cos Polar coordinates areŠ ‹ Ê Š ‹È Èa b� Ê œ � � � œ � œ � œ Ê œ Ê2
2

3
2 2 3

1 5
) ) )

È
1

 2, ˆ ‰� 5
3
1

 (d) 4, 3 r 4 3 5, sin  and cos arctan Polar coordinates area b a bÉ ˆ ‰� Ê œ � � � œ � œ œ � Ê œ � Ê2 2 3 4 3
5 5 4) ) ) 1

 5, arctanˆ ‰ˆ ‰� �1
4
3

10. (a) 2, 0 r 2 0 2, sin 0 and cos 1 0 Polar coordinates are 2, 0a b a b a bÉ� Ê œ � � � œ � œ œ Ê œ Ê �2 2 ) ) )

 (b) 1, 0 r 1 0 1, sin 0 and cos 1  or Polar coordinates are 1,  ora b a bÈÊ œ � � œ � œ œ � Ê œ œ � Ê �2 2 ) ) ) 1 ) 1 1

 1, a b� �1

 (c) 0, 3 r 0 3 3, sin 1 and cos 0 Polar coordinates are 3, a b a bÉ ˆ ‰� Ê œ � � � œ � œ œ Ê œ Ê �2 2
2 2) ) )
1 1

 (d) , r 1, sin  and cos  or Polar coordinatesŠ ‹ ÊŠ ‹ ˆ ‰È È È3 3 3
2 2 2 2 2 2 6 6

1 1 1 7 5
2 2

Ê œ � � œ � œ � œ � Ê œ œ � Ê) ) ) )
1 1

 are 1,  or 1, ˆ ‰ ˆ ‰� � �7 5
6 6
1 1

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



664 Chapter 11 Parametric Equations and Polar Coordinates

11.  12.     13.    

14.  15.     16.    

17.  18.     19.    

20.  21.     22.    

23.  24.     25.    
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26. 

27. r cos 2  x 2, vertical line through ( 0) 28. r sin 1  y 1, horizontal line through (0 1)) )œ Ê œ #ß œ � Ê œ � ß�

29. r sin 0  y 0, the x-axis 30. r cos 0  x 0, the y-axis) )œ Ê œ œ Ê œ

31. r 4 csc   r   r sin 4  y 4, a horizontal line through (0 4)œ Ê œ Ê œ Ê œ ß) )
4

sin )

32. r 3 sec   r   r cos 3  x 3, a vertical line through ( 3 0)œ � Ê œ Ê œ � Ê œ � � ß) )
�3

cos )

33. r cos r sin 1  x y 1, line with slope m 1 and intercept b 1) )� œ Ê � œ œ � œ

34. r sin r cos   y x, line with slope m 1 and intercept b 0) )œ Ê œ œ œ

35. r 1  x y 1, circle with center C ( 0) and radius 1# # #œ Ê � œ œ !ß

36. r 4r sin x y 4y x y 4y 4 4 x (y 2) 4, circle with center C (0 2) and radius 2# # # # # # #œ Ê � œ Ê � � � œ Ê � � œ œ ß)

37. r   r sin 2r cos 5  y 2x 5, line with slope m 2 and intercept b 5œ Ê � œ Ê � œ œ œ5
sin 2 cos ) )� ) )

38. r  sin 2 2  2r  sin  cos 2  (r sin )(r cos ) 1  xy 1, hyperbola with focal axis y x# #
) ) ) ) )œ Ê œ Ê œ Ê œ œ

39. r cot  csc   r sin cos   r  sin r cos   y x, parabola with vertex (0 0)œ œ Ê œ Ê œ Ê œ ß) ) ) ) ) )ˆ ‰ ˆ ‰cos 
sin sin 

)

) )

" # # # #

 which opens to the right

40. r 4 tan  sec   r 4   r cos 4 sin   r  cos 4r sin   x 4y, parabola withœ Ê œ Ê œ Ê œ Ê œ) ) ) ) ) )ˆ ‰sin 
cos

)

)#

# # # #

 vertex ( 0) which opens upwardœ !ß

41. r (csc ) e   r sin e   y e , graph of the natural exponential functionœ Ê œ Ê œ) )
r cos r cos x) )

42. r sin ln r ln cos ln (r cos )  y ln x, graph of the natural logarithm function) ) )œ � œ Ê œ

43. r 2r  cos  sin 1  x y 2xy 1  x 2xy y 1  (x y) 1  x y 1, two parallel# # # # # # #� œ Ê � � œ Ê � � œ Ê � œ Ê � œ „) )

 straight lines of slope 1 and y-intercepts b 1� œ „

44. cos sin   r  cos r  sin   x y   x y   x y, two perpendicular# # # # # # # #
) ) ) )œ Ê œ Ê œ Ê œ Ê „ œk k k k

 lines through the origin with slopes 1 and 1, respectively.�

45. r 4r cos   x y 4x  x 4x y 0  x 4x 4 y 4  (x 2) y 4, a circle with# # # # # # # # #œ � Ê � œ � Ê � � œ Ê � � � œ Ê � � œ)

 center C( 2 0) and radius 2� ß
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46. r 6r sin   x y 6y  x y 6y 0  x y 6y 9 9  x (y 3) 9, a circle with# # # # # # # # #œ � Ê � œ � Ê � � œ Ê � � � œ Ê � � œ)

 center C(0 3) and radius 3ß �

47. r 8 sin   r 8r sin x y 8y x y 8y 0 x y 8y 16 16  x (y 4) 16, aœ Ê œ Ê � œ Ê � � œ Ê � � � œ Ê � � œ) )
# # # # # # # # #

 circle with center C(0 4) and radius 4ß

48. r 3 cos   r 3r cos   x y 3x  x y 3x 0  x 3x yœ Ê œ Ê � œ Ê � � œ Ê � � � œ) )
# # # # # # #9 9

4 4

  x y , a circle with center C  and radius Ê � � œ ß !ˆ ‰ ˆ ‰3 9 3 3
4# # #

# #

49. r 2 cos 2 sin   r 2r cos 2r sin   x y 2x 2y  x 2x y 2y 0œ � Ê œ � Ê � œ � Ê � � � œ) ) ) )
# # # # #

  (x 1) (y 1) 2, a circle with center C(1 1) and radius 2Ê � � � œ ß# # È

50. r 2 cos sin r 2r cos r sin x y 2x y x 2x y y 0œ � Ê œ � Ê � œ � Ê � � � œ) ) ) )
# # # # #

  (x 1) y , a circle with center C 1  and radius Ê � � � œ ß�# " "
# # #

#ˆ ‰ ˆ ‰5
4

5È

51. r sin 2  r sin  cos cos  sin 2  r sin r cos 2  y x 2ˆ ‰ ˆ ‰) ) ) ) )� œ Ê � œ Ê � œ Ê � œ1 1 1

6 6 6
3 3È È

# # # #
" "

  3 y x 4, line with slope m  and intercept bÊ � œ œ � œÈ "È È3 3
4

52. r sin 5  r sin  cos cos  sin 5  r cos r sin 5  x y 5ˆ ‰ ˆ ‰2 2 2
3 3 3

3 31 1 1� œ Ê � œ Ê � œ Ê � œ) ) ) ) )
È È
# # # #

" "

  3 x y 10, line with slope m 3 and intercept b 10Ê � œ œ � œÈ È

53. x 7  r cos 7 54. y 1  r sin 1œ Ê œ œ Ê œ) )

55. x y  r cos r sin    56. x y 3  r cos r sin 3œ Ê œ Ê œ � œ Ê � œ) ) ) ) )
1

4

57. x y 4  r 4  r 2 or r 2# # #� œ Ê œ Ê œ œ �

58. x y 1  r  cos r  sin 1  r cos sin 1  r  cos 2 1# # # # # # # # # #� œ Ê � œ Ê � œ Ê œ) ) ) ) )a b

59. 1  4x 9y 36  4r  cos 9r  sin 36x
9 4

y# #

� œ Ê � œ Ê � œ# # # # # #
) )

60. xy 2  (r cos )(r sin ) 2  r  cos  sin 2  2r  cos  sin 4  r  sin 2 4œ Ê œ Ê œ Ê œ Ê œ) ) ) ) ) ) )
# # #

61. y 4x  r  sin 4r cos   r sin 4 cos # # # #œ Ê œ Ê œ) ) ) )

62. x xy y 1  x y xy 1  r r  sin  cos 1  r (1 sin  cos ) 1# # # # # # #� � œ Ê � � œ Ê � œ Ê � œ) ) ) )

63. x (y 2) 4  x y 4y 4 4  x y 4y  r 4r sin   r 4 sin # # # # # # #� � œ Ê � � � œ Ê � œ Ê œ Ê œ) )

64. (x 5) y 25  x 10x 25 y 25  x y 10x  r 10r cos   r 10 cos � � œ Ê � � � œ Ê � œ Ê œ Ê œ# # # # # # #
) )

65. (x 3) (y 1) 4  x 6x 9 y 2y 1 4  x y 6x 2y 6  r 6r cos 2r sin 6� � � œ Ê � � � � � œ Ê � œ � � Ê œ � �# # # # # # #
) )

66. (x 2) (y 5) 16 x 4x 4 y 10y 25 16 x y 4x 10y 13� � � œ Ê � � � � � œ Ê � œ � � �# # # # # #

 r 4r cos 10r sin 13Ê œ � � �#
) )
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67. ( ) where  is any angle!ß ) )

68. (a) x a  r cos a  r   r a sec œ Ê œ Ê œ Ê œ) )
a

cos )

 (b) y b  r sin b  r   r b csc œ Ê œ Ê œ Ê œ) )
b

sin )

11.4  GRAPHING IN POLAR COORDINATES

 1. 1 cos ( ) 1 cos r  symmetric about the� � œ � œ Ê) )

 x-axis; 1 cos ( ) r and 1 cos ( )� � Á � � �) 1 )

 1 cos r  not symmetric about the y-axis;œ � Á Ê)

 therefore not symmetric about the origin

 

 2. 2 2 cos ( ) 2 2 cos r  symmetric about the� � œ � œ Ê) )

 x-axis; 2  cos ( ) r and 2 2 cos ( )� # � Á � � �) 1 )

 2 2 cos r  not symmetric about the y-axis;œ � Á Ê)

 therefore not symmetric about the origin

 

 3. 1 sin ( ) 1 sin r and 1 sin ( )� � œ � Á � �) ) 1 )

 1 sin r  not symmetric about the x-axis;œ � Á � Ê)

 1 sin ( ) 1 sin r  symmetric about� � œ � œ Ê1 ) )

 the y-axis; therefore not symmetric about the origin

 

 4. 1 sin ( ) 1 sin r and 1 sin ( )� � œ � Á � �) ) 1 )

 1 sin r  not symmetric about the x-axis;œ � Á � Ê)

 1 sin ( ) 1 sin r  symmetric about the� � œ � œ Ê1 ) )

 y-axis; therefore not symmetric about the origin
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 5. 2 sin ( ) 2 sin r and 2 sin ( )� � œ � Á � �) ) 1 )

 2 sin r  not symmetric about the x-axis;œ � Á � Ê)

 2 sin ( ) 2 sin r  symmetric about the� � œ � œ Ê1 ) )

 y-axis; therefore not symmetric about the origin

 

 6. 1 2 sin ( ) 1 2 sin r and 1 2 sin ( )� � œ � Á � �) ) 1 )

 1 2 sin r  not symmetric about the x-axis;œ � Á � Ê)

 1 2 sin ( ) 1 2 sin r  symmetric about the� � œ � œ Ê1 ) )

 y-axis; therefore not symmetric about the origin

 

 7. sin sin r  symmetric about the y-axis;ˆ ‰ ˆ ‰� œ � œ � Ê) )

# #

 sin sin , so the graph  symmetric about theˆ ‰ ˆ ‰2
2

1 ) )�
# œ is

 x-axis, and hence the origin.

 

 8. cos cos r  symmetric about the x-axis;ˆ ‰ ˆ ‰� œ œ Ê) )

# #

 cos cos , so the graph  symmetric about theˆ ‰ ˆ ‰2
2

1 ) )�
# œ is

 y-axis, and hence the origin.

 

 9. cos ( ) cos r   (r ) and ( r ) are on the� œ œ Ê ß� � ß�) ) ) )#

 graph when (r ) is on the graph  symmetric about theß Ê)

 x-axis and the y-axis; therefore symmetric about the origin

 

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



 Section 11.4 Graphing in Polar Coordinates 669

10. sin ( ) sin r   (r ) and ( r ) are on1 ) ) 1 ) 1 )� œ œ Ê ß � � ß �#

 the graph when (r ) is on the graph  symmetric aboutß Ê)

 the y-axis and the x-axis; therefore symmetric about the
 origin

 

11. sin ( ) sin r   (r ) and ( r )� � œ � œ Ê ß � � ß �1 ) ) 1 ) 1 )#

 are on the graph when (r ) is on the graph  symmetricß Ê)

 about the y-axis and the x-axis; therefore symmetric about
 the origin

 

12. cos ( ) cos r   (r ) and ( r ) are on� � œ � œ Ê ß� � ß�) ) ) )#

 the graph when (r ) is on the graph  symmetric aboutß Ê)

 the x-axis and the y-axis; therefore symmetric about the
 origin

 

13. Since r  are on the graph when (r ) is on the grapha b„ ß� ß) )

 r 4 cos 2( )  r 4 cos 2 , the graph isˆ ‰a b„ œ � Ê œ
# #) )

 symmetric about the x-axis and the y-axis  the graph isÊ

 symmetric about the origin

 

14. Since (r ) on the graph  ( r ) is on the graphß Ê � ß) )

 r 4 sin 2   r 4 sin 2 , the graph isˆ ‰a b„ œ Ê œ
# #) )

 symmetric about the origin.  But 4 sin 2( ) 4 sin 2� œ �) )

 r  and 4 sin 2( ) 4 sin (2 2 ) 4 sin ( 2 )Á � œ � œ �# 1 ) 1 ) )

 4 sin 2 r   the graph is not symmetric aboutœ � Á Ê) #

 the x-axis; therefore the graph is not symmetric about
 the y-axis  

15. Since (r ) on the graph  ( r ) is on the graphß Ê � ß) )

 r sin 2   r sin 2 , the graph isˆ ‰a b„ œ � Ê œ �
# #) )

 symmetric about the origin.  But sin 2( ) ( sin 2 )� � œ � �) )

 sin 2 r  and sin 2( ) sin (2 2 )) 1 ) 1 )Á � � œ � �#

 sin ( 2 ) ( sin 2 ) sin 2 r   the graphœ � � œ � � œ Á Ê) ) ) #

 is not symmetric about the x-axis; therefore the graph is
 not symmetric about the y-axis  
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16. Since r  are on the graph when (r ) is on thea b„ ß� ß) )

 graph r cos 2( )  r cos 2 , theˆ ‰a b„ œ � � Ê œ �
# #) )

 graph is symmetric about the x-axis and the y-axis  theÊ

 graph is symmetric about the origin.

 

17.   r 1  1 , and   r 1) )œ Ê œ � Ê � ß œ � Ê œ �1 1 1

# # #
ˆ ‰

  1 ; r sin ; SlopeÊ � ß� œ œ � œˆ ‰1 ) )

) ) )# �
w �dr r  sin r cos 

d r  cos r sin )
w

w

   Slope at 1  isœ Ê � ß� �
� � #

sin r cos 
sin  cos r sin 

#
) ) 1

) ) )
ˆ ‰

 1; Slope at 1  is
� � �

� � � #

sin ( 1) cos 
sin  cos ( 1) sin 

# ˆ ‰1 1

1 1 1

# #

# # #

œ � � ß�ˆ ‰1
 1

� � � � �

� � � � � �

sin ( 1) cos

sin  cos ( 1) sin

# ˆ ‰ ˆ ‰
ˆ ‰ ˆ ‰ ˆ ‰

1 1

1 1 1

# #

# # #

œ

 

18. 0  r 1  ( 0), and   r 1) ) 1œ Ê œ � Ê �"ß œ Ê œ �

  ( ); r cos ;Ê �"ß œ œ1 )w dr
d)

 Slope œ œr  sin r cos cos  sin r cos 
r  cos r sin cos  cos r sin 

w

w

) ) ) ) )

) ) ) ) )

� �
� �

   Slope at ( 0) is œ Ê �"ßcos  sin r cos 
cos r sin cos 0 ( 1) sin 0

cos 0 sin 0 ( 1) cos 0) ) )

) )

�
� � �

� �
# #

 1; Slope at ( ) is 1œ � �"ß œ1
cos  sin ( 1) cos 

cos ( 1) sin 
1 1 1

1 1

� �
� �#

 

19.   r 1  ;   r 1) )œ Ê œ Ê "ß œ � Ê œ �1 1 1

4 4 4
ˆ ‰

  1 ;   r 1  ;Ê � ß� œ Ê œ � Ê �"ßˆ ‰ ˆ ‰1 1 1

4 4 4
3 3)

   r 1  1 ;) œ � Ê œ Ê ß�3 3
4 4
1 1ˆ ‰

 r 2 cos 2 ;w œ œdr
d) )

 Slope œ œr  sin r cos 2 cos 2  sin r cos 
r  cos r sin 2 cos 2  cos r sin 

w

w

) ) ) ) )

) ) ) ) )

� �
� �

  Slope at 1  is 1;Ê ß œ �ˆ ‰1
4

2 cos  sin (1) cos

2 cos  cos (1) sin

ˆ ‰ ˆ ‰ ˆ ‰
ˆ ‰ ˆ ‰ ˆ ‰
1 1 1

1 1 1

#

#

4 4

4 4

�

�
 

 Slope at 1  is 1;ˆ ‰� ß� œ1

4
2 cos  sin ( 1) cos

2 cos  cos ( 1) sin

ˆ ‰ ˆ ‰ ˆ ‰
ˆ ‰ ˆ ‰ ˆ ‰
� � � � �

� � � � �

1 1 1

1 1 1

#

#

4 4

4 4

 Slope at 1  is 1;ˆ ‰� ß œ3
4

2 cos  sin ( 1) cos

2 cos  cos ( 1) sin

1
Š ‹ Š ‹ Š ‹
Š ‹ Š ‹ Š ‹

3 3 3
4 4

3 3 3
4 4

1 1 1

1 1 1

#

#

� �

� �

 Slope at 1  is 1ˆ ‰ß � œ �3
4

2 cos  sin (1) cos

2 cos  cos (1) sin

1
Š ‹ Š ‹ Š ‹
Š ‹ Š ‹ Š ‹
� � � �

� � � �

3 3 3
4 4

3 3 3
4 4

1 1 1

1 1 1

#

#
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20. 0  r 1  (1 0);   r 1  1 ;) )œ Ê œ Ê ß œ Ê œ � Ê � ß1 1

2 2
ˆ ‰

  r 1  ;   r 1) ) 1œ � Ê œ � Ê �"ß� œ Ê œ1 1

#
ˆ ‰

2

  (1 ); r 2 sin 2 ;Ê ß œ œ �1 )w dr
d)

 Slope œ œr  sin r cos 2 sin 2  sin r cos 
r  cos r sin 2 sin 2  cos r sin 

w

w

) ) ) ) )

) ) ) ) )

� � �
� � �

  Slope at (1 0) is , which is undefined;Ê ß � �
� �

2 sin 0 sin 0 cos 0
2 sin 0 cos 0 sin 0

 Slope at 1  is 0;ˆ ‰� ß œ1

2
2 sin 2  sin ( 1) cos

2 sin 2  cos ( 1) sin

� � �

� � �

ˆ ‰ ˆ ‰ ˆ ‰
ˆ ‰ ˆ ‰ ˆ ‰
1 1 1

1 1 1

2 2 2

2 2 2  

 Slope at 1  is 0;ˆ ‰� ß� œ1

2
2 sin 2  sin ( 1) cos

2 sin 2  cos ( 1) sin

� � � � � �

� � � � � �

ˆ ‰ ˆ ‰ ˆ ‰
ˆ ‰ ˆ ‰ ˆ ‰

1 1 1

1 1 1

# # #

# # #

 Slope at ( ) is , which is undefined"ß1 � �
� �

2 sin 2  sin cos 
2 sin 2  cos sin 

1 1 1

1 1 1

21. (a)      (b)     

22. (a)      (b)     

23. (a)      (b)     

24. (a)      (b)     
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25. 

26. r 2 sec   r   r cos 2  x 2œ Ê œ Ê œ Ê œ) )2
cos )

 

27.  28.     

29. Note that (r ) and ( r ) describe the same point in the plane.  Then r 1 cos   1 cos ( )ß � ß � œ � Í � � �) ) 1 ) ) 1

 1 (cos  cos sin  sin ) 1 cos (1 cos ) r; therefore (r ) is on the graph ofœ � � � œ � � œ � � œ � ß) 1 ) 1 ) ) )

 r 1 cos   ( r ) is on the graph of r 1 cos   the answer is (a).œ � Í � ß � œ � � Ê) ) 1 )
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30. Note that (r ) and ( r ) describe the same point in the plane.  Then r cos 2   sin 2( ))ß � ß � œ Í � � �) ) 1 ) ) 1ˆ ‰1
#

 sin 2 sin (2 ) cos cos (2 ) sin cos 2 r; therefore (r ) is on the graph ofœ � � œ � � œ � œ � ßˆ ‰ ˆ ‰ ˆ ‰) ) ) ) )5 5 51 1 1

# # #

 r sin 2   the answer is (a).œ � � Êˆ ‰) 1

#

 

31.  32.     

33. (a)  (b)   (c)   (d)  

34. (a)      (b)      (c)     
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 (d)      (e)     

11.5  AREA AND LENGTHS IN POLAR COORDINATES

 1. A  dœ œ œ'
0

1
6 6

3
1

1 1"
#

#
!

) ) )� ‘ 3

 2. A 2 sin  d 2 sin  d 2  d 1 cos 2 d sin 2œ œ œ œ � œ �' ' ' '
1 1 1 1

1 1 1 1
)

1

1

Î Î Î Î

Î Î Î Î
" �
#

#
Î

Î

4 4 4 4

2 2 2 2
2 1 cos 2 1

2 2 4

2a b a b � ‘) ) ) ) ) ) ) ) )

 0œ � � � œ �ˆ ‰ ˆ ‰1 1 1

2 4 2 4 2
1 1

 3. A (4 2 cos )  d 16 16 cos 4 cos  d 8 8 cos 2  dœ � œ � � œ � �' ' '
0

2 2 2

0 0
1 cos 2

1 1 1
)" " �

# # #
# #) ) ) ) ) ) )a b � ‘ˆ ‰

 (9 8 cos cos 2 ) d 9 8 sin  sin 2 18œ � � œ � � œ'
0

21

) ) ) ) ) ) 1� ‘" #

!2
1

 4. A [a(1 cos )]  d a 1 2 cos cos  d a  1 2 cos  dœ � œ � � œ � �' ' '
0 0 0

2 2 2
1 cos 2

1 1 1
)" " " �

# # # #
# # # #) ) ) ) ) ) )a b ˆ ‰

 a  2 cos  cos 2  d a 2 sin  sin 2 aœ � � œ � � œ" " " "
# # # # # #

# # ##

!
'

0

2
3 3 3

4

1
1ˆ ‰ � ‘) ) ) ) ) ) 1

 5. A 2   cos 2  d  dœ œ œ � œ' '
0 0

4 4
1 cos 4 sin 4

4 8

1 1
) ) 11

Î Î
" � "
# # #

# Î%

!
) ) ) )� ‘

 6. A  cos 3 d  cos 3 d  d  1 cos 6 dœ œ œ œ �' ' ' '
� Î � Î � Î

Î Î Î Î
" " " � "
# # #1 1 1

1 1 1 1
)

6 6 6

6 6 6 62 2 1 cos 6
2 4a b a b) ) ) ) ) ) )

� Î1 6

 sin 6 0 0œ � œ � � � � œ" " "Î

� Î4 6 4 6 4 6 12
1 6

6
� ‘ ˆ ‰ ˆ ‰) )

1

1

1 1 1

 7. A (4 sin 2 ) d 2 sin 2  d cos 2 2œ œ œ � œ' '
0 0

2 21 1Î Î
"
#

Î#
!) ) ) ) )c d 1

 8. A (6)(2) (2 sin 3 ) d 12 sin 3  d 12 4œ œ œ � œ' '
0 0

6 61 1Î Î
"
#

Î'

!
) ) ) ) � ‘cos 3

3
) 1

 9. r 2 cos  and r 2 sin   2 cos 2 sin œ œ Ê œ) ) ) )

  cos sin   ; thereforeÊ œ Ê œ) ) ) 1

4

 A 2 (2 sin )  d 4 sin  dœ œ' '
0 0

4 41 1Î Î
"
#

# #) ) ) )

 4  d (2 2 cos 2 ) dœ œ �' '
0 0

4 41 1Î Îˆ ‰1 cos 2�
#

) ) ) )

 2 sin 2 1œ � œ �c d) )
1 1Î%
! #
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10. r 1 and r 2 sin   2 sin 1  sin œ œ Ê œ Ê œ) ) ) "
#

   or ; thereforeÊ œ) 1 1

6 6
5

 A (1)  (2 sin ) 1  dœ � �1 ) )# # #"
#

'
1

1

Î

Î

6

5 6 c d
 2 sin  dœ � �1 ) )'

1

1

Î

Î

6

5 6 ˆ ‰# "
#

 1 cos 2  dœ � � �1 ) )'
1

1

Î

Î

6

5 6 ˆ ‰"
#

 cos 2  dœ � � œ � �1 ) ) 1 )'
1

1

Î

Î

6

5 6 ˆ ‰ � ‘" "
# #

& Î'

Î'2
sin 2) 1

1

  sin  sin œ � � � � œ1 ˆ ‰ ˆ ‰5 5
1 3 12 3 6

4 3 31 1 1 1 1

# # #
" " � È  

11. r 2 and r 2(1 cos )  2 2(1 cos )œ œ � Ê œ �) )

  cos 0  ; thereforeÊ œ Ê œ „) ) 1

#

 A 2 [2(1 cos )]  d area of the circleœ � �'
0

21Î
" "
# #

#) )

 4 1 2 cos cos  d (2)œ � � �'
0

21Î a b ˆ ‰) ) ) 1# #"
#

 4 1 2 cos  d 2œ � � �'
0

21Î ˆ ‰) ) 11 cos 2�
#

)

 (4 8 cos 2 2 cos 2 ) d 2œ � � � �'
0

21Î

) ) ) 1

 6 8 sin sin 2 2 5 8œ � � � œ �c d) ) ) 1 1
1Î#
!

 

12. r 2(1 cos ) and r 2(1 cos )  1 cos œ � œ � Ê �) ) )

 1 cos  cos 0   or ; the graph alsoœ � Ê œ Ê œ) ) ) 1 1

# #
3

 gives the point of intersection (0 0); thereforeß

 A 2  [2(1 cos )]  d 2 [2(1 cos )]  dœ � � �' '
0 2

21 1

1

Î

Î

" "
# #

# #) ) ) )

 4 1 2cos cos dœ � �'
0

21Î a b) ) )#

 4 1 2 cos cos d� � �'
1

1

Î2
a b) ) )#  

 4 1 2 cos  d 4 1 2 cos  dœ � � � � �' '
0 2

21 1

1

Î

Î
ˆ ‰ ˆ ‰) ) ) )1 cos 2 1 cos 2� �

# #
) )

 (6 8 cos 2 cos 2 ) d (6 8 cos 2 cos 2 ) dœ � � � � �' '
0 2

21 1

1

Î

Î
) ) ) ) ) )

 6 8 sin sin 2 6 8 sin sin 2 6 16œ � � � � � œ �c d c d) ) ) ) ) ) 1
1 1

1

Î#
! Î#

13. r 3 and r 6 cos 2   3 6 cos 2   cos 2œ œ Ê œ Ê œÈ # "
#) ) )

   (in the 1st quadrant); we use symmetry of theÊ œ) 1

6

 graph to find the area, so

 A 4 (6 cos 2 ) 3  dœ �'
0

61Î ” •Š ‹È" "
# #

#

) )

 2 (6 cos 2 3) d 2 3 sin 2 3œ � œ �'
0

61Î

) ) ) )c d 1Î'!

 3 3œ �È 1
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14. r 3a cos  and r a(1 cos ) 3a cos a(1 cos )œ œ � Ê œ �) ) ) )

  3 cos 1 cos   cos    or ;Ê œ � Ê œ Ê œ �) ) ) )"
#

1 1

3 3

 the graph also gives the point of intersection (0 0); thereforeß

 A 2 (3a cos ) a (1 cos )  dœ � �'
0

31Î
"
#

# # #c d) ) )

 9a  cos a 2a  cos a  cos  dœ � � �'
0

31Î a b# # # # # #) ) ) )

 8a  cos 2a  cos a  dœ � �'
0

31Î a b# # # #) ) )

 4a (1 cos 2 ) 2a  cos a  dœ � � �'
0

31Î c d# # #) ) )

 3a 4a  cos 2 2a  cos  dœ � �'
0

31Î a b# # #) ) )

 

 3a 2a  sin 2 2a  sin a 2a 2a a 1 3œ � � œ � � œ � �c d ˆ ‰ Š ‹ Š ‹È# # # # # # #Î$
!

"
# #) ) ) 1 1

1 È3

15. r 1 and r 2 cos   1 2 cos   cos œ œ � Ê œ � Ê œ �) ) ) "
#

   in quadrant II; thereforeÊ œ) 2
3
1

 A 2  ( 2 cos ) 1  d 4 cos 1  dœ � � œ �' '
2 3 2 31 1

1 1

Î Î

"
#

# # #c d a b) ) ) )

 [2(1 cos 2 ) 1] d (1 2 cos 2 ) dœ � � œ �' '
2 3 2 31 1

1 1

Î Î
) ) ) )

 sin 2œ � œ �c d) )
1

1

1

# Î$ #3
3È

 

16. r 6 and r 3 csc   6 sin 3  sin œ œ Ê œ Ê œ) ) ) "
#

   or ; therefore A  6 9 csc  dÊ œ œ �) ) )1 1

6 6
5 '

1

1

Î

Î

6

5 6
"
#

# #a b
 18  csc  d 18  cot œ � œ �'

1

1

Î

Î

6

5 6ˆ ‰ � ‘9 9
# #

# & Î'

Î'
) ) ) )

1

1

 15 3 3 3 12 9 3œ � � � œ �Š ‹ Š ‹È È È1 1 19 9
# #

 

17. r sec  and r 4 cos  4 cos sec   cosœ œ Ê œ Ê œ) ) ) ) )2 1
4

  ,  , , or ; thereforeÊ œ) 1 1 1 1

3 3 3 3
2 4 5

 A 2  16 cos sec  dœ �'
0

31Î
"
#

# #a b) ) )

 8 8 cos 2 sec  dœ � �'
0

31Î
#a b) ) )

 8 4 sin 2 tan œ � �c d) ) ) 0
31Î

 2 3 3 0 0 0 3œ � � � � � œ �Š ‹È È Èa b8 8
3 3
1 1
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18. r 3 csc  and r 4 sin 4 sin 3 csc sinœ œ Ê œ Ê œ) ) ) ) )2 3
4

  ,  , , or ; thereforeÊ œ) 1 1 1 1

3 3 3 3
2 4 5

 A 4 2  16 sin 9 csc  dœ � �1 ) ) )'
1

1

Î

Î
"
#

# #
3

2 a b
 4 8 8 cos 2 9 csc  dœ � � �1 ) ) )'

1

1

Î

Î
#

3

2a b
 4 8 4 sin 2 9 cot œ � � �1 ) ) )c d

1

1

Î
Î

3
2

 4 4 0 0 2 3 3 3œ � � � � � �1 1’ “a b Š ‹È È8
3
1

 3œ �8
3
1 È

 

19. (a) r tan  and r  csc   tan  csc œ œ Ê œ) ) ) )Š ‹ Š ‹È È2 2
# #

  sin  cos   1 cos  cos Ê œ Ê � œ# #
# #) ) ) )Š ‹ Š ‹È È2 2

 cos cos 1 0 cos 2 orÊ � � œ Ê œ �#
#) ) )Š ‹ ÈÈ2

  (use the quadratic formula)   (the solution
È2

4# Ê œ) 1

 in the first quadrant); therefore the area of R  is"
 

 A  tan  d  sec 1  d tan tan ; AO  csc "
" " " " "
# # # # # # #

# # Î%
!œ œ � œ � œ � œ � œ' '

0 0

4 41 1Î Î

) ) ) ) ) )a b c d ˆ ‰ Š ‹1 1 1 1 1

4 4 8
2È

  and OB  csc 1 AB 1 the area of R  is A ;œ œ œ Ê œ � œ Ê œ œ
È È È È È È2 2 2 2 2 2

4 4# # # # # # #
#

#

# #
" "Š ‹ Š ‹ Š ‹Š ‹Ê1

 therefore the area of the region shaded in the text is 2 .  Note:  The area must be found this wayˆ ‰" "
# #� � œ �1 1

8 4 4
3

 since no common interval generates the region.  For example, the interval 0 generates the arc OB of r tan Ÿ Ÿ œ) )1

4

 but does not generate the segment AB of the liner  csc .  Instead the interval generates the half-line from B toœ
È2
# )

  on the line r  csc .�_ œ
È2
# )

 (b)  lim  tan  and the line x 1 is r sec  in polar coordinates; then  lim  (tan sec )
) 1 ) 1Ä Î Ä Î2 2� ) ) ) )œ _ œ œ �

�

  lim    lim    lim   0  r tan  approachesœ � œ œ œ Ê œ
) 1 ) 1 ) 1Ä Î Ä Î Ä Î2 2 2� � �

ˆ ‰ ˆ ‰ ˆ ‰sin sin 1 cos 
cos cos cos sin 

) ) )

) ) ) )

" �
� )

 r sec  as     r sec  (or x 1) is a vertical asymptote of r tan .  Similarly, r sec (or x 1)œ Ä Ê œ œ œ œ � œ �) ) ) ) )1
�

#

 is a vertical asymptote of r tan .œ )

20. It is not because the circle is generated twice from 0 to 2 .  The area of the cardioid is) 1œ

 A 2 (cos 1)  d cos 2 cos 1  d 2 cos 1  dœ � œ � � œ � �' ' '
0 0 0

1 1 1

" �
# #

# #) ) ) ) ) ) )a b ˆ ‰1 cos 2)

 2 sin .  The area of the circle is A   the area requested is actuallyœ � � œ œ œ Ê � œ� ‘ ˆ ‰3 sin 2 3 3 5
2 4 4 4 4
) ) 1 1 1 1 11

) 1
! # # #

" #

21. r , 0 5  2 ; therefore Length (2 )  d 4  dœ Ÿ Ÿ Ê œ œ � œ �) ) ) ) ) ) ) ) )# # # % ##È Éa b Èdr
d)

' '
0 0

5 5È È

  4 d (since 0) 4 d ; u 4   du  d ; 0  u 4,œ � œ   � œ � Ê œ œ Ê œ' '
0 0

5 5È Èk k È È �) ) ) ) ) ) ) ) ) ) )# # # "
#

 5  u 9   u du u“È È � ‘) œ Ê œ Ä œ œ'
4

9
" "
# #

$Î# *

%
2 19
3 3

22. r , 0   ; therefore Length   d  2  dœ Ÿ Ÿ Ê œ œ � œe dr e e e e
2 2 2 2d

) ) ) ) )

È È È È) 1 ) )
)

' '
0 0

1 1ÊŠ ‹ Š ‹ Š ‹Ê# #

#

2

 e  d e e 1œ œ œ �'
0

1

) ) 11
) � ‘

!
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23. r 1 cos   sin ; therefore Length (1 cos ) ( sin )  dœ � Ê œ � œ � � �) ) ) ) )dr
d)

'
0

21È # #

 2 2 2 cos  d 2  d 4  d 4 cos  d 4 2 sin 8œ � œ œ œ œ œ' ' ' '
0 0 0 0

1 1 1 1È É É ˆ ‰ � ‘) ) ) ) )
4(1 cos ) 1 cos 

2
�
# # #

�
!

) ) ) ) 1

24. r a sin  , 0 , a 0  a sin  cos ; therefore Length a sin  a sin  cos  dœ Ÿ Ÿ � Ê œ œ �#
# # # # # #

# # #) ) ) ) ) )

)
) 1 )dr

d
'

0

1 Éˆ ‰ ˆ ‰
 a  sin  a  sin   cos   d a sin  sin  cos   d (since 0 )  a  sin  dœ � œ � œ Ÿ Ÿ' '

0 0
0

1 1
1É É¸ ¸ ˆ ‰'# % # # # # #

# # # # # # #
) ) ) ) ) ) )) ) ) 1 )

 2a cos 2aœ � œ� ‘) 1

2 !

25. r , 0   ; therefore Length   dœ Ÿ Ÿ Ê œ œ �6 dr 6 sin 6 6 sin 
1 cos d (1 cos ) 1 cos (1 cos )� # � � �

# #

) ) ) ) )

1 ) )) )# #
'

0

21Î Êˆ ‰ Š ‹
   d 6   1  dœ � œ �' '

0 0

2 21 1Î ÎÉ ¸ ¸ É36 36 sin sin
(1 cos ) 1 cos (1 cos )1 cos� � ��

"
) ) )

) )

)
# #

# #

%a b ) )

 since 0 on 0   6   dœ � Ÿ Ÿˆ ‰ ˆ ‰ É" " � � �
� # � �1 cos 1 cos (1 cos )

1 2 cos cos sin
) ) )

1 ) ) )) )'
0

21Î
# #

#

 6   d 6 2  6 2 3  sec   dœ œ œ œ' ' ' '
0 0 0 0

2 2 2 21 1 1 1Î Î Î Îˆ ‰ ¸ ¸É È È" �
� � #�

$
1 cos (1 cos )

2 2 cos d d
(1 cos ) 2 cos  ) )

) ) ) )

)# $Î# $Î##
#

) )ˆ ‰)

 3 sec   d 6  sec u du (use tables) 6   sec u duœ œ œ �' ' '
0 0 0

2 4 41 1 1Î Î Î
$ $

# #

Î%

!
") 1

) Œ �� ‘sec u tan u
2

 6  ln sec u tan u 3 2 ln 1 2œ � � œ � �Š ‹ ’ “� ‘k k È ÈŠ ‹" " Î%

!È2 2
1

26. r ,   ; therefore Length  dœ Ÿ Ÿ Ê œ œ �2 dr 2 sin 2 2 sin 
1 cos d (1 cos ) 1 cos (1 cos )� # � � �

� �# #

) ) ) ) )

1 ) )) 1 )# #
'

1

1

Î2
Êˆ ‰ Š ‹

 1  d   dœ � œ' '
1 1

1 1

Î Î2 2
Ê Š ‹ ¸ ¸ É4 sin 2

(1 cos ) 1 cos (1 cos )1 cos 
(1 cos ) sin

� � ��

� �
) ) )

)

)

) )
# #

#

#

# #

a b ) )

 since 1 cos 0 on   2   dœ �   Ÿ Ÿˆ ‰ ˆ ‰ É) ) 1 )1 ) ) )

) )# � �
" � � �'

1

1

Î2 1 cos (1 cos )
1 2 cos cos sin# #

#

 2   d 2 2 2 2 csc   dœ œ œ œ' ' ' '
1 1 1 1

1 1 1 1

Î Î Î Î2 2 2 2
ˆ ‰ ¸ ¸É È È" �

� � #�
$

1 cos (1 cos )
2 2 cos d d

(1 cos ) 2 sin  ) )

) ) ) )

)# $Î# $Î##
#

) )ˆ ‰)

  csc  d since csc 0 on   2   csc u du (use tables)œ œ   Ÿ Ÿ œ' '
1 1

1 1

Î Î

Î

2 4

2
$ $

# # #
ˆ ‰ ˆ ‰) ) 1) ) 1

 2   csc u du 2  ln csc u cot u 2  ln 2 1Œ �� ‘ � ‘Š ‹ ’ “k k Š ‹È� � œ � � œ � �csc u cot u
2 22 2

1

1 1

1Î#

Î% Î%
" " " " "
# #

Î#'
1

1

Î

Î

4

2

È È

 2 ln 1 2œ � �È ÈŠ ‹

27. r cos    sin  cos  ; therefore Length  cos  sin  cos   dœ Ê œ � œ � �$ # $ ## #) ) ) ) ) )

)3 d 3 3 3 3 3
dr '

0

41Î Éˆ ‰ ˆ ‰ )

   cos sin  cos  d  cos   cos sin  d  cos  dœ � œ � œ' ' '
0 0 0

4 4 41 1 1Î Î ÎÉ Éˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰' # % # ## #) ) ) ) ) ) )

3 3 3 3 3 3 3) ) )

   d  sin œ œ � œ �'
0

41Î 1 cos 3 2 3
2 3 8 8

�

# #
" Î%

!

ˆ ‰2
3
)

) )� ‘) 11

28. r 1 sin 2 , 0 2  (1 sin 2 ) (2 cos 2 ) (cos 2 )(1 sin 2 ) ; thereforeœ � Ÿ Ÿ Ê œ � œ �È È) ) 1 ) ) ) )dr
d)

"
#

�"Î# �"Î#

 Length (1 sin 2 )  d  dœ � � œ' '
0 0

2 21 1
È ÈÉ É) ) )cos 2 1 2 sin 2 sin 2 cos 2

(1 sin 2 ) 1 sin 2
# # #) ) ) )

) )� �
� � �

  d 2 d 2 2œ œ œ œ' '
0 0

2 21 1
È ÈÉ È È’ “2 2 sin 2

1 sin 2
�
�

#

!

)

)

1

) ) ) 1
È
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29. Let r f( ).  Then x f( ) cos   f ( ) cos f( ) sin   f ( ) cos f( ) sin œ œ Ê œ � Ê œ �) ) ) ) ) ) ) ) ) ) )dx dx
d d) )

w w# #ˆ ‰ c d
 f ( )  cos 2f ( ) f( ) sin  cos [f( )]  sin ; y f( ) sin   f ( ) sin f( ) cos œ � � œ Ê œ �c dw # w # # w#

) ) ) ) ) ) ) ) ) ) ) ) ) )
dy
d)

  f ( ) sin f( ) cos f ( )  sin 2f ( )f( ) sin  cos [f( )]  cos .  ThereforeÊ œ � œ � �Š ‹ c d c ddy
d)

#
w w # w # ## #
) ) ) ) ) ) ) ) ) ) ) )

 f ( ) cos sin [f( )] cos sin f ( ) [f( )] r .ˆ ‰ ˆ ‰Š ‹ c d a b a b c ddx dr
d d d

dy
) ) )

# ##
w # # # # # w # ## #

� œ � � � œ � œ �) ) ) ) ) ) ) )

 Thus, L  d r  d .œ � œ �' '
! !

" "Êˆ ‰ É ˆ ‰Š ‹dx dr
d d d

dy
) ) )

# ##
#) )

30. (a) r a  0; Length a 0  d a  d a 2 aœ Ê œ œ � œ œ œdr
d)

1' '
0 0

2 21 1È k k c d# # #
!) ) ) 1

 (b) r a cos   a sin ; Length (a cos ) ( a sin )  d a cos sin  dœ Ê œ � œ � � œ �) ) ) ) ) ) ) )dr
d)

' '
0 0

1 1È È a b# # # # #

  a  d a aœ œ œ'
0

1 k k c d) ) 1
1

!

 (c) r a sin   a cos ; Length (a cos ) (a sin )  d a cos sin  dœ Ê œ œ � œ �) ) ) ) ) ) ) )dr
d)

' '
0 0

1 1È È a b# # # # #

 a  d a aœ œ œ'
0

1k k c d) ) 1
1

!

31. (a) r  a(1 cos ) d sin aav 0

2

œ � œ � œ"
�

#
!2 0 2

a
1 1

1' 1

) ) ) )c d
 (b) r  a d a aav 0

2

œ œ œ" "
� #

#
!2 01 1

1' 1

) )c d
 (c) r  a cos  d a sin av 2

2

œ œ œ" "
� �

Î#
� Î#ˆ ‰ ˆ ‰1 1

# #

'
� Î

Î

1

1

) ) )
1 1

1

1
c d 2a

32. r 2f( ),   2f ( )  r [2f( )] 2f ( )   Length 4[f( )] 4 f ( )  dœ Ÿ Ÿ Ê œ Ê � œ � Ê œ �) ! ) " ) ) ) ) ) )dr dr
d d) )

w # # w# # # w #ˆ ‰ c d c dÉ'
!

"

 2 [f( )] f ( )  d  which is twice the length of the curve r f( ) for .œ � œ Ÿ Ÿ'
!

"É c d) ) ) ) ! ) "# w #

11.6  CONIC SECTIONS

 1. x   4p 8  p 2; focus is (2 0), directrix is x 2œ Ê œ Ê œ ß œ �y
8

#

 2. x   4p 4  p 1; focus is ( 1 0), directrix is x 1œ � Ê œ Ê œ � ß œy
4

#

 3. y   4p 6  p ; focus is , directrix is yœ � Ê œ Ê œ !ß� œx 3 3 3
6

#

# # #
ˆ ‰

 4. y   4p 2  p ; focus is , directrix is yœ Ê œ Ê œ !ß œ �x 1 1 1
2

#

# # #
ˆ ‰

 5. 1  c 4 9 13  foci are 13 ; vertices are 2 0 ; asymptotes are y xx 3
4 9

y# #

� œ Ê œ � œ Ê „ ß ! „ ß œ „È È ÈŠ ‹ a b #

 6. 1  c 9 4 5  foci are 0 5 ; vertices are 0 3x
4 9

y# #

� œ Ê œ � œ Ê ß „ ß „È È ÈŠ ‹ a b

 7. y 1  c 2 1 1  foci are 1 0 ; vertices are 2x
2

#

� œ Ê œ � œ Ê „ ß „ ß !# È Èa b Š ‹

 8. x 1  c 4 1 5  foci are 0 5 ; vertices are 2 ; asymptotes are y 2xy
4

#

� œ Ê œ � œ Ê ß „ !ß „ œ „# È È ÈŠ ‹ a b
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680 Chapter 11 Parametric Equatins and Polar Coordinates

 9. y 12x  x   4p 12  p 3; 10. x 6y  y   4p 6  p ;# #
# #œ Ê œ Ê œ Ê œ œ Ê œ Ê œ Ê œy

1 6
x 3# #

 focus is ( ), directrix is x 3 focus is , directrix is y$ß ! œ � !ß œ �ˆ ‰3 3
# #

  

11. x 8y  y   4p 8  p 2; 12. y 2x  x   4p 2  p ;# #
� �# #

"œ � Ê œ Ê œ Ê œ œ � Ê œ Ê œ Ê œx
8

y# #

 focus is ( 2), directrix is y 2 focus is , directrix is x!ß� œ � ß ! œˆ ‰" "
# #

  

13. y 4x   y   4p   p ; 14. y 8x   y   4p   p ;œ Ê œ Ê œ Ê œ œ � Ê œ � Ê œ Ê œ# #" " " "x x
4 16 8 32

# #

" "ˆ ‰ ˆ ‰
4 8

 focus is , directrix is y  focus is , directrix is yˆ ‰ ˆ ‰!ß œ � !ß� œ" " " "
#16 16 32 3

  

15. x 3y   x   4p   p ; 16. x 2y   x   4p   p ;œ � Ê œ � Ê œ Ê œ œ Ê œ Ê œ Ê œ# #" " " "
# #

y y
3 1 8

# #

" "

#
ˆ ‰ ˆ ‰

3

 focus is , directrix is x  focus is , directrix is xˆ ‰ ˆ ‰� ß ! œ ß ! œ �" " " "
# #1 1 8 8
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17. 16x 25y 400  1 18. 7x 16y 112  1# # # #
#� œ Ê � œ � œ Ê � œx x

5 16 16 7
y y# ## #

  c a b 25 16 3  c a b 16 7 3Ê œ � œ � œ Ê œ � œ � œÈ ÈÈ È# # # #

  

19. 2x y 2  x 1 20. 2x y 4  1# # # # #
# #� œ Ê � œ � œ Ê � œy yx

4

# ##

  c a b 2 1 1  c a b 4 2 2Ê œ � œ � œ Ê œ � œ � œÈ ÈÈ È È# # # #

  

21. 3x 2y 6  1 22. 9x 10y 90  1# # # #
#� œ Ê � œ � œ Ê � œx xy y

3 10 9

# ## #

  c a b 3 2 1  c a b 10 9 1Ê œ � œ � œ Ê œ � œ � œÈ ÈÈ È# # # #
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682 Chapter 11 Parametric Equations and Polar Coordinates

23. 6x 9y 54  1 24. 169x 25y 4225  1# # # #� œ Ê � œ � œ Ê � œx x
9 6 25 169

y y# ## #

  c a b 9 6 3  c a b 169 25 12Ê œ � œ � œ Ê œ � œ � œÈ ÈÈ È È# # # #

  

25. Foci:  2 , Vertices:  2 0   a 2, c 2  b a c 4 2 2  1Š ‹ Š ‹È È Èa b„ ß ! „ ß Ê œ œ Ê œ � œ � œ Ê � œ# # #
#

#
x
4

y# #

26. Foci:  4 , Vertices:  0 5   a 5, c 4  b 25 16 9  1a b a b!ß „ ß „ Ê œ œ Ê œ � œ Ê � œ#
#

x
9 5

y# #

27. x y 1  c a b 1 1 2 ; 28. 9x 16y 144  1# # # ## #� œ Ê œ � œ � œ � œ Ê � œÈ ÈÈ x
16 9

y# #

 asymptotes are y x  c a b 16 9 5;œ „ Ê œ � œ � œÈ È# #

 asymptotes are y xœ „ 3
4

  

29. y x 8  1  c a b  30. y x 4  1  c a b# # # ## # # #� œ Ê � œ Ê œ � � œ Ê � œ Ê œ �
y y
8 8 4 4

x x# ## #È È
 8 8 4; asymptotes are y x 4 4 2 2; asymptotes are y xœ � œ œ „ œ � œ œ „È È È
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31. 8x 2y 16  1  c a b  32. y 3x 3  x 1  c a b# # # # #
#

# # # #� œ Ê � œ Ê œ � � œ Ê � œ Ê œ �x y y
8 3

# # #È È
 2 8 10 ; asymptotes are y 2x 3 1 2; asymptotes are y 3xœ � œ œ „ œ � œ œ „È ÈÈ È
  

33. 8y 2x 16  1  c a b  34. 64x 36y 2304  1  c a b# # # #
#

# # # #� œ Ê � œ Ê œ � � œ Ê � œ Ê œ �
y yx x

8 36 64

# ## #È È
 2 8 10 ; asymptotes are y  36 64 10; asymptotes are yœ � œ œ „ œ � œ œ „È ÈÈ x 4

3#

  

35. Foci:  2 , Asymptotes:  y x  c 2 and 1  a b  c a b 2a   2 2aŠ ‹È È!ß „ œ „ Ê œ œ Ê œ Ê œ � œ Ê œa
b

# # # # #

  a 1  b 1  y x 1Ê œ Ê œ Ê � œ# #

36. Foci:  2 , Asymptotes:  y x  c 2 and   b   c a b aa b„ ß ! œ „ Ê œ œ Ê œ Ê œ � œ � œ" " # # # #
È È È3 3 3

b a a 4a
a 3 3

# #

  4   a 3  a 3  b 1  y 1Ê œ Ê œ Ê œ Ê œ Ê � œ4a x
3 3

# ## #È
37. Vertices:  3 0 , Asymptotes:  y x  a 3 and   b (3) 4  1a b„ ß œ „ Ê œ œ Ê œ œ Ê � œ4 b 4 4 x

3 a 3 3 9 16
y# #

38. Vertices:  2 , Asymptotes:  y x  a 2 and   b 2(2) 4  1a b!ß „ œ „ Ê œ œ Ê œ œ Ê � œ1 a 1 x
2 b 2 4 16

y# #

39. (a) y 8x  4p 8  p 2  directrix is x 2,# œ Ê œ Ê œ Ê œ �

 focus is ( ), and vertex is ( 0); therefore the new#ß ! !ß

 directrix is x 1, the new focus is (3 2), and theœ � ß�

 new vertex is (1 2)ß �
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40. (a) x 4y  4p 4  p 1  directrix is y 1,# œ � Ê œ Ê œ Ê œ

 focus is ( 1), and vertex is ( 0); therefore the new!ß� !ß

 directrix is y 4, the new focus is ( 1 2), and theœ � ß

 new vertex is ( 1 3)� ß

  (b) 

41. (a) 1  center is ( 0), vertices are ( 4 0)x
16 9

y# #

� œ Ê !ß � ß

 and ( ); c a b 7  foci are 7 0%ß ! œ � œ Ê ßÈ È ÈŠ ‹# #

 and 7 ; therefore the new center is ( ), theŠ ‹È� ß ! %ß $

 new vertices are ( 3) and (8 3), and the new foci are!ß ß

 4 7Š ‹È„ ß $

  (b) 

42. (a) 1  center is ( 0), vertices are (0 5)x
9 25

y# #

� œ Ê !ß ß

 and (0 5); c a b 16 4  foci areß � œ � œ œ ÊÈ È# #

 ( 4) and ( 4) ; therefore the new center is ( 3 2),!ß !ß� � ß�

 the  new vertices are ( 3 3) and ( 3 7), and the new� ß � ß�

 foci are ( 3 2) and ( 3 6)� ß � ß�

  (b) 

43. (a) 1  center is ( 0), vertices are ( 4 0)x
16 9

y# #

� œ Ê !ß � ß

 and (4 0), and the asymptotes are  orß œ „x
4 3

y

 y ; c a b 25 5  foci areœ „ œ � œ œ Ê3x
4

È È# #

 ( 5 0) and (5 0) ; therefore the new center is (2 0), the� ß ß ß

 new vertices are ( 2 0) and (6 0), the new foci� ß ß

 are ( 3 0) and (7 0), and the new asymptotes are� ß ß

 y œ „
3(x 2)

4
�

  (b) 
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44. (a) 1  center is ( 0), vertices are (0 2)y
4 5

x# #

� œ Ê !ß ß�

 and (0 2), and the asymptotes are  orß œ „
y
2

x
5È

 y ; c a b 9 3  foci areœ „ œ � œ œ Ê2x
5È È È# #

 (0 3) and (0 3) ; therefore the new center is (0 2),ß ß � ß�

 the new vertices are (0 4) and (0 0), the new fociß � ß

 are (0 1) and (0 5), and the new asymptotes areß ß �

 y 2� œ „ 2x
5È

  (b)    

45. y 4x  4p 4  p 1  focus is ( 0), directrix is x 1, and vertex is (0 0); therefore the new# œ Ê œ Ê œ Ê "ß œ � ß

 vertex is ( 2 3), the new focus is ( 1 3), and the new directrix is x 3; the new equation is� ß� � ß� œ �

 (y 3) 4(x 2)� œ �#

46. y 12x  4p 12  p 3  focus is ( 3 0), directrix is x 3, and vertex is (0 0); therefore the new# œ � Ê œ Ê œ Ê � ß œ ß

 vertex is (4 3), the new focus is (1 3), and the new directrix is x 7; the new equation is (y 3) 12(x 4)ß ß œ � œ � �#

47. x 8y  4p 8  p 2  focus is (0 2), directrix is y 2, and vertex is (0 0); therefore the new# œ Ê œ Ê œ Ê ß œ � ß

 vertex is (1 7), the new focus is (1 5), and the new directrix is y 9; the new equation isß � ß� œ �

 (x 1) 8(y 7)� œ �#

48. x 6y  4p 6  p   focus is , directrix is y , and vertex is (0 0); therefore the new#
# # #œ Ê œ Ê œ Ê !ß œ � ß3 3 3ˆ ‰

 vertex is ( 3 2), the new focus is 3 , and the new directrix is y ; the new equation is� ß� � ß� œ �ˆ ‰"
# #

7

 (x 3) 6(y 2)� œ �#

49. 1  center is ( 0), vertices are (0 3) and ( 3); c a b 9 6 3  foci are 3x
6 9

y# #

� œ Ê !ß ß !ß� œ � œ � œ Ê !ßÈ È È ÈŠ ‹# #

 and 3 ; therefore the new center is ( 1), the new vertices are ( 2 2) and ( 4), and the new fociŠ ‹È!ß� �#ß� � ß �#ß�

 are 1 3 ; the new equation is 1Š ‹È�#ß� „ � œ
(x 2) (y 1)

6 9
� �# #

50. y 1  center is ( 0), vertices are 2  and 2 ; c a b 2 1 1  foci arex
2

#

� œ Ê !ß ß ! � ß ! œ � œ � œ Ê# # #Š ‹ Š ‹È È ÈÈ
 ( 1 0) and ( ); therefore the new center is (3 4), the new vertices are 3 2 4 , and the new foci are (2 4)� ß "ß ! ß „ ß ßŠ ‹È
 and (4 4); the new equation is (y 4) 1ß � � œ

(x 3)�
#

#
#

51. 1  center is ( 0), vertices are 3  and 3 ; c a b 3 2 1  foci arex
3

y# #

� œ Ê !ß ß ! � ß ! œ � œ � œ Ê#
# #Š ‹ Š ‹È È ÈÈ

 ( 1 0) and ( ); therefore the new center is (2 3), the new vertices are 2 3 3 , and the new foci are (1 3)� ß "ß ! ß „ ß ßŠ ‹È
 and (3 3); the new equation is 1ß � œ

(x 2) (y 3)
3
� �

#

# #

52. 1  center is ( 0), vertices are ( ) and ( 5); c a b 25 16 3  foci arex
16 5

y# #

� œ Ê !ß !ß & !ß� œ � œ � œ Ê#
# #È È

 (0 3) and (0 3); therefore the new center is ( 4 5), the new vertices are ( 4 0) and ( 4 10), and the newß ß � � ß� � ß � ß�

 foci are ( 4 2) and ( 4 8); the new equation is 1� ß� � ß� � œ
(x 4) (y 5)

16 5
� �

#

# #

53. 1  center is ( 0), vertices are (2 0) and ( 2 0); c a b 4 5 3  foci are ( ) andx
4 5

y# #

� œ Ê !ß ß � ß œ � œ � œ Ê $ß !È È# #

 ( 3 0); the asymptotes are   y ; therefore the new center is (2 2), the new vertices are� ß „ œ Ê œ „ ßx y
5

5x
# #È

È
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 (4 2) and (0 2), and the new foci are (5 2) and ( 1 2); the new asymptotes are y 2 ; the newß ß ß � ß � œ „
È5 (x 2)�

#

 equation is 1(x 2) (y 2)
4 5
� �# #

� œ

54. 1  center is ( 0), vertices are (4 0) and ( 4 0); c a b 16 9 5  foci are ( 5 )x
16 9

y# #

� œ Ê !ß ß � ß œ � œ � œ Ê � ß !È È# #

 and (5 0); the asymptotes are   y ; therefore the new center is ( 5 1), the new vertices areß „ œ Ê œ „ � ß�x 3x
4 3 4

y

 ( 1 1) and ( 9 1), and the new foci are ( 10 1) and (0 1); the new asymptotes are y 1 ;� ß� � ß� � ß� ß� � œ „
3(x 5)

4
�

 the new equation is 1(x 5) (y 1)
16 9
� �# #

� œ

55. y x 1  center is ( 0), vertices are (0 1) and (0 1); c a b 1 1 2  foci are# # # #� œ Ê !ß ß ß� œ � œ � œ ÊÈ ÈÈ
 2 ; the asymptotes are y x; therefore the new center is ( 1 1), the new vertices are ( 1 0) andŠ ‹È!ß „ œ „ � ß� � ß

 ( 1 2), and the new foci are 1 1 2 ; the new asymptotes are y 1 (x 1); the new equation is� ß� � ß� „ � œ „ �Š ‹È
 (y 1) (x 1) 1� � � œ# #

56. x 1  center is ( 0), vertices are 0 3  and 3 ; c a b 3 1 2  foci are ( )y
3

#

� œ Ê !ß ß !ß� œ � œ � œ Ê !ß ## # #Š ‹ Š ‹È È È È
 and ( 2); the asymptotes are x   y 3x; therefore the new center is (1 3), the new vertices are!ß� „ œ Ê œ „ ß

y
3È È

 3 , and the new foci are ( ) and (1 1); the new asymptotes are y 3 3 (x 1); the new equation isŠ ‹È È"ß $ „ "ß & ß � œ „ �

 (x 1) 1(y 3)
3
� #

#

� � œ

57. x 4x y 12  x 4x 4 y 12 4  (x 2) y 16; this is a circle:  center at C( 2 0), a 4# # # # # #� � œ Ê � � � œ � Ê � � œ � ß œ

58. 2x 2y 28x 12y 114 0  x 14x 49 y 6y 9 57 49 9  (x 7) (y 3) 1;# # # # # #� � � � œ Ê � � � � � œ � � � Ê � � � œ

 this is a circle:  center at C(7 3), a 1ß � œ

59. x 2x 4y 3 0  x 2x 1 4y 3 1  (x 1) 4(y 1); this is a parabola: V( 1 1), F( 1 0)# # #� � � œ Ê � � œ � � � Ê � œ � � � ß � ß

60. y 4y 8x 12 0  y 4y 4 8x 12 4  (y 2) 8(x 2); this is a parabola: V( 2), F( )# # #� � � œ Ê � � œ � � Ê � œ � �#ß !ß #

61. x 5y 4x 1  x 4x 4 5y 5  (x 2) 5y 5  y 1; this is an ellipse:  the# # # # # # #�
� � œ Ê � � � œ Ê � � œ Ê � œ

(x 2)
5

#

 center is ( 2 0), the vertices are 2 5 0 ; c a b 5 1 2  the foci are ( 4 0) and ( 0)� ß � „ ß œ � œ � œ Ê � ß !ßŠ ‹È È È# #

62. 9x 6y 36y 0  9x 6 y 6y 9 54  9x 6(y 3) 54  1; this is an ellipse:# # # # # # �
� � œ Ê � � � œ Ê � � œ Ê � œa b x

6 9
(y 3)# #

 the center is (0 3), the vertices are ( 0) and ( 6); c a b 9 6 3  the foci are 0 3 3ß � !ß !ß� œ � œ � œ Ê ß� „È È È ÈŠ ‹# #

63. x 2y 2x 4y 1  x 2x 1 2 y 2y 1 2  (x 1) 2(y 1) 2# # # # # #� � � œ � Ê � � � � � œ Ê � � � œa b
  (y 1) 1; this is an ellipse:  the center is (1 1), the vertices are 2 ;Ê � � œ ß " „ ß "

(x 1)
2
� #

# Š ‹È
 c a b 2 1 1  the foci are (2 1) and (0 1)œ � œ � œ Ê ß ßÈ È# #

64. 4x y 8x 2y 1  4 x 2x 1 y 2y 1 4  4(x 1) (y 1) 4# # # # # #� � � œ � Ê � � � � � œ Ê � � � œa b
  (x 1) 1; this is an ellipse:  the center is ( 1 1), the vertices are ( 1 3) andÊ � � œ � ß � ß# �(y 1)

4

#

 ( 1 1); c a b 4 1 3  the foci are 1 3� ß� œ � œ � œ Ê � ß " „È È È ÈŠ ‹# #
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65. x y 2x 4y 4  x 2x 1 y 4y 4 1  (x 1) (y 2) 1; this is a hyperbola:# # # # # #� � � œ Ê � � � � � œ Ê � � � œa b
 the center is (1 2), the vertices are (2 2) and ( 2); c a b 1 1 2  the foci are 1 2 ;ß ß !ß œ � œ � œ Ê „ ß #È È ÈÈ Š ‹# #

 the asymptotes are y 2 (x 1)� œ „ �

66. x y 4x 6y 6  x 4x 4 y 6y 9 1  (x 2) (y 3) 1; this is a hyperbola:# # # # # #� � � œ Ê � � � � � œ Ê � � � œa b
 the center is ( 2 3), the vertices are ( 1 3) and ( 3 3); c a b 1 1 2  the foci are� ß� � ß� � ß� œ � œ � œ ÊÈ ÈÈ# #

 2 2 3 ; the asymptotes are y 3 (x 2)Š ‹È� „ ß� � œ „ �

67. 2x y 6y 3  2x y 6y 9 6  1; this is a hyperbola:  the center is ( ),# # # # �
� � œ Ê � � � œ � Ê � œ !ß $a b (y 3)

6 3
x# #

 the vertices are 3 6 ; c a b 6 3 3  the foci are (0 6) and ( 0); the asymptotes areŠ ‹È È È!ß „ œ � œ � œ Ê ß !ß# #

   y 2x 3y 3
6 3

x�
È Èœ „ Ê œ „ �È

68. y 4x 16x 24  y 4 x 4x 4 8  1; this is a hyperbola:  the center is (2 0),# # # # �
� � œ Ê � � � œ Ê � œ ßa b y (x 2)

8 2

# #

 the vertices are 2 8 ; c a b 8 2 10  the foci are 2 10 ; the asymptotes areŠ ‹ Š ‹È È ÈÈ Èß „ œ � œ � œ Ê ß „# #

   y 2(x 2)y
8

x 2
2È Èœ „ Ê œ „ ��

69. (a) y kx  x ; the volume of the solid formed by# œ Ê œ
y
k

#

 revolving R  about the y-axis is V dy" "

#

œ '
0

kxÈ

1 Š ‹y
k

#

  y  dy ; the volume of the rightœ œ1 1

k 5
x kx

#

#'
0

kxÈ
% È

 circular cylinder formed by revolving PQ about the

 y-axis is V x kx  the volume of the solid#
#œ Ê1 È

 formed by revolving R  about the y-axis is#

 V V V .  Therefore we can see the$ # "œ � œ
4 x kx

5
1 #È

 ratio of V  to V  is 4:1.$ "

 

 (b) The volume of the solid formed by revolving R  about the x-axis is V kt  dt k t dt# "

#

œ œ' '
0 0

x x

1 1Š ‹È
 .  The volume of the right circular cylinder formed by revolving PS about the x-axis isœ 1kx#

#

 V kx x kx   the volume of the solid formed by revolving R  about the x-axis is# "

#
#œ œ Ê1 1Š ‹È

 V V V kx .  Therefore the ratio of V  to V  is 1:1.$ # " $ "
#

# #œ � œ � œ1 1 1kx kx# #

70. y x dx C C; y 0 when x 0  0 C  C 0; therefore y  is theœ œ � œ � œ œ Ê œ � Ê œ œ' w w x wx wx
H H 2H 2H 2H

w(0)Š ‹# # ##

#

 equation of the cable's curve

71. x 4py and y p  x 4p   x 2p.  Therefore the line y p cuts the parabola at points ( 2p p) and# # #œ œ Ê œ Ê œ „ œ � ß

 (2p p), and these points are [2p ( 2p)] (p p) 4p units apart.ß � � � � œÈ # #

72.  lim  x x a   lim  x x a   lim  x x xÄ _ Ä _ Ä _
Š ‹ Š ‹È È – —b b b b

a a a a

x x a x x a

x x a
� � œ � � œ# # # #

� � � �

� �

Š ‹Š ‹È È
È

# # # #

# #

   lim    lim  0œ œ œb b a
a a

x x a

x x a x x ax xÄ _ Ä _
’ “ ’ “# # #

# # # #

#� �

� � � �

a b
È È
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73. Let y 1  on the interval 0 x 2.  The area of the inscribed rectangle is given byœ � Ÿ ŸÉ x
4
#

 A(x) 2x 2 1 4x 1  (since the length is 2x and the height is 2y)œ � œ �Š ‹É Éx x
4 4
# #

  A (x) 4 1 .  Thus A (x) 0  4 1 0  4 1 x 0  x 2Ê œ � � œ Ê � � œ Ê � � œ Ê œw w # #

� �
É É Š ‹x x x x x

4 4 41 1

# ## # #

# #É Éx x
4 4

  x 2 (only the positive square root lies in the interval).  Since A(0) A(2) 0 we have that A 2 4Ê œ œ œ œÈ ÈŠ ‹
 is the maximum area when the length is 2 2 and the height is 2.È È
74. (a) Around the x-axis:  9x 4y 36  y 9 x   y 9 x  and we use the positive root# # # # #� œ Ê œ � Ê œ „ �9 9

4 4É
  V 2 9 x  dx 2 9 x  dx 2 9x x 24Ê œ � œ � œ � œ' '

0 0

2 2

1 1 1 1Š ‹É ˆ ‰ � ‘9 9 3
4 4 4

#
#

# $ #

!

 (b) Around the y-axis:  9x 4y 36  x 4 y   x 4 y  and we use the positive root# # # # #� œ Ê œ � Ê œ „ �4 4
9 9É

  V 2 4 y  dy 2 4 y  dy 2 4y y 16Ê œ � œ � œ � œ' '
0 0

3 3

1 1 1 1Š ‹É ˆ ‰ � ‘4 4 4
9 9 27

#
#

# $ $

!

75. 9x 4y 36  y   y x 4 on the interval 2 x 4  V x 4  dx# # # �
# #

# #
#

� œ Ê œ Ê œ „ � Ÿ Ÿ Ê œ �9x 36 3 3
4

# È ÈŠ ‹'
2

4

1

 x 4  dx 4x 16 8 8 (56 24) 24œ � œ � œ � � � œ � œ � œ9 9 x 9 64 8 9 56 3
4 4 3 4 3 3 4 3 4
1 1 1 1 1'

2

4a b ’ “ � ‘ ˆ ‰ˆ ‰ ˆ ‰#
%

#

$

1

76. Let P ( p y ) be any point on x p, and let P(x y) be a point where a tangent intersects y 4px.  Now" "
#� ß œ � ß œ

 y 4px  2y 4p  ; then the slope of a tangent line from P  is #
"

�
� �œ Ê œ Ê œ œ œ

dy dy 2p y y dy 2p
dx dx y x ( p) dx y

"

  y yy 2px 2p .  Since x , we have y yy 2p 2p   y yy y 2pÊ � œ � œ � œ � Ê � œ �# # # # # # #
" " "

"
#

y y
4p 4p

# #Š ‹
  y yy 2p 0  y y y 4p .  Therefore the slopes of the twoÊ � � œ Ê œ œ „ �"

# #
# #

" "
„ � # #2y 4y 16p"

# #È
" È

"

 tangents from P  are m  and m   m m 1" " # " #� � � � � �
œ œ Ê œ œ �

2p 2p 4p
y y 4p y y 4p y y 4p
" "

# ## #

#

# # #È È a b
" " " "

  the lines are perpendicularÊ

77. (x 2) (y 1) 5  2(x 2) 2(y 1) 0  ; y 0  (x 2) (0 1) 5� � � œ Ê � � � œ Ê œ � œ Ê � � � œ# # # #�
�

dy dy
dx dx y 1

x 2

  (x 2) 4  x 4 or x 0  the circle crosses the x-axis at (4 0) and ( 0); x 0Ê � œ Ê œ œ Ê ß !ß œ#

  (0 2) (y 1) 5  (y 1) 1  y 2 or y 0  the circle crosses the y-axis at ( 2) and ( ).Ê � � � œ Ê � œ Ê œ œ Ê !ß !ß !# # #

 At (4 0):  2  the tangent line is y 2(x 4) or y 2x 8ß œ � œ Ê œ � œ �
dy
dx 0 1

4 2�
�

 At ( ):  2  the tangent line is y 2x!ß ! œ � œ � Ê œ �
dy
dx 0 1

0 2�
�

 At ( ):  2  the tangent line is y 2 2x or y 2x 2!ß # œ � œ Ê � œ œ �
dy
dx 2 1

0 2�
�

78. x y 1  x 1 y  on the interval 3 y 3  V 1 y  dy 2 1 y  dy# # # # #
# #

� œ Ê œ „ � � Ÿ Ÿ Ê œ � œ �È È Èˆ ‰ ˆ ‰' '
�3 0

3 3

1 1

 2 1 y  dy 2 y 24œ � œ � œ1 1 1'
0

3 a b ’ “#
$

!

y
3

$

79. Let y 16 x  on the interval 3 x 3.  Since the plate is symmetric about the y-axis, x 0.  For aœ � � Ÿ Ÿ œÉ 16
9

#

 vertical strip:    x y x , length 16 x , width dx  area dA 16 x  dxa b � � É Éµ µß œ ß œ � œ Ê œ œ �
É16 x 16 16

9 9

�

#
# #

16
9

#

  mass dm  dA 16 x  dx.  Moment of the strip about the x-axis:Ê œ œ œ �$ $É 16
9

#

 y dm 16 x  dx 8 x  dx so the moment of the plate about the x-axis isµ œ � œ �
É16 x 16 8

9 9

�

#
# #

16
9

# Š ‹É ˆ ‰$ $
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 M y dm 8 x  dx 8x x 32 ; also the mass of the plate isx 3

3

œ œ � œ � œµ' '
�

$ $ $ˆ ‰ � ‘8 8
9 27

# $ $

�$

 M 16 x  dx 4 1 x  dx 4 3 1 u  du where u   3 du dx; x 3œ � œ � œ � œ Ê œ œ �' ' '
� � �3 3 1

3 3 1

$ $ $É É ˆ ‰ È16 x
9 3 3

# #" #

  u 1 and x 3  u 1.  Hence, 4 3 1 u  du 12 1 u  duÊ œ � œ Ê œ � œ �$ $' '
� �1 1

1 1È È# #

 12 u 1 u sin u 6   y .  Therefore the center of mass is .œ � � œ Ê œ œ œ !ß$ 1$’ “Š ‹È ˆ ‰" # �"
"

�"2 M 6 3 3
M 32 16 16x $

1$ 1 1

80. y x 1  x 1 (2x)     1 1œ � Ê œ � œ Ê œ Ê � œ �È a b Š ‹ Š ‹Ê É# "
# � �

# �"Î#

�

# #
dy dy dy
dx dx x 1 dx x 1

x x x
x 1È #

#

# #

#

   S 2 y 1  dx 2 x 1  dx 2 2x 1 dx ;œ Ê œ � œ � œ �É ÉÊ Š ‹ È È2x 1 2x 1
x 1 dx x 1

dy# #

# #

� �
� �

#
# #' ' '

0 0 0

2 2 2È È È

1 1 1

    u 1 du u u 1 ln u u 1 2 5 ln 2 5
u 2x

du 2 dx– —ÈÈ È È È’ “ ’ “Š ‹ Š ‹Š ‹ È Èœ

œ
Ä � œ � � � � œ � �2 2

2 2 22
1 1 1

È È È'
0

2
# # #"

#

!

81. (a) tan m   tan f (x ) where f(x) 4px ;" "œ Ê œ œL
w

! È
 f (x) (4px) (4p)   f (x )w �"Î# w"

# !œ œ Ê œ
2p 2p
4px 4pxÈ È

!

   tan .œ Ê œ
2p 2p
y y! !

"

 (b) tan m9 œ œ œFP
y 0 y
x p x p
! !

! !

�
� �

 (c) tan ! œ œ
tan tan 

1 tan  tan 
9 "

9 "

�
�

Š ‹
Š ‹Š ‹

y
x p y

2p

y
x p y

2p

!

! !�

!

! !�

�

�1

 œ œ œ œ
y 2p(x p)
y (x p 2p) y (x p) y (x p) y

4px 2px 2p 2p(x p) 2p#

! !

! ! ! ! ! ! !

! ! !
#� �

� � � �
� � �

 

11.7  CONICS IN POLAR COORDINATES

 1. 16x 25y 400  1  c a b# #
#

# #� œ Ê � œ Ê œ �x
5 16

y# # È
 25 16 3  e ; F 3 0 ;œ � œ Ê œ œ „ ßÈ a bc 3

a 5

 directrices are x 0œ „ œ „ œ „a 5 25
e 3ˆ ‰3

5

 

 2. 7x 16y 112  1  c a b# # # #� œ Ê � œ Ê œ �x
16 7

y# # È
 16 7 3  e ; F 3 0 ;œ � œ Ê œ œ „ ßÈ a bc 3

a 4

 directrices are x 0œ „ œ „ œ „a 4 16
e 3ˆ ‰3

4
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 3. 2x y 2  x 1  c a b# # # # #� œ Ê � œ Ê œ �
y
2

# È
 2 1 1  e ; F 0 1 ;œ � œ Ê œ œ ß „È a bc 1

a 2È

 directrices are y 0 2œ „ œ „ œ „a
e

2È
Š ‹1

2È

 

 4. 2x y 4  1  c a b# #
#

# #� œ Ê � œ Ê œ �x y
4

# # È
 4 2 2  e ; F 0 2 ;œ � œ Ê œ œ ß „È È ÈŠ ‹c

a 2
2È

 directrices are y 0 2 2œ „ œ „ œ „a 2
e Š ‹È2

2

È

 

 5. 3x 2y 6  1  c a b# #
#

# #� œ Ê � œ Ê œ �x y
3

# # È
 3 2 1  e ; F 0 1 ;œ � œ Ê œ œ ß „È a bc 1

a 3È

 directrices are y 0 3œ „ œ „ œ „a
e

3È
Š ‹1

3È

 

 6. 9x 10y 90  1  c a b# # # #� œ Ê � œ Ê œ �x
10 9

y# # È
 10 9 1  e ; F 1 0 ;œ � œ Ê œ œ „ ßÈ a bc 1

a 10È

 directrices are x 0 10œ „ œ „ œ „a
e

10È
Š ‹1

10È

 

 7. 6x 9y 54  1  c a b# # # #� œ Ê � œ Ê œ �x
9 6

y# # È
 9 6 3  e ; F 3 0 ;œ � œ Ê œ œ „ ßÈ È ÈŠ ‹c

a 3
3È

 directrices are x 0 3 3œ „ œ „ œ „a 3
e Š ‹È3

3

È
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 8. 169x 25y 4225  1  c a b# # # #� œ Ê � œ Ê œ �x
25 169

y# # È
 169 25 12  e ; F 0 12 ;œ � œ Ê œ œ ß „È a bc 12

a 13

 directrices are y 0œ „ œ „ œ „a 13 169
e 12ˆ ‰12

13

 

 9. Foci:  0 3 , e 0.5  c 3 and a 6  b 36 9 27  1a bß „ œ Ê œ œ œ œ Ê œ � œ Ê � œc 3 x
e 0.5 7 36

y#
#

# #

10. Foci:  8 0 , e 0.2  c 8 and a 40  b 1600 64 1536  1a b„ ß œ Ê œ œ œ œ Ê œ � œ Ê � œc 8 x
e 0. 1600 1536

y
#

# # #

11. Vertices:  0 70 , e 0.1  a 70 and c ae 70(0.1) 7  b 4900 49 4851  1a bß „ œ Ê œ œ œ œ Ê œ � œ Ê � œ# x
4851 4900

y# #

12. Vertices:  10 0 , e 0.24 a 10 and c ae 10(0.24) 2.4 b 100 5.76 94.24  1a b„ ß œ Ê œ œ œ œ Ê œ � œ Ê � œ# x
100 94.24

y# #

13. Focus:  5 , Directrix:  x   c ae 5 and       eŠ ‹È Èß ! œ Ê œ œ œ Ê œ Ê œ Ê œ9 a 9 ae 9 9 5
5 5 5 5e e e 9

5
È È È È

È
# #

#

  e .  Then PF PD  x 5 (y 0)  x   x 5 y xÊ œ œ Ê � � � œ � Ê � � œ �
È È È

È È
5 5 5

3 3 3 9
9 5 9

5 5
ÊŠ ‹ ¹ ¹ Š ‹ Š ‹È È# # #

# #

  x 2 5 x 5 y x x   x y 4  1Ê � � � œ � � Ê � œ Ê � œ# # # # #È Š ‹5 18 81 4 x
9 5 9 9 45

y
È

# #

14. Focus:  ( 0), Directrix:  x   c ae 4 and       e   e . Then%ß œ Ê œ œ œ Ê œ Ê œ Ê œ Ê œ16 a 16 ae 16 4 16 3
3 e 3 e 3 e 3 4

3
# #

#
#

È

 PF PD  (x 4) (y 0)  x   (x 4) y x   x 8x 16 yœ Ê � � � œ � Ê � � œ � Ê � � �
È È3 3 16 3 16

3 4 3# #
# # # # # ##È ¸ ¸ ˆ ‰

 x x   x y   1œ � � Ê � œ Ê � œ3 32 256 16 x
4 3 9 4 3

yˆ ‰# # #" # #

ˆ ‰ ˆ ‰64 16
3 3

15. Focus:  ( 0), Directrix:  x 16  c ae 4 and 16  16  16  e   e . Then�%ß œ � Ê œ œ œ Ê œ Ê œ Ê œ Ê œa ae 4 1
e e e 4# #

# "
#

 PF PD  (x 4) (y 0)  x 16   (x 4) y (x 16)   x 8x 16 yœ Ê � � � œ � Ê � � œ � Ê � � �1 1 1
4# #

# # # # # # #È k k
 x 32x 256   x y 48  1œ � � Ê � œ Ê � œ1 3 x

4 4 64 48
ya b# # # # #

16. Focus:  2 , Directrix:  x 2 2  c ae 2 and 2 2  2 2  2 2  eŠ ‹È È È È È È� ß ! œ � Ê œ œ œ Ê œ Ê œ Ê œa ae
e e e

2
# #

È # "
#

  e . Then PF PD  x 2 (y 0)  x 2 2   x 2 yÊ œ œ Ê � � � œ � Ê � �1 1 1
2 2 2È È ÈÊŠ ‹ ¹ ¹ Š ‹È È È# #

# #

 x 2 2   x 2 2 x 2 y x 4 2 x 8   x y 2  1œ � Ê � � � œ � � Ê � œ Ê � œ" " "
# # # #

#
# # # # #Š ‹ Š ‹È È È x

4
y# #
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17. x y 1  c a b 1 1 2  e# # # #� œ Ê œ � œ � œ Ê œÈ ÈÈ c
a

 2 ; asymptotes are y x; F 2 ;œ œ œ „ „ ß !
È2

1
È ÈŠ ‹

 directrices are x 0œ „ œ „a
e 2

"
È

 

18. 9x 16y 144  1  c a b# # # #� œ Ê � œ Ê œ �x
16 9

y# # È
 16 9 5  e ; asymptotes areœ � œ Ê œ œÈ c 5

a 4

 y x; F 5 ; directrices are x 0œ „ „ ß ! œ „3 a
4 ea b

 œ „ "6
5

 

19. y x 8  1  c a b# # # #� œ Ê � œ Ê œ �
y
8 8

x# # È
 8 8 4  e 2 ; asymptotes areœ � œ Ê œ œ œÈ Èc 4

a 8È
 y x; F 0 4 ; directrices are y 0œ „ ß „ œ „a b a

e

 2œ „ œ „
È
È

8
2

 

20. y x 4  1  c a b# # # #� œ Ê � œ Ê œ �
y
4 4

x# # È
 4 4 2 2  e 2 ; asymptotesœ � œ Ê œ œ œÈ È Èc

a 2
2 2È

 are y x; F 0 2 2 ; directrices are y 0œ „ ß „ œ „Š ‹È a
e

 2œ „ œ „2
2È È

 

21. 8x 2y 16  1  c a b# # # #� œ Ê � œ Ê œ �x
2 8

y# # È
 2 8 10  e 5 ; asymptotesœ � œ Ê œ œ œÈ È Èc

a
10
2

È
È

 are y 2x; F 10 ; directrices are x 0œ „ „ ß ! œ „Š ‹È a
e

 œ „ œ „
È
È È

2
5 10

2
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22. y 3x 3  x 1  c a b# # # # #� œ Ê � œ Ê œ �
y
3

# È
 3 1 2  e ; asymptotes areœ � œ Ê œ œÈ c 2

a 3È

 y 3 x; F 0 2 ; directrices are y 0œ „ ß „ œ „È a b a
e

 œ „ œ „
È

Š ‹
3 3

2
3È

#

 

23. 8y 2x 16  1  c a b# # # #� œ Ê � œ Ê œ �
y
2 8

x# # È
 2 8 10  e 5 ; asymptotesœ � œ Ê œ œ œÈ È Èc

a
10
2

È
È

 are y ; F 0 10 ; directrices are y 0œ „ ß „ œ „x a
e# Š ‹È

 œ „ œ „
È
È È

2
5 10

2

 

24. 64x 36y 2304  1  c a b# # # #� œ Ê � œ Ê œ �x
36 64

y# # È
 36 64 10  e ; asymptotes areœ � œ Ê œ œ œÈ c 10 5

a 6 3

 y x; F 10 ; directrices are x 0œ „ „ ß ! œ „4 a
3 ea b

 œ „ œ „6 18
5ˆ ‰5

3

 

25. Vertices 1  and e 3  a 1 and e 3  c 3a 3  b c a 9 1 8  y 1a b!ß „ œ Ê œ œ œ Ê œ œ Ê œ � œ � œ Ê � œc x
a 8

# # # # #

26. Vertices 2  and e 2  a 2 and e 2  c 2a 4  b c a 16 4 12  1a b„ ß ! œ Ê œ œ œ Ê œ œ Ê œ � œ � œ Ê � œc x
a 4 1

y# # #
#

# #

27. Foci 3  and e 3  c 3 and e 3  c 3a  a 1  b c a 9 1 8  x 1a b„ ß ! œ Ê œ œ œ Ê œ Ê œ Ê œ � œ � œ Ê � œc
a 8

y# # # #
#

28. Foci 5  and e 1.25  c 5 and e 1.25   c a  5 a  a 4  b c aa b!ß „ œ Ê œ œ œ œ Ê œ Ê œ Ê œ Ê œ �c 5 5 5
a 4 4 4

# # #

 25 16 9  1œ � œ Ê � œ
y
16 9

x# #

29. e 1, x 2  k 2  rœ œ Ê œ Ê œ œ
2(1)

1 (1) cos 1 cos 
2

� �) )

30. e 1, y 2  k 2  rœ œ Ê œ Ê œ œ
2(1)

1 (1) sin 1 sin 
2

� �) )

31. e 5, y 6  k 6  rœ œ � Ê œ Ê œ œ
6(5)

1 5 sin 1 5 sin 
30

� �) )

32. e 2, x 4  k 4  rœ œ Ê œ Ê œ œ
4(2)

1 2 cos 1 2 cos 
8

� �) )

33. e , x 1  k 1  rœ œ Ê œ Ê œ œ"
# ��

ˆ ‰
ˆ ‰
"

#

"

#

(1)
1  cos 

1
2 cos ) )

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



694 Chapter 11 Parametric Equations and Polar Coordinates

34. e , x 2  k 2  rœ œ � Ê œ Ê œ œ"
� �4 4 cos 

(2)
1  cos 

2ˆ ‰
ˆ ‰
"

"

4

4 ) )

35. e , y 10  k 10  rœ œ � Ê œ Ê œ œ"
� �5 5 sin 

(10)
1  sin 

10ˆ ‰
ˆ ‰
"

"

5

5 ) )

36. e , y 6  k 6  rœ œ Ê œ Ê œ œ"
� �3 3 sin 

(6)
1  sin 

6ˆ ‰
ˆ ‰
"

"

3

3 ) )

37. r   e 1, k 1  x 1œ Ê œ œ Ê œ"
�1 cos )

 

38. r   e , k 6  x 6;œ œ Ê œ œ Ê œ6 3
2 cos 1  cos � #�

"
) )ˆ ‰"

#

 a 1 e ke  a 1 3  a 3a b ’ “ˆ ‰� œ Ê � œ Ê œ# "
#

# 3
4

  a 4  ea 2Ê œ Ê œ

 

39. r   rœ Ê œ œ25
10 5 cos 1  cos 1  cos � � �) ) )

ˆ ‰ ˆ ‰
ˆ ‰ ˆ ‰

25 5
10
5

10

#

"

#

  e , k 5  x 5; a 1 e keÊ œ œ Ê œ � � œ"
#

#a b
  a 1   a   a   eaÊ � œ Ê œ Ê œ Ê œ’ “ˆ ‰"

# # #

# 5 3 5 10 5
4 3 3

 

40. r   r   e 1, k 2  x 2œ Ê œ Ê œ œ Ê œ �4 2
2 2 cos 1 cos � �) )

 

41. r   r   rœ Ê œ Ê œ400 25
16 8 sin 1  sin 1  sin � � �) ) )

ˆ ‰
ˆ ‰ ˆ ‰

400
16
8

16
"

#

 e , k 50  y 50; a 1 e keœ œ Ê œ � œ"
#

#a b
  a 1 25  a 25  aÊ � œ Ê œ Ê œ’ “ˆ ‰"

#

# 3 100
4 3

  eaÊ œ 50
3
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42. r   r   e 1, 43. r   r   e 1,œ Ê œ Ê œ œ Ê œ Ê œ12 4 8 4
3 3 sin 1 sin 2 2 sin 1 sin � � � �) ) ) )

 k 4  y 4 k 4  y 4œ Ê œ œ Ê œ �

  

44. r   r   e , k 4œ Ê œ Ê œ œ4 2
2 sin 1  sin � #�

"
) )ˆ ‰"

#

  y 4; a 1 e ke  a 1 2Ê œ � � œ Ê � œa b ’ “ˆ ‰# "
#

#

  a 2  a   eaÊ œ Ê œ Ê œ3 8 4
4 3 3

 

45. r cos 2  r cos  cos sin  sin ˆ ‰ ˆ ‰È) ) )� œ Ê �1 1 1
4 4 4

 2  r cos r sin 2  x yœ Ê � œ Ê �È È" " " "
È È È È2 2 2 2

) )

 2  x y 2  y 2 xœ Ê � œ Ê œ �È
 

46. r cos 1  r cos  cos sin  sin 1ˆ ‰ ˆ ‰) ) )� œ Ê � œ3 3 3
4 4 4
1 1 1

  r cos r sin 1  x y 2Ê � � œ Ê � œ �
È È2 2

2 2) ) È
  y x 2Ê œ � �È

 

47. r cos 3  r cos  cos sin  sin 3ˆ ‰ ˆ ‰) ) )� œ Ê � œ2 2 2
3 3 3
1 1 1

  r cos r sin 3  x y 3Ê � � œ Ê � � œ1
2 2

3 3
) )

È È"
# #

  x 3 y 6  y x 2 3Ê � � œ Ê œ �È ÈÈ3
3
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48. r cos 2  r cos  cos sin  sin 2ˆ ‰ ˆ ‰) ) )� œ Ê � œ1 1 1
3 3 3

  r cos r sin 2  x y 2Ê � œ Ê � œ1
2 2

3 3
) )

È È"
# #

  x 3 y 4  y xÊ � œ Ê œ �È È È3 4 3
3 3

 

49. 2 x 2 y 6  2 r cos 2 r sin 6  r  cos  sin 3  r cos  cos sin  sin È È È È Š ‹ ˆ ‰� œ Ê � œ Ê � œ Ê �) ) ) ) ) )
È È2 2

4 4# #
1 1

 3  r cos 3œ Ê � œˆ ‰) 1
4

50. 3 x y 1  3 r cos r sin 1  r  cos  sin   r cos  cos sin  sin È È Š ‹ ˆ ‰� œ Ê � œ Ê � œ Ê �) ) ) ) ) )
È3 1

6 6# # #
" 1 1

   r cosœ Ê � œ" "
# #

ˆ ‰) 1
6

51. y 5  r sin 5  r sin 5  r sin ( ) 5  r cos ( ) 5  r cos 5œ � Ê œ � Ê � œ Ê � œ Ê � � œ Ê � œ) ) ) ) )ˆ ‰ ˆ ‰1 1
# #

52. x 4  r cos 4  r cos 4  r cos ( ) 4œ � Ê œ � Ê � œ Ê � œ) ) ) 1

53.  54. 

55.  56. 

57. (x 6) y 36  C (6 0), a 6 58. (x 2) y 4  C ( 2 0), a 2� � œ Ê œ ß œ � � œ Ê œ � ß œ# # # #

  r 12 cos  is the polar equation  r 4 cos  is the polar equationÊ œ Ê œ �) )
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59. x (y 5) 25  C ( 5), a 5 60. x (y 7) 49  C ( 7), a 7# # # #� � œ Ê œ !ß œ � � œ Ê œ !ß� œ

  r 10 sin  is the polar equation  r 14 sin  is the polar equationÊ œ Ê œ �) )

  

61. x 2x y 0  (x 1) y 1 62. x 16x y 0  (x 8) y 64# # # # # # # #� � œ Ê � � œ � � œ Ê � � œ

  C ( 1 0), a 1  r 2 cos  is  C (8 0), a 8  r 16 cos  is theÊ œ � ß œ Ê œ � Ê œ ß œ Ê œ) )

 the polar equation polar equation
  

63. x y y 0  x y  64. x y y 0  x y# # # # # #" "
#

# #
� � œ Ê � � œ � � œ Ê � � œˆ ‰ ˆ ‰

4 3 3 9
4 2 4

  C , a   r sin  is the  C 0 , a   r  sin  is theÊ œ !ß� œ Ê œ � Ê œ ß œ Ê œˆ ‰ ˆ ‰" "
# # ) )2 2 4

3 3 3

 polar equation polar equation
  

65.  66. 
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67.  68. 

69.  70. 

71.  72. 

73.  74. 
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75. (a) Perihelion a ae a(1 e), Aphelion ea a a(1 e)œ � œ � œ � œ �

 (b)  Planet        Perihelion      Aphelion       
Mercury 0.3075 AU 0.4667 AU
Venus  0.7184 AU 0.7282 AU
Earth 0.9833 AU 1.0167 AU
Mars 1.3817 AU 1.6663 AU
Jupiter 4.9512 AU 5.4548 AU
Saturn 9.0210 AU 10.0570 AU
Uranus 18.2977 AU 20.0623 AU
Neptune 29.8135 AU 30.3065 AU

76. Mercury:  r œ œ
(0.3871) 1 0.2056

1 0.2056 cos 1 0.2056 cos 
0.3707a b�

� �

#

) )

 Venus:  r œ œ
(0.7233) 1 0.0068

1 0.0068 cos 1 0.0068 cos 
0.7233a b�

� �

#

) )

 Earth:  r œ œ
1 1 0.0167
1 0.0167 cos 1 0.0617 cos 

0.9997a b�

� �

#

) )

 Mars:  r œ œ
(1.524) 1 0.0934

1 0.0934 cos 1 0.0934 cos 
1.511a b�

� �

#

) )

 Jupiter:  r œ œ
(5.203) 1 0.0484

1 0.0484 cos 1 0.0484 cos 
5.191a b�

� �

#

) )

 Saturn:  r œ œ
(9.539) 1 0.0543

1 0.0543 cos 1 0.0543 cos 
9.511a b�

� �

#

) )

 Uranus:  r œ œ
(19.18) 1 0.0460

1 0.0460 cos 1 0.0460 cos 
19.14a b�

� �

#

) )

 Neptune:  r œ œ
(30.06) 1 0.0082

1 0.0082 cos 1 0.0082 cos 
30.06a b�

� �

#

) )

CHAPTER 11 PRACTICE EXERCISES

 1. x  and y t 1  2x t  y 2x 1  2. x t and y 1 t  y 1 xœ œ � Ê œ Ê œ � œ œ � Ê œ �
t
#

È È

  

 3. x  tan t and y  sec t  x  tan t  4. x 2 cos t and y 2 sin t  x 4 cos t andœ œ Ê œ œ � œ Ê œ
" " "

# #

# # # #

4

 and y  sec t  4x tan t and  y 4 sin t  x y 4# # # # # # # #"
œ Ê œ œ Ê � œ4

 4y sec t  4x 1 4y   4y 4x 1# # # # # #
œ Ê � œ Ê � œ
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 5. x cos t and y cos t  y ( x) x   6. x 4 cos t and y 9 sin t  x 6 cos t andœ � œ Ê œ � œ œ œ Ê œ# # # # #

 y 81 sin t  1# #œ Ê � œx
16 81

y# #

  

 7. 16x 9y 144  1  a 3 and b 4  x 3 cos t and y 4 sin t, 0 t 2# #� œ Ê � œ Ê œ œ Ê œ œ Ÿ Ÿx
9 16

y# #

1

 8. x y 4  x 2 cos t and y 2 sin t, 0 t 6# #� œ Ê œ � œ Ÿ Ÿ 1

 9. x  tan t, y  sec t  sin t  sin ; tœ œ Ê œ œ œ œ Ê œ œ œ" "
# # #

dy dy/dt dy
dx dx/dt sec t dx 3 3

 sec t tan t
 sec t

tan t 3"

#

"

#

#
¹

t 3œ Î1

1 1È

  x  tan  and y  sec 1  y x ; 2 cos t  Ê œ œ œ œ Ê œ � œ œ œ Ê" " "
# # # # œ Î

1 1

1
3 3 4 dx dx/dt dx

3 3 d y dy /dt d ycos t
 sec t

3

t 3

È È # w #

# #"

#

#
¹

 2 cosœ œ3
3 4

ˆ ‰1 "

10. x , y   t  (2) 3; t 2  x 1  andœ " � œ " � Ê œ œ œ � Ê œ � œ � œ Ê œ � œ" "

� # #t t dx dx/dt 2 dx 4
3 3 3 5dy dy/dt dy

# #

#

$

Š ‹
Š ‹

3
t

2
t

¹
t 2œ

 y 1   y 3x ; t   (2) 6œ � œ � Ê œ � � œ œ œ Ê œ œ3 3 3 3
4 dx dx/dt 4 dx 4

d y dy /dt d y

t 2# #
" " �

�

$ $

œ

# w #

# #
#

$

ˆ ‰
Š ‹

3

2
t

¹

11. (a) x 4t , y t 1 t y 1 1œ œ � Ê œ „ Ê œ „ � œ „ �2 3 x x
2 2 8

3
xÈ ÈŠ ‹ 3 2Î

 (b) x cos t, y tan t sec t tan t 1 sec t y 1 yœ œ Ê œ Ê � œ Ê œ � œ Ê œ „1 1 1 x
x x x x

2 2 2 1 x
2 2

2 2� �È

12. (a) The line through 1, 2  with slope 3 is y 3x 5 x t, y 3t 5, ta b� œ � Ê œ œ � �_ � � _

 (b) x 1 y 2 9 x 1 3 cos t, y 2 3 sin t x 1 3 cos t, y 2 3 sin t, 0 t 2a b a b� � � œ Ê � œ � œ Ê œ � œ � � Ÿ Ÿ2 2
1

 (c) y 4x x x t, y 4t t, tœ � Ê œ œ � �_ � � _2 2

 (d) 9x 4y 36 1 x 2 cos t, y 3 sin t, 0 t 22 2 x
4 9

y� œ Ê � œ Ê œ œ Ÿ Ÿ
2 2

1

13. y x   x x   2 x   L 1 2 x  dxœ � Ê œ � Ê œ � � Ê œ � � �"Î# �"Î# "Î#" " " " " "
# #

#
x

3 dx dx 4 x 4 x
dy dy$Î# Š ‹ ˆ ‰ ˆ ‰É'

1

4

  L 2 x  dx x x  dx x x  dx 2x xÊ œ � � œ � œ � œ �' ' '
1 1 1

4 4 4É ˆ ‰ ˆ ‰ � ‘É a b" " " " "�"Î# "Î# #

# #
�"Î# "Î# "Î# $Î# %

"4 x 4 3
2

 4 8 2 2œ � � � œ � œ" "
# #
� ‘ ˆ ‰ˆ ‰ ˆ ‰2 2 14 10

3 3 3 3†

14. x y   x     L 1  dy 1  dyœ Ê œ Ê œ Ê œ � œ �#Î$ �"Î$
# #

dx 2 dx 4x dx 4
dy 3 dy 9 dy 9xŠ ‹ Š ‹Ê É�#Î$

#Î$
' '

1 1

8 8

  dx 9x 4 x  dx; u 9x 4  du 6y  dy; x 1  u 13,œ œ � œ � Ê œ œ Ê œ' '
1 1

8 8È9x 4
3x 3

#Î$

"Î$
� " #Î$ �"Î$ #Î$ �"Î$È ˆ ‰ �

 x 8  u 40   L  u  du u 40 13 7.634d � ‘ � ‘œ Ê œ Ä œ œ œ � ¸" " ""Î# $Î# $Î# $Î#%!

"$ #18 18 3 7
2'

13

40

15. y x x   x x   x 2 xœ � Ê œ � Ê œ � �5 5
12 8 dx dx 4

dy dy'Î& %Î& "Î& �"Î& #Î& �#Î&" " "
# #

#Š ‹ ˆ ‰
  L 1 x 2 x  dx  L x 2 x  dx  x x  dxÊ œ � � � Ê œ � � œ �' '

1 1

32 32 32

1

É Éa b a b a b' É" " "#Î& �#Î& #Î& �#Î& "Î& �"Î& #

4 4 4
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 x x  dx x x 2 2œ � œ � œ � � � œ �'
1

32
" " " "
# # # #

"Î& �"Î& 'Î& %Î& ' %$#

"
ˆ ‰ � ‘ � ‘ ˆ ‰ˆ ‰ ˆ ‰5 5 5 5 5 5 315 75

6 4 6 4 6 4 6 4† †

 (1260 450)œ � œ œ"
48 48 8

1710 285

16. x y   y   y   L 1 y  dyœ � Ê œ � Ê œ � � Ê œ � � �" " " " " " " " " "
# # #

$ # %
#

%
1 y dy 4 y dy 16 16

dx dx
y y# % %Š ‹ Š ‹Ê'

1

2

 y  dy y  dy y  dy yœ � � œ � œ � œ �' ' '
1 1 1

2 2 2É ÊŠ ‹ Š ‹ ’ “" " " " " " " " "% #
# #

# #
# $

"16 4 y 4 y 1 yy% # #

 1œ � � � œ � œˆ ‰ ˆ ‰8 7 13
12 1 1 12

" " "
# # # #

17. 5 sin t 5 sin 5t and 5 cos t 5 cos 5tdx dx
dt dt dt dt

dy dyœ � � œ � Ê �Êˆ ‰ Š ‹# #

 5 sin t 5 sin 5t 5 cos t 5 cos 5tœ � � � �Éa b a b# #

 5 sin  5t sin t sin 5t sin  t cos  t cos t cos 5t cos  5t sin t sin 5t cos t cos 5 tœ � # � � � # � œ & # � # �È È a b# # # #

 5 cos t 5 cos t sin  t sin t sin t (since t )œ # " � % œ % " � % œ "! # œ "!l # l œ "! # ! Ÿ ŸÈ a b a bÉ ˆ ‰ È"
# #

# 1

 Length sin t dt 5 cos tÊ œ "! # œ � # œ �& �" � �& " œ "!'
!

Î Î#
!

1
1

2 c d a ba b a ba b

18. 3t 12t and 3t 12t 3t 12t 3t 12t 288t 8tdx dx
dt dt dt dt

2 2dy dy 2 2 4œ � œ � Ê � œ � � � œ � "Êˆ ‰ Š ‹ Éa b a b È# #
# # #

 3 2 t 16 t Length 3 2 t 16 t dt 3 2  t 16 t dt; u 16 t du 2t dtœ � Ê œ � œ � œ � Ê œÈ È Èk k k kÈ È È ’2 2 2 2' '
! !

" "

 du t dt; t 0 u 16; t 1 u 17 ; u du u 17 16Ê œ œ Ê œ œ Ê œ œ œ �"
#

"“ È � ‘ Š ‹a b a b3 2 3 2 3 2
2 2 3 2 3 316

7
2 2 23/2 17

16
3/2 3/2È È È'

 17 64 2 17 64 8.617.œ † � œ � ¸3 2
2 3

2 3/2 3/2È Š ‹ Š ‹a b a bÈ

19.  sin  and cos  sin cos sin  cos  dx dx
d d d d

dy dy
) ) ) )
œ �$ œ $ Ê � œ �$ � $ œ $ � œ $) ) ) ) ) )Êˆ ‰ Š ‹ Éa b a b a bÈ# #

# # # #

 Length d dÊ œ $ œ $ œ $ � ! œ' '
! !

$ Î $ Î
$ *
# #

1 1
1 1

2 2

) ) ˆ ‰

20. x t  and y t, 3 t 3 2t and t Length 2t t dtœ œ � � Ÿ Ÿ Ê œ œ � " Ê œ � � "# #

�

# ##t dx
3 dt dt

dy

3

3
$ È È Éa b a b'

È

È

 t t dt t 2t dt t dt t dt tœ � # � " œ � � " œ � " œ � " œ �' ' '
� � �

% # % # # #

�

#

�È È È

È È È

È
È È

È3 3 3

3 3 3

3

3
t
3

3

3
È È Éa b a b ’ “' 3

 4 3œ È

21. x  and y 2t, 0 t 5  t and 2  Surface Area 2 (2t) t 4 dt 2 u  duœ œ Ÿ Ÿ Ê œ œ Ê œ � œt dx
dt dt

dy
0 4

5 9
#

#
# "Î#È È' '

È
1 1

 2 u , where u t 4  du 2t dt; t 0  u 4, t 5  u 9œ œ œ � Ê œ œ Ê œ œ Ê œ1 � ‘ È2 76
3 3

$Î# #*

%
1

22. x t  and y 4 t , t 1  2t  and œ � œ Ÿ Ÿ Ê œ � œ# " " "
2t dt 2t dt2

dx 2dy
t

È È È#

  Surface Area 2 t  2t  dt 2  t 2t  dtÊ œ � � � œ � �' '
1 2 1 2

1 1

t 2t t t
2

tÎ Î
# #" " " "

# # #

# ##

È ÈÈ1 1ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰Ê Š ‹ É
# #

 2  t 2t  dt 2  2t t  dt 2 t t tœ � � œ � � œ � �1 1 1' '
1 2 1 2

1 1

2t 2t 4 2 8
3 3

Î Î
# $ �$ % �#" " " " "

# #

"

"Î #È È Èˆ ‰ ˆ ‰ ˆ ‰ � ‘
#

 2 2œ �1 Š ‹3 2
4

È
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23. r cos 2 3  r cos  cos sin  sin ˆ ‰ ˆ ‰È) ) )� œ Ê �1 1 1
3 3 3

 2 3  r cos r sin 2 3œ Ê � œÈ È"
# #) )

È3

  r cos 3 r sin 4 3  x 3 y 4 3Ê � œ Ê � œ) )È È È È
  y x 4Ê œ �

È3
3

 

24. r cos   r cos  cos sin  sin ˆ ‰ ˆ ‰) ) )� œ Ê �3 3 3
4 4 4

21 1 1È
#

   r cos r sin   x y 1œ Ê � � œ Ê � � œ
È È È È2 2 2 2
# # # #) )

  y x 1Ê œ �

 

25. r 2 sec   r   r cos 2  x 2œ Ê œ Ê œ Ê œ) )2
cos )  

26. r 2 sec   r cos 2  x 2œ � Ê œ � Ê œ �È È È) )

 

27. r  csc   r sin   yœ � Ê œ � Ê œ �3 3 3
# # #) )  
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28. r 3 3 csc   r sin 3 3  y 3 3œ Ê œ Ê œÈ È È) )

 

29. r 4 sin   r 4r sin   x y 4y 0œ � Ê œ � Ê � � œ) )# # #

  x (y 2) 4; circle with center ( 2) andÊ � � œ !ß�# #

 radius 2.

 

30. r 3 3 sin r 3 3 r sin œ Ê œÈ È) )#

  x y 3 3 y 0  x y ;Ê � � œ Ê � � œ# # #
#

#È Š ‹3 3 27
4

È

 circle with center  and radius Š ‹!ß 3 3 3 3È È
# #

 

31. r 2 2 cos   r 2 2 r cos œ Ê œÈ È) )#

  x y 2 2 x 0  x 2 y 2;Ê � � œ Ê � � œ# # #
#È ÈŠ ‹

 circle with center 2 0  and radius 2Š ‹È Èß

 

32. r 6 cos   r 6r cos   x y 6x 0œ � Ê œ � Ê � � œ) )# # #

  (x 3) y 9; circle with center ( 3 0) andÊ � � œ � ß# #

 radius 3
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33. x y 5y 0  x y   C# # #
# #

#
� � œ Ê � � œ Ê œ !ß�ˆ ‰ ˆ ‰5 25 5

4

 and a ; r 5r sin 0  r 5 sin œ � œ Ê œ �5
#

# ) )

 

34. x y 2y 0  x (y 1) 1  C ( 1) and# # # #� � œ Ê � � œ Ê œ !ß

 a 1; r 2r sin 0  r 2 sin œ � œ Ê œ# ) )

 

35. x y 3x 0  x y   C# # #
# #

#
� � œ Ê � � œ Ê œ ß !ˆ ‰ ˆ ‰3 9 3

4

 and a ; r 3r cos 0  r 3 cos œ � œ Ê œ3
#

# ) )

 

36. x y 4x 0  (x 2) y 4  C ( 2 0)# # # #� � œ Ê � � œ Ê œ � ß

 and a 2; r 4r cos 0  r 4 cos œ � œ Ê œ �# ) )

 

37. 38.
  

39. d 40. e 41. l 42. f

43. k 44. h 45. i 46. j
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47. A 2 r  d (2 cos )  d 4 4 cos cos  d 4 4 cos  dœ œ � œ � � œ � �' ' ' '
0 0 0 0

1 1 1 1

" �
# #

# # #) ) ) ) ) ) ) )a b ˆ ‰1 cos 2)

 4 cos  d 4 sin œ � � œ � � œ'
0

1ˆ ‰ � ‘9 cos 2 9 sin 2 9
2 4# # #!

) ) ) ) 1) ) 1

48. A sin 3  d  d  sin 6œ œ œ � œ' '
0 0

3 31 1Î Î
" � " "
# #

# Î$

!
a b ˆ ‰ � ‘) ) ) ) )1 cos 6

4 6 12
) 11

49. r 1 cos 2  and r 1  1 1 cos 2   0 cos 2   2   ; thereforeœ � œ Ê œ � Ê œ Ê œ Ê œ) ) ) ) )1 1
# 4

 A 4  (1 cos 2 ) 1  d 2 1 2 cos 2 cos 2 1  dœ � � œ � � �' '
0 0

4 41 1Î Î
"
#

# # #c d a b) ) ) ) )

 2 2 cos 2  d 2 sin 2  2 1 0 2œ � � œ � � œ � � œ �'
0

41Î ˆ ‰ � ‘ ˆ ‰) ) ) )" "
# #

Î%

!
cos 4 sin 4

2 8 8 4
) ) 1 11

50. The circle lies interior to the cardioid.  Thus,

 A 2  [2(1 sin )]  d  (the integral is the area of the cardioid minus the area of the circle)œ � �'
� Î

Î

1

1

2

2
"
#

#) ) 1

 4 1 2 sin sin  d (6 8 sin 2 cos 2 ) d 6 8 cos sin 2œ � � � œ � � � œ � � �' '
� Î � Î

Î Î

1 1

1 1

2 2

2 2a b c d) ) ) 1 ) ) ) 1 ) ) ) 1# Î#
� Î#
1

1

 3 ( 3 ) 5œ � � � œc d1 1 1 1

51. r 1 cos   sin ; Length ( 1 cos ) ( sin )  d 2 2 cos  dœ � � Ê œ � œ � � � � œ �) ) ) ) ) ) )dr
d)

' '
0 0

2 21 1È È# #

  d 2 sin  d 4 cos ( 4)( 1) ( 4)(1) 8œ œ œ � œ � � � � œ' '
0 0

2 21 1É � ‘4(1 cos )
2

�
# #

#

!
) ) ) 1

) )

52. r 2 sin 2 cos , 0   2 cos 2 sin ; r (2 sin 2 cos ) (2 cos 2 sin )œ � Ÿ Ÿ Ê œ � � œ � � �) ) ) ) ) ) ) ) )1
) )#

# # ##dr dr
d d

ˆ ‰
 8 sin cos 8  L 8 d 2 2 2 2 2œ � œ Ê œ œ œ œa b È ’ “È È Èˆ ‰# #

Î#

! #) ) ) ) 1'
0

21Î 1
1

53. r 8 sin , 0   8 sin  cos ; r 8 sin 8 sin  cos œ Ÿ Ÿ Ê œ � œ �$ # # $ ## # #ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ � ‘ � ‘ˆ ‰ ˆ ‰ ˆ ‰) 1 ) ) ) ) )
) )3 4 d 3 3 d 3 3 3

dr dr)

 64 sin   L 64 sin  d 8 sin  d 8  dœ Ê œ œ œ% #% �

#
ˆ ‰ ˆ ‰ ˆ ‰É ’ “) ) )

3 3 3
1 cos' ' '

0 0 0

4 4 41 1 1Î Î Î

) ) )
ˆ ‰2

3
)

 4 4 cos  d 4 6 sin 4 6 sin 0 3œ � œ � œ � � œ �'
0

41Î � ‘ � ‘ ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰2 2
3 3 4 6
) ) 1 11

) ) 1
Î%

!

54. r 1 cos 2   (1 cos 2 ) ( 2 sin 2 )   œ � Ê œ � � œ Ê œÈ ˆ ‰) ) )dr sin 2 dr sin 2
d d 1 cos 21 cos 2) ) )

) )

)

" �
# �

�"Î#
�

#

È
#

  r 1 cos 2Ê � œ � � œ œ# #

� � �
� � � � �ˆ ‰dr sin 2 1 2 cos 2 cos 2 sin 2

d 1 cos 2 1 cos 2 1 cos 2
(1 cos 2 ) sin 2

) ) ) )
) ) ) )) )

)
# # ## #

 2  L 2 d 2 2œ œ Ê œ œ � � œ2 2 cos 2
1 cos 2
�
� # #

) 1 1
)

'
� Î

Î

1

1

2

2 È È È� ‘ˆ ‰) 1

55. x 4y  y   4p 4  p 1; 56. x 2y  y  4p 2  p ;# #
# #

"œ � Ê œ � Ê œ Ê œ œ Ê œ Ê œ Ê œx x
4

# #

 therefore Focus is (0 1), Directrix is y 1 therefore Focus is ; Directrix is yß � œ !ß œ �ˆ ‰" "
# #
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57. y 3x  x   4p 3  p ; 58. y x  x   4p   p ;# #œ Ê œ Ê œ Ê œ œ � Ê œ � Ê œ Ê œy y
3 4 3 3 3

3 8 8 2# #

ˆ ‰8
3

 therefore Focus is 0 , Directrix is x  therefore Focus is , Directrix is xˆ ‰ ˆ ‰3 3 2 2
4 4 3 3ß œ � � ß ! œ

  

59. 16x 7y 112  1 60. x 2y 4  1  c 4 2 2# # # # #
#� œ Ê � œ � œ Ê � œ Ê œ � œx x

7 16 4
y y# ## #

  c 16 7 9  c 3; e   c 2 ; eÊ œ � œ Ê œ œ œ Ê œ œ œ#
#

c 3 c
a 4 a

2È È

  

61. 3x y 3  x 1  c 1 3 4 62. 5y 4x 20  1  c 4 5 9# # # # # # #� œ Ê � œ Ê œ � œ � œ Ê � œ Ê œ � œy y
3 4 5

x# # #

  c 2; e 2; the asymptotes are  c 3, e ; the asymptotes are y xÊ œ œ œ œ Ê œ œ œ œ „c 2 c 3 2
a 1 a 5# È

 y 3 xœ „È
  

63. x 12y  y  4p 12  p 3  focus is ( 3), directrix is y 3, vertex is (0 0); therefore new#
#œ � Ê � œ Ê œ Ê œ Ê !ß� œ ßx

1

#

 vertex is (2 3), new focus is (2 0), new directrix is y 6, and the new equation is (x 2) 12(y 3)ß ß œ � œ � �#

64. y 10x  x  4p 10  p   focus is 0 , directrix is x , vertex is (0 0); therefore new#
# # #œ Ê œ Ê œ Ê œ Ê ß œ � ßy

10
5 5 5# ˆ ‰

 vertex is 1 , new focus is (2 1), new directrix is x 3, and the new equation is (y 1) 10 xˆ ‰ ˆ ‰� ß� ß� œ � � œ �" "
# #

#

65. 1  a 5 and b 3  c 25 9 4  foci are 4 , vertices are 5 , center isx
9 5

y# #

� œ Ê œ œ Ê œ � œ Ê !ß „ !ß „#
È a b a b

 (0 0); therefore the new center is ( 5), new foci are ( 3 1) and ( 3 9), new vertices are ( 10) andß �$ß� � ß� � ß� �$ß�

 ( 0), and the new equation is 1�$ß � œ(x 3) (y 5)
9 5
� �

#

# #
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66. 1  a 13 and b 12  c 169 144 5  foci are 5 0 , vertices are 13 0 , centerx
169 144

y# #

� œ Ê œ œ Ê œ � œ Ê „ ß „ ßÈ a b a b
 is (0 0); therefore the new center is (5 12), new foci are (10 12) and (0 12), new vertices are (18 12) andß ß ß ß ß

 ( 8 12), and the new equation is 1� ß � œ(x 5) (y 12)
169 144
� �# #

67. 1  a 2 2 and b 2  c 8 2 10  foci are 0 10 , vertices arey
8 2

x# #

� œ Ê œ œ Ê œ � œ Ê ß „È È È È ÈŠ ‹
 0 2 2 , center is (0 0), and the asymptotes are y 2x; therefore the new center is 2 2 2 , new foci areŠ ‹ Š ‹È Èß „ ß œ „ ß

 2 2 2 10 , new vertices are 2 4 2  and ( 0), the new asymptotes are y 2x 4 2 2 andŠ ‹ Š ‹È È ÈÈß „ ß #ß œ � �

 y 2x 4 2 2; the new equation is 1œ � � � � œÈ Š ‹Èy 2 2

8
(x 2)� �

#

#

#

68. 1  a 6 and b 8  c 36 64 10  foci are 10 0 , vertices are 6 0 , the centerx
36 64

y# #

� œ Ê œ œ Ê œ � œ Ê „ ß „ ßÈ a b a b
 is (0 0) and the asymptotes are  or y x; therefore the new center is ( 10 3), the new foci areß œ „ œ „ � ß�y

8 6 3
x 4

 ( 20 3) and (0 3), the new vertices are ( 16 3) and ( 4 3), the new asymptotes are y x  and� ß� ß� � ß� � ß� œ �4 31
3 3

 y x ; the new equation is 1œ � � � œ4 49
3 3 36 64

(x 10) (y 3)� �# #

69. x 4x 4y 0  x 4x 4 4y 4  (x 2) 4y 4  y 1, a hyperbola; a 2 and# # # # # # #�� � œ Ê � � � œ Ê � � œ Ê � œ œ(x 2)
4

#

 b 1  c 1 4 5 ; the center is (2 0), the vertices are ( 0) and (4 0); the foci are 2 5 0  andœ Ê œ � œ ß !ß ß „ ßÈ È ÈŠ ‹
 the asymptotes are y œ „ x 2�

#

70. 4x y 4y 8  4x y 4y 4 4  4x (y 2) 4  x 1, a hyperbola; a 1 and# # # # # # # �� � œ Ê � � � œ Ê � � œ Ê � œ œ(y 2)
4

#

 b 2  c 1 4 5 ; the center is ( 2), the vertices are (1 2) and ( 2), the foci are 5 2  andœ Ê œ � œ !ß ß �"ß „ ßÈ È ÈŠ ‹
 the asymptotes are y 2x 2œ „ �

71. y 2y 16x 49  y 2y 1 16x 48  (y 1) 16(x 3), a parabola; the vertex is ( 1);# # #� � œ � Ê � � œ � � Ê � œ � � �$ß

 4p 16  p 4  the focus is ( 7 1) and the directrix is x 1œ Ê œ Ê � ß œ

72. x 2x 8y 17  x 2x 1 8y 16  (x 1) 8(y 2), a parabola; the vertex is (1 2);# # #� � œ � Ê � � œ � � Ê � œ � � ß�

 4p 8  p 2  the focus is (1 4) and the directrix is y 0œ Ê œ Ê ß� œ

73. 9x 16y 54x 64y 1  9 x 6x 16 y 4y 1  9 x 6x 9 16 y 4y 4 144# # # # # #� � � œ � Ê � � � œ � Ê � � � � � œa b a b a b a b
  9(x 3) 16(y 2) 144  1, an ellipse; the center is ( 3 2); a 4 and b 3Ê � � � œ Ê � œ � ß œ œ# # � �(x 3) (y 2)

16 9

# #

  c 16 9 7 ; the foci are 7 2 ; the vertices are (1 2) and ( 7 2)Ê œ � œ �$ „ ß ß � ßÈ È ÈŠ ‹

74. 25x 9y 100x 54y 44  25 x 4x 9 y 6y 44  25 x 4x 4 9 y 6y 9 225# # # # # #� � � œ Ê � � � œ Ê � � � � � œa b a b a b a b
  1, an ellipse; the center is (2 3); a 5 and b 3  c 25 9 4; the foci areÊ � œ ß� œ œ Ê œ � œ(x 2) (y 3)

9 25
� �# # È

 (2 1) and (2 7); the vertices are (2 2) and (2 8)ß ß � ß ß�

75. x y 2x 2y 0  x 2x 1 y 2y 1 2  (x 1) (y 1) 2, a circle with center (1 1) and# # # # # #� � � œ Ê � � � � � œ Ê � � � œ ß

 radius 2œ È

76. x y 4x 2y 1  x 4x 4 y 2y 1 6  (x 2) (y 1) 6, a circle with center ( 2 1)# # # # # #� � � œ Ê � � � � � œ Ê � � � œ � ß�

 and radius 6œ È
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77. r   e 1  parabola with vertex at (1 0)œ Ê œ Ê ß2
1 cos � )

 

78. r   r   e   ellipse;œ Ê œ Ê œ Ê8 4
2 cos 1  cos � #�

"
) )ˆ ‰"

#

 ke 4  k 4 k 8; k ea 8 aœ Ê œ Ê œ œ � Ê œ �" "
# #

a a
e ˆ ‰"

#

  a   ea ; therefore the center isÊ œ Ê œ œ16 16 8
3 3 3

ˆ ‰ ˆ ‰"
#

 ; vertices are ( ) and 0ˆ ‰ ˆ ‰8 8
3 3ß )ß ß1 1

 

79. r   e 2  hyperbola; ke 6  2k 6œ Ê œ Ê œ Ê œ6
1 2 cos � )

  k 3  vertices are (2 ) and (6 )Ê œ Ê ß ß1 1

 

80. r   r   e ; ke 4œ Ê œ Ê œ œ12 4
3 sin 31  sin � �

"
) )ˆ ‰"

3

  k 4  k 12; a 1 e 4  a 1Ê œ Ê œ � œ Ê �" "# #

3 3a b ’ “ˆ ‰
 4  a   ea ; therefore theœ Ê œ Ê œ œ9 9 3

3# # #
"ˆ ‰ ˆ ‰

 center is ; vertices are 3  and 6ˆ ‰ ˆ ‰ ˆ ‰3 3 3
# # # #ß ß ß1 1 1

 

81. e 2 and r cos 2  x 2 is directrix  k 2; the conic is a hyperbola; r   rœ œ Ê œ Ê œ œ Ê œ) ke
1 e cos 1  cos 

(2)(2)
� �#) )

  rÊ œ 4
1  cos �# )

82. e 1 and r cos 4  x 4 is directrix  k 4; the conic is a parabola; r   rœ œ � Ê œ � Ê œ œ Ê œ) ke
1 e cos 1 cos 

(4)(1)
� �) )

  rÊ œ 4
1 cos � )

83. e  and r sin 2  y 2 is directrix  k 2; the conic is an ellipse; r   rœ œ Ê œ Ê œ œ Ê œ"
# � �

) ke
1 e sin 

(2)
1  sin ) )

ˆ ‰
ˆ ‰

"

#

"

#

  rÊ œ 2
2 sin � )

84. e  and r sin 6  y 6 is directrix  k 6; the conic is an ellipse; r   rœ œ � Ê œ � Ê œ œ Ê œ"
� �3 1 e sin 

ke (6)
1  sin 

)
) )

ˆ ‰
ˆ ‰

"

"

3

3

  rÊ œ 6
3 sin � )

85. (a) Around the x-axis:  9x 4y 36  y 9 x   y 9 x  and we use the positive root:# # # # #� œ Ê œ � Ê œ „ �9 9
4 4É

 V 2 9 x  dx 2 9 x  dx 2 9x x 24œ � œ � œ � œ' '
0 0

2 2

1 1 1 1Š ‹É ˆ ‰ � ‘9 9 3
4 4 4

#
#

# $ #

!
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 (b) Around the y-axis:  9x 4y 36  x 4 y   x 4 y  and we use the positive root:# # # # #� œ Ê œ � Ê œ „ �4 4
9 9É

 V 2 4 y  dy 2 4 y  dy 2 4y y 16œ � œ � œ � œ' '
0 0

3 3

1 1 1 1Š ‹É ˆ ‰ � ‘4 4 4
9 9 27

#
#

# $ $

!

86. 9x 4y 36, x 4  y   y x 4 ; V x 4  dx  x 4  dx# # # #�
# #

# #
#

� œ œ Ê œ Ê œ � œ � œ �9x 36 3 3 9
4 4

# È ÈŠ ‹ a b' '
2 2

4 4

1 1

 4x 16 8 (32) 24œ � œ � � � œ � œ œ9 x 9 64 8 9 56 24 3
4 3 4 3 3 4 3 3 4
1 1 1 1’ “ � ‘ ˆ ‰ˆ ‰ ˆ ‰$

%

#
1

87. (a) r   r er cos k  x y ex k  x y k ex  x yœ Ê � œ Ê � � œ Ê � œ � Ê �k
1 e cos �

# # # # # #
)

) È È
 k 2kex e x   x e x y 2kex k 0  1 e x y 2kex k 0œ � � Ê � � � � œ Ê � � � � œ# # # # # # # # # # # #a b
 (b) e 0  x y k 0  x y k   circle;œ Ê � � œ Ê � œ Ê# # # # # #

 0 e 1  e 1  e 1 0  B 4AC 0 4 1 e (1) 4 e 1 0  ellipse;� � Ê � Ê � � Ê � œ � � œ � � Ê# # # # # #a b a b
 e 1  B 4AC 0 4(0)(1) 0  parabola;œ Ê � œ � œ Ê# #

 e 1  e 1  B 4AC 0 4 1 e (1) 4e 4 0  hyperbola� Ê � Ê � œ � � œ � � Ê# # # # #a b
88. Let (r ) be a point on the graph where r a .  Let (r ) be on the graph where r a  and" " " " # # # #ß œ ß œ) ) ) )

 2 .  Then r  and r  lie on the same ray on consecutive turns of the spiral and the distance between) ) 1# " " #œ �

 the two points is r r a a a( ) 2 a, which is constant.# " # " # "� œ � œ � œ) ) ) ) 1

CHAPTER 11 ADDITIONAL AND ADVANCED EXERCISES

 1. Directrix x 3 and focus (4 0)  vertex is œ ß Ê ß !ˆ ‰7
#

  p   the equation is xÊ œ Ê � œ"
# # #

7 y#

 

 2. x 6x 12y 9 0  x 6x 9 12y  y  vertex is (3 0) and p 3  focus is (3 3) and the# # �� � � œ Ê � � œ Ê œ Ê ß œ Ê ß(x 3)
12

#

 directrix is y 3œ �

 3. x 4y  vertex is ( 0) and p 1  focus is ( 1); thus the distance from P(x y) to the vertex is x y# # #œ Ê !ß œ Ê !ß ß �È
 and the distance from P to the focus is x (y 1)   x y 2 x (y 1)È È È# # # # # #� � Ê � œ � �

  x y 4 x (y 1)   x y 4x 4y 8y 4  3x 3y 8y 4 0, which is a circleÊ � œ � � Ê � œ � � � Ê � � � œ# # # # # # # # # #c d
 4. Let the segment a b intersect the y-axis in point A and�

 intersect the x-axis in point B so that PB b and PA aœ œ

 (see figure).  Draw the horizontal line through P and let it
 intersect the y-axis in point C.  Let PBOn œ )

  APC . Then sin  and cos Ê n œ œ œ) ) )
y
b a

x

  cos sin 1.Ê � œ � œx
a b

y#

# #

#
# #) )

 

 5. Vertices are 2   a 2; e   0.5   c 1  foci are 0 1a b a b!ß „ Ê œ œ Ê œ Ê œ Ê ß „c c
a #
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 6. Let the center of the ellipse be (x 0); directrix x 2, focus (4 0), and e   c 2  2 cß œ ß œ Ê � œ Ê œ �2 a a
3 e e

  a (2 c).  Also c ae a  a 2 a   a a  a   a ; x 2Ê œ � œ œ Ê œ � Ê œ � Ê œ Ê œ � œ2 2 2 2 4 4 5 4 12 a
3 3 3 3 3 9 9 3 5 e

ˆ ‰
  x 2   x   the center is 0 ; x 4 c  c 4  so that c a bÊ � œ œ Ê œ Ê ß � œ Ê œ � œ œ �ˆ ‰ ˆ ‰ ˆ ‰12 3 18 28 28 28 8

5 5 5 5 5 5#
# # #

 ; therefore the equation is 1 or 1œ � œ � œ � œˆ ‰ ˆ ‰12 8 80
5 5 25 144 16

x 25 xy 5y# # � �ˆ ‰ ˆ ‰
ˆ ‰ ˆ ‰

28 28
5 5

144 80
25 25

# #
# #

 7. Let the center of the hyperbola be (0 y).ß

 (a) Directrix y 1, focus (0 7) and e 2  c 6  c 6  a 2c 12.  Also c ae 2aœ � ß� œ Ê � œ Ê œ � Ê œ � œ œa a
e e

  a 2(2a) 12  a 4  c 8; y ( 1) 2  y 1  the center is (0 1); c a bÊ œ � Ê œ Ê œ � � œ œ œ Ê œ Ê ß œ �a 4
e #

# # #

  b c a 64 16 48; therefore the equation is 1Ê œ � œ � œ � œ# # # �(y 1)
16 48

x# #

 (b) e 5  c 6  c 6  a 5c 30.  Also, c ae 5a a 5(5a) 30 24a 30  aœ Ê � œ Ê œ � Ê œ � œ œ Ê œ � Ê œ Ê œa a 5
e e 4

  c ; y ( 1)  y   the center is ; c a b   b c aÊ œ � � œ œ œ Ê œ � Ê !ß� œ � Ê œ �25 a 3 3
4 e 5 4 4 4

ˆ ‰5
4 " # # # # # #ˆ ‰

 ; therefore the equation is 1 or 1œ � œ � œ � œ625 25 75 x 2x
16 16 25 75

y 16 y
#

� �ˆ ‰ ˆ ‰
ˆ ‰ ˆ ‰

3 3
4 4

25
16

75

# #
# #

#

 8. The center is (0 0) and c 2  4 a b   b 4 a .  The equation is 1  1ß œ Ê œ � Ê œ � � œ Ê � œ# # # # y
a b a b

x 49 144#

# # # #

#

  1  49 4 a 144a a 4 a   196 49a 144a 4a a   a 197a 196Ê � œ Ê � � œ � Ê � � œ � Ê � �49 144
a 4 a# #a b�

# # # # # # # % % #a b a b
 0  a 196 a 1 0  a 14 or a 1; a 14  b 4 (14) 0 which is impossible; a 1œ Ê � � œ Ê œ œ œ Ê œ � � œa b a b# # # #

  b 4 1 3; therefore the equation is y 1Ê œ � œ � œ# # x
3

#

 9. b x a y a b   ; at (x y ) the tangent line is y y (x x )# # # # # #
" " " "� œ Ê œ � ß � œ � �dy

dx a y a y
b x b x#

# #

#
"

"

Š ‹
  a yy b xx b x a y a b   b xx a yy a b 0Ê � œ � œ Ê � � œ# # # # # # # # # # # #

" " " "" "

10. b x a y a b   ; at (x y ) the tangent line is y y (x x )# # # # # #
" " " "� œ Ê œ ß � œ �dy

dx a y a y
b x b x#

# #

#
"

"

Š ‹
  b xx a yy b x a y a b   b xx a yy a b 0Ê � œ � œ Ê � � œ# # # # # # # # # # # #

" " " "" "

11.  12. 

13.  14. 
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15. 9x 4y 36 4x 9y 16 0a b a b# # # #� � � � Ÿ

  9x 4y 36 0 and 4x 9y 16 0Ê � � Ÿ � �  # # # #

 or 9x 4y 36 0 and 4x 9y 16 0# # # #� �   � � Ÿ

 

16. 9x 4y 36 4x 9y 16 0, which is thea b a b# # # #� � � � �

 complement of the set in Exercise 15

 

17. (a) x e  cos t and y e  sin t  x y e  cos t e  sin t e .  Also tan tœ œ Ê � œ � œ œ œ2t 2t 4t 4t 4t# # # # y
x e  cos t

e  sin t2t

2t

  t tan   x y e  is the Cartesian equation.  Since r x y  andÊ œ Ê � œ œ ��" # # # # #ˆ ‰y
x

% Îtan y x�" a b

 tan , the polar equation is r e  or r e  for r 0) œ œ œ ��" #ˆ ‰y
x

4 2) )

 (b) ds r  d dr ; r e   dr 2e  d# # # #œ � œ Ê œ) )2 2) )

  ds r  d 2e  d e  d 4e  dÊ œ � œ �# # # # ## #
) ) ) )ˆ ‰ ˆ ‰2 2 4) ) )

 5e  d   ds 5 e  d L 5 e  dœ Ê œ Ê œ4 2 2) ) )) ) )# È È'
0

21

 e 1œ œ �’ “ a bÈ È5 e 5
2

42) #

! #

1
1

 

18. r 2 sin   dr 2 sin  cos  d   ds r  d dr 2 sin  d 2 sin  cos  dœ Ê œ Ê œ � œ �$ # # # # # $ # ## #ˆ ‰ ˆ ‰ ˆ ‰ � ‘ � ‘ˆ ‰ ˆ ‰ ˆ ‰) ) ) ) ) )
3 3 3 3 3 3) ) ) )

 4 sin  d 4 sin  cos  d 4 sin sin cos  d 4 sin  dœ � œ � œ' # % # # % # # # % #ˆ ‰ ˆ ‰ ˆ ‰ � ‘ � ‘ ˆ ‰ˆ ‰ ˆ ‰ ˆ ‰) ) ) ) ) ) )
3 3 3 3 3 3 3) ) ) )

  ds 2 sin  d .  Then L 2 sin  d 1 cos  d  sin 3Ê œ œ œ � œ � œ# # $

!
ˆ ‰ ˆ ‰ � ‘ � ‘ˆ ‰ ˆ ‰) ) ) ) 1

3 3 3 2 3
2 3 2) ) ) ) 1' '

0 0

3 31 1

19. e 2 and r cos 2  x 2 is the directrix  k 2; the conic is a hyperbola with rœ œ Ê œ Ê œ œ) ke
1 e cos � )

  rÊ œ œ(2)(2)
1 2 cos 1 2 cos 

4
� �) )

20. e 1 and r cos 4  x 4 is the directrix  k 4; the conic is a parabola with rœ œ � Ê œ � Ê œ œ) ke
1 e cos � )

  rÊ œ œ(4)(1)
1 cos 1 cos 

4
� �) )

21. e  and r sin 2  y 2 is the directrix  k 2; the conic is an ellipse with rœ œ Ê œ Ê œ œ"
# �) ke

1 e sin )

  rÊ œ œ
2

1  sin 
2

2 sin 

ˆ ‰
ˆ ‰

"

#

"

#
� �) )

22. e  and r sin 6  y 6 is the directrix  k 6; the conic is an ellipse with rœ œ � Ê œ � Ê œ œ"
�3 1 e sin 

ke)
)

  rÊ œ œ
6

1  sin 
6

3 sin 

ˆ ‰
ˆ ‰

"

"

3

3� �) )
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23. Arc PF Arc AF since each is the distance rolled;œ

 PCF   Arc PF b( PCF); n œ Ê œ n œArc PF Arc AF
b a)

  Arc AF a   a b( PCF)  PCF ;Ê œ Ê œ n Ê n œ) ) )ˆ ‰a
b

 OCB  and OCB PCF PCEn œ � n œ n �n1
# )

 PCF   œ n � � œ � � Ê �ˆ ‰ ˆ ‰ ˆ ‰1 1 1
# # #! ) ! )a

b

   œ � � Ê � œ � �ˆ ‰ ˆ ‰ ˆ ‰a a
b b) ! ) ) !1 1 1

# # #

    .Ê œ � � Ê œ �! 1 ) ) ! 1 )ˆ ‰ ˆ ‰a a b
b b

�  

 Now x OB BD OB EP (a b) cos b cos (a b) cos b cosœ � œ � œ � � œ � � �) ! ) 1 )ˆ ‰ˆ ‰a b
b
�

 (a b) cos b cos  cos b sin  sin (a b) cos b cos  andœ � � � œ � �) 1 ) 1 ) ) )ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰ ˆ ‰a b a b a b
b b b
� � �

 y PD CB CE (a b) sin b sin (a b) sin b sinœ œ � œ � � œ � �) ! ) )ˆ ‰ˆ ‰a b
b
�

 (a b) sin b sin  cos b cos  sin (a b) sin b sin ;œ � � � œ � �) 1 ) 1 ) ) )ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰ ˆ ‰a b a b a b
b b b
� � �

 therefore x (a b) cos b cos  and y (a b) sin b sinœ � � œ � �) ) ) )ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰a b a b
b b
� �

24. x a(t sin t)  a(1 cos t) and let 1  dm dA y dx y  dtœ � Ê œ � œ Ê œ œ œdx dx
dt dt$ ˆ ‰

 a(1 cos t) a (1 cos t) dt a (1 cos t)  dt; then A a (1 cos t)  dtœ � � œ � œ �# # # #'
0

21

 a  1 2 cos t cos t  dt a 1 2 cos t  cos 2t  dt a t 2 sin tœ � � œ � � � œ � �# # # #" "
# #

#

!
' '

0 0

2 21 1a b ˆ ‰ � ‘3 sin 2t
2 4

1

 3 a ; x = x a(t sin t) and y = y a(1 cos t)  M y dm y  dAœ œ � œ � Ê œ œµ µ µ µ1 $# " "
# # x ' '

 a(1 cos t) a (1 cos t)  dt a (1 cos t)  dt 1 3 cos t 3 cos t cos t  dtœ � � œ � œ � � �' ' '
0 0 0

2 2 21 1 1

" "
# # #

# # $ $ # $a$ a b
  1 3 cos t 1 sin t  (cos t)  dt t 3 sin t sin tœ � � � � � œ � � � �a 3 3 cos 2t a 5 3 sin 2t sin t

2 4 3

$ $ $

# # # #
#

#

!

'
0

21� ‘a b ’ “ 1

 .  Therefore y a.  Also, M x dm x  dAœ œ œ œ œ œµ µ5 a 5M
M 3 a 6 y

1
1

$

$

#

##
x

5 aŠ ‹1

' ' $

 a(t sin t) a (1 cos t)  dt a t 2t cos t t cos t sin t 2 sin t cos t sin t cos t  dtœ � � œ � � � � �' '
0 0

2 21 1

# # $ # #a b
 a 2 cos t 2t sin t t  cos 2t  sin 2t cos t sin t 3 a .  Thusœ � � � � � � � � œ$ # # # $" "

#

!
’ “t t cos t

2 4 8 4 3

# $
1

1

 x a  a a  is the center of mass.œ œ œ Ê ß
M
M 3 a 6

3 a 5y 1
1

# $

# 1 1ˆ ‰

25.   tan tan ( ) ;" < < " < <œ � Ê œ � œ# " # "
�

�
tan tan 

1 tan  tan 
< <

< <
# "

# "

 the curves will be orthogonal when tan  is undefined, or"

 when tan   <#
�" �"œ Ê œtan g ( )

r
< )"

w

w’ “r
f ( ))

  r f ( ) g ( )Ê œ �# w w) )

 

26. r sin   sin  cos   tan tanœ Ê œ Ê œ œ% $ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰) ) ) )
)4 d 4 4 4

dr sin

sin  cos
<

%

$

ˆ ‰
ˆ ‰ ˆ ‰

)

) )

4

4 4

27. r 2a sin 3   6a cos 3   tan  tan 3 ; when , tan  tan  œ Ê œ Ê œ œ œ œ œ Ê œ) ) < ) ) < <dr r 2a sin 3
d 6a cos 3 3 6 3) )

) 1 1 1
ˆ ‰dr

d)

" "
# #
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28. (a)  (b) r 1  r     tan ) ) ) <œ Ê œ Ê œ � Ê�" �#dr
d) k

)œ1

    lim  tan œ œ � Ê œ �_)
)

�"

�#� ) <
) Ä _

     from the right as the spiral winds inÊ Ä< 1
#

 around the origin.

29. tan cot  is  at ; tan tan  is 3 at ; since the product of< ) ) < ) )" #�

"œ œ � � œ œ œ œ
È
È È

3 cos 
3 sin 3 3 cos 3

sin )

)

1 ) 1
)

È
 these slopes is 1, the tangents are perpendicular�

30. tan  is 1 at   < ) <œ œ œ Ê œr a(1 cos )
a sin 4ˆ ‰dr

d)

�
#

)

)
1 1
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NOTES:

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



CHAPTER 12  VECTORS AND THE GEOMETRY OF SPACE

12.1  THREE-DIMENSIONAL COORDINATE SYSTEMS

 1. The line through the point 2 3 0  parallel to the z-axisa bß ß

 2. The line through the point 1 0 0  parallel to the y-axisa b� ß ß

 3. The x-axis

 4. The line through the point 1 0 0  parallel to the z-axisa bß ß

 5. The circle x y 4 in the xy-plane# #� œ

 6. The circle x y 4 in the plane z = 2# #� œ �

 7. The circle x z 4 in the xz-plane# #� œ

 8. The circle y z 1 in the yz-plane# #� œ

 9. The circle y z 1 in the yz-plane# #� œ

10. The circle x z 9 in the plane y 4# #� œ œ �

11. The circle x y 16 in the xy-plane# #� œ

12. The circle x z 3 in the xz-plane# #� œ

13. The ellipse formed by the intersection of the cylinder x y 4 and the plane z y.# #� œ œ

14. The circle formed by the intersection of the sphere x y z 4 and the plane y x.# # #� � œ œ

15. The parabola y x  in the the xy-plane.œ #

16. The parabola z y  in the the plane x 1.œ œ#

17. (a) The first quadrant of the xy-plane (b) The fourth quadrant of the xy-plane

18. (a) The slab bounded by the planes x 0 and x 1œ œ

 (b) The square column bounded by the planes x 0, x 1, y 0, y 1œ œ œ œ

 (c) The unit cube in the first octant having one vertex at the origin

19. (a) The solid ball of radius 1 centered at the origin
 (b) The exterior of the sphere of radius 1 centered at the origin

20. (a) The circumference and interior of the circle x y 1 in the xy-plane# #� œ

 (b) The circumference and interior of the circle x y 1 in the plane z 3# #� œ œ
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 (c) A solid cylindrical column of radius 1 whose axis is the z-axis

21. (a) The solid enclosed between the sphere of radius 1 and radius 2 centered at the origin
 (b) The solid upper hemisphere of radius 1 centered at the origin

22. (a) The line y x in the xy-planeœ

 (b) The plane y x consisting of all points of the form (x x z)œ ß ß

23. (a) The region on or inside the parabola y x  in the xy-plane and all points above this region.œ #

 (b) The region on or to the left of the parabola x y  in the xy-plane and all points above it that are 2 units or less awayœ #

 from the xy-plane.

24. (a) All the points the lie on the plane z 1 y.œ �

 (b) All points that lie on the curve z y  in the plane x 2.œ œ �3

25. (a) x 3 (b) y 1 (c) z 2œ œ � œ �

26. (a) x 3 (b) y 1 (c) z 2œ œ � œ

27. (a) z 1 (b) x 3 (c) y 1œ œ œ �

28. (a) x y 4, z 0 (b) y z 4, x 0 (c) x z 4, y 0# # # # # #� œ œ � œ œ � œ œ

29. (a) x y 2 4, z 0 (b) y 2 z 4, x 0 (c) x z 4, y 2# # # ## #� � œ œ � � œ œ � œ œa b a b
30. (a) x 3 y 4 1, z 1 (b) y 4 z 1 1, x 3 a b a b a b a b� � � œ œ � � � œ œ �# # # #

 (c) x 3 z 1 1, y 4a b a b� � � œ œ# #

31. (a) y 3, z 1 (b) x 1, z 1 (c) x 1, y 3œ œ � œ œ � œ œ

32. x y z x y 2 z   x y z x y 2 z   y y 4y 4  y 1È É a b a b# # # # ## ## # # # # # #� � œ � � � Ê � � œ � � � Ê œ � � Ê œ

33. x y z 25, z 3 x y 16 in the plane z 3# # # # #� � œ œ Ê � œ œ

34. x y z 1 4 and x y z 1 4  x y z 1 x y z 1   z 0, x y 3# # # # # # # # # ## # # #� � � œ � � � œ Ê � � � œ � � � Ê œ � œa b a b a b a b
35. 0 z 1 36. 0 x 2, 0 y 2, 0 z 2Ÿ Ÿ Ÿ Ÿ Ÿ Ÿ Ÿ Ÿ

37. z 0 38. z 1 x yŸ œ � �È # #

39. (a) x 1 y 1 z 1 1 (b) x 1 y 1 z 1 1a b a b a b a b a b a b� � � � � � � � � � � �# # # # # #

40. 1 x y z 4Ÿ � � Ÿ# # #

41. P P 3 1 3 1 0 1 9 3k k a b a b a bÉ È
" #

# # #œ � � � � � œ œ

42. P P 2 1 5 1 0 5 50 5 2k k a b a b a bÉ È È
" #

# # #œ � � � � � œ œ
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43. P P 4 1 2 4 7 5 49 7k k a b a b a bÉ È
" #

# # #œ � � � � � � œ œ

44. P P 2 3 3 4 4 5 3k k a b a b a bÉ È
" #

# # #œ � � � � � œ

45. P P 2 0 2 0 2 0 3 4 2 3k k a b a b a bÉ È È
" #

# # #œ � � � � � � � œ † œ

46. P P 0 5 0 3 0 2 38k k a b a b a bÉ È
" #

# # #œ � � � � � œ

47. center ( 2 0 2), radius 2 2 48. center 1 3 , radius 5� ß ß ß� ß�È ˆ ‰"
#

49. center 2 2 2 , radius 2 50. center , radius Š ‹È È È È ˆ ‰ß ß � !ß� ß" "
3 3 3

4

51. x 1 y 2 z 3 14 52. x y 1 z 5 4a b a b a b a b a b� � � � � œ � � � � œ# # # # ##

53. x 1 y z  54. x y 7 z 49a b a bˆ ‰ ˆ ‰� � � � � œ � � � œ# ## # # #1 2 16
2 3 81

55. x y z 4x 4z 0 x 4x 4 y z 4z 4 4 4# # # # # #� � � � œ Ê � � � � � � œ �a b a b
  x 2 y 0 z 2 8  the center is at 2 0 2  and the radius is 8Ê � � � � � œ Ê � ß ßa b a b a b a bŠ ‹È È# # #

#

56. x y z 6y 8z 0 x y 6y 9 z 8z 16 9 16 x 0 y 3 z 4 5# # # # # # ## # #� � � � œ Ê � � � � � � œ � Ê � � � � � œa b a b a b a b a b
  the center is at 0 3 4  and the radius is 5Ê ß ß�a b
57. 2x 2y 2z x y z 9  x x y y z z# # # # # #" " "

# # # #� � � � � œ Ê � � � � � œ 9

  x x y y z z   x y zÊ � � � � � � � � œ � Ê � � � � � œˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ Š ‹# # #" " " " " " " " "
# # # #

# # # #

16 16 16 16 4 4 4 4
9 3 5 3È

  the center is at  and the radius is Ê � ß� ß�ˆ ‰" " "
4 4 4 4

5 3È

58. 3x 3y 3z 2y 2z 9  x y y z z 3  x y y z z 3# # # # # # # # #" "� � � � œ Ê � � � � œ Ê � � � � � � œ �2 2 2 2 2
3 3 3 9 3 9 9

ˆ ‰ ˆ ‰
  (x 0) y z  the center is at 0  and the radius is Ê � � � � � œ Ê ß� ß# " " " "# # #ˆ ‰ ˆ ‰ ˆ ‰Š ‹3 3 3 3 3 3

29 29È È

59. (a) the distance between x y z  and x 0 0  is y za b a b Èß ß ß ß �# #

 (b) the distance between x y z  and 0 y 0  is x za b a b Èß ß ß ß �# #

 (c) the distance between x y z  and 0 0 z  is x ya b a b Èß ß ß ß �# #

60. (a) the distance between x y z  and x y 0  is za b a bß ß ß ß

 (b) the distance between x y z  and 0 y z  is xa b a bß ß ß ß

 (c) the distance between x y z  and x 0 z  is ya b a bß ß ß ß

61. AB 1 1 1 2 3 1 4 9 4 17k k a b a b a bÉ a b È Èœ � � � � � � � œ � � œ# # #

 BC 3 1 4 1 5 3 4 25 4 33k k a b a b a bÉ a b È Èœ � � � � � � œ � � œ# # #

 CA 1 3 2 4 1 5 16 4 16 36 6k k a b a b a bÉ È Èœ � � � � � � œ � � œ œ# # #

 Thus the perimeter of triangle ABC is 17 33 6.È È� �
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62. PA 2 3 1 1 3 2 1 4 1 6k k a b a b a bÉ È Èœ � � � � � � œ � � œ# # #

 PB 4 3 3 1 1 2 1 4 1 6k k a b a b a bÉ È Èœ � � � � � œ � � œ# # #

 Thus P is equidistant from A and B.

63. x x y 1 z z x x y 3 z z y 1 y 3 2y 1 6y 9É Éa b a b a b a b a b a b a b a ba b� � � � � � œ � � � � � Ê � œ � Ê � œ � �# # # # # # # #

 y 1Ê œ

64. x 0 y 0 z 2 x x y y z 0 x y z 2 zÉ Éa b a b a b a b a b a b a b� � � � � œ � � � � � Ê � � � œ# # # # # # ## #2

 x y 4z 4 0 z 1Ê � � � œ Ê œ � �# 2 x
4 4

y# 2

65. (a) Since the entire sphere is below the xy-plane, the point on the sphere closest to the xy-plane is the point at the top of

 the sphere, which occurs when x 0 and y 3 0 3 3 z 5 4 z 5 2 z 3œ œ Ê � � � � œ Ê œ � „ Ê œ �2 2 2a b a b
 0, 3, 3 .Ê �a b
 (b) Both the center 0, 3, 5  and the the point 0, 7, 5  lie in the plane z 5, so the point on the sphere closest toa b a b� � œ �

 0, 7, 5  should also be in the same plane. In fact it should lie on the line segment between 0, 3, 5  and 0, 7, 5 ,a b a b a b� � �

 thus the point occurs when x 0 and z 5 0 y 3 5 5 4 y 3 2 y 5œ œ � Ê � � � � � œ Ê œ „ Ê œ2 2 2a b a b
 0, 5, 5 .Ê �a b
66. x 0 y 0 z 0 x 0 y 4 z 0 x 3 y 0 z 0É É Éa b a b a b a b a b a b a b a b a b� � � � � œ � � � � � œ � � � � �# # # # # # # # #

 x 2 y 2 z 3œ � � � � �Éa b a b a b# # #

 x y z x y 8y 16 z x 6x 9 y z x 4x y 4y z 6z 17Ê � � œ � � � � œ � � � � œ � � � � � �# # # # # # # #2 2 2 2

 Solve: x y z x y 8y 16 z 0 8y 16 y 2# # # #� � œ � � � � Ê œ � � Ê œ2 2

 Solve: x y z x 6x 9 y z 0 6x 9 x# # # #� � œ � � � � Ê œ � � Ê œ2 2 3
2

 Solve: x y z x 4x y 4y z 6z 17 0 4x 4y 6z 17 0 4 4 2 6z 17# # # #� � œ � � � � � � Ê œ � � � � Ê œ � � � �2 2 3
2

ˆ ‰ a b
 z , 2, Ê œ � Ê �1 3 1

2 2 2
ˆ ‰

12.2  VECTORS

 1. (a) 3 3 , 3 2 9, 6   2. (a) 2 2 , 2 5 4, 10  ¡   ¡   ¡   ¡a b a b a b a b� œ � � � � œ �

 (b) 9 6 117 3 13  (b) 4 10 116 2 29É Éa b a bÈ È È È2 22 2� � œ œ � � œ œ

 3. (a) 3 2 , 2 5 1, 3   4. (a) 3 2 , 2 5 5, 7  ¡   ¡   ¡   ¡a b a b� � � � œ � � � � œ �

 (b) 1 3 10  (b) 5 7 74È È ÈÉ a b2 2 2 2� œ � � œ

 5. (a) 2 2 3 , 2 2 6, 4   6. (a) 2 2 3 , 2 2 6, 4u uœ � œ � � œ � � � œ �  ¡   ¡   ¡   ¡a b a b a b a b
 3 3 2 , 3 5 6, 15  5 5 2 , 5 5 10, 25v vœ � œ � œ � œ �  ¡   ¡   ¡   ¡a b a b a b a b
 2 3 6  6 , 4 15 12, 19  2 5 6 10 , 4 25 16, 29u v u v� œ � � � � œ � � � œ � � � � œ �  ¡   ¡   ¡   ¡a b a b
 (b) 12 19 505  (b) 16 29 1097É Éa b a bÈ È2 22 2� � œ � � œ
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 7. (a) 3 , 2 ,   8. (a) 3 , 2 , 3 3 3 9 6 5 5 5 15 10
5 5 5 5 5 13 13 13 13 13u uœ � œ � � œ � � � œ �¢ £ ¢ £ ¢ £ ¢ £a b a b a b a b

 2 , 5 , 4  2 , 5 , 4 4 4 8 12 12 12 24 60
5 5 5 5 13 13 13 13 13v vœ � œ � œ � œ �¢ £ ¢ £ ¢ £ ¢ £a b a b a b a b

 , 4 ,  , 3, 3 4 9 8 6 1 14 5 12 15 24 10 60 70
5 5 5 5 5 5 5 13 13 13 13 13 13 13u v u v� œ � � � � œ � � œ � � � � œ �¢ £ ¢ £ ¢ £ ¢ £ˆ ‰ ˆ ‰

 (b)   (b) 3É Éˆ ‰ ˆ ‰ ˆ ‰a b1 14 70
5 5 5 13 13

2 2 297 64212� œ � � œ
È È"

 9. 2 1, 1 3 1, 4   10. 0, 0 1, 1  ¡   ¡   ¡¢ £� � � œ � � � œ �2 4 3� �
# #

�"�a b

11. 0 2, 0 3 2, 3  ¡   ¡� � œ � �

12. AB 2 1, 0 1 1, 1 ,  CD 2 1 , 2 3 1, 1 ,  AB CD 0, 0
Ä Ä Ä Ä

œ � � � œ œ � � � � œ � � � œ  ¡   ¡   ¡   ¡   ¡a b a b
13. cos , sin ,  14. cos , sin , ¢ £ ¢ £ ¢ £ ¢ £ˆ ‰ ˆ ‰2 2 3 3

3 3 2 4 4
3

2 2
1 1 1 1œ � � � œ � �" " "

#

È
È È

15. This is the unit vector which makes an angle of 120 90 210  with the positive x-axis;‰ ‰ ‰� œ

 cos 210 , sin 210 ,   ¡ ¢ £‰ ‰ "
#œ � �

È3
2

16. cos 135 , sin 135 ,   ¡ ¢ £‰ ‰ " "œ �È È2 2

17. P P 2 5 9 7 2 1 3 2" #
Ä

œ � � � � � � � œ � � �a b a b a ba bi j k i j k

18. P P 3 1 0 2 5 0 4 2 5" #
Ä

œ � � � � � � œ � �a b a b a bi j k i j k�

19. AB 10 7 8 8 1 1 3 16
Ä

œ � � � � � � � � œ � �a b a b a ba b a bi j k i j

20. AB 1 1 4 0 5 3 2 4 2
Ä

œ � � � � � � œ � � �a b a b a bi j k i j k

21. 5 5 1, 1, 1 2, 0, 3 5, 5, 5 2, 0, 3 5 2, 5 0, 5 3 3, 5, 8 3 5 8u v i j k� œ � � œ � � œ � � � � œ � œ � �  ¡   ¡   ¡   ¡   ¡   ¡
22. 2 3 2 1, 0, 2 3 1, 1, 1 2, 0, 4 3, 3, 3 5, 3, 1 5 3� � œ � � � œ � � œ � œ � �u v i j k  ¡   ¡   ¡   ¡   ¡
23. The vector  is horizontal and 1 in. long. The vectors  and  are  in. long.  is vertical and  makes a 45  angle withv u w w u" ‰1

16

 the horizontal. All vectors must be drawn to scale.
 (a)  (b) 

 (c)  (d) 
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24. The angle between the vectors is 120  and vector  is horizontal. They are all 1 in. long. Draw to scale.‰ u
 (a)  (b) 

 (c)  (d) 

25. length 2 2 2 1 ( 2) 3, the direction is   2 2 3œ � � œ � � � œ � � Ê � � œ � �k k È ˆ ‰i j k i j k i j k i j k# # # " "2 2 2 2
3 3 3 3 3 3

26. length 9 2 6 81 4 36 11, the direction is   9 2 6œ � � œ � � œ � � Ê � �k k Èi j k i j k i j k9 2 6
11 11 11

 11œ � �ˆ ‰9 2 6
11 11 11i j k

27. length 5 25 5, the direction is   5 5( )œ œ œ Ê œk k Èk k k k

28. length 1, the direction is   1œ � œ � œ � Ê � œ �¸ ¸ ˆ ‰É3 4 9 16 3 4 3 4 3 4
5 5 25 25 5 5 5 5 5 5i k i k i k i k

29. length 3 , the direction is œ � � œ œ � �¹ ¹ Š ‹Ê É1 1 1 1
6 6 6 6 3 3 3È È È È È È Èi j k i j k" " " "

#

#

   Ê � � œ � �1 1 1 1
6 6 6 3 3 3È È È È È Èi j k i j k" " "

#
É Š ‹

30. length 3 1, the direction is œ � � œ œ � �¹ ¹ Š ‹Ê1 1 1 1
3 3 3 3 3 3 3È È È È È È Èi j k i j k" " "

#

  1Ê � � œ � �1 1 1 1
3 3 3 3 3 3È È È È È Èi j k i j k" "Š ‹

31. (a) 2  (b) 3  (c)  (d) 6 2 3i k j k i j k� � � �È 3 2
10 5

32. (a) 7  (b)  (c)  (d) � � � � � � �j i k i j k i j k3 2 4 2
5 5 4 3

1 1 a a a
2 3 6

È È
È È È

33. 12 5 169 13; (12 5 )  the desired vector is (12 5 )k k È Èv v i k i kœ � œ œ œ œ � Ê �# # " "v
vk k 13 13 13

7
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34. ;   the desired vector is 3k k É Š ‹v i j k i j kœ � � œ œ � � Ê � � �" " " " " "
#4 4 4

3 1 1 1
3 3 3 3 3 3

È
k k È È È È È Èv
v

 3 3 3œ � � �È È Èi j k

35. (a) 3 4 5 5 2   the direction is i j k i j k i j k� � œ � � Ê � �È Š ‹3 4 3 4
5 2 5 2 2 5 2 5 2 2È È È È È È" "

 (b) the midpoint is 3ˆ ‰"
# #ß ß 5

36. (a) 3 6 2 7   the direction is i j k i j k i j k� � œ � � Ê � �ˆ ‰3 6 2 3 6 2
7 7 7 7 7 7

 (b) the midpoint is 1 6ˆ ‰5
# ß ß

37. (a) 3   the direction is � � � œ � � � Ê � � �i j k i j k i j kÈ Š ‹1 1 1 1 1 1
3 3 3 3 3 3È È È È È È

 (b) the midpoint is ˆ ‰5 7 9
# # #ß ß

 

38. (a) 2 2 2 2 3   the direction is i j k i j k i j k� � œ � � Ê � �È Š ‹1 1 1 1 1 1
3 3 3 3 3 3È È È È È È

 (b) the midpoint is ( 1)"ß�"ß�

39. AB (5 a) (1 b) (3 c) 4 2   5 a 1, 1 b 4, and 3 c 2  a 4, b 3, and
Ä

œ � � � � � œ � � Ê � œ � œ � œ � Ê œ œ �i j k i j k
 c 5  A is the point (4 3 5)œ Ê ß� ß

40. AB (a 2) (b 3) (c 6) 7 3 8   a 2 7, b 3 3, and c 6 8  a 9, b 0,
Ä

œ � � � � � œ � � � Ê � œ � � œ � œ Ê œ � œi j k i j k
 and c 14  B is the point ( 9 0 14)œ Ê � ß ß

41. 2 a( ) b( ) (a b) (a b)   a b 2 and a b 1  2a 3  a  andi j i j i j i j� œ � � � œ � � � Ê � œ � œ Ê œ Ê œ 3
#

 b aœ � " œ "
#

42. 2 a(2 3 ) b( ) (2a b) (3a b)   2a b 1 and 3a b 2  a 3  andi j i j i j i j� œ � � � œ � � � Ê � œ � œ � Ê œ �

 b 1 a 7  a(2 3 ) 6 9  and b( ) 7œ � # œ Ê œ � œ � � œ � œu i j i j u i j i 7j" # �

43. 25  west of north is 90 25 115  north of east.  800 cos 115 , sin 115 338.095, 725.046‰ ‰ ‰ ‰ ‰ ‰� œ ¸ �  ¡   ¡
44. Let x, y  be represent the velocity of the plane alone, 70 cos 60 , 70 sin 60 35, 35 3 , and let theu vœ œ œ  ¡   ¡   ¡È‰ ‰

 resultant 500, 0 . Then x, y 35, 35 3 500, 0 x 35, y 35 3 500, 0u v� œ � œ Ê � � œ  ¡   ¡   ¡   ¡   ¡   ¡È È
 x 35 500 and y 35 3 0 x 465 and y 35 3 465, 35 3Ê � œ � œ Ê œ œ � Ê œ �È È È  ¡u

 465 35 3 468.9 mph, and tan 7.4 7.4  south of east.Ê l l œ � � ¸ œ Ê ¸ � Êu Ê Š ‹È2
2

35 3
465) )

� ‰ ‰È

45. cos 30 , sin 30 , ,  cos 45 , sin 45 , , andF F F F F F F F F F1 1 1 1 1 2 2 2 2 2
3

2 2
1 1 1

2 2
œ �l l l l œ � l l l l œ l l l l œ l l l l¢ £ ¢ £ ¢ £ ¢ £‰ ‰ ‰ ‰È

È È
 0, 100 . Since 0, 100 , 0, 100w F F F F F Fœ � � œ Ê � l l � l l l l � l l œ  ¡   ¡   ¡¢ £1 2 1 2 1 2

3
2 2

1 1 1
2 2

È
È È

 0 and 100. Solving the first equation for  results in: .Ê � l l � l l œ l l � l l œ l l l l œ l l
È È

È È3 6
2 2 21 2 1 2 2 2 1

1 1 1
2 2

F F F F F F F

 Substituting this result into the second  equation gives us: 100 73.205 N1 1 200
2 21 1 12

6
1 3

l l � l l œ Ê l l œ ¸F F FÈ È
ÈŠ ‹

�

 89.658 N 63.397, 36.603  and  63.397, 63.397Ê l l œ ¸ Ê ¸ � œ ¸F F F2 1 2
100 6
1 3

È
È�

  ¡   ¡
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46. 35 cos , 35 sin ,  cos 60 , sin 60 , , and 0, 50 . SinceF F F F F F w1 2 2 2 2 2
1
2 2

3œ � œ l l l l œ l l l l œ �  ¡   ¡¢ £ ¢ £! ! ‰ ‰ È

 0, 50 35 cos , 35 sin 0, 50 35 cos 0 andF F F F F1 2 2 2 2
1 1
2 2 2

3� œ Ê � � l l � l l œ Ê � � l l œ  ¡   ¡   ¡! ! !
È

 35 sin 50. Solving the first equation for  results in: 70 cos . Substituting this result into the! !� l l œ l l l l œ
È3

2 2 2 2F F F

 second  equation gives us: 35 sin 35 3 cos 50 3 cos sin 3cos sin sin! ! ! ! ! ! !� œ Ê œ � Ê œ � �È È 10 100 20
7 49 7

2 2

 3 1 sin sin sin 196 sin 140 sin 47 0 sin . Since 0Ê � œ � � Ê � � œ Ê œ � Êa b2 2 2100 20
49 7 14

5 6 2
! ! ! ! ! ! !„ È

 sin 0 sin 74.42 ,  and 70 cos 18.81 N.! ! ! !� Ê œ Ê ¸ l l œ ¸5 6 2
14 2

� ‰È
F

47. cos 40 , sin 40 ,  100 cos 35 , 100 sin 35 , and 0, w . Since 0, wF F F F w F F1 1 1 2 1 2œ �l l l l œ œ � � œ¢ £   ¡   ¡   ¡‰ ‰ ‰ ‰

 cos 40 100 cos 35 , sin 40 100 sin 35 0, w cos 40 100 cos 35 0 andÊ �l l � l l � œ Ê �l l � œ¢ £   ¡F F F1 1 1
‰ ‰ ‰ ‰ ‰ ‰

 sin 40 100 sin 35 w. Solving the first equation for  results in: 106.933 N. Substituting thisl l � œ l l l l œ ¸F F F1 1 1
100 cos 35

cos 40
‰ ‰ ‰

‰

 result into the second equation gives us: w 126.093 N.¸

48. cos , sin 75 cos , 75 sin ,  cos , sin 75 cos , 75 sin , andF F F F F F1 1 1 2 2 2œ �l l l l œ � œ l l l l œ  ¡   ¡   ¡   ¡! ! ! ! " " ! !

 0, 25 . Since 0, 25 75 cos 75 cos , 75 sin 75 sin 0, 25 150 sin 25w F Fœ � � œ Ê � � � œ Ê œ  ¡   ¡   ¡   ¡1 2 ! ! ! ! !

 9.59 .Ê ¸! ‰

49. (a) The tree is located at the tip of the vector OP (5 cos 60°) (5 sin 60°)   P 
Ä

œ � œ � Ê œ ßi j i j5 55 3 5 3
# # # #

È ÈŠ ‹
 (b) The telephone pole is located at the point Q, which is the tip of the vector OP PQ

Ä Ä
�

 (10 cos 315°) (10 sin 315°)œ � � � œ � � �Š ‹ Š ‹ Š ‹5 5
2

5 3 5 310 2 10 2i j i j i j
È È È È
# # # # #

  Q Ê œ ßŠ ‹5 10 2 5 3 10 2�
# #

�È È È

50. Let t  and s . Choose T on OP  so that TQ isœ œq p
p q p q 1� �

 parallel to OP , so that TP Q is similar to OP P . Then2 1 1 2˜ ˜

 t OT t OP  so that T t x , t y , t z .k kk kOT
OP 1 1 1 1

1
œ Ê œ œ

Ä Ä a b
 Also, s TQ s OP  s x , y , z .k kk kTQ

OP 2 2 2 2
2
œ Ê œ œ

Ä Ä   ¡
 Letting Q x, y, z , we have thatœ a b
  TQ x t x , y t y , z t z s x , y , z

Ä
œ � � � œ  ¡   ¡1 1 1 2 2 2

 Thus x t x s x , y t y s y , z t z s z .œ � œ � œ �1 2 1 2 1 2

 (Note that if Q is the midpoint, then 1 and t sp
q œ œ œ "

#

 

 so that x x x , y , z  so that this result agress with the midpoint formula.)œ � œ œ œ" "
# #

� ��
1 2

x x z z
2 2 2

y y1 2 1 21 2

51. (a) the midpoint of AB is M 0  and CM 1 1 ( 3) 3ˆ ‰ ˆ ‰ ˆ ‰5 5 5 5 3 3
# # # # # #ß ß œ � � � � ! � œ � �

Ä
i j k i j k

 (b) the desired vector is CM 3 2ˆ ‰ ˆ ‰2 2 3 3
3 3

Ä
œ � � œ � �# #i j k i j k

 (c) the vector whose sum is the vector from the origin to C and the result of part (b) will terminate

 at the center of mass  the terminal point of ( 3 ) ( 2 ) 2 2  is the pointÊ � � � � � œ � �i j k i j k i j k
 (2 2 1), which is the location of the center of massß ß

52. The midpoint of AB is M 0  and CM 1 (0 2) 1 2ˆ ‰ ˆ ‰ � ‘ ˆ ‰ˆ ‰ ˆ ‰3 5 2 2 3 5 2 5 7
3 3 3# # # # # #ß ß œ � � � � � œ � �

Ä
i j k i j k

 .  The vector from the origin to the point of intersection of the medians is OCœ � � � � �
Ä5 4 7 5 4 7

3 3 3 3 3 3i j k i j kˆ ‰
 ( 2 )  .œ � � � � � � œ � �ˆ ‰5 4 7 2 2 4

3 3 3 3 3 3i j k i j k i j k
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53. Without loss of generality we identify the vertices of the quadrilateral such that A(0 0 0), B(x 0 0),ß ß ß ßb

 C(x y 0) and D(x y z )  the midpoint of AB is M 0 0 , the midpoint of BC isc c d d d AB
xß ß ß ß Ê ß ßˆ ‰b
#

 M 0 , the midpoint of CD is M  and the midpoint of AD isBC CD
x x x x zy y yˆ ‰ ˆ ‰b d dc cc c d� �

# # # # #
�ß ß ß ß

 M   the midpoint of M M  is ,  which is the same as the midpointAD AB CD
x z zy y y

4 4
ˆ ‰ Œ �d d dd dc

# # # #
�ß ß Ê ß

x x xb dc
# #

�
�

 of M M , .AD BC
y y

4 4
zœ ßŒ �x x xb dc�

# #
�

#
�c d d

54. Let V , V , V , , V  be the vertices of a regular n-sided polygon and  denote the vector from the center to" # $ á n iv

 V  for i 1, 2, 3, , n.  If   and the polygon is rotated through an angle of  where i 1, 2, 3, , n,i i
i(2 )

nœ á œ œ áS v!n

i 1œ

1

 then  would remain the same.  Since the vector  does not change with these rotations we conclude that .S S S 0œ

55. Without loss of generality we can coordinatize the vertices of the triangle such that A(0 0), B(b 0) andß ß

 C(x y )  a is located at , b is at  and c is at 0 .  Therefore, Aa ,c c
b x x xy y yb bß Ê ß ß ß œ � �

Äˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰�
# # # # # # # #

c c cc c ci j

 Bb b , and Cc x ( y )   Aa Bb Cc .
Ä Ä

œ � � œ � � � Ê � � œ
Ä Ä Äˆ ‰ ˆ ‰ ˆ ‰x y b

c c
c c

# # #i j i j 0

56. Let  be any unit vector in the plane. If  is positioned so that its initial point is at the origin and terminal point is au u t x, y ,a b
 then  makes an angle  with , measured in the counter-clockwise direction. Since 1, we have that x cos  andu i u) )k k œ œ

 y sin . Thus cos  sin  . Since  was assumed to be any unit vector in the plane, this holds for  unitœ œ �) ) )u i j u every
 vector in the plane.

12.3  THE DOT PRODUCT

NOTE: In Exercises 1-8 below we calculate proj   as the vector , so the scalar multiplier of  is the number inv u v vŠ ‹k kk ku
v

 cos )

 column 5 divided by the number in column 2.

    cos   cos  proj   v u v u u u† k k k k k k) ) v

 1. 25  5  5 1 5 2 4 5� � � � � �i j kÈ
 2.    3  1 13    3 33 3 4

13 5 5
ˆ ‰i k�

 3.   25 15  5       (10 11 2 )" "
3 3 9

5 i j k� �

 4.   13 15  3   (2 10 11 )13 13 13
45 15 225 i j k� �

 5.   2 34  3   (5 3 )È È 2 2
3 34 34 17È È È " j k�

 6. 3 2 2    3   ( )È È È� � �
È È ÈÈ È È

È È3 2 3 2 3 2
3 2 2
� � �

# i j

 7. 10 17 26  21   (5 )� �È È È 10 17 10 17 10 17
546 26 26

� � �È È È
È È i j

 8.         , " " " " " "

#6 6 6 5 5
30 30

30 3

È È
È È È¢ £
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 9. cos cos cos cos 0.75 rad) œ œ œ œ ¸�" �" �" �"� � �

� � � � �
Š ‹ Š ‹ Š ‹ Š ‹u v

u v
†k k k k È È È ÈÈ 

(2)(1) (1)(2) (0)( 1)
2 1 0  1 2 ( 1)

4 4
5 6 30# # # # # #

10. cos cos cos cos 0.84 rad) œ œ œ œ ¸�" �" �" �"� � �

� � � � �
Š ‹ Š ‹ Š ‹ ˆ ‰u v

u v
†k k k k È È È È 3

(2)(3) ( 2)(0) (1)(4)
2 ( 2) 1  3 0 4

10 2
9 25# # # # # #

11. cos cos cos) œ œ œ�" �" �"
� � � �

� � � � � �

�Š ‹ Š ‹Î Ñ
Ï Òu v

u v
†k k k k

Š ‹ Š ‹È È
ÊŠ ‹ ÊŠ ‹È È È È 

3 3 ( 7)(1) (0)( 2)

3 ( 7) 0  3 (1) ( 2)

3 7
52 8# #

# # # #

 cos 1.77 radœ ¸�" �Š ‹1
26È

12. cos cos cos) œ œ œ�" �" �"
� � � �

� � � � � �

�Š ‹ Š ‹Î Ñ
Ï Òu v

u v
†k k k k

Š ‹ Š ‹È È
Ê Š ‹ Š ‹È È È È È 

(1)( 1) 2 (1) 2 (1)

(1) 2 2  ( 1) (1) (1)

1
5 3

# # # #
# #

 cos 1.83 radœ ¸�" �Š ‹1
15È

13. AB 3, 1 , BC 1, 3 , and AC 2, 2 . BA 3, 1 , CB 1, 3 , CA 2, 2 .
Ä Ä Ä Ä Ä Ä

œ œ � � œ � œ � � œ œ �  ¡   ¡   ¡   ¡   ¡   ¡
 AB BA 10, BC CB 10, AC CA 2 2,¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹È È ÈÄ Ä Ä Ä Ä Ä

œ œ œ œ œ œ

 Angle at A cos cos cos 63.435œ œ œ ¸�" �" �" ‰
Ä Ä

Ä Ä
� �� � � � Š ‹AB AC 1

AB  AC 10 2 2

3 2 1 2

5
†

¹ ¹ ¹ ¹ Š ‹Š ‹
a b a b
È È È

 Angle at B cos cos cos 53.130 , andœ œ œ ¸�" �" �" ‰
Ä Ä

Ä Ä
� � � � �� � � � ˆ ‰BC BA 3

BC  BA 10 10

1 3 3 1
5

†

¹ ¹ ¹ ¹ Š ‹Š ‹
a ba b a ba b

È È

 Angle at C cos cos cos 63.435œ œ œ ¸�" �" �" ‰
Ä Ä

Ä Ä
� �� � � � Š ‹CB CA 1

CB  CA 10 2 2

1 2 3 2

5
†

¹ ¹ ¹ ¹ Š ‹Š ‹
a b a b
È È È

14.  AC 2, 4  and BD 4, 2 .  AC BD 2 4 4 2 0, so the angle measures are all 90 .
Ä Ä

œ œ � † œ � � œ
Ä Ä  ¡   ¡ a b a b ‰

15. (a) cos , cos , cos  and! " #œ œ œ œ œ œi v k v
i v v j v v k v v

j v
† †

†k k k k k k k k k k k k k k k k k k   
a b c

 cos cos cos 1# # #
# # #

� �! " #� � œ � � œ œ œŠ ‹ Š ‹ Š ‹a b c a b c
  

 k k k k k k k k k k k k k kk k k k
v v v v v v v

v v# # #

 (b) 1  cos a, cos b and cos c are the direction cosines of k kv vœ Ê œ œ œ œ œ œ! " #a b ck k k k k kv v v

16. 10 2  is parallel to the pipe in the north direction and 10  is parallel to the pipe in the eastu i k v j kœ � œ �

 direction.  The angle between the two pipes is cos cos 1.55 rad 88.88°.) œ œ ¸ ¸�" �"Š ‹ Š ‹u v
u v
†k k k k È È 

2
104 101

17. The sum of two vectors of equal length is  orthogonal to their difference, as we can see from the equationalways

 ( ) ( ) 0v v v v v v v v v v v v v v" # " # " " # " " # # # " #
# #� � œ � � � œ � œ† † † † † k k k k

18. CA CB ( ( )) ( ) 0 because  since both equal
Ä Ä

œ � � � � � œ � � � œ � œ œ† † † † † †v u v u v v v u u v u u v u u vk k k k k k k k# #

 the radius of the circle.  Therefore, CA and CB are orthogonal.
Ä Ä

19. Let  and  be the sides of a rhombus  the diagonals are  and u v d u v d u vÊ œ � œ � �" #

  ( ) ( ) 0 because , since a rhombusÊ œ � � � œ � � � � œ � œ œd d u v u v u u u v v u v v v u u v" #
# #

† † † † † † k k k k k k k k
 has equal sides.
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20. Suppose the diagonals of a rectangle are perpendicular, and let  and  be the sides of a rectangle  the diagonals areu v Ê

  and .  Since the diagonals are perpendicular we have 0d u v d u v d d" # " #œ � œ � � œ†

  ( ) ( ) 0  0  0Í � � � œ � � � � œ Í � œ Í � � œu v u v u u u v v u v v v u v u v u† † † † † k k k k a b a bk k k k k k k k# #

  0 which is not possible, or 0 which is equivalent to   the rectangle is a square.Í � œ � œ œ Êa b a b k k k kk k k k k k k kv u v u v u

21. Clearly the diagonals of a rectangle are equal in length.  What is not as obvious is the statement that equal diagonals
 happen only in a rectangle.  We show this is true by letting the adjacent sides of a parallelogram be the vectors

 (v v ) and (u u ).  The equal diagonals of the parallelogram are (v v ) (u u ) and" # " # " " # " #i j i j d i j i j� � œ � � �

 (v v ) (u u ).  Hence (v v ) (u u ) (v v ) (u u )d i j i j d d i j i j i j i j# " # " # " # " # " # " # " #œ � � � œ œ � � � œ � � �k k k k k k k k
   (v u ) (v u ) (v u ) (v u )  (v u ) (v u ) (v u ) (v u )Ê � � � œ � � � Ê � � � œ � � �k k k k È È" " # # " " # # " " # # " " # #

# # # #i j i j

  v 2v u u v 2v u u v 2v u u v 2v u u   2(v u v u )Ê � � � � � œ � � � � � Ê �# # # # # # # #
" " # # " " # # " " # #1 1 1 1# # # #

 2(v u v u )  v u v u 0  (v v ) (u u ) 0  the vectors (v v ) and (u u )œ � � Ê � œ Ê � � œ Ê � �" " # # " " # # " # " # " # " #i j i j i j i j†

 are perpendicular and the parallelogram must be a rectangle.

22. If  and  is the indicated diagonal, then ( )k k k k k k k ku v u v u v u u u v u u v u u v vœ � � œ � œ � œ �† † † † †
# #

 ( )   the angle cos  between the diagonal and  and the angleœ � œ � Êu v v v u v v u† † †
�" �

�Š ‹( )
 

u v u
u v u

†k k k k
 cos  between the diagonal and  are equal because the inverse cosine function is one-to-one.�" �

�Š ‹( )
 

u v v
u v v

†k k k k v

 Therefore, the diagonal bisects the angle between  and .u v

23. horizontal component:  1200 cos 8 1188 ft/s;  vertical component:  1200 sin 8 167 ft/sa b a b‰ ‰¸ ¸

24. cos 33 15 2.5 lb, so . Then cos 33 , sin 33 2.205, 1.432k k a b k k   ¡   ¡w w w‰ ‰ ‰ ‰� œ œ œ ¸2.5 lb 2.5 lb
cos 18 cos 18‰ ‰

25. (a) Since cos 1, we have   cos  (1)  .k k k k k k k k k k k k k k k k) )Ÿ Ÿ œu v u v u v u v† œ k k

 (b) We have equality precisely when cos 1 or when one or both of  and  is .  In the case of nonzerok k) œ u v 0
 vectors, we have equality when 0 or , i.e., when the vectors are parallel.) 1œ

26. (x y ) x y   cos 0 when .  Thisi j v i j v� œ � Ÿ Ÿ Ÿ† k k k k ) ) 11

#

 means (x y) has to be a point whose position vector makesß

 an angle with  that is a right angle or bigger.v

 

27. (a b ) a b a b( ) a(1) b(0) av u u u u u u u u u u u† † † † †" " # " " " # " " # "
# #œ � œ � œ � œ � œk k

28. No, need not equal .  For example, 2  but ( ) 1 0 1 andv v i j i j i i j i i i j" # � Á � � œ � œ � œ† † †

 ( 2 ) 2 1 2 0 1.i i j i i i j† † † †� œ � œ � œ

29. projv u v u v u v u v u v u v u v u v
v v v v v v v vu v u v v u v v v u v v vœ Ê � † œ † �† † † † † † † †

l l l l l l l l l l l l l l l l2 2 2 2 2 2 2 2Š ‹ Š ‹ Š ‹ Š ‹ Š ‹ Š ‹ Š ‹a b a b� † œ † †

2

 0œ � l l œa b a bu v u v
v v
† †

2 2

2 4l l l l v 2
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30. 2 3  and 3 proj 3 , is the vector parallel to .F i j k v i j F v i j i j vœ � � œ � Ê œ œ � œ �v
F v
v
†

l l
"!

2 2
5 3 1

2 2Š ‹È a b
 proj 2 3 3  is the vector orthogonal to .F F i j k i j i j k v� œ � � � � œ � �v a b ˆ ‰3 1 1 3

2 2 2 2

31. P(x y ) P x , x  and Q(x y ) Q x x  are any two points P and Q on the line with b 0" " " " # # # #ß œ � ß œ ß � Áˆ ‰ ˆ ‰c a c a
b b b b

  PQ (x x ) (x x )   PQ (x x ) (x x ) (a b ) a(x x ) b (x x )Ê œ � � � Ê œ � � � � œ � � �
Ä Ä

# " " # # " " # # " " #i j v i j i ja a a
b b b† †� ‘ ˆ ‰

 0   is perpendicular to PQ  for b 0.  If b 0, then a  is perpendicular to the vertical line ax c.œ Ê Á œ œ œ
Ä

v v i

 Alternatively, the slope of  is  and the slope of the line ax by c is , so the slopes are negative reciprocalsv b a
a b� œ �

  the vector  and the line are perpendicular.Ê v

32. The slope of  is  and the slope of bx ay c is , provided that a 0.  If a 0, then b  is parallel tov v jb b
a a� œ Á œ œ

 the vertical line bx c.  In either case, the vector  is parallel to the line bx ay c.œ � œv

33. 2  is perpendicular to the line x 2y c;v i jœ � � œ

 P(2 1) on the line  2 2 c  x 2y 4ß Ê � œ Ê � œ

 

34. 2  is perpendicular to the line 2x y c;v i jœ � � � � œ

 P( 1 2) on the line  ( 2)( 1) 2 c� ß Ê � � � œ

  2x y 0Ê � � œ

 

35. 2  is perpendicular to the line 2x y c;v i jœ � � � � œ

 P( 2 7) on the line  ( 2)( 2) 7 c� ß� Ê � � � œ

  2x y 3Ê � � œ �
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36. 2 3  is perpendicular to the line 2x 3y c;v i jœ � � œ

 P(11 10) on the line  (2)(11) (3)(10) cß Ê � œ

  2x 3y 8Ê � œ �

 

37.  is parallel to the line x y c;v i jœ � � � œ

 P( 2 1) on the line  2 1 c  x y 1� ß Ê � � � œ Ê � � œa b
 or x y 1.� œ �

 

38. 2 3  is parallel to the line 3x 2y c;v i jœ � � œ

 P(0 2) on the line  0 2( 2) c  3x 2y 4ß � Ê � � œ Ê � œ

 

39. 2  is parallel to the line 2x y c;v i jœ � � � � œ

 P(1 2) on the line  2(1) 2 c  2x y 0ß Ê � � œ Ê � � œ

 or 2x y 0.� œ
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40. 3 2  is parallel to the line 2x 3y c;v i jœ � � � œ

 P(1 3) on the line  ( 2)(1) (3)(3) cß Ê � � œ

  2x 3y 11 or 2x 3y 11Ê � � œ � � œ

 

41. P(0 0), Q(1 1) and 5   PQ  and PQ (5 ) ( ) 5 N m 5 Jß ß œ Ê œ � œ œ � œ œ
Ä Ä

F j i j W F j i j† † †

42.  (distance) cos (602,148 N)(605 km)(cos 0) 364,299,540 N km (364,299,540)(1000) N mW Fœ œ œ œk k ) † †

 3.6429954 10  Jœ ‚ ""

43.  PQ  cos (200)(20)(cos 30°) 2000 3 3464.10 N m 3464.10 JW Fœ œ œ œ œ
Äk k ¹ ¹ È) †

44.  PQ  cos (1000)(5280)(cos 60°) 2,640,000 ft lbW Fœ œ œ
Äk k ¹ ¹ ) †

In Exercises 45-50 we use the fact that a b  is normal to the line ax by c.n i jœ � � œ

45. 3  and 2   cos cos cosn i j n i j" #
�" �" �"� "œ � œ � Ê œ œ œ œ) Š ‹ Š ‹ Š ‹n n

n n
" #

" #

†k k k k È È È 4
6 1
10 5 2

1

46. 3  and 3   cos cos cosn i j n i j" #
�" �" �"� � "œ � � œ � Ê œ œ œ � œÈ È Š ‹ Š ‹ ˆ ‰) n n

n n
" #

" #

†k k k k È È 2 3
3 1 2
4 4

1

47. 3  and 3   cos cos cosn i j n i j" #
�" �" �"�œ � œ � Ê œ œ œ œÈ È Š ‹ Š ‹ Š ‹) n n

n n
" #

" #

†k k k k
È È È
È È 2 6

3 3 3
4 4

1

48. 3  and 1 3 1 3   cosn i j n i j" #
�"œ � œ � � � Ê œÈ È ÈŠ ‹ Š ‹ Š ‹) n n

n n
" #

" #

†k k k k 

 cos cos cosœ œ œ œ�" �" �"� � �

� � � � � �

"� � Š ‹ Š ‹1 3 3 3

1 3 1 2 3 3 1 2 3 3

4
2 8 2 4

È È
È É È È È È 1

49. 3 4  and   cos cos cos 0.14 radn i j n i j" #
�" �" �"�œ � œ � Ê œ œ œ ¸) Š ‹ Š ‹ Š ‹n n

n n
" #

" #

†k k k k È È È 
3 4 7
25 2 5 2

50. 12 5  and 2 2   cos cos cos 1.18 radn i j n i j" #
�" �" �"�œ � œ � Ê œ œ œ ¸) Š ‹ Š ‹ Š ‹n n

n n
" #

" #

†k k k k È È È 
24 10 14
169 8 26 2

12.4  THE CROSS PRODUCT

 1. 3   length 3 and the direction is ;2 2
0

u v i j k i j k
i j k

‚ œ œ � � Ê œ � �� �"
" �"

â ââ ââ ââ ââ ââ â ˆ ‰2 2 2 2
3 3 3 3 3 3

" "

 ( 3   length 3 and the direction is v u u v) i j k i j k‚ œ � ‚ œ � � � Ê œ � � �ˆ ‰2 2 2 2
3 3 3 3 3 3

" "
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 2. 5( )  length 5 and the direction is 2 3 0
1 0

u v k k
i j k

‚ œ œ Ê œ
�"

â ââ ââ ââ ââ ââ â
 ( 5( )  length 5 and the direction is v u u v) k k‚ œ � ‚ œ � Ê œ �

 3.   length 0 and has no direction2 2 4
1 2

 u v 0
i j k

‚ œ œ Ê œ�
�" �

â ââ ââ ââ ââ ââ â
 (   length 0 and has no directionv u u v) 0‚ œ � ‚ œ Ê œ

 4.   length 0 and has no direction1 1 1
0 0 0

u v 0
i j k

‚ œ œ Ê œ�

â ââ ââ ââ ââ ââ â
 (   length 0 and has no directionv u u v) 0‚ œ � ‚ œ Ê œ

 5. 6( )  length 6 and the direction is 2 0 0
0 3 0

u v k k
i j k

‚ œ œ � Ê œ �
�

â ââ ââ ââ ââ ââ â
 ( 6( )  length 6 and the direction is v u u v) k k‚ œ � ‚ œ Ê œ

 6. ( ) ( )   length 1 and the direction is 0 0 1
1 0 0

u v i j j k k i j j
i j k

‚ œ ‚ ‚ ‚ œ ‚ œ œ Ê œ

â ââ ââ ââ ââ ââ â
 (   length 1 and the direction is v u u v) j j‚ œ � ‚ œ � Ê œ �

 7. 6 12   length 6 5 and the direction is 8 2 4
2 2 1

u v i k i k
i j k

‚ œ œ � Ê œ �� � �

â ââ ââ ââ ââ ââ â
È "È È5 5

2

 ( (6 12   length 6 5 and the direction is v u u v) i k) i k‚ œ � ‚ œ � � Ê œ � �È "È È5 5
2

 8. 1 2 2 2   length 2 3 and the direction is 
1 1 2

u v i j k i j k
i j k

‚ œ � œ � � � Ê œ � � �

â ââ ââ ââ ââ ââ â
È3 1

3 3 3# #
" " "È È È

 ( ( 2 2 2   length 2 3 and the direction is v u u v) i j k) i j k‚ œ � ‚ œ � � � � Ê œ � �È " "È È È3 3 3
1

 9.  10. 1 0 0 1 0 1
0 1 0 0 1 0

u v k u v i k
i j k i j k

‚ œ œ ‚ œ œ ��

â â â ââ â â ââ â â ââ â â ââ â â ââ â â â
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11.  12. 51 0 1 2 1 0
0 1 1 1 2 0

u v i j k u v k
i j k i j k

‚ œ œ � � ‚ œ œ� �

â â â ââ â â ââ â â ââ â â ââ â â ââ â â â
  

13. 2  14. 21 1 0 0 1 2
1 1 0 1 0 0

u v k u v j k
i j k i j k

‚ œ œ � ‚ œ œ �
�

â â â ââ â â ââ â â ââ â â ââ â â ââ â â â
  

15. (a) PQ PR 8 4 4   Area  PQ PR 64 16 16 2 61 1 3
1 3 1

Ä Ä
‚ œ œ � � Ê œ ‚ œ � � œ

Ä Ä
�

� �

â ââ ââ ââ ââ ââ â ¹ ¹ È Èi j k
i j k " "

# #

 (b) (2 )u i j kœ œ � �PQ PR

PQ PR 6

Ä
‚
Ä

Ä
‚
Ä

"

¹ ¹ È

16. (a) PQ PR 4 4 2   Area  PQ PR 16 16 4 31 0 2
2 2 0

Ä Ä
‚ œ œ � � Ê œ ‚ œ � � œ

Ä Ä

�

â ââ ââ ââ ââ ââ â ¹ ¹ Èi j k
i j k " "

# #

 (b) (2 2 )u i j kœ œ � �PQ PR

PQ PR 3

Ä
‚
Ä

Ä
‚
Ä

"

¹ ¹

17. (a) PQ PR   Area  PQ PR 1 11 1 1
1 1 0

Ä Ä
‚ œ œ � � Ê œ ‚ œ � œ

Ä Ä
â ââ ââ ââ ââ ââ â ¹ ¹ Èi j k

i j " "
# # #

È2

 (b) ( ) ( )u i j i jœ œ � � œ � �PQ PR

PQ PR 2 2

Ä
‚
Ä

Ä
‚
Ä

" "

¹ ¹ È È

18. (a) PQ PR 2 3   Area  PQ PR 4 9 12 1 1
1 0 2

Ä Ä
‚ œ œ � � Ê œ ‚ œ � � œ

Ä Ä
� �

�

â ââ ââ ââ ââ ââ â ¹ ¹ Èi j k
i j k " "

# # #

È14

 (b) (2 3 )u i j kœ œ � �PQ PR

PQ PR 14

Ä
‚
Ä

Ä
‚
Ä

"

¹ ¹ È
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19. If a a a , b b b , and c c c , then ( ) ,
a a a
b b b
c c c

u i j k v i j k w i j k u v wœ � � œ � � œ � � ‚ œ" # $ " # $ " # $

" # $

" # $

" # $

†

â ââ ââ ââ ââ ââ â
 ( )  and ( )  which all have the same absolute value, since

b b b c c c
c c c a a a
a a a b b b

v w u w u v‚ œ ‚ œ† †

â â â ââ â â ââ â â ââ â â ââ â â ââ â â â
" # $ " # $

" # $ " # $

" # $ " # $

 the

 interchanging of two rows in a determinant does not change its absolute value  the volume isÊ

 ( )  abs 8
2 0 0
0 2 0
0 0 2

k k
â ââ ââ ââ ââ ââ âu v w‚ œ œ†

20. ( )  abs 4 (for details about verification, see Exercise 19)
1 1 1
2 1 2
1 2 1

k k
â ââ ââ ââ ââ ââ âu v w‚ œ œ

�
�

� �
†

21. ( )  abs 7 7 (for details about verification, see Exercise 19)
2 1 0
2 1 1
1 0 2

k k k k
â ââ ââ ââ ââ ââ âu v w‚ œ œ � œ�†

22. ( )  abs 8 (for details about verification, see Exercise 19)
1 1 2
1 0 1

2 4 2
k k

â ââ ââ ââ ââ ââ âu v w‚ œ œ
�

� �
�

†

23. (a) 6, 81, 18  none are perpendicularu v u w v w† † †œ � œ � œ Ê

 (b) , , 5 1 1 5 1 1 0 1 5
0 1 5 15 3 3 15 3 3

u v 0 u w 0 v w 0
i j k i j k i j k

‚ œ Á ‚ œ œ ‚ œ Á� � �
� � � � �

â â â â â ââ â â â â ââ â â â â ââ â â â â ââ â â â â ââ â â â â â
   and  are parallelÊ u w

24. (a) 0, 0, 3 , 0, 0, 0  , , , u v u w u r v w v r w r u v u w v w v r† † † † †œ ‚ œ œ � œ œ œ Ê ¼ ¼ ¼ ¼1

 and w r¼

 (b) , , 1 2 1 1 2 1
1 1 1 1 0 1

1 2 1u v 0 u w 0 u r 0
i j k i j k i j k

‚ œ Á ‚ œ Á ‚ œ œ� �
�

�
� �

â â â â â ââ â â â â ââ â â â â ââ â â â â ââ â â â â ââ â â â â â1 1

# #1

 , , 1 1 1
1 0 1

1 1 1 1 0 1v w 0 v r 0 w r 0
i j k i j k i j k

‚ œ Á ‚ œ Á ‚ œ Á� �
� � � �

â â â â â ââ â â â â ââ â â â â ââ â â â â ââ â â â â ââ â â â â â1 1 1 1

# # # #1 1

   and  are parallelÊ u r

25. PQ PQ   sin (60°) 30  ft lb 10 3 ft lb¹ ¹ ¹ ¹ k k ÈÄ Ä
‚ œ œ œF F 2

3
3

† † † †
È
#

26. PQ PQ   sin (135°) 30  ft lb 10 2 ft lb¹ ¹ ¹ ¹ k k ÈÄ Ä
‚ œ œ œF F 2

3
2

† † † †
È
#

27. (a) true, a a ak k È Èu u uœ � � œ# ##
1 3#

†

 (b) not always true, u u u† œ k k #
 (c) true, 0 0 0  and  0 0 0u u u 0 0 0

0 0 0 u u u
u 0 i j k 0 0 u i j k 0

i j k i j k
‚ œ œ � � œ ‚ œ œ � � œ

â â â ââ â â ââ â â ââ â â ââ â â ââ â â â" # $

" # $
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 (d) true, ( ) ( u u u u ) ( u u u u ) ( u u u u )u u u
u u u

u u i j k 0
i j k

‚ � œ œ � � � � � � � � œ
� � �

â ââ ââ ââ ââ ââ â" # $

" # $

# $ # $ " $ " $ " # " #

 (e) not always true,  for examplei j k k j i‚ œ Á � œ ‚

 (f) true, distributive property of the cross product

 (g) true, ( ) ( ) 0u v v u v v u 0‚ œ ‚ œ œ† † †

 (h) true, the volume of a parallelpiped with , , and  along the three edges is  the same whether the plane containing u v w u
 and  or the plane containing  and  is used as the base plane, and the dot product is commutative.v v w

28. (a) true, u v u v u v v u v u v uu v v u† †œ � � œ � � œ" " # # $ $ " " # # $ $

 (b) true,  ( )u u u v v v
v v v u u u

u v v u
i j k i j k

‚ œ œ � œ � ‚

â â â ââ â â ââ â â ââ â â ââ â â ââ â â â" # $ " # $

" # $ " # $

 (c) true, ( )  ( )u u u u u u
v v v v v v

� ‚ œ œ � œ � ‚� � �u v u v
i j k i j k

â â â ââ â â ââ â â ââ â â ââ â â ââ â â â" # $ " # $

" # $ " # $

 (d) true, (c ) (cu )v (cu )v (cu )v u (cv ) u (cv ) u (cv ) (c ) c(u v u v u v )u v u v† †œ � � œ � � œ œ � �" " # # $ $ " " # # $ $ " " # # $ $

 c( )œ u v†

 (e) true, c( ) c  (c )  (c )u u u cu cu cu u u u
v v v v v v cv cv cv

u v u v u v
i j k i j k i j k

‚ œ œ œ ‚ œ œ ‚

â â â â â ââ â â â â ââ â â â â ââ â â â â ââ â â â â ââ â â â â â" # $ " # $ " # $

" # $ " # $ " # $

 (f) true, u u u u u uu u u† œ � � œ � � œ# # # # ##
# #

1 3 1 3# #
ˆ ‰È k k

 (g) true, ( ) 0u u u 0 u‚ œ œ† †

 (h) true,  and   ( ) ( ) 0u v u u v v u v u v u v‚ ¼ ‚ ¼ Ê ‚ œ ‚ œ† †

29. (a) proj   (b) ( ) (c) ( )  (d) ( )v u v u v u v w u v wœ ‚ ‚ ‚ ‚Š ‹ a b k ku v
v v
†k kk k †

 (e) ( ) ( ) (f)  u v u w u‚ ‚ ‚ k k v
vk k

30. ; . The cross product is not associative.a b a bi j j k j i i j j i 0 0‚ ‚ œ ‚ œ � ‚ ‚ œ ‚ œ

31. (a) yes,  and  are both vectors (b) no,  is a vector but  is a scalaru v w u v w‚ †

 (c) yes,  and  are both vectors (d) no,  is a vector but  is a scalaru u w u v w‚ †

32. ( )  is perpendicular to , and  is perpendicular to both  and   ( )  isu v w u v u v u v u v w‚ ‚ ‚ ‚ Ê ‚ ‚

 parallel to a vector in the plane of  and  which means it lies in the plane determined by  and .u v u v
 The situation is degenerate if  and  are parallel so  and the vectors do not determine a plane.u v u v 0‚ œ

 Similar reasoning shows that ( ) lies in the plane of  and  provided  and  are nonparallel.u v w v w v w‚ ‚

33. No,  need not equal .  For example, , but  andv w i j i j i i j i i i j 0 k k� Á � � ‚ � œ ‚ � ‚ œ � œa b
 .i i j i i i j 0 k k‚ � � œ ‚ � � ‚ œ � œa b a b
34. Yes.  If  and , then ( )  and ( ) 0.  Suppose now that .u v u w u v u w u v w 0 u v w v w‚ œ ‚ œ ‚ � œ � œ Á† † †

 Then ( )  implies that k  for some real number k 0.  This in turn implies thatu v w 0 v w u‚ � œ � œ Á

 ( ) (k ) k 0, which implies that .  Since , it cannot be true that , so .u v w u u u u 0 u 0 v w v w† †� œ œ œ œ Á Á œk k #

35. AB  and AD   AB AD 2   area AB AD 21 1 0
1 1 0

Ä Ä Ä Ä Ä Ä
œ � � œ � � Ê ‚ œ œ Ê œ ‚ œ�

� �
i j i j k

i j k
â ââ ââ ââ ââ ââ â ¹ ¹
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36. AB 7 3  and AD 2 5   AB AD 29   area AB AD 297 3 0
2 5 0

Ä Ä Ä Ä Ä Ä
œ � œ � Ê ‚ œ œ Ê œ ‚ œi j i j k

i j k
â ââ ââ ââ ââ ââ â ¹ ¹

37. AB 3 2  and AD 5   AB AD 13   area AB AD 133 2 0
5 1 0

Ä Ä Ä Ä Ä Ä
œ � œ � Ê ‚ œ œ Ê œ ‚ œ�i j i j k

i j k
â ââ ââ ââ ââ ââ â ¹ ¹

38. AB 7 4  and AD 2 5   AB AD 43   area AB AD 437 4 0
2 5 0

Ä Ä Ä Ä Ä Ä
œ � œ � Ê ‚ œ œ Ê œ ‚ œ�i j i j k

i j k
â ââ ââ ââ ââ ââ â ¹ ¹

39. AB 3 2 4  and DC 3 2 4 AB is parallel to  DC; BC 2  and AD 2 BC is parallel to
Ä Ä Ä Ä Ä Ä Ä

œ � � œ � � Ê œ � œ � Êi j k i j k i j i j

 AD.  AB BC 4 8 7 area AB BC 1293 2 4
2 1 0

Ä Ä Ä Ä Ä
‚ œ œ � � Ê œ l ‚ l œ

�

â ââ ââ ââ ââ ââ â
Èi j k

i j k

40. AC 4  and DB 4 AC is parallel to  DB; AD 3 3  and CB 3 3 AD is parallel
Ä Ä Ä Ä Ä

œ � œ � Ê œ � � � œ � � � Ê
Ä Ä

i j i j i j k i j k

 to CB.  AC AD 12 3 7 area AC AD 2021 4 0
1 3 3

Ä Ä Ä Ä Ä
‚ œ œ � � Ê œ l ‚ l œ

�

â ââ ââ ââ ââ ââ â
Èi j k

i j k

41. AB 2 3  and AC 3   AB AC 11   area  AB AC2 3 0
3 1 0

Ä Ä Ä Ä Ä Ä
œ � � œ � Ê ‚ œ œ � Ê œ ‚ œ�i j i j k

i j k
â ââ ââ ââ ââ ââ â ¹ ¹"

# #
11

42. AB 4 4  and AC 3 2   AB AC 4   area  AB AC 24 4 0
3 2 0

Ä Ä Ä Ä Ä Ä
œ � œ � Ê ‚ œ œ � Ê œ ‚ œi j i j k

i j k
â ââ ââ ââ ââ ââ â ¹ ¹"

#

43. AB 6 5  and AC 11 5   AB AC 25   area  AB AC6 5 0
11 5 0

Ä Ä Ä Ä Ä Ä
œ � œ � Ê ‚ œ œ Ê œ ‚ œ�

�
i j i j k

i j k
â ââ ââ ââ ââ ââ â ¹ ¹"

# #
25

44. AB 16 5  and AC 4 4   AB AC 84   area  AB AC 4216 5 0
4 4 0

Ä Ä Ä Ä Ä Ä
œ � œ � Ê ‚ œ œ Ê œ ‚ œ�i j i j k

i j k
â ââ ââ ââ ââ ââ â ¹ ¹"

#

45. AB 2  and AC   AB AC 2 2   area  AB AC1 2 0
1 0 1

Ä Ä Ä Ä Ä Ä
œ � � œ � � Ê ‚ œ œ � � � Ê œ ‚ œ�

� �
i j i k i j k

i j k
â ââ ââ ââ ââ ââ â ¹ ¹"

# #
3

46. AB  and AC 3 3   AB AC 3 3   area  AB AC1 1 1
3 0 3

Ä Ä Ä Ä Ä Ä
œ � � � œ � Ê ‚ œ œ � Ê œ ‚ œ� �i j k i k i k

i j k
â ââ ââ ââ ââ ââ â ¹ ¹"

# #
3 2È

47. AB 2  and AC 2   AB AC 4 2   area  AB AC1 2 0
0 1 2

Ä Ä Ä Ä Ä Ä
œ � � œ � Ê ‚ œ œ � � � Ê œ ‚ œ�

�
i j j k i j k

i j k
â ââ ââ ââ ââ ââ â ¹ ¹"

# #

È21
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48. AB 2 , AC 3 2  and AD 3 4 5  AB AC AD 5
1 2 0
0 3 2
3 4 5

Ä Ä Ä Ä Ä Ä
œ � œ � � œ � � Ê ‚ † œ œ�

�
i j j k i j k Š ‹

â ââ ââ ââ ââ ââ â
  volume  AB AC AD 5Ê œ ‚ † œ

Ä Ä Ä¹ ¹Š ‹

49. If a a  and b b , then   and the triangle's area isa a 0
b b 0

a a
b b

A i j B i j A B k
i j k

œ � œ � ‚ œ œ" # " # " #

" #

" #

" #

â ââ ââ ââ ââ ââ â º º
   .  The applicable sign is ( ) if the acute angle from  to  runs counterclockwise

a a
b b

" "
# #

" #

" #
k k º ºA B A B‚ œ „ �

 in the xy-plane, and ( ) if it runs clockwise, because the area must be a nonnegative number.�

50. If a a , b b , and c c , then the area of the triangle is  AB AC .  Now,A i j B i j C i jœ � œ � œ � ‚
Ä Ä

" # " # " #
"
# ¹ ¹

 AB AC     AB ACb a b a 0
c a c a 0

b a b a
c a c a

Ä Ä Ä Ä
‚ œ œ Ê ‚� �

� �

� �
� �

â ââ ââ ââ ââ ââ â º º ¹ ¹i j k
k" " # #

" " # #

" " # #

" " # #

"
#

  (b a )(c a ) (c a )(b a )  a (b c ) a (c b ) (b c c b )œ � � � � � œ � � � � �" "
# #" " # # " " # # " # # # " " " # " #k k k k

  .  The applicable sign ensures the area formula gives a nonnegative number.
a a 1
b b 1
c c 1

œ „ "
#

" #

" #

" #

â ââ ââ ââ ââ ââ â
12.5  LINES AND PLANES IN SPACE

 1. The direction  and P(3 4 1)  x 3 t, y 4 t, z 1 ti j k� � ß� ß� Ê œ � œ � � œ � �

 2. The direction PQ 2 2 2  and P(1 2 1)  x 1 2t, y 2 2t, z 1 2t
Ä

œ � � � ß ß� Ê œ � œ � œ � �i j k

 3. The direction PQ 5 5 5  and P( 2 0 3)  x 2 5t, y 5t, z 3 5t
Ä

œ � � � ß ß Ê œ � � œ œ �i j k

 4. The direction PQ  and P(1 2 0)  x 1, y 2 t, z t
Ä

œ � � ß ß Ê œ œ � œ �j k

 5. The direction 2  and P( )  x 0, y 2t, z tj k� !ß !ß ! Ê œ œ œ

 6. The direction 2 3  and P(3 2 1)  x 3 2t, y 2 t, z 1 3ti j k� � ß� ß Ê œ � œ � � œ �

 7. The direction  and P(1 1 1)  x 1, y 1, z 1 tk ß ß Ê œ œ œ �

 8. The direction 3 7 5  and P(2 4 5)  x 2 3t, y 4 7t, z 5 5ti j k� � ß ß Ê œ � œ � œ �

 9. The direction 2 2  and P(0 7 0)  x t, y 7 2t, z 2ti j k� � ß� ß Ê œ œ � � œ

10. The direction is 2 4 2  and P 2, 3, 0  x 2 2t, y 3 4t, z 2t1 2 3
3 4 5

u v i j k
i j k

‚ œ œ � � � Ê œ � œ � œ �

â ââ ââ ââ ââ ââ â a b

11. The direction  and P(0 0 0)  x t, y 0, z 0i ß ß Ê œ œ œ
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12. The direction  and P(0 0 0)  x 0, y 0, z tk ß ß Ê œ œ œ

13. The direction PQ  and P(0 0 0)  x t,
Ä

œ � � ß ß Ê œi j k3
#

 y t, z t, where 0 t 1œ œ Ÿ Ÿ3
#

 

14. The direction PQ  and P(0 0 0)  x t, y 0, z 0,
Ä

œ ß ß Ê œ œ œi
 where 0 t 1Ÿ Ÿ

 

15. The direction PQ  and P(1 1 0)  x 1, y 1 t,
Ä

œ ß ß Ê œ œ �j
 z 0, where 1 t 0œ � Ÿ Ÿ

 

16. The direction PQ  and P(1 1 0)  x 1, y 1, z t,
Ä

œ ß ß Ê œ œ œk
 where 0 t 1Ÿ Ÿ

 

17. The direction PQ 2  and P(0 1 1)  x 0,
Ä

œ � ß ß Ê œj
 y 1 2t, z 1, where 0 t 1œ � œ Ÿ Ÿ
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18. The direction PQ 2  and P(0 2 0)  x 3t,
Ä

œ $ � ß ß Ê œi j
 y 2 2t, z 0, where 0 t 1œ � œ Ÿ Ÿ

 

19. The direction PQ 2 2 2  and P(2 0 2)
Ä

œ � � � ß ßi j k
  x 2 2t, y 2t, z 2 2t, where 0 t 1Ê œ � œ œ � Ÿ Ÿ

 

20. The direction PQ 3  and P(1 0 1)
Ä

œ � � � ß ß�i j k
  x 1 t, y 3t, z 1 t, where 0 t 1Ê œ � œ œ � � Ÿ Ÿ

 

21. 3(x 0) ( 2)(y 2) ( 1)(z 1) 0  3x 2y z 3� � � � � � � œ Ê � � œ �

22. 3(x 1) (1)(y 1) (1)(z 3) 0  3x y z 5� � � � � œ Ê � � œ

23. PQ 3 , PS 3 2   PQ PS 7 5 4  is normal to the plane1 1 3
1 3 2

Ä Ä Ä Ä
œ � � œ � � � Ê ‚ œ œ � ��

� �
i j k i j k i j k

i j k
â ââ ââ ââ ââ ââ â

  7(x 2) ( 5)(y 0) ( 4)(z 2) 0  7x 5y 4z 6Ê � � � � � � � œ Ê � � œ

24. PQ 2 , PS 3 2 3   PQ PS 3  is normal to the plane1 1 2
3 2 3

Ä Ä Ä Ä
œ � � � œ � � � Ê ‚ œ œ � � ��

�
i j k i j k i j k

i j k
â ââ ââ ââ ââ ââ â

  ( 1)(x 1) ( 3)(y 5) (1)(z 7) 0  x 3y z 9Ê � � � � � � � œ Ê � � œ

25. 3 4 , P(2 4 5) (1)(x 2) (3)(y 4) (4)(z 5) 0  x 3y 4z 34n i j kœ � � ß ß Ê � � � � � œ Ê � � œ

26. 2 , P(1 2 1) (1)(x 1) ( 2)(y 2) (1)(z 1) 0 x 2y z 6n i j kœ � � ß� ß Ê � � � � � � œ Ê � � œ

27.             t 0 and s 1; then z 4t 3 4s 1
x 2t 1  s 2 2t  s 1 4t 2s 2
y 3t 2 2s 4 3t 2s 2 3t 2s 2œ œ œœ � œ � � œ � œ
œ � œ � � œ � œ

Ê Ê Ê œ œ � œ � œ � �

  4(0) 3 ( 4)( 1) 1 is satisfied  the lines intersect when t 0 and s 1  the point of intersection isÊ � œ � � � Ê œ œ � Ê

 x 1, y 2, and z 3 or P(1 2 3).  A vector normal to the plane determined by these lines isœ œ œ ß ß
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 20 12 , where  and  are directions of the lines  the plane2 3 4
1 2 4

n n i j k n n
i j k

" # " #‚ œ œ � � � Ê
�

â ââ ââ ââ ââ ââ â
 containing the lines is represented by( 20)(x 1) (12)(y 2) (1)(z 3) 0  20x 12y z 7.� � � � � � œ Ê � � � œ

28.         s 1 and t 0; then z t 1 5s 6  0 1 5( 1) 6
x   t     2s 2   t 2s 2
y t 2  s 3 t  s 1œ œœ œ � � œ
œ � � œ � � � œ

Ê Ê œ � œ œ � œ � Ê � œ � �

 is satisfied  the lines do intersect when s 1 and t 0  the point of intersection is x 0, y 2 and z 1Ê œ � œ Ê œ œ œ

 or P(0 2 1).  A vector normal to the plane determined by these lines is 6 3 3 ,1 1
2 1 5

ß ß ‚ œ œ � � ��"n n i j k
i j k

" #

â ââ ââ ââ ââ ââ â
 where  and  are directions of the lines  the plane containing the lines is represented byn n" # Ê

 ( 6)(x 0) ( 3)(y 2) (3)(z 1) 0  6x 3y 3z 3.� � � � � � � œ Ê � � œ

29. The cross product of  and 4 2 2  has the same direction as the normal to the planei j k i j k� � � � �

  6 6 .  Select a point on either line, such as P( 1 2 1).  Since the lines are given1 1
4 2 2

Ê œ œ � � ß ß" �
� �

n j k
i j k

â ââ ââ ââ ââ ââ â
 to intersect, the desired plane is 0(x 1) 6(y 2) 6(z 1) 0  6y 6z 18  y z 3.� � � � � œ Ê � œ Ê � œ

30. The cross product of 3  and  has the same direction as the normal to the planei j k i j k� � � �

 2 2 4 .  Select a point on either line, such as P(0 3 2).  Since the lines are1 3 1
1 1 1

n i j k
i j k

œ œ � � � ß ß�� �

â ââ ââ ââ ââ ââ â
 given to intersect, the desired plane is ( 2)(x 0) ( 2)(y 3) (4)(z 2) 0  2x 2y 4z 14� � � � � � � œ Ê � � � œ �

  x y 2z 7.Ê � � œ

31. 3 3 3  is a vector in the direction of the line of intersection of the planes2 1 1
1 2 1

n n i j k
i j k

" #‚ œ œ � ��

â ââ ââ ââ ââ ââ â
  3(x 2) ( 3)(y 1) 3(z 1) 0  3x 3y 3z 0  x y z 0 is the desired plane containingÊ � � � � � � œ Ê � � œ Ê � � œ

 P (2 1 1)! ß ß �

32. A vector normal to the desired plane is P P 2 12 2 ; choosing P (1 2 3) as a point on2 0 2
4 1 2

" # "
Ä

‚ œ œ � � � ß ß�
�

n i j k
i j k

â ââ ââ ââ ââ ââ â
 the plane ( 2)(x 1) ( 12)(y 2) ( 2)(z 3) 0 2x 12y 2z 32 x 6y z 16 is theÊ � � � � � � � � œ Ê � � � œ � Ê � � œ

 desired plane

33. S(0 0 12), P(0 0 0) and 4 2 2   PS 24 48 24( 2 )0 0 12
4 2 2

ß ß ß ß œ � � Ê ‚ œ œ � œ �
Ä

�
v i j k v i j i j

i j k
â ââ ââ ââ ââ ââ â

  d 5 24 2 30 is the distance from S to the lineÊ œ œ œ œ œ
¹ ¹

k k
È È

È È
PS 24 1 4

16 4 4
24 5

24

Ä
‚ �

� �

v

v
È È†

34. S(0 0 0), P(5 5 3) and 3 4 5   PS 13 16 55 5 3
3 4 5

ß ß ß ß � œ � � Ê ‚ œ œ � �
Ä

� �
�

v i j k v i j k
i j k

â ââ ââ ââ ââ ââ â
  d 9 3 is the distance from S to the lineÊ œ œ œ œ œ

¹ ¹
k k

È È
È È

PS 169 256 25
9 16 25

450
50

Ä
‚ � �

� �

v

v
È

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



738 Chapter 12 Vectors and the Geometry of Space

35. S(2 1 3), P(2 1 3) and 2 6   PS   d 0 is the distance from S to the lineß ß ß ß œ � Ê ‚ œ Ê œ œ œ
Ä

v i j v 0
¹ ¹

k k È
PS 0

40

Ä
‚v

v

 (i.e., the point S lies on the line)

36. S(2 1 1), P(0 1 0) and 2 2 2   PS 2 6 42 0 1
2 2 2

ß ß � ß ß œ � � Ê ‚ œ œ � �
Ä

�v i j k v i j k
i j k

â ââ ââ ââ ââ ââ â
  d  is the distance from S to the lineÊ œ œ œ œ

¹ ¹
k k

È È
È È

PS 4 36 16
4 4 4

56
12

14
3

Ä
‚ � �

� �

v

v É

37. S(3 1 4), P(4 3 5) and 2 3   PS 30 6 61 4 9
1 2 3

ß � ß ß ß � œ � � � Ê ‚ œ œ � � �
Ä

� �
�

v i j k v i j k
i j k

â ââ ââ ââ ââ ââ â
  d  is the distance from S to the lineÊ œ œ œ œ œ œ

¹ ¹
k k

È È È È È
È È È È

PS 900 36 36
1 4 9

972 486 81 6
14 7 7

9 42
7

Ä
‚ � �

� �

v

v
†

38. S( 1 4 3), P(10 3 0) and 4 4   PS 28 56 28 28( 2 )11 7 3
4 0 4

� ß ß ß� ß œ � Ê ‚ œ œ � � œ � �
Ä

�v i k v i j k i j k
i j k

â ââ ââ ââ ââ ââ â
  d 7 3 is the distance from S to the lineÊ œ œ œ

¹ ¹
k k

È
È

PS 28 1 4 1
4 1 1

Ä
‚ � �

�

v

v
È

39. S(2 3 4), x 2y 2z 13 and P(13 0 0) is on the plane  PS 11 3 4  and 2 2ß � ß � � œ ß ß Ê œ � � � œ � �
Ä

i j k n i j k

  d PS 3Ê œ œ œ œ
Ä¹ ¹ ¹ ¹ ¹ ¹†

n
nk k È È� � � �

� �
11 6 8 9
1 4 4 9

40. S(0 0 0), 3x 2y 6z 6 and P(2 0 0) is on the plane  PS 2  and 3 2 6ß ß � � œ ß ß Ê œ � œ � �
Ä

i n i j k

  d PSÊ œ œ œ œ
Ä¹ ¹ ¹ ¹†

n
nk k È È�

� �
6 6 6

9 4 36 49 7

41. S(0 1 1), 4y 3z 12 and P(0 3 0) is on the plane  PS 4  and 4 3ß ß � œ � ß� ß Ê œ � œ �
Ä

j k n j k

  d PSÊ œ œ œ
Ä¹ ¹ ¹ ¹†

n
nk k È16 3 19

16 9 5
�
�

42. S(2 2 3), 2x y 2z 4 and P(2 0 0) is on the plane  PS 2 3  and 2 2ß ß � � œ ß ß Ê œ � œ � �
Ä

j k n i j k

  d PSÊ œ œ œ
Ä¹ ¹ ¹ ¹†

n
nk k È 2 6 8

4 1 4 3
�
� �

43. S(0 1 0), 2x y 2z 4 and P(2 0 0) is on the plane  PS 2  and 2 2ß � ß � � œ ß ß Ê œ � � œ � �
Ä

i j n i j k

  d PSÊ œ œ œ
Ä¹ ¹ ¹ ¹†

n
nk k È� � �

� �
4 1 0 5
4 1 4 3

44. S(1 0 1), 4x y z 4 and P( 1 0 0) is on the plane  PS 2  and 4ß ß � � � � œ � ß ß Ê œ � œ � � �
Ä

i k n i j k

  d PSÊ œ œ œ œ
Ä¹ ¹ ¹ ¹†

n
nk k È È

È� �
� � #
8 1 9

16 1 1 18
3 2

45. The point P(1 0 0) is on the first plane and S(10 0 0) is a point on the second plane  PS 9 , andß ß ß ß Ê œ
Ä

i

 2 6  is normal to the first plane  the distance from S to the first plane is d PSn i j kœ � � Ê œ
Ä¹ ¹†

n
nk k

 , which is also the distance between the planes.œ œ¹ ¹9 9
1 4 36 41È È� �
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46. The line is parallel to the plane since ( 2 6 ) 1 2 3 0.  Also the pointv n i j k i j k† †œ � � � � œ � � œˆ ‰"
#

 S(1 0 0) when t 1 lies on the line, and the point P(10 0 0) lies on the plane  PS 9 .  The distance fromß ß œ � ß ß Ê œ �
Ä

i

 S to the plane is d PS , which is also the distance from the line to the plane.œ œ œ
Ä¹ ¹ ¹ ¹†

n
nk k È È�

� �
9 9

1 4 36 41

47.  and 2 2   cos cos cosn i j n i j k" #
�" �" �"� "œ � œ � � Ê œ œ œ œ) Š ‹ Š ‹ Š ‹n n

n n
" #

" #

†k k k k È ÈÈ 4
2 1
2 9 2

1

48. 5  and 2 3   cos cos cos (0)n i j k n i j k" #
�" �" �"� �

#œ � � œ � � Ê œ œ œ œ) Š ‹ Š ‹n n
n n

" #

" #

†k k k k È È 
5 2 3

27 14
1

49. 2 2 2  and 2 2   cos cos cos 1.76 radn i j k n i j k" #
�" �" �"� � �"œ � � œ � � Ê œ œ œ ¸) Š ‹ Š ‹ Š ‹n n

n n
" #

" #

†k k k k È ÈÈ 
4 4 2

12 9 3 3

50.  and   cos cos 0.96 radn i j k n k" #
�" �"œ � � œ Ê œ œ ¸) Š ‹ Š ‹n n

n n
" #

" #

†k k k k È È 
1

3 1

51. 2 2  and 2   cos cos cos 0.82 radn i j k n i j k" #
�" �" �"� �œ � � œ � � Ê œ œ œ ¸) Š ‹ Š ‹ Š ‹n n

n n
" #

" #

†k k k k È È È 
2 4 1 5

9 6 3 6

52. 4 3  and 3 2 6   cos cos cos 0.73 radn j k n i j k" #
�" �" �"�œ � œ � � Ê œ œ œ ¸) Š ‹ Š ‹ ˆ ‰n n

n n
" #

" #

†k k k k È È 35
8 18 26
25 49

53. 2x y 3z 6  2(1 t) (3t) 3(1 t) 6  2t 5 6  t   x , y  and z� � œ Ê � � � � œ Ê � � œ Ê œ � Ê œ œ � œ" "
# # # #

3 3

   is the pointÊ ß� ßˆ ‰3 3
# # #

"

54. 6x 3y 4z 12 6(2) 3(3 2t) 4( 2 2t) 12  14t 29 12 t   x 2, y 3 ,� � œ � Ê � � � � � œ � Ê � œ � Ê œ � Ê œ œ �41 41
14 7

 and z 2   2  is the pointœ � � Ê ß� ß41 20 27
7 7 7

ˆ ‰
55. x y z 2  (1 2t) (1 5t) (3t) 2  10t 2 2  t 0  x 1, y 1 and z 0� � œ Ê � � � � œ Ê � œ Ê œ Ê œ œ œ

  (1 1 0) is the pointÊ ß ß

56. 2x 3z 7  2( 1 3t) 3(5t) 7  9t 2 7  t 1  x 1 3, y 2 and z 5� œ Ê � � � œ Ê � � œ Ê œ � Ê œ � � œ � œ �

  ( 4 2 5) is the pointÊ � ß� ß�

57.  and   , the direction of the desired line; (1 1 1)1 1 1
1 1 0

n i j k n i j n n i j
i j k

" # " #œ � � œ � Ê ‚ œ œ � � ß ß�

â ââ ââ ââ ââ ââ â
 is on both planes  the desired line is x 1 t, y 1 t, z 1Ê œ � œ � œ �

58. 3 6 2  and 2   14 2 15 , the direction of the3 6 2
2 1 2

n i j k n i j 2k n n i j k
i j k

" # " #œ � � œ � Ê ‚ œ œ � �� �
�

�

â ââ ââ ââ ââ ââ â
 desired line; (1 0 0) is on both planes  the desired line is x 1 14t, y 2t, z 15tß ß Ê œ � œ œ

59. 2 4  and 2   6 3 , the direction of the1 2 4
1 1 2

n i j k n i j k n n j k
i j k

" # " #œ � � œ � � Ê ‚ œ œ ��
�

â ââ ââ ââ ââ ââ â
 desired line; (4 3 1) is on both planes  the desired line is x 4, y 3 6t, z 1 3tß ß Ê œ œ � œ �
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60. 5 2  and 4 5   10 25 20 , the direction of the5 2 0
0 4 5

n i j n j k n n i j k
i j k

" # " #œ � œ � Ê ‚ œ œ � ��
�

â ââ ââ ââ ââ ââ â
 desired line; (1 3 1) is on both planes  the desired line is x 1 10t, y 3 25t, z 1 20tß � ß Ê œ � œ � � œ �

61. L1 & L2:  x 3 2t 1 4s and y 1 4t 1 2s      
2t 4s 2 2t 4s 2
4t 2s   2 2t  s   1

œ � œ � œ � � œ � Ê Ê
� œ � � œ �
� œ � œœ œ

  3s 3  s 1 and t 1  on L1, z 1 and on L2, z 1  L1 and L2 intersect at (5 3 1).Ê � œ � Ê œ œ Ê œ œ Ê ß ß

 L2 & L3:  The direction of L2 is (4 2 4 ) (2 2 ) which is the same as the direction" "
6 3i j k i j k� � œ � �

 (2 2 ) of L3; hence L2 and L3 are parallel."
3 i j k� �

 L1 & L3:  x 3 2t 3 2r and y 1 4t 2 r         3t 3
2t 2r 0  t r 0
4t  r 3 4t  r 3

œ � œ � œ � � œ � Ê Ê Ê œ
� œ � œ
� œ � œœ œ

  t 1 and r 1  on L1, z 2 while on L3, z 0  L1 and L2 do not intersect.  The direction of L1Ê œ œ Ê œ œ Ê

 is (2 4 ) while the direction of L3 is (2 2 ) and neither is a multiple of the other; hence" "È21 3i j k i j k� � � �

 L1 and L3 are skew.

62. L1 & L2:  x 1 2t 2 s and y 1 t 3s     5s 3  s  and t   on L1,
2t  s 1

t 3s 1
œ � œ � œ � � œ Ê Ê � œ Ê œ � œ Ê

� œ
� � œœ 3 4

5 5

 z  while on L2, z 1   L1 and L2 do not intersect.  The direction of L1 is (2 3 )œ œ � œ Ê � �12 3 2
5 5 5 14

"È i j k

 while the direction of L2 is ( 3 ) and neither is a multiple of the other; hence, L1 and L2 are"È11
� � �i j k

 skew.

 L2 & L3:  x 2 s 5 2r and y 3s 1 r     5s 5  s 1 and r 2  on L2,
s 2r 3

3s  r 1
œ � œ � œ œ � Ê Ê œ Ê œ œ � Ê

� � œ
� œœ

 z 2 and on L3, z 2  L2 and L3 intersect at (1 3 2).œ œ Ê ß ß

 L1 & L3:  L1 and L3 have the same direction (2 3 ); hence L1 and L3 are parallel."È14
i j k� �

63. x 2 2t, y 4 t, z 7 3t; x 2 t, y 2 t, z 1 tœ � œ � � œ � œ � � œ � � œ �"
# #

3

64. 1(x 4) 2(y 1) 1(z 5) 0  x 4 2y 2 z 5 0  x 2y z 7;� � � � � œ Ê � � � � � œ Ê � � œ

 2 (x 3) 2 2 (y 2) 2 (z 0) 0  2x 2 2y 2z 7 2� � � � � � œ Ê � � � œ �È È È È È È È
65. x 0  t , y , z   ; y 0  t 1, x 1, z 3  ( 1 0 3); z 0œ Ê œ � œ � œ � Ê !ß� ß� œ Ê œ � œ � œ � Ê � ß ß� œ" " "

# # # # #
3 3ˆ ‰

  t 0, x 1, y 1  (1 1 0)Ê œ œ œ � Ê ß� ß

66. The line contains (0 0 3) and 3 1 3  because the projection of the line onto the xy-plane contains the originß ß ß ßŠ ‹È
 and intersects the positive x-axis at a 30° angle.  The direction of the line is 3 0   the line in questionÈ i j k� � Ê

 is x 3t, y t, z 3.œ œ œÈ
67. With substitution of the line into the plane we have 2(1 2t) (2 5t) ( 3t) 8  2 4t 2 5t 3t 8� � � � � œ Ê � � � � œ

  4t 4 8  t 1  the point ( 1 7 3) is contained in both the line and plane, so they are not parallel.Ê � œ Ê œ Ê � ß ß�

68. The planes are parallel when either vector A B C  or A B C  is a multiple of the other or" " " # # #i j k i j k� � � �

 when (A B C ) A B C .  The planes are perpendicular when their normals are" " " # # #i j k i j k 0� � ‚ � � œa b
 perpendicular, or(A B C ) (A B C ) 0." " " # # #i j k i j k� � � � œ†
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69. There are many possible answers.  One is found as follows:  eliminate t to get t x 1 2 yœ � œ � œ z 3�
#

  x 1 2 y and 2 y   x y 3 and 2y z 7 are two such planes.Ê � œ � � œ Ê � œ � œz 3�
#

70. Since the plane passes through the origin, its general equation is of the form Ax By Cz 0.  Since it meets� � œ

 the plane M at a right angle, their normal vectors are perpendicular  2A 3B C 0.  One choice satisfyingÊ � � œ

 this equation is A 1, B 1 and C 1  x y z 0.  Any plane Ax By Cz 0 with 2A 3B C 0œ œ � œ Ê � � œ � � œ � � œ

 will pass through the origin and be perpendicular to M.

71. The points (a 0 0), (0 b 0) and (0 0 c) are the x, y, and z intercepts of the plane.  Since a, b, and c are allß ß ß ß ß ß

 nonzero, the plane must intersect all three coordinate axes and cannot pass through the origin.  Thus,
 1 describes all planes except those through the origin or parallel to a coordinate axis.x z

a b c
y� � œ

72. Yes.  If  and  are nonzero vectors parallel to the lines, then  is perpendicular to the lines.v v v v 0" # " #‚ Á

73. (a) EP cEP   x y z c (x x ) y z   x c(x x ), y cy  and z cz ,
Ä Ä

œ Ê � � � œ � � � Ê � œ � œ œ" ! " ! " " ! " ! " "i j k i j kc d
 where c is a positive real number
 (b) At x 0  c 1  y y  and z z ; at x x   x 0, y 0, z 0;  lim  c  lim   " " " " ! !

�
�œ Ê œ Ê œ œ œ Ê œ œ œ œx x! !Ä _ Ä _

x
x x

!

" !

  lim   1  c  1 so that y  y  and z  zœ œ Ê Ä Ä Äx! Ä _

�"
� " "1

74. The plane which contains the triangular plane is x y z 2.  The line containing the endpoints of the line� � œ

 segment is x 1 t, y 2t, z 2t.  The plane and the line intersect at .  The visible section of the lineœ � œ œ ß ßˆ ‰2 2 2
3 3 3

 segment is 1 unit in length.  The length of the line segment is 1 2 2 3   ofÉˆ ‰ ˆ ‰ ˆ ‰ È" # # # # # #
3 3 3 3

2 2 2� � œ � � œ Ê

 the line segment is hidden from view.

12.6  CYLINDERS AND QUADRIC SURFACES

 1. d, ellipsoid  2. i, hyperboloid  3. a, cylinder

 4. g, cone  5. l, hyperbolic paraboloid  6. e, paraboloid

 7. b, cylinder  8. j, hyperboloid  9. k, hyperbolic paraboloid

10. f, paraboloid 11. h, cone 12. c, ellipsoid

13. x y 4 14. z y 1 15. x 4z 16# # # # #� œ œ � � œ
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16. 4x y 36 17. 9x y z 9 18. 4x 4y z 16# # # # # # # #� œ � � œ � � œ

   

19. 4x 9y 4z 36 20. 9x 4y 36z 36 21. x 4y z# # # # # # # #� � œ � � œ � œ

   

22. z 8 x y  23. x 4 4y z  24. y 1 x zœ � � œ � � œ � �# # # # # #

   

25. x y z  26. 4x 9z 9y  27. x y z 1# # # # # # # # #� œ � œ � � œ
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28. y z x 1 29. z x y 1 30. z 1# # # # # # #� � œ � � œ � � œy
4 4

x# #

   

31. y x z 32. x y z 33. z 1 y x# # # # # #� œ � œ œ � �

   

34. 4x 4y z  35. y x z  36. 16x 4y 1# # # # # # #� œ œ � � � œa b
   

37. x y z 4 38. x z y 39. x z 1# # # # # # #� � œ � œ � œ
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40. 16y 9z 4x  41. z x y  42. y x z 1# # # # # # # #� œ œ � � � � œa b
   

43. 4y z 4x 4 44. x y z# # # # #� � œ � œ
  

45. (a) If x 1 and z c, then x   1  A ab# # �� � œ œ � œ Ê � œ Ê œy y y
4 9 4 9

z 9 c x# # ## # #

� # � #Š ‹ ’ “9 c
9

4 9 c
9

ˆ ‰ 1

 œ œ1 Š ‹Š ‹È È a b9 c 2 9 c
3 3 9

2 9 c� � �# # #1

 (b) From part (a), each slice has the area , where 3 z 3.  Thus V 2 9 z  dz2 9 z
9 9

21 1a b� #
#

� Ÿ Ÿ œ �'
0

3 a b
 9 z  dz 9z (27 9) 8œ � œ � œ � œ4 4 z 4

9 9 3 9
1 1 1'

0

3a b ’ “#
$

!

$

1

 (c) 1    1  A x z x
a b c c c

y y a c z b c z# # #

# # #

# # # # # #

� � œ Ê � œ Ê œ
– — – —

È È
a c z b c z

c c

# # # # # #� �

# #

Š ‹ Š ‹ 1 Š ‹Š ‹� �

  V 2 c z  dz c z c .  Note that if r a b c,Ê œ � œ � œ œ œ œ œ'
0

c c
1 1 1 1ab 2 ab z 2 ab 2 4 abc
c c 3 c 3 3# # #

$a b ’ “ ˆ ‰# # # $

!

 then V , which is the volume of a sphere.œ 4 r
3
1 $

46. The ellipsoid has the form 1.  To determine c  we note that the point (0 r h) lies on the surfacex z
R R c

y# #

# # #

#

� � œ ß ß#

 of the barrel.  Thus, 1  c .  We calculate the volume by the disk method:r h h R
R c R r

# # # #

# # # #� œ Ê œ#
�

 V  y  dz.  Now, 1  y R 1 R 1 R zœ � œ Ê œ � œ � œ �1 '
�h

h
# # # # # #� �y

R c c h R h
z z R rz R r#

# # # # # #

# # # ## # #Š ‹ ’ “ Š ‹a b

  V  R z  dz R z z 2 R h R r h 2Ê œ � œ � œ � � œ �1 1 1 1'
�

�

h

h h

h
’ “ ’ “ Š ‹Š ‹ Š ‹ � ‘a b# # # $ # # #� " � "R r R r 2R h r h

h 3 h 3 3 3

# # # # # #

# #

 R h r h, the volume of the barrel.  If r R, then V 2 R h which is the volume of a cylinder ofœ � œ œ4 2
3 31 1 1# # #

 radius R and height 2h.  If r 0 and h R, then V R  which is the volume of a sphere.œ œ œ 4
3 1

$

47. We calculate the volume by the slicing method, taking slices parallel to the xy-plane.  For fixed z, x z
a b c

y#

# #

#

� œ

 gives the ellipse 1.  The area of this ellipse is a b  (see Exercise 45a).  Hencex z z abzy
c c c

# #

Š ‹ Š ‹za zb
c c
# #� œ œ1 ˆ ‰ ˆ ‰È È 1

 the volume is given by V  dz .  Now the area of the elliptic base when z h isœ œ œ œ'
0

h h
1 1 1abz abz abh

c 2c c’ “# #

!

 A , as determined previously.  Thus, V h (base)(altitude), as claimed.œ œ œ œ1 1 1abh abh abh
c c c

# " "
# #
ˆ ‰
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48. (a) For each fixed value of z, the hyperboloid 1 results in a cross-sectional ellipsex z
a b c

y# #

# # #

#

� � œ

   1.  The area of the cross-sectional ellipse (see Exercise 45a) isx y# #

– — – —a c z b c z

c c

# # # # # #� �

# #

Š ‹ Š ‹� œ

 A(z) c z c z c z .  The volume of the solid by the method of slices isœ � � œ �1 Š ‹Š ‹È È a ba b ab
c c c

# # # # # #1
#

 V A(z) dz  c z  dz c z z c h h 3c hœ œ � œ � œ � œ �' '
0 0

h h h1 1 1 1ab ab ab abh
c c 3 c 3 3c# # # #a b a b� ‘ ˆ ‰# # # $ # $ # #" "

!

 (b) A A(0) ab and A A(h) c h , from part (a)  V 3c h!
# # # #œ œ œ œ � Ê œ �1 h

1 1ab abh
c 3c# #a b a b

 2 1 2 2 ab c h (2A A )œ � � œ � œ � � œ �1 1 1abh h abh c h h ab h
3 c 3 c 3 c 3Š ‹ Š ‹ � ‘a b# # #

# # #

� # #
!1 h

 (c) A A c 4c h   (A 4A A )m m hœ œ � œ � Ê � �ˆ ‰ Š ‹ a bh ab h ab h
c 4 4c 6#

# # #
!

1 1
# #

#

 ab 4c h c h c 4c h c h 6c 2hœ � � � � œ � � � � œ �h ab ab abh abh
6 c c 6c 6c
� ‘a b a b a b a b1 1 1 1 1

# # # #

# # # # # # # # # # #

 3c h V from part (a)œ � œ1abh
3c# a b# #

49. z y  50. z 1 yœ œ �# #

  

51. z x yœ �# #
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52. z x 2yœ �# #

 (a)  (b) 

 (c)  (d) 

53-58. Example CAS commands:
 :Maple
 with( plots );
 eq := x^2/9 + y^2/36 = 1 - z^2/25;
 implicitplot3d( eq, x=-3..3, y=-6..6, z=-5..5, scaling=constrained,
                           shading=zhue, axes=boxed, title="#89 (Section 11.6)" );

 : (functions and domains may vary):Mathematica
 In the following chapter, you will consider contours or level curves for surfaces in three dimensions. For the purposes of

 plotting the functions of two variables expressed implicitly in this section, we will call upon the function .ContourPlot3D
 To insert the stated function, write all terms on the same side of the equal sign and the default contour equating that
 expression to zero will be plotted.
 This built-in function requires the loading of a special graphics package.
 <<Graphics`ContourPlot3D`
 Clear[x, y, z]

 ContourPlot3D[x /9  y /16  z /2  1, {x, 9, 9}, {y, 12, 12}, {z, 5, 5},2 2 2� � � � � �

 Axes True, AxesLabel {x, y, z}, Boxed False,Ä Ä Ä

                    PlotLabel "Elliptic Hyperboloid of Two Sheets"]Ä

 Your identification of the plot may or may not be able to be done without considering the graph.

CHAPTER 12 PRACTICE EXERCISES

 1. (a) 3 3, 4 4 2, 5 9 8, 12 20 17, 32  ¡   ¡   ¡   ¡� � � œ � � � œ �

 (b) 17 32 1313È È2 2� œ

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



 Chapter 12 Practice Exercises 747

 2. (a) 3 2, 4 5 1, 1   3. (a) 2 3 , 2 4 6, 8  ¡   ¡   ¡   ¡a b a b� � � œ � � � � � œ �

 (b) 1 1 2 (b) 6 8 10É Éa b a b a bÈ� � � œ � � œ2 2 22

 4. (a) 5 2 , 5 5 10, 25  ¡   ¡a b a b� œ �

 (b) 10 25 725 5 29É a b È È2 2� � œ œ

 5.  radians below the negative x-axis:  ,  [assuming counterclockwise].1
6

3¢ £� �
È
# #

"

 6. , ¢ £È3
# #

"

 7. 2 4   8. 5 3 4Š ‹ Š ‹a b � �ˆ ‰1 8 2 1 3 4
4 1 17 17 5 5È È È Éˆ ‰ ˆ ‰2 2 3 4

5 5
2 2� �

i j i j i j i j� œ � � � œ � �

 9. length 2 2 2 2 2, 2 2 2   the direction is œ � œ � œ � œ � Ê �¹ ¹ Š ‹È È È ÈÈi j i j i j i j" " " "È È È È2 2 2 2

10. length 1 1 2, 2   the direction is œ � � œ � œ � � œ � � Ê � �k k È È È Š ‹i j i j i j i j" " " "È È È È2 2 2 2

11. t ( 2 sin ) 2 cos  2 ; length 2 4 0 2; 2 2  the direction isœ Ê œ � � œ � œ � œ � œ � œ � Ê �1 1 1
2 2 2v i j i i i i iˆ ‰ k k a bÈ

12. t ln 2  e  cos ln 2 e  sin ln 2 e  sin ln 2 e  cos ln 2œ Ê œ � � �v i jˆ ‰ ˆ ‰a b a b a b a bln 2 ln 2 ln 2 ln 2

 2 cos ln 2 2 sin ln 2 2 sin ln 2 2 cos ln 2 2 cos ln 2 sin ln 2 sin ln 2 cos ln 2œ � � � œ � � �a b a b c da b a b a b a b a b a ba b a b a b a bi j i j

 length 2 2 cos ln 2 sin ln 2 cos ln 2 sin ln 2cos ln 2 sin ln 2 sin ln 2 cos ln 2œ œ � � �� � �k k a b a bc d a b a b a b a ba b a ba b a b a b a b Éi j 2 2

 2 2cos ln 2 2sin ln 2 2 2;œ � œÈ a b a b È2 2

 2 2 2cos ln 2 sin ln 2 sin ln 2 cos ln 2c da b a ba b a b a b a b È Š ‹� � � œi j a b a ba b a b a b a bÈcos ln 2 sin ln 2 sin ln 2 cos ln 2

2

� � �i j

 directionÊ œ �a b a ba b a b a b a bÈ Ècos ln 2 sin ln 2 sin ln 2 cos ln 2

2 2

� �i j

13. length 2 3 6 4 9 36 7, 2 3 6 7   the direction is œ � � œ � � œ � � œ � � Ê � �k k È ˆ ‰i j k i j k i j k i j k2 3 6 2 3 6
7 7 7 7 7 7

14. length 2 1 4 1 6, 2 6   the direction isœ � � œ � � œ � � œ � � Êk k È È È Š ‹i j k i j k i j k1 2 1
6 6 6È È È

 1 2 1
6 6 6È È Èi j k� �

15. 2 2 2v
v

i j k i j kk k È È È È Èœ œ œ � �† †
4 4 4 4

4 ( 1) 4 33 33 33 33
8 2 8� � � �

� � �# # #
i j k

16. 5 5 5 3 4� œ � œ � œ � �v
v

i k i kk k ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰
Éˆ ‰ ˆ ‰ É† †

3 4 3 4
5 5 5 5

3 4
5 5

9 16
25 25

� �

� �
# #

i k

17. 1 1 2, 4 1 4 3, 3, 3, 2 2 ,1 1 0
2 1 2

k k k kÈ ÈÈ
â ââ ââ ââ ââ ââ âv u v u u v v u i j k

i j k
œ � œ œ � � œ œ œ ‚ œ œ � � �

�
† †

 ( ) 2 2 , 4 4 1 3, cos cos ,u v v u i j k v u‚ œ � ‚ œ � � ‚ œ � � œ œ œ œk k È Š ‹ Š ‹) �" �" "v u
v u
†k k k k È 42

1

  cos , proj  ( )k ku u v i j) œ œ �3 3
2 2È k kk kv œ Š ‹v u

v v
†
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18. 1 1 2 6, ( 1) ( 1) 2, (1)( 1) (1)(0) (2)( 1) 3,k k k kÈ ÈÈ Èv u v uœ � � œ œ � � � œ œ � � � � œ �# # # # #
†

 3, , ( ) ,1 1 2
1 0 1

u v v u i j k u v v u i j k
i j k

† œ � ‚ œ œ � � � ‚ œ � ‚ œ � �
� �

â ââ ââ ââ ââ ââ â
 ( 1) ( 1) 1 3, cos cos cosk k È È Š ‹ Š ‹ Š ‹v u‚ œ � � � � œ œ œ œ# # # �" �" �"� �) v u

v u
†k k k k È È È 

3 3
6 2 12

 cos ,  cos 2 , proj  ( 2 ) ( )œ � œ œ † œ � œ � � œ � � ��"
# #

� � "Š ‹ Š ‹k k ÈÈ È È k kk k3 3 65 3
6 2 2 6
1 u u v i j k i j k) v œ Š ‹v u

v v
†

19. proj 2  where 8 and 6v
v u
v vu v i j k v u v vœ † †Š ‹†k kk k œ � � œ œ4

3 a b
20. proj 2 where 1 and 3v

v u
v vu v i j v u v vœ † †Š ‹†k kk k œ � � œ � œ1

3 a b

21. 1 0 0
1 1 0

u v k
i j k

‚ œ œ

â ââ ââ ââ ââ ââ â

 

22. 21 1 0
1 1 0

u v k
i j k

‚ œ œ�

â ââ ââ ââ ââ ââ â

 

23. Let v v v  and w w w .  Then 2 (v v v ) 2(w w w )v i j k w i j k v w i j k i j kœ � � œ � � � œ � � � � �" # $ " # $ " # $ " # $
# #k k k k

 (v 2w ) (v 2w ) (v 2w ) (v 2w ) (v 2w ) (v 2w )œ � � � � � œ � � � � �k k ˆ ‰È" " # # $ $ " " # # $ $
# # # #

#
i j k

 v v v 4(v w v w v w ) 4 w w w 4 4 œ � � � � � � � � œ � �a b a b k k k k# # # # # #
" " # # $ $

# #
" # #3 1 3 v v w w†

 4   cos 4 4 4(2)(3) cos 36 40 24 40 12 28  2 28œ � � œ � � œ � œ � œ Ê � œk k k k k k k k k kˆ ‰ ˆ ‰ Èv v w w v w# # "
#) 1

3

 2 7œ È

24.  and  are parallel when     (4a 40) (20 2a) (0)2 4 5
4 8 a

u v u v 0 0 i j k 0
i j k

‚ œ Ê œ Ê � � � � œ�
� �

â ââ ââ ââ ââ ââ â
  4a 40 0 and 20 2a 0  a 10Ê � œ � œ Ê œ

25. (a) area abs 2 3 4 9 1 141 1 1
2 1 1

œ ‚ œ œ � � œ � � œ�k k k k
â ââ ââ ââ ââ ââ â

È Èu v i j k
i j k

 (b) volume 1 3 2 1 6 1 1 4 1 1
1 1 1
2 1 1
1 2 3

œ ‚ œ œ � � � � � � � œ
�

� �
a b a b a b a b

â ââ ââ ââ ââ ââ â a bu v w†
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26. (a) area abs 11 1 0
0 1 0

œ ‚ œ œ œk k k k
â ââ ââ ââ ââ ââ âu v k

i j k

 (b) volume 1 1 0 1 0 0 0 1
1 1 0
0 1 0
1 1 1

œ ‚ œ œ � � � � œa b a b a b
â ââ ââ ââ ââ ââ âu v w†

27. The desired vector is  or  since  is perpendicular to both  and  and, therefore, also parallel ton v v n n v n v‚ ‚ ‚

 the plane.

28. If a 0 and b 0, then the line by c and  are parallel.  If a 0 and b 0, then the line ax c and  areœ Á œ Á œ œi j
 parallel.  If a and b are both 0, then ax by c contains the points  and 0   the vectorÁ � œ ß ! ß Êˆ ‰ ˆ ‰c c

a b

 ab c(b a ) and the line are parallel.  Therefore, the vector b a  is parallel to the lineˆ ‰c c
a bi j i j i j� œ � �

 ax by c in every case.� œ

29. The line L passes through the point P 0 0 1  parallel to .  With PS 2 2  anda bß ß � œ � � � œ � �
Ä

v i j k i j k

 PS 2 1 (2 1) 2 2 3 4 , we find the distance2 2 1
1 1 1

Ä
‚ œ œ � � � � � œ � �

�
v i j k i j k

i j k
â ââ ââ ââ ââ ââ â a b a b

 d .œ œ œ œ
¹ ¹

k k È È ÈÈ È
PS 1 9 16

1 1 1
26 78
3 3

Ä
‚ � �

� �

v

v

30. The line L passes through the point P 2 2 0  parallel to .  With PS 2 2  anda bß ß œ � � œ � � �
Ä

v i j k i j k

 PS 2 1 2 1 2 2 3 4 , we find the distance2 2 1
1 1 1

Ä
‚ œ œ � � � � � � � œ � ��v i j k i j k

i j k
â ââ ââ ââ ââ ââ â a b a b a b

 d .œ œ œ œ
¹ ¹

k k È È ÈÈ È
PS 1 9 16

1 1 1
26 78
3 3

Ä
‚ � �

� �

v

v

31. Parametric equations for the line are x 1 3t, y 2, z 3 7t.œ � œ œ �

32. The line is parallel to PQ 0  and contains the point P(1 2 0)  parametric equations are
Ä

œ � � ß ß Êi j k
 x 1, y 2 t, z t for 0 t 1.œ œ � œ � Ÿ Ÿ

33. The point P(4 0 0) lies on the plane x y 4, and PS (6 4) 0 ( 6 0) 2 6  with ß ß � œ œ � � � � � œ � œ �
Ä

i j k i k n i j

  d 2.Ê œ œ œ œ
¹ ¹
k k È È

n

n

†PS 2 0 0 2
1 1 0 2

Ä
� �
� �

¹ ¹ È

34. The point P(0 0 2) lies on the plane 2x 3y z 2, and PS (3 0) (0 0) (10 2) 3 8  withß ß � � œ œ � � � � � œ �
Ä

i j k i k

 2 3   d 14.n i j kœ � � Ê œ œ œ œ
¹ ¹
k k È È

n

n

†PS 6 0 8 14
4 9 1 14

Ä
� �
� �

¹ ¹ È
35. P(3 2 1) and 2   (2)(x 3) (1)(y ( 2)) (1)(z 1) 0  2x y z 5ß � ß œ � � Ê � � � � � � œ Ê � � œn i j k

36. P( 1 6 0) and 2 3   (1)(x ( 1)) ( 2)(y 6) (3)(z 0) 0  x 2y 3z 13� ß ß œ � � Ê � � � � � � � œ Ê � � œ �n i j k

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



750 Chapter 12 Vectors and the Geometry of Space

37. P(1 1 2), Q(2 1 3) and R( 1 2 1)  PQ 2 , PR 2 3 3  and PQ PRß � ß ß ß � ß ß� Ê œ � � œ � � � ‚
Ä ÄÄ Ä

i j k i j k

 9 7  is normal to the plane  ( 9)(x 1) (1)(y 1) (7)(z 2) 01 2 1
2 3 3

œ œ � � � Ê � � � � � � œ
� �

â ââ ââ ââ ââ ââ â
i j k

i j k

  9x y 7z 4Ê � � � œ

38. P(1 0 0), Q(0 1 0) and R(0 0 1)  PQ , PR  and PQ PRß ß ß ß ß ß Ê œ � � œ � � ‚
Ä ÄÄ Ä

i j i k

  is normal to the plane  (1)(x 1) (1)(y 0) (1)(z 0) 01 1 0
1 0 1

œ œ � � Ê � � � � � œ�
�

â ââ ââ ââ ââ ââ â
i j k

i j k

  x y z 1Ê � � œ

39. 0 , since t , y  and z  when x 0; ( 0 3), since t 1, x 1 and z 3ˆ ‰ß � ß� œ � œ � œ � œ �"ß ß� œ � œ � œ �" " "
# # # # #

3 3

 when y 0; (1 1 0), since t 0, x 1 and y 1 when z 0œ ß� ß œ œ œ � œ

40. x 2t, y t, z t represents a line containing the origin and perpendicular to the plane 2x y z 4; thisœ œ � œ � � � œ

 line intersects the plane 3x 5y 2z 6 when t is the solution of 3(2t) 5( t) 2( t) 6� � œ � � � � œ

  t    is the point of intersectionÊ œ Ê ß� ß�2 4 2 2
3 3 3 3

ˆ ‰
41.  and 2   the desired angle is cos cosn i n i j k" #

�" �" "
#œ œ � � Ê œ œÈ Š ‹ ˆ ‰n n

n n
" #

" #

†k k k k 3
1

42.  and   the desired angle is cos cosn i j n j k" #
�" �" "

#œ � œ � Ê œ œŠ ‹ ˆ ‰n n
n n

" #

" #

†k k k k 3
1

43. The direction of the line is 5 3 .  Since the point ( 5 3 0) is on1 2 1
1 1 2

n n i j k
i j k

" #‚ œ œ � � � ß ß
�

â ââ ââ ââ ââ ââ â
 both planes, the desired line is x 5 5t, y 3 t, z 3t.œ � � œ � œ �

44. The direction of the intersection is 6 9 12 3(2 3 4 ) and is the1 2 2
5 2 1

n n i j k i j k
i j k

" #‚ œ œ � � � œ � � ��
� �

â ââ ââ ââ ââ ââ â
 same as the direction of the given line.

45. (a) The corresponding normals are 3  and 2 2  and since n i k n i j k n n" # " #œ � ' œ � � †

 (3)(2) (0)(2) (6)( 1) 6 0 6 0, we have that the planes are orthogonalœ � � � œ � � œ

 (b) The line of intersection is parallel to 12 15 6 .  Now to find a point in3 0 6
2 2 1

n n i j k
i j k

" #‚ œ œ � � �
�

â ââ ââ ââ ââ ââ â
 the intersection, solve        15x 12y 19  x 0 and y

3x 6z 1 3x 6z 1
2x 2y z 3 12x 12y 6z 18œ œ� œ � œ

� � œ � � œ
Ê Ê � œ Ê œ œ 19

12

   is a point on the line we seek.  Therefore, the line is x 12t, y 15t and z 6t.Ê !ß ß œ � œ � œ �ˆ ‰19 19
1 6 12 6#

" "

46. A vector in the direction of the plane's normal is 7 3 5  and P( 2 3) on2 3 1
1 1 2

n u v i j k
i j k

œ ‚ œ œ � � "ß ß
�

â ââ ââ ââ ââ ââ â
 the plane  7(x 1) 3(y 2) 5(z 3) 0  7x 3y 5z 14.Ê � � � � � œ Ê � � œ �
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47. Yes; (2 4 ) (2 0 ) 2 2 4 1 1 0 0  the vector is orthogonal to the plane's normalv n i j k i j k† † † † †œ � � � � œ � � œ Ê

   is parallel to the planeÊ v

48. PP 0 represents the half-space of points lying on one side of the plane in the direction which the normal  pointsn n† !
Ä

�

49. A normal to the plane is AB AC 2 2   the distance is d2 0 1
2 1 0

n i j k
i j k

œ ‚ œ œ � � � Ê œ
Ä Ä

�
�

â ââ ââ ââ ââ ââ â ¹ ¹AP
Ä

†n
n

 3œ œ œ¹ ¹ ¸ ¸( 4 ) ( 2 )
1 4 4

1 8 0
3

i j i j k� � � �#

� �
� � �†È

50. P(0 0 0) lies on the plane 2x 3y 5z 0, and PS 2 2 3  with 2 3 5  ß ß � � œ œ � � œ � � Ê
Ä

i j k n i j k

 d œ œ œ¹ ¹ ¹ ¹n
n
†PS 4 6 15 25

4 9 25 38

Ä
� �
� �k k È È

51. 2  is normal to the plane  0 3 3 3 3  is orthogonal2 1 1
1 1 1

n i j k n v i j k j k
i j k

œ � � Ê ‚ œ œ � � œ � �� �

â ââ ââ ââ ââ ââ â
 to  and parallel to the planev

52. The vector  is normal to the plane of  and ( ) is orthogonal to  and parallel to the plane of B C B C A B C A B‚ Ê ‚ ‚

 and :C

 5 3  and ( ) 2 31 2 1 2 1 1
1 1 2 5 3 1

B C i j k A B C i j k
i j k i j k

‚ œ œ � � � ‚ ‚ œ œ � � �
� � �

�

â â â ââ â â ââ â â ââ â â ââ â â ââ â â â
  ( ) 4 9 1 14 and ( 2 3 ) is the desired unit vector.Ê ‚ ‚ œ � � œ œ � � �k k È ÈA B C u i j k"È14

53. A vector parallel to the line of intersection is 5 31 2 1
1 1 2

v n n i j k
i j k

œ ‚ œ œ � �
�

" #

â ââ ââ ââ ââ ââ â
  25 1 9 35  2 (5 3 ) is the desired vector.Ê œ � � œ Ê œ � �k k È È Š ‹v i j kv

vk k È2
35

54. The line containing (0 0 0) normal to the plane is represented by x 2t, y t, and z t.  This lineß ß œ œ � œ �

 intersects the plane 3x 5y 2z 6 when 3(2t) 5( t) 2( t) 6  t   the point is .� � œ � � � � œ Ê œ Ê ß� ß�2 4 2 2
3 3 3 3

ˆ ‰
55. The line is represented by x 3 2t, y 2 t, and z 1 2t.  It meets the plane 2x y 2z 2 whenœ � œ � œ � � � œ �

 2(3 2t) (2 t) 2( 2t) 2  t   the point is .� � � � " � œ � Ê œ � Ê ß ß�8 11 26 7
9 9 9 9

ˆ ‰

56. The direction of the intersection is 3 5   cos2 1 1
1 1 2

v n n i j k
i j k

œ ‚ œ œ � � Ê œ�" #
�"

â ââ ââ ââ ââ ââ â Š ‹) v i
v i
†k k k k 

 cos 59.5°œ ¸�" Š ‹3
35È

57. The intersection occurs when (3 2t) 3(2t) t 4  t 1  the point is (1 2 1).  The required line� � � œ � Ê œ � Ê ß� ß�

 must be perpendicular to both the given line and to the normal, and hence is parallel to 2 2 1
1 3 1

â ââ ââ ââ ââ ââ â
i j k

�

 5 3 4   the line is represented by x 1 5t, y 2 3t, and z 1 4t.œ � � � Ê œ � œ � � œ � �i j k
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58. If P(a b c) is a point on the line of intersection, then P lies in both planes  a 2b c 3 0 andß ß Ê � � � œ

 2a b c 1 0  (a 2b c 3) k(2a b c 1) 0 for all k.� � � œ Ê � � � � � � � œ

59. The vector AB CD (2 7 2 ) is normal to the plane and A( 2 0 3) lies on the3 2 4
0

Ä Ä
‚ œ œ � � � ß ß��

�

â ââ ââ ââ ââ ââ â
i j k

i j k
26 26
5 5

26
5

 plane  2(x 2) 7(y 0) 2(z ( 3)) 0  2x 7y 2z 10 0 is an equation of the plane.Ê � � � � � � œ Ê � � � œ

60. Yes; the line's direction vector is 2 3 5  which is parallel to the line and also parallel to the normali j k� �

 4 6 10  to the plane  the line is orthogonal to the plane.� � � Êi j k

61. The vector PQ PR 11 3  is normal to the plane.2 1 3
3 0 1

Ä
‚ œ œ � � �

Ä
�

�

â ââ ââ ââ ââ ââ â
i j k

i j k

 (a) No, the plane is not orthogonal to PQ PR .
Ä

‚
Ä

 (b) No, these equations represent a line, not a plane.

 (c) No, the plane (x 2) 11(y 1) 3z 0 has normal 11 3  which is not parallel to PQ PR .� � � � œ � � ‚
Ä Ä

i j k
 (d) No, this vector equation is equivalent to the equations 3y 3z 3, 3x 2z 6, and 3x 2y 4� œ � œ � � œ �

  x t, y t, z 1 t, which represents a line, not a plane.Ê œ � � œ œ �4 2
3 3

 (e) Yes, this is a plane containing the point R( 2 1 0) with normal PQ PR .� ß ß ‚
Ä Ä

62. (a) The line through A and B is x 1 t, y t, z 1 5t; the line through C and D must be parallel andœ � œ � œ � �

 is L :  x 1 t, y 2 t, z 3 5t.  The line through B and C is x 1, y 2 2s, z 3 4s; the line" œ � œ � œ � œ œ � œ �

 through A and D must be parallel and is L :  x 2, y 1 2s, z 4 4s.  The lines L  and L  intersect# " #œ œ � � œ �

 at D(2 1 8) where t 1 and s 1.ß ß œ œ

 (b) cos ) œ œ(2 4 ) ( 5 )
20 27 15

3j k i j k� � �†È È È
 (c) BC BC ( 2 ) where BA 5  and BC 2 4Š ‹BA BC 18 9

BC BC 20 5

Ä Ä

Ä Ä
†

†

Ä Ä Ä Ä
œ œ � œ � � œ �j k i j k j k

 (d) area (2 4 ) ( 5 ) 14 4 2 6 6œ � ‚ � � œ � � œk k k k Èj k i j k i j k

 (e) From part (d), 14 4 2  is normal to the plane  14(x 1) 4(y 0) 2(z 1) 0n i j kœ � � Ê � � � � � œ

  7x 2y z 8.Ê � � œ

 (f) From part (d), 14 4 2   the area of the projection on the yz-plane is 14; the area of then i j k n iœ � � Ê œk k†

 projection on the xy-plane is 4; and the area of the projection on the xy-plane is 2.k k k kn j n k† †œ œ

63. AB 2 , CD 4  and AC 2    5 9   the distance is2 1 1
1 4 1

Ä Ä Ä
œ � � � œ � � œ � Ê œ � � � Ê�

�
i j k i j k, i j n i j k

i j k
œ

â ââ ââ ââ ââ ââ â
 d œ œ¹ ¹(2 ) ( 5 9 )

25 1 81
11
107

i j i j k� � � �

� �

†È È

64. AB 2 4 , CD 2 , and AC 3 3    7 3 2   the distance2 4 1
1 1 2

Ä Ä Ä
œ � � � œ � � œ � � Ê œ œ � � Ê� �

�
i j k i j k i j n i j k

i j k
â ââ ââ ââ ââ ââ â

 is d œ œ¹ ¹( 3 3 ) (7 3 2 )
49 9 4

12
62

� � � �

� �

i j i j k†È È
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65. x y z 4 66. x (y 1) z 1 67. 4x 4y z 4# # # # # # # # #� � œ � � � œ � � œ

   

68. 36x 9y 4z 36 69. z x y  70. y x z# # # # # # #� � œ œ � � œ � �a b a b
   

71. x y z  72. x z y  73. x y z 4# # # # # # # # #� œ � œ � � œ

   

74. 4y z 4x 4 75. y x z 1 76. z x y 1# # # # # # # # #� � œ � � œ � � œ
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CHAPTER 12 ADDITIONAL AND ADVANCED EXERCISES

 1. Information from ship A indicates the submarine is now on the line L :  x 4 2t, y 3t, z t; information from"
"œ � œ œ � 3

 ship B indicates the submarine is now on the line L :  x 18s, y 5 6s, z s.  The current position of the sub is# œ œ � œ �

 6 3  and occurs when the lines intersect at t 1 and s .  The straight line path of the submarine contains bothˆ ‰ß ß � œ œ" "
3 3

 points P 2 1  and Q 6 3 ; the line representing this path is L:  x 2 4t, y 1 4t, z .  Theˆ ‰ ˆ ‰ß � ß� ß ß� œ � œ � � œ �" " "
3 3 3

 submarine traveled the distance between P and Q in 4 minutes a speed of 2 thousand ft/min.  In 20Ê œ œ
¹ ¹ ÈPQ

4 4
32

Ä È
 minutes the submarine will move 20 2 thousand ft from Q along the line LÈ
  20 2 (2 4t 6) ( 1 4t 3) 0 800 16(t 1) 16(t 1) 32(t 1)  (t 1)Ê œ � � � � � � � Ê œ � � � œ � Ê � œÈ È # # # # # # # 800

32

 25  t 6  the submarine will be located at 26 23  in 20 minutes.œ Ê œ Ê ß ß�ˆ ‰"
3

 2. H  stops its flight when 6 110t 446  t 4 hours.  After 6 hours, H  is at P(246 57 9) while H  is at (446 13 0).# " #� œ Ê œ ß ß ß ß

 The distance between P and Q is (246 446) (57 13) (9 0)  204.98 miles.  At 150 mph, it would takeÈ � � � � � ¸# # #

 about 1.37 hours for H  to reach H ." #

 3. Torque PQ   15 ft-lb PQ   sin  ft   20 lbœ ‚ Ê œ œ Ê œ
Ä Ä¹ ¹ ¹ ¹ k k k k k kF F F F1

#
3
4 †

 4. Let  be the vector from O to A and 3 2  be the vector from O to B. The vector  orthogonal to a i j k b i j k v aœ � � œ � �

 and  is parallel to  (since the rotation is clockwise). Now 2 ; proj 2 2 2b v b a b a i j k b a i j kÊ ‚ œ � � œ œ � �‚ a
a b
a a

ˆ ‰†
†

 2, 2, 2  is the center of the circular path 1, 3, 2  takes radius 1 1 0 2 arc length perÊ Ê œ � � � œ Êa b a b a bÉ È2 22

 second covered by the point is 2 units/sec  (velocity is constant). A unit vector in the direction of  is 3
# ‚

‚È k kœ v v b a
b ak k

 2 3œ � � Ê œ œ � � œ � �" " ‚ " "
‚ #È È È È È Èk k È È

6 6 6 6 6 6
2 3 2 3 3

2 2i j k v v i j k i j kk kŠ ‹ Š ‹È Èb a
b a

 5. (a) By the Law of Cosines we have cos  and cos sin  and sin! " ! "œ œ œ œ Ê œ œ3 5 4 3 4 5 3 4 4 3
2 3 5 5 2 4 5 5 5 5

2 2 2 2 2 2� � � �a ba b a ba b
 cos , sin , , cos , sin , , andÊ œ �l l l l œ � l l l l œ l l l l œ l l l lF F F F F F F F F F1 1 1 1 1 2 2 2 2 2

3 4 4 3
5 5 5 5¢ £ ¢ £ ¢ £ ¢ £! ! " "

 0, 100 . Since 0, 100 , 0, 100 0w F F F F F F F Fœ � � œ Ê � l l � l l l l � l l œ Ê � l l � l l œ  ¡   ¡   ¡¢ £1 2 1 2 1 2 1 2
3 4 4 3 3 4
5 5 5 5 5 5

 and 100. Solving the first equation for  results in: . Substituting this result into the4 3 3
5 5 41 2 2 2 1l l � l l œ l l l l œ l lF F F F F

 second  equation gives us: 100 80 lb. 60 lb. 48, 64  and4 9
5 201 1 1 2 1l l � l l œ Ê l l œ Ê l l œ Ê œ �F F F F F   ¡

 48, 36  , and tan  and tanF2
1 14 3

3 4œ œ œ  ¡ ˆ ‰ ˆ ‰! "� �

 (b) By the Law of Cosines we have cos  and cos sin  and sin! " ! "œ œ œ œ Ê œ œ5 13 12 5 12 13 5 12 12 5
2 5 13 13 2 12 13 13 13 13

2 2 2 2 2 2� � � �a ba b a ba b
 cos , sin , , cos , sin , , andÊ œ �l l l l œ � l l l l œ l l l l œ l l l lF F F F F F F F F F1 1 1 1 1 2 2 2 2 2

5 12 12 5
13 13 13 13¢ £ ¢ £ ¢ £ ¢ £! ! " "

 0, 200 . Since 0, 200 , 0, 200w F F F F F Fœ � � œ Ê � l l � l l l l � l l œ  ¡   ¡   ¡¢ £1 2 1 2 1 2
5 12 12 5

13 13 13 13

 0 and 200. Solving the first equation for  results in: .Ê � l l � l l œ l l � l l œ l l l l œ l l5 12 12 5 5
13 13 13 13 121 2 1 2 2 2 1F F F F F F F

 Substituting this result into the second  equation gives us: 200 184.615  lb.12 25 2400
13 156 131 1 1l l � l l œ Ê l l œ ¸F F F

 76.923  lb. , 71.006, 170.414  and , Ê l l œ ¸ Ê œ � ¸ � œF F F2 1 2
1000 12000 28800 12000 5000

13 1169 1169 1169 1169¢ £ ¢ £  ¡
 71.006, 29.586 .¸   ¡
 6. (a) cos , sin , cos , sin , and 0, w .  Since 0, wT T T T T T w T T1 1 1 2 2 2 1 2œ �l l l l œ l l l l œ � � œ Ê¢ £ ¢ £   ¡   ¡! ! " "

 cos cos , sin sin 0, w cos cos 0 and¢ £   ¡�l l � l l l l � l l œ Ê �l l � l l œT T T T T T1 2 1 2 1 2! " ! " ! "

 sin sin w.  Solving the first equation for  results in: . Substituting this result intol l � l l œ l l l l œ l lT T T T T1 2 2 2 1
cos
cos! " !

"
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 the second  equation gives us: sin w  andl l � l l œ Ê l l œ œT T T1 1 1
cos sin w cos w cos

cos sin cos cos sin sin! ! " " "

" ! " ! " ! "� �a b
 l l œT2

w cos
sin

!
! "a b�

 (b) ; 0 w cos cos 0 cos 0d d d
d d sin sin d1 1

w cos w cos cos
! ! ! " ! " !

" " ! "a b a b a b a bŠ ‹l l œ œ l l œ Ê � � œ Ê � œT Ta b a ba b
� �

� �
2 " ! " ! "

 ; ;Ê � œ Ê œ � l l œ œ! " ! "1 1
! ! ! " ! "

" ! " " ! "

2 2 d d sin sin
d d

1
w cos cos w cos cos 12

2 2 3

2a b Š ‹T � �
� �

� �a ba b a bˆ ‰a b

 w cos 0 local minimum when d
d 21

2

2

2

!
! "

1a bºl l œ � Ê œ �T
œ �1

" ! "

 (c) ; 0 w cos cos 0 cos 0d d w cos d
d d sin sin d2 2

w cos cos
" " ! " ! " "

! ! ! "a b a b a b a bŠ ‹l l œ œ l l œ Ê � � œ Ê � œT Ta b a ba b
� �

� �
2 ! ! " ! "

 ; ;Ê � œ Ê œ � l l œ œ! " " !1 1
" " ! " ! "

! ! " ! ! "

2 2 d d sin sin
d d

2
w cos cos w cos cos 12

2 2 3

2a b Š ‹T � �
� �

� �a ba b a bˆ ‰a b

 w cos 0 local minimum when d
d 22

2

2

2

!
" !

1a bºl l œ � Ê œ �T
œ �1

! " !

 7. (a) If P(x y z) is a point in the plane determined by the three points P (x y z ), P (x y z ) andß ß ß ß ß ß" " " " # # # #

 P (x y z ), then the vectors PP , PP  and PP  all lie in the plane.  Thus PP (PP PP ) 0$ $ $ $ " # $ " # $ß ß ‚ œ
Ä Ä Ä Ä Ä Ä

†

  0 by the determinant formula for the triple scalar product in Section 12.4.
x x y y z z
x x y y z z
x x y y z z

Ê œ
� � �
� � �
� � �

â ââ ââ ââ ââ ââ â
" " "

# # #

$ $ $

 (b) Subtract row 1 from rows 2, 3, and 4 and evaluate the resulting determinant (which has the same value
 as the given determinant) by cofactor expansion about column 4.  This expansion is exactly the
 determinant in part (a) so we have all points P(x y z) in the plane determined by P (x y z ),ß ß ß ß" " " "

 P (x y z ), and P (x y z ).# # # # $ $ $ $ß ß ß ß

 8. Let L :  x a s b , y a s b , z a s b  and L :  x c t d , y c t d , z c t d .  If L L ," " " # # $ $ # " " # # $ $ " #œ � œ � œ � œ � œ � œ � ²

 then for some k, a kc , i 1, 2, 3 and the determinant 
a c b d kc c b d
a c b d kc c b d
a c b d

i iœ œ œ
� �
� �
�

â â â ââ â â ââ â â ââ â â ââ â â ââ â â â
" " " " " " " "

# # # # # # # #

$ $ $ $ kc c b d
0,

$ $ $ $�
œ

 since the first column is a multiple of the second column.  The lines L  and L  intersect if and only if the" #

 system  has a nontrivial solution  the determinant of the coefficients i
a s c t (b d ) 0
a s c t (b d ) 0
a s c t (b d ) 0

Ú
ÛÜ

" " " "

# # # #

$ $ $ $

� � � œ
� � � œ
� � � œ

Í s zero.

 9. (a) Place the tetrahedron so that A is at 0, 0, 0 , the point P is on the y-axis, and ABC lies in the xy-plane. Sincea b ˜

  ABC is an equilateral triangle, all the angles in the triangle are 60  and since AP bisects BC ABP˜ Ê ˜‰

 is a 30 - 60 - 90  trinagle. Thus the coordinates of P are 0, 3, 0 , the coordinates of B are 1, 3, 0 , and the‰ ‰ ‰ Š ‹ Š ‹È È
 coordinates of C are 1, 3, 0 . Let the coordinates of D be given by a, b, c . Since all of the faces are equilateralŠ ‹È a b�

 trinagles all the angles in each of the triangles are 60 cos DAB cos 60Ê Ê n œ œ œ œ‰ ‰
Ä Ä

†

l ll l
Ä Ä

�a b a b AD AB 1

AD AB

a b 3
2 2 2

Èa ba b
 a b 3 2 and cos DAC cos 60 a b 3 2. Add the two equationsÊ � œ n œ œ œ œ Ê � � œÈ Èa b a b‰ Ä Ä

†

l ll l
Ä Ä

� �AD AC 1

AD AC

a b 3
2 2 2

Èa ba b
 to obtain: 2b 3 4 b . Substituting this value for b in the first equation gives us: a 3 2È ÈŠ ‹œ Ê œ � œ2 2

3 3È È
 a 0. Since AD a b c 2 0 c 4 c . Thus the coordinates of D areÊ œ l l œ � � œ Ê � � œ Ê œ

Ä È Š ‹2 2 2 2 22
3 3

2
2 2È ÈÈ

 0, , . cos cos DAP cos 57.74 .Š ‹ Š ‹a b2 AD AP 2 1
3 3 2 3 3

2 2

AD AP
1È È È ÈÈ

) )œ n œ œ Ê œ Ê
Ä Ä

†

l ll l
Ä Ä

� ‰

 (b) Since ABC lies in the xy-plane the normal to the face given by ABC is . The face given by BCD is an˜ Ê ˜ œ ˜n k1

 adjacent face. The vectors DB  and  DC  both lie in the plane containing
Ä

œ � œ � �
Ä

i j k i j k1 1
3 3 3 3

2 2 2 2È È È ÈÈ È
� �
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 BCD. The normal to this plane is given by  . The angle  between two1

1

˜ œ œ ��

� �

n j k

i j k

2
1

3 3
2 2

1
3 3

2 2

2
3 3

2

â ââ ââ ââ ââ ââ ââ ââ â
È ÈÈ

È ÈÈ
ÈÈ È4

)

 adjacent faces is given by cos cos DAP cos 70.53 .) )œ n œ œ Ê œ ¸a b ˆ ‰n n
n n

1 2

1 2

†
l ll l

� ‰2/ 3

1 6/ 3

1 1
3

È
a bŠ ‹È

10. Extend CD to CG so that CD DG.  Then CG t CF CB BG and t CF 3 CE CA, since ACBG is a
Ä Ä Ä Ä Ä Ä Ä Ä Ä Ä Ä

œ œ œ � œ �

 parallelogram.  If t CF 3 CE CA , then t 3 1 0  t 4, since F, E, and A are collinear.
Ä Ä Ä

� � œ � � œ Ê œ0

 Therefore, CG 4 CF   CD 2 CF   F is the midpoint of CD.
Ä Ä Ä Ä

œ Ê œ Ê

11. If Q(x y) is a point on the line ax by c, then P Q (x x ) (y y ) , and a b  is normal to theß � œ œ � � � œ �
Ä
" " "i j n i j

 line.  The distance is proj  P Q¹ ¹ ¹ ¹n "
� � � �

� �

� � �Ä
œ œ[(x x ) (y y ) ] (a b )

a b a b

a(x x ) b(y y )" "

# # # #

" "i j i j†È Èk k
 , since c ax by.œ œ �k kÈax by c

a b
" "

# #

� �

�

12. (a) Let Q(x y z) be any point on Ax By Cz D 0.  Let QP (x x ) (y y ) (z z ) , andß ß � � � œ œ � � � � �
Ä

" " " "i j k

 .  The distance is proj  QP ((x x ) (y y ) (z z ) )n i j kœ œ � � � � �
ÄA B C A B C

A B C A B C
i j k i j k� � � �

� � � �
" " " "È È# # # # # #

¹ ¹ ¹ ¹Š ‹n †

 .œ œk k k kÈ ÈAx By Cz (Ax By Cz) Ax By Cz D

A B C A B C
" " " " " "

# # # # # #

� � � � � � � �

� � � �

 (b) Since both tangent planes are parallel, one-half of the distance between them is equal to the radius of the

 sphere, i.e., r  3 (see also Exercise 12a).  Clearly, the points (1 2 3) and ( 1 2 3)œ œ ß ß � ß� ß�"
#

�

� �

k kÈ 3 9
1 1 1

È
 are on the line containing the sphere's center.  Hence, the line containing the center is x 1 2t,œ �

 y 2 4t, z 3 6t.  The distance from the plane x y z 3 0 to the center is 3œ � œ � � � � œ È
  3 from part (a)  t 0  the center is at (1 2 3).  ThereforeÊ œ Ê œ Ê ß ßk kÈ(1 2t) (2 4t) (3 6t) 3

1 1 1
� � � � � �

� �
È

 an equation of the sphere is (x 1) (y 2) (z 3) 3.� � � � � œ# # #

13. (a) If (x y z ) is on the plane Ax By Cz D , then the distance d between the planes is" " " "ß ß � � œ

 d , since Ax By Cz D , by Exercise 12(a).œ œ � � œk k k kÈ k kAx By Cz D D D

A B C A B C
" " " # " #

# # #

� � � �

� � � � " " " "i j k

 (b) d œ œk kÈ È12 6
4 9 1

6
14

�

� �

 (c)   D 8 or 4  the desired plane isk k k kÈ È2(3) ( 1)(2) 2( 1) 4 2(3) ( 1)(2) 2( 1) D

14 14

� � � � � � � � � �œ Ê œ � Ê

 2x y 2x 8� � œ

 (d) Choose the point (2 0 1) on the plane.  Then 5  D 3 5 6  the desired planes areß ß œ Ê œ „ Êk kÈ3 D

6

� È
 x 2y z 3 5 6 and x 2y z 3 5 6.� � œ � � � œ �È È
14. Let AB BC and D(x y z) be any point in the plane determined by A, B and C.  Then the point D lies inn œ ‚ ß ß

Ä Ä

 this plane if and only if AD 0  AD (AB BC) 0.
Ä Ä Ä Ä

œ Í ‚ œ† †n

15. 2 6  is normal to the plane x 2y 6z 6; 4 5  is parallel to the1 1 1
1 2 6

n i j k v n i j k
i j k

œ � � � � œ ‚ œ œ � �

â ââ ââ ââ ââ ââ â
 plane and perpendicular to the plane of  and   ( ) 32 23 13  is a1 2 6

4 5 1
v n w n v n i j k

i j k
Ê œ ‚ ‚ œ œ � �

�

â ââ ââ ââ ââ ââ â
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 vector parallel to the plane x 2y 6z 6 in the direction of the projection vector proj  .  Therefore,� � œ P v

 proj  proj   P v v v w w w w i j kœ œ œ œ œ œ œ � �w Š ‹ Š ‹ ˆ ‰†
w w v w
w w wk k k k k k† # # # #

32 23 13 42 32 23 13
32 23 13 1722 41 41 41 41

� � "
� �

16. proj  proj   and proj  proj    ( proj  ) proj  ( proj  ) proj  z z z z z z z zw v w w v v w w w w v v wœ � � œ Ê œ � � œ � ��

 2 proj  2  œ � œ �v v v zz Š ‹v z
z
†k k #

17. (a) 2 2 4 ( ) ; ( ) ( ) 0 0 ; 4 ( ) ;u v i j k u v w 0 u w v v w u v u 0 v w i u v w 0‚ œ ‚ œ Ê ‚ ‚ œ � œ � œ ‚ œ Ê ‚ ‚ œ† †

 ( ) ( ) 0 0u w v u v w v w 0† †� œ � œ

 (b) 4 3   ( ) 10 2 6 ;1 1 1 1 4 3
2 1 2 1 2 1

u v i j k u v w i j k
i j k i j k

‚ œ œ � � Ê ‚ ‚ œ œ � � ��
� � �

â â â ââ â â ââ â â ââ â â ââ â â ââ â â â
 ( ) ( ) 4(2 2 ) 2( ) 10 2 6 ;u w v v w u i j k i j k i j k† †� œ � � � � � � œ � � �

 v w i j k u v w i j k
i j k i j k

‚ œ œ � � Ê ‚ ‚ œ œ � � �� �
� �

â â â ââ â â ââ â â ââ â â ââ â â ââ â â â2 1 2 1 1 1
1 2 1 3 4 5

3 4 5   ( ) 9 2 7 ;

 ( ) ( ) 4(2 2 ) ( 1)( 2 ) 9 2 7u w v u v w i j k i j k i j k† †� œ � � � � � � � � œ � � �

 (c)  2 4   ( ) 4 6 2 ;2 1 0 1 2 4
2 1 1 1 0 2

u v i j k u v w i j k
i j k i j k

‚ œ œ � � Ê ‚ ‚ œ œ � � �
�

� �

â â â ââ â â ââ â â ââ â â ââ â â ââ â â â
 ( ) ( ) 2(2 ) 4(2 ) 4 6 2 ;u w v v w u i j k i j i j k† †� œ � � � � œ � � �

 v w i j k u v w i j k
i j k i j k

‚ œ œ � � � Ê ‚ ‚ œ œ � ��
� �

â â â ââ â â ââ â â ââ â â ââ â â ââ â â â2 1 1 2 1 0
1 0 2 2 3 1

2 3   ( ) 2 4 ;

 ( ) ( ) 2(2 ) 3( 2 ) 2 4u w v u v w i j k i k i j k† †� œ � � � � œ � �

 (d) 3   ( ) 10 10 ;1 1 2 1 3 1
1 0 1 2 4 2

u v i j k u v w i k
i j k i j k

‚ œ œ � � � Ê ‚ ‚ œ œ � �� �
� � �

â â â ââ â â ââ â â ââ â â ââ â â ââ â â â
 ( ) ( ) 10( ) 0( 2 ) 10 10 ;u w v v w u i k i j k i k† †� œ � � � � � œ � �

 v w i j k u v w i j k
i j k i j k

‚ œ œ � � Ê ‚ ‚ œ œ � � �� � �
� � �

â â â ââ â â ââ â â ââ â â ââ â â ââ â â â1 0 1 1 1 2
2 4 2 4 4 4

4 4 4   ( ) 12 4 8 ;

 ( ) ( ) 10( ) 1(2 4 2 ) 12 4 8u w v u v w i k i j k i j k† †� œ � � � � � œ � � �

18. (a) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )u v w v w u w u v u w v u v w v u w v w u w v u w u v 0‚ ‚ � ‚ ‚ � ‚ ‚ œ � � � � � œ† † † † † †

 (b) [ ( )] [( ( )] [( ( )] [( ) ] [( ) ] [( ) ]u v i i u v j j u v k k u v i i u v j j u v k k u v† † † † † †‚ � ‚ � ‚ œ ‚ � ‚ � ‚ œ ‚

 (c) ( ) ( ) [ ( )] [( ) ( ) ] ( )( ) ( )( )u v w r u v w r u v r w v w r u w v r u r v w
u w v w
u r v r

‚ ‚ œ ‚ ‚ œ � œ � œ† † † † † † † † †

† †

† †
º º

19. The formula is always true;  [ ( )]  [( ) ( ) ]u u u v w u u v u u u v w‚ ‚ ‚ œ ‚ �† † † †

 [( ) ( ) ]   œ ‚ � ‚ œ � ‚ œ � ‚u v u u u u u v w u u v w u u v w† † † † †k k k k# #

20. If (cos B) (sin B)  and (cos A) (sin A) , where A B, then   sin (A B)u i j v i j u v u v kœ � œ � � ‚ œ �c dk k k k
 (cos B sin A sin B cos A)   sin (A B) cos B sin A sin B cos A, sincecos B sin B 0

cos A sin A 0
œ œ � Ê � œ �

â ââ ââ ââ ââ ââ â
i j k

k

 1 and 1.k k k ku vœ œ
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21. If a b  and c d , then   cos   ac bd a b  c d  cos u i j v i j u v u vœ � œ � œ Ê � œ � �† k k k k È È) )# # # #

  (ac bd) a b c d  cos   (ac bd) a b c d , since cos 1.Ê � œ � � Ê � Ÿ � � Ÿ# # # # # # # # # # # #a b a b a b a b) )

22. If a b c , then a b c 0 and 0 iff a b c 0.u i j k u u u uœ � � œ � �   œ œ œ œ† †
# # #

23. ( ) ( ) 2 2    k k k k k k k k k k a b k k k k k kk k k ku v u v u v u u u v v v u u v v u v u v u v� œ � � œ � � Ÿ � � œ � Ê � Ÿ �# # # #
† † † †

24. Let  denote the angle between  and , and  the angle between  and .  Let a  and b .  Then! "w u w v u vœ œk k k k
 cos , and likewise, cos ! "œ œ œ œ œ œ œw u v u u v

w u w u w u w u w w w
v u u v u u u v u u u v u

† † †
† † † † † †k k k k k k k k k k k k k k k k k k k k k ka b

    a
(a b ) (a b ) (a b ) a ba ba ba� � � � � �#

.

 Since the angle between  and  is always  and cos cos , we have that    bisects the angle betweenu v wŸ œ œ Ê1
# ! " ! "

  and .u v

25. ( ) ( )k k k k k k k k k k k k k k k k k k k k k k k ku v v u v u u v u v v u v u v u u v u v v u u v� � œ � � �† † † † †

 0œ � � � œ � œk k k k k k k k k k k k k k k k k k k kv u u v v u u u v v v u u v v u u v† † † †
# # # # # #
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CHAPTER 13  VECTOR-VALUED FUNCTIONS
 AND MOTION IN SPACE

13.1  CURVES IN SPACE AND THEIR TANGENTS

 1. x t 1 and y t 1  y (x 1) 1 x 2x; 2t  2   2  and 2œ � œ � Ê œ � � œ � œ œ � Ê œ œ Ê œ � œ# # # v i j  a j v i j a jd d
dt dt
r v

 at t 1œ

 2. x  and y   x y 1;   œ œ Ê œ œ Ê œ � œ œ � Ê œ œ � �t 1 1 1 d 1 1 d 2 2
t 1 t 1 y x dt t dt t1 t 1 t 1� �� � �

1
y

1 2 2 3 3
y

v i j a i jr v
a b a b

  4 4  and 16 16  at tÊ œ œ � œ �v i j a i j� �
"
#

 3. x e  and y e   y x ; e e   e e   3 4  and 3 8  at t ln 3œ œ Ê œ œ œ � Ê œ � Ê œ � œ � œt 2t t 2t t 2t2 2 d 4 8
9 9 dt 9 9

# v i j a i j v i j a i jr

 4. x cos 2t and y 3 sin 2t  x y 1; ( 2 sin 2t) (6 cos 2t)   œ œ Ê � œ œ œ � � Ê œ# #"
9 dt dt

d dv i j ar v

 ( 4 cos 2t) ( 12 sin 2t)   6  and 4  at t 0œ � � � Ê œ œ � œi j v j a i

 5. (cos t) (sin t)  and (sin t) (cos t)v i j a i jœ œ � œ œ � �d d
dt dt
r v

  for t ,  andÊ œ œ �1 1
4 4

2 2v i jˆ ‰ È È
# #

 ; for t ,  anda i j v jˆ ‰ ˆ ‰1 1 1
4

2 2œ � � œ œ �
È È
# # # #

 a iˆ ‰1
# œ �

 

 6. 2 sin 2 cos  and v i j aœ œ � � œd t t d
dt dt
r vˆ ‰ ˆ ‰

# #

 cos sin  for t , ( ) 2  andœ � � � Ê œ œ �ˆ ‰ ˆ ‰t t
# #i j v i1 1

 ( ) ; for t , 2 2  anda j v i j1 œ � œ œ � �3 31 1
# #

ˆ ‰ È È
 a i jˆ ‰3 2 21

# # #œ �
È È

 

 7. (1 cos t) (sin t)  and v i j aœ œ � � œd d
dt dt
r v

 (sin t) (cos t)  for t , ( ) 2  and ( ) ;œ � Ê œ œ œ �i j v i a j1 1 1

 for t ,  and œ œ � œ �3 3 31 1 1
# # #v i j a iˆ ‰ ˆ ‰

 

 8. 2t  and 2   for t 1,v i j a jœ œ � œ œ Ê œ �d d
dt dt
r v

 ( 1) 2  and ( 1) 2 ; for t 0, (0)  andv i j a j v i� œ � � œ œ œ

 (0) 2 ; for t 1, (1) 2  and (1) 2a j v i j a jœ œ œ � œ
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 9. (t 1) t 1 2t   2t 2   2 ; Speed:  (1) 1 (2(1)) 2 3;r i j k v i j k a j vœ � � � � Ê œ œ � � Ê œ œ œ � � œa b k k È# # # #d d
dt dt
r r#

#

 Direction:    (1) 3v i j k
v

(1) 2(1) 2
(1) 3 3 3 3 3 3 3

2 2 2 2k k œ œ � � Ê œ � �� � " "i j k v i j kˆ ‰
10. (1 t)   t   2t ; Speed:  (1)r i j k v i j k a j k vœ � � � Ê œ œ � � Ê œ œ �t t d 2t d 2

2 2 23 dt dt

# $ #

#È È Èr r# k k
 1 (1 ) 2; Direction:    (1)œ � � œ œ œ � � ÊÊ Š ‹# # #

# � �

# # #
" " "2(1) (1)

2 2(1)

(1 )

È Èk kv
v

i j k2(1)
2È

#

i j k v

 2œ � �Š ‹" " "
# #i j kÈ2

11. (2 cos t) (3 sin t) 4t   ( 2 sin t) (3 cos t) 4   ( 2 cos t) (3 sin t) ;r i j k v i j k a i jœ � � Ê œ œ � � � Ê œ œ � �d d
dt dt
r r#

#

 Speed:  2 sin 3 cos 4 2 5; Direction:  ¸ ¸ ˆ ‰ ˆ ‰ˆ ‰ É Èv 1 1 1
# #

# # #œ � � � œ2
v
v

ˆ ‰
¸ ¸ˆ ‰

1

1

#

#

  sin   cos   2 5œ � � � œ � � Ê œ � �Š ‹ Š ‹ Š ‹ˆ ‰ È2 3 4 2 2
5 5 5 5 5 5 5# # ## # #

" "È È È È È È È1 1 1i j k i k v i k

12. (sec t) (tan t) t   (sec t tan t) sec t   r i j k v i j k aœ � � Ê œ œ � � Ê œ4 d 4 d
3 dt 3 dt

r ra b# #

#

 sec t tan t sec t 2 sec t tan t ; Speed:  sec  tan sec 2;œ � � œ � � œa b a b ¸ ¸ ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰ É# $ # # ## #
i j v 1 1 1 1

6 6 6 6 3
4

 Direction:    2
v i j k
v

ˆ ‰ ˆ ‰
¸ ¸ˆ ‰

1 1 1 1

1

6 6 6 6 3

6

4

œ œ � � Ê œ � �
sec  tan sec� �

#
" "ˆ ‰#

3 3 3 6 3 3 3
2 2 2 2i j k v i j kˆ ‰ ˆ ‰1

13. (2 ln (t 1)) t   2t t   2 ;r i j k v i j k a i j kœ � � � Ê œ œ � � Ê œ œ � �#
� �

�t d 2 d 2
2 dt t 1 dt (t 1)

# #

# #

r rˆ ‰ ’ “
 Speed:  (1) (2(1)) 1 6; Direction:  k k Éˆ ‰ Èv œ � � œ œ2

1 1 (1)
(1)  2(1) (1)

6�

# # #
� �v

v

i j k

k k
Š ‹

È
2

1"�

   (1) 6œ � � Ê œ � �" " "È È È È È È6 6 6 6 6 6
2 1 2i j k v i j kÈ Š ‹

14. e (2 cos 3t) (2 sin 3t)   e (6 sin 3t) (6 cos 3t)   r i j k v i j k aœ � � Ê œ œ � � � Ê œa b a b� �t td d
dt dt
r r#

#

 e (18 cos 3t) (18 sin 3t) ; Speed:  (0) e [ 6 sin 3(0)] [6 cos 3(0)] 37;œ � � œ � � � � œa b k k a bÉ È� ! # ##t i j k v

 Direction:    (0) 37v
v

i j k(0)
(0)

e 6 sin 3(0) 6 cos 3(0)

37 37 37 37 37
6 6k k a b È È È È Èœ œ � � Ê œ � �� � � " "!

i k v i kÈ Š ‹

15. 3 3 2t  and 2   (0) 3 3  and (0) 2   (0) 3 3 0 12 andv i j k a k v i j a k vœ � � œ Ê œ � œ Ê œ � � œÈ È Èk k Ê Š ‹ È# #
#

 (0) 2 2; (0) (0) 0  cos 0  k k Èa v aœ œ œ Ê œ Ê œ#
#† ) ) 1

16. 32t  and 32   (0)  and (0) 32   (0)v i j a j v i j a j vœ � � œ � Ê œ � œ � Ê œ �
È È È È È È2 2 2 2 2 2
# # # # # #

# #Š ‹ Š ‹ Š ‹k k Ê
 1 and (0) ( 32) 32; (0) (0) ( 32) 16 2  cos   œ œ � œ œ � œ � Ê œ œ � Ê œk k È Š ‹ Èa v a#

# #
�

†
È È È2 16 2 2

1(32) 4
3) ) 1

17.  t t 1  and   (0)  andv i j k a i j k v jœ � � � œ � � Ê œˆ ‰ ˆ ‰ a b ’ “ ’ “ ’ “2t 1 2t 2 2t
t 1 t 1 t 1 t 1 t 1# #

#

# ## #
# $Î#� �

# �"Î# � � "
� � �a b a b a b

 (0) 2   (0) 1 and (0) 2 1 5; (0) (0) 0  cos 0  a i k v a v aœ � Ê œ œ � œ œ Ê œ Ê œk k k k È È# #
† ) ) 1

2

18. (1 t) (1 t)   and (1 t) (1 t)   (0)  andv i j k a i j v i j kœ � � � � œ � � � Ê œ � �2 2 2 2
3 3 3 3 3 3 3 3

"Î# "Î# �"Î# �"Î#" " " "

 (0)   (0) 1 and (0) ; (0) (0)a i j v a v aœ � Ê œ � � � œ œ � œ œ �" " " " "# # # # #

3 3 3 3 3 3 3 3 9 9
2 2 2 22k k k kÉ Éˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ È

†

 0  cos 0  œ Ê œ Ê œ) ) 1
#
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19. (t) (sin t) t cos t e   (t) (cos t) (2t sin t) e ; t 0  (t )  andr i j k v i j k v i kœ � � � Ê œ � � � œ Ê œ �a b#
!

t t
0

 (t ) P (0 1 1)  x 0 t t, y 1, and z 1 t are parametric equations of the tangent liner 0 œ œ ß� ß Ê œ � œ œ � œ �!

20. (t) t 2t 1 t   (t) 2t 2 3t ; t 2  2 4 2 12  andr i j k v i j k v i j kœ � � � Ê œ � � œ Ê œ � �2 3 2a b ! a b

 (t ) P 4 3 8   x 4 4t, y 3 2t, and z 8 12t are parametric equations of the tangent liner 0 œ œ ß ß Ê œ � œ � œ �! a b
21. (t) ln t t ln t   (t) ln t 1 ; t 1  1  andr i j k v i j k v i j kœ � � Ê œ � � � œ Ê œ � �a b a b a b a bt 1 1 3 1

t 2 t 3t 2
�
� � !a b2

 (t ) P 0 0 0  x 0 t t, y 0 t t, and z 0 t t are parametric equations of the tangent liner 0
1 1
3 3œ œ ß ß Ê œ � œ œ � œ œ � œ! a b

22. (t) (cos t) sin t (sin 2t)   (t) ( sin t) (cos t) (2 cos 2t) ; t   (t ) 2  andr i j k v i j k v i kœ � � Ê œ � � � œ Ê œ � �a b ! #
1

0

 (t ) P (0 1 0)  x 0 t t, y 1, and z 0 2t 2t are parametric equations of the tangent liner 0 œ œ ß ß Ê œ � œ � œ œ � œ �!

23. (a) (t) (sin t) (cos t)   (t) (cos t) (sin t) ;v i j a i jœ � � Ê œ � �

 (i) (t) ( sin t) (cos t) 1  constant speed;k k Èv œ � � œ Ê# #

 (ii) (sin t)(cos t) (cos t)(sin t) 0  yes, orthogonal;v a† œ � œ Ê

 (iii) counterclockwise movement;

 (iv) yes, (0) 0r i jœ �

 (b) (t) (2 sin 2t) (2 cos 2t)   (t) (4 cos 2t) (4 sin 2t) ;v i j a i jœ � � Ê œ � �

 (i) (t) 4 sin 2t 4 cos 2t 2  constant speed;k k Èv œ � œ Ê# #

 (ii) 8 sin 2t cos 2t 8 cos 2t sin 2t 0  yes, orthogonal;v a† œ � œ Ê

 (iii) counterclockwise movement;

 (iv) yes, (0) 0r i jœ �

 (c) (t) sin t cos t   (t) cos t sin t ;v i j a i jœ � � � � Ê œ � � � �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰1 1 1 1
# # # #

 (i) (t) sin t cos t 1  constant speed;k k É ˆ ‰ ˆ ‰v œ � � � œ Ê# #
# #
1 1

 (ii) sin t  cos t cos t  sin t 0  yes, orthogonal;v a† œ � � � � � œ Êˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰1 1 1 1
# # # #

 (iii) counterclockwise movement;

 (iv) no, (0) 0  instead of 0r i j i jœ � �

 (d) (t) (sin t) (cos t)   (t) (cos t) (sin t) ;v i j a i jœ � � Ê œ � �

 (i) (t) ( sin t) ( cos t) 1  constant speed;k k Èv œ � � � œ Ê# #

 (ii) (sin t)(cos t) (cos t)(sin t) 0  yes, orthogonal;v a† œ � œ Ê

 (iii) clockwise movement;

 (iv) yes, (0) 0r i jœ �

 (e) (t) (2t sin t) (2t cos t)   (t) (2 sin t 2t cos t) (2 cos t 2t sin t) ;v i j a i jœ � � Ê œ � � � �

 (i) (t) (2t cos t) 4t sin t cos t 2 t 2t, t 02t sin tk k c d a b k kÉ a b Èv œ � œ � œ œ  � # # # # #

  variable speed;Ê

 (ii) 4 t sin t t  sin t cos t 4 t cos t t  cos t sin t 4t 0 in general not orthogonal in general;v a† œ � � � œ Á Êa b a b# # # #

 (iii) counterclockwise movement;

 (iv) yes, (0) 0r i jœ �

24. Let 2 2  denote the position vector of the point 2, 2, 1  and let,  and .p i j k u i j v i j kœ � � œ � œ � �a b " " " " "È È È È È2 2 3 3 3

 Then (t) (cos t) (sin t) .  Note that (2 2 1) is a point on the plane and 2  is normal tor p u v n i j kœ � � ß ß œ � �

 the plane.  Moreover,  and  are orthogonal unit vectors with 0   and  are parallel to theu v u n v n u v† †œ œ Ê

 plane.  Therefore, (t) identifies a point that lies in the plane for each t.  Also, for each t, (cos t) (sin t)r u v�

 is a unit vector.  Starting at the point 2 , 2 , 1  the vector t  traces out a circle of radius 1 andŠ ‹ a b� �1 1
2 2È È r

 center (2 2 1) in the plane x y 2z 2.ß ß � � œ
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25. The velocity vector is tangent to the graph of y 2x at the point ( ), has length 5, and a positive # œ #ß # i

 component.  Now, y 2x  2y 2    the tangent vector lies in the direction of the#

Ð#ß#Ñ # #
"œ Ê œ Ê œ œ Êdy dy

dx dx 2
2¹
†

 vector   the velocity vector is 2 5 5i j v i j i j i j� Ê œ � œ � œ �" " "
# # #�

5 5

1É Œ �"

#4
5

ˆ ‰ ˆ ‰ È È
È

26. (a) 

 (b) (1 cos t) (sin t)  and (sin t) (cos t) ; (1 cos t) sin t 2 2 cos t   is at a maxv i j a i j v vœ � � œ � œ � � œ � Êk k k k# ## #

 when cos t 1  t , 3 , 5 , etc., and at these values of t, 4  max 4 2;  is at a minœ � Ê œ œ Ê œ œ1 1 1 k k k k k kÈv v v# #

 when cos t 1  t 0, 2 , 4 , etc., and at these values of t, 0  min 0; sin t cos t 1œ Ê œ œ Ê œ œ � œ1 1 k k k k k kv v a# # # #

 for every t  max min 1 1Ê œ œ œk k k k Èa a

27. ( ) 2 2 0 0   is a constant   is constantd d d d
dt dt dt dtr r r r r r r r r r† † † † † † †œ � œ œ œ Ê Ê œr r r k k È

28. (a) ( ) ( ) ( ) ( )d d d d d d
dt dt dt dt dt dtu v w v w u v w v w u w v† † † † †‚ œ ‚ � ‚ œ ‚ � ‚ � ‚u u v wˆ ‰

 ( )œ ‚ � ‚ � ‚d d d
dt dt dt
u v w
† † †v w u w u v

 (b) , since ( ) 0d d d d d d d d d d d d
dt dt dt dt dt dt dt dt dt dt dt dt’ “ Š ‹ Š ‹ Š ‹ Š ‹Š ‹r r r r A A B† † † † † †

r r r r r r r r r r r‚ œ ‚ � ‚ � ‚ œ ‚ ‚ œ
# # # # $ $

# # # # $ $

 and ( ) 0 for any vectors  and A B B A B† ‚ œ

29. (a) f(t) g(t) h(t)   c cf(t) cg(t) ch(t)   (c ) c c c u i j k u i j k u i j kœ � � Ê œ � � Ê œ � �d df dh
dt dt dt dt

dg

 c c œ � � œŠ ‹df dh d
dt dt dt dt

dgi j k u

 (b) f(t) g(t) h(t)   ( ) f(t) g(t) h(t)f f f f f f f fu i j k u i j kœ � � Ê œ � � � � �d df dh
dt dt dt dt dt dt dt

d d dg d’ “ ’ “ ’ “f f f

 [f(t) g(t) h(t) ]œ � � � � � œ �d dg d
dt dt dt dt dt dt

df dh df fi j k i j k uf f’ “ u

30. Let f (t) f (t) f (t)  and g (t) g (t) g (t) .  Thenu i j k v i j kœ � � œ � �" # $ " # $

 u v i j k� œ � � � � �[f (t) g (t)] [f (t) g (t)] [f (t) g (t)]" " # # $ $

  ( ) [f (t) g (t)] [f (t) g (t)] [f (t) g (t)]Ê � œ � � � � �d
dt u v i j kw w w w w w

" " # # $ $

 [f (t) f (t) f (t) ] [g (t) g (t) g (t) ] ;œ � � � � � œ �w w w w w w
" $ " # $i j k i j k

#

d d
dt dt
u v

 [f (t) g (t)] [f (t) g (t)] [f (t) g (t)]u v i j k� œ � � � � �" " # # $ $

  ( ) [f (t) g (t)] [f (t) g (t)] [f (t) g (t)]Ê � œ � � � � �d
dt u v i j kw w w w w w

" " # # $ $

 [f (t) f (t) f (t) ] [g (t) g (t) g (t) ]œ � � � � � œ �w w w w w w
" # $ " # $i j k i j k d d

dt dt
u v

31. Suppose  is continuous at t t .  Then  lim  (t) (t )   lim  [f(t) g(t) h(t) ]r r r i j kœ œ Í � �! !t t t tÄ Ä! !

  f(t ) g(t ) h(t )   lim  f(t) f(t ),  lim  g(t) g(t ), and  lim  h(t) h(t )  f, g, and h areœ � � œ œ œ Í! ! ! ! ! !i j k Í
t t t t t tÄ Ä Ä! ! !

 continuous at t t .œ !
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32.  lim  [ (t) (t)]  lim   f (t) f (t) f (t)
g (t) g (t) g (t)

 lim  f (t)  lim  f (t)
t t t t t t t t
Ä Ä

Ä Ä

! !
! !

r r
i j k i j k

" # " # $

" # $

" #‚ œ œ

â ââ ââ ââ ââ ââ â
â ââ ââ ââ ââ ââ ââ â

 lim  f (t)

 lim  g (t)  lim  g (t)  lim  g (t)
t t

t t t t t t

Ä

Ä Ä Ä

!

! ! !

$

" # $

  lim  (t)  lim  (t)œ ‚ œ ‚
t t t tÄ Ä! !

r r A B" #

33. (t ) exists  f (t ) g (t ) h (t )  exists  f (t ), g (t ), h (t ) all exist  f, g, and h are continuous atr i j kw w w w w w w
! ! ! ! ! ! !Ê � � Ê Ê

 t t   (t) is continuous at t tœ Ê œ! !r

34. a b c  with a, b, c real constants  0 0 0u C i j k i j k i j k 0œ œ � � Ê œ � � œ � � œd da db dc
dt dt dt dt
u

35-38. Example CAS commands:
 :Maple
 > with( plots );
 r := t -> [sin(t)-t*cos(t),cos(t)+t*sin(t),t^2];
 t0 := 3*Pi/2;
 lo := 0;
 hi := 6*Pi;
 P1 := spacecurve( r(t), t=lo..hi, axes=boxed, thickness=3 ):
 display( P1, title="#35(a) (Section 13.1)" );
 Dr := unapply( diff(r(t),t), t );                                # (b)
 Dr(t0);                                                                      # (c)
 q1 := expand( r(t0) + Dr(t0)*(t-t0) );
 T := unapply( q1, t );
 P2 := spacecurve( T(t), t=lo..hi, axes=boxed, thickness=3, color=black ):
 display( [P1,P2], title="#35(d) (Section 13.1)" );

39-40. Example CAS commands:
 :Maple
 a := 'a'; b := 'b';
 r := (a,b,t) -> [cos(a*t),sin(a*t),b*t];
 Dr := unapply( diff(r(a,b,t),t), (a,b,t) );
 t0 := 3*Pi/2;
 q1 := expand( r(a,b,t0) + Dr(a,b,t0)*(t-t0) );
 T := unapply( q1, (a,b,t) );
 lo := 0;
 hi := 4*Pi;
 P := NULL:
 for a in [ 1, 2, 4, 6 ] do
   P1 := spacecurve( r(a,1,t), t=lo..hi, thickness=3 ):
   P2 := spacecurve( T(a,1,t), t=lo..hi, thickness=3, color=black ):
   P := P, display( [P1,P2], axes=boxed, title=sprintf("#39 (Section 13.1)\n a=%a",a) );
 end do:
 display( [P], insequence=true );

35-40. Example CAS commands:
 : (assigned functions, parameters, and intervals will vary)Mathematica

 The x-y-z components for the curve are entered as a list of functions of t. The unit vectors , ,  are not inserted.i j k
 If a graph is too small, highlight it and drag out a corner or side to make it larger.
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 Only the components of  r[t] and values for t0, tmin, and tmax require alteration for each problem.
 Clear[r, v, t, x, y, z]
 r[t_]={ Sin[t] t  Cos[t], Cos[t] t  Sin[t], t^2}� �

 t0= 3  / 2;  tmin= 0;  tmax= 6 ;1 1

 ParametricPlot3D[Evaluate[r[t]], {t, tmin, tmax}, AxesLabel {x, y, z}];Ä

 v[t_]= r'[t]
 tanline[t_]= v[t0] t r[t0]�

 ParametricPlot3D[Evaluate[{r[t], tanline[t]}], {t, tmin, tmax}, AxesLabel {x, y, z}];Ä

 For 39 and 40, the curve can be defined as a function of t, a, and b. Leave a space between a and t and b and t.
 Clear[r, v, t, x, y, z, a, b]
 r[t_,a_,b_]:={Cos[a t], Sin[a t], b t}
 t0= 3  / 2;  tmin= 0;  tmax= 4 ;1 1

 v[t_,a_,b_]= D[r[t, a, b], t]
 tanline[t_,a_,b_]=v[t0, a, b] t r[t0, a, b]�

 pa1=ParametricPlot3D[Evaluate[{r[t, 1, 1], tanline[t, 1, 1]}], {t,tmin, tmax}, AxesLabel {x, y, z}];Ä

 pa2=ParametricPlot3D[Evaluate[{r[t, 2, 1], tanline[t, 2, 1]}], {t,tmin, tmax}, AxesLabel {x, y, z}];Ä

 pa4=ParametricPlot3D[Evaluate[{r[t, 4, 1], tanline[t, 4, 1]}], {t,tmin, tmax}, AxesLabel {x, y, z}];Ä

 pa6=ParametricPlot3D[Evaluate[{r[t, 6, 1], tanline[t, 6, 1]}], {t,tmin, tmax}, AxesLabel {x, y, z}];Ä

 Show[GraphicsRow[{pa1, pa2, pa4, pa6}]]

13.2  INTEGRALS OF VECTOR FUNCTIONS; PROJECTILE MOTION

 1. t 7 (t 1)  dt [7t] t 7'
0

1c d ’ “ ’ “$ "
" "

! !
!

"
#i j k i j k i j k� � � œ � � � œ � �t t 3

4 2 4

% #

 2. (6 6t) 3 t  dt 6t 3t 2t 4t 3 4 2 2 2'
1

2� ‘ � ‘È ˆ ‰ c d c d Š ‹È� � � œ � � � � œ � � � �i j k i j k i j k4
t#

# $Î# �"#
" "

#

"

#

 3. (sin t) (1 cos t) sec t  dt cos t t sin t tan t 2'
� Î%

Î%

1

1 c d c d c d c da b Š ‹i j k i j k j k� � � œ � � � � œ �# Î% Î% Î%
� Î% � Î% � Î%

�
#

1 1 1

1 1 1
1 2 2È

 4. sec t tan t tan t 2 sin t cos t  dt [ sec t tan t tan t sin 2t ] dt' '
0 0

3 31 1Î Îc d a b a b a ba b a b a bi j k i j k� � œ � �

 sec t ln cos t  cos 2t (ln 2)œ � � � � œ � �c d c da b � ‘1 1 1Î$ Î$
! !

"
#

Î$

!
i j k i j k3

4

 5.  dt ln t ln (5 t)  ln t (ln 4) (ln 4) (ln 2)'
1

4ˆ ‰ � ‘c d c d" " " "
� # #

% %
" "

%

"t 5 t ti j k i j k i j k� � œ œ � � � � œ � �

 6.  dt 2 sin t 3 tan t'
0

1Š ‹ ’ “c d È2
1 t

3 3
1 t 4È
È È

� �
�" �""

!

"

!
#

#i k i k i k� œ � œ �1 1

 7. te e  dt  e e t'
0

1Š ‹ ’ “ c d c dt t t t1 e 1 e 1
2 2 e

2 2
i j k i j k i i k� � œ � � œ � �� �

"

!

"
! !

" � �

 8. te e ln t  dt te e e t ln t t'
1

ln 3
ln 3 ln 3

1 1 1
ln 3a b c d c d c dt t t t ti j k i j k� � œ � � � �

 3 ln 3 1 3 e ln 3 ln ln 3 1 1œ � � � � � �a b a b a ba ba bi i k

 9. cos t sin 2t sin t  dt cos t sin 2t cos 2t  dt' '
0 0

2 21 1Î Îc d a b a ba b a b a b � ‘ˆ ‰i j k i j k� � œ � � � œ2 1 1
2 2

 sin t cos t t sin 2tœ � � � œ � �c d � ‘ � ‘1 1 1 1Î
!

Î Î

! !

2 1 1 1
2 2 4 4

2 2
i j k i j k
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10. sec t tan t t sin t  dt sec t sec t 1 t sin t  dt' '
0 0

/4 /41 1c d c da b a b a b a b a b a bi j k i j k� œ � �2 2
� �

 ln sec t tan t tan t t t cos t sin t ln 1 2 1œ � � � � � œ � � � � �c d c d c da b Š ‹ Š ‹È ˆ ‰1 1 1/4 /4 /4
! ! !i j k i j k1 1

4 4 2 2
1È È

11. ( t t t ) dt ; (0) 0 0 0 2 3   2 3r i j k i j k C r i j k C i j k C i j kœ � � � œ � � � � œ � � � � � Ê œ � �' t t t# # #

# # # œ

  1 2 3Ê œ � � � � � � � �r i j kŠ ‹ Š ‹ Š ‹t t t# # #

# # #

12. (180t) 180t 16t  dt 90t 90t t ; (0) 90(0) 90(0) (0)r i j i j C r i j Cœ � � œ � � � œ � � �' c da b ˆ ‰ � ‘# # # $ # # $16 16
3 3

 100   100   90t 90t t 100œ Ê œ Ê œ � � �j C j r i j# # $ˆ ‰16
3

13. (t 1) e  dt (t 1) e ln (t 1) ;r i j k i j k Cœ � � � œ � � � � �' � ‘ˆ ‰ ˆ ‰3
t 1# �

"Î# $Î#"� �t t

 (0) (0 1) e ln (0 1)   r i j k C k C i j kœ � � � � � œ Ê œ � � �$Î# �!

  (t 1) 1 1 e [1 ln (t 1)]Ê œ � � � � � � �r i j k� ‘ a b$Î# �t

14. t 4t t 2t  dt 2t ; (0) 2(0)r i j k i j k C r i j k Cœ � � � œ � � � � œ � � � �' c da b Š ‹ ’ “$ # # #t t 2t 0 0
4 2 3 4 2 3

2(0)% # $ % # $

     2t 1 1œ � Ê œ � Ê œ � � � � �i j C i j r i j kŠ ‹ Š ‹t t 2t
4 3

% # $#
#

15. ( 32 ) dt 32t ; (0) 8 8   32(0) 8 8   8 8d d
dt dt
r rœ � œ � � œ � Ê � � œ � Ê œ �' k k C i j k C i j C i j" " "

  8 8 32t ; (8 8 32t ) dt 8t 8t 16t ; (0) 100Ê œ � � œ � � œ � � � œd
dt
r i j k r i j k i j k C r k' #

#

  8(0) 8(0) 16(0) 100   100   8t 8t 100 16tÊ � � � œ Ê œ Ê œ � � �i j k C k C k r i j k# #
# # a b

16. ( ) dt (t t t ) ; (0)   (0 0 0 )   d d
dt dt
r rœ � � � œ � � � � œ Ê � � � � œ Ê œ' i j k i j k C 0 i j k C 0 C 0" " "

  (t t t ) ; (t t t ) dt ; (0) 10 10 10Ê œ � � � œ � � � œ � � � � œ � �d t t t
dt
r i j k r i j k i j k C r i j k' Š ‹# # #

# # # #

  10 10 10   10 10 10Ê � � � � œ � � Ê œ � �Š ‹0 0 0# # #

# # # # #i j k C i j k C i j k

  10 10 10Ê œ � � � � � � � �r i j kŠ ‹ Š ‹ Š ‹t t t# # #

# # #

17. 3   (t) 3t t t ; the particle travels in the direction of the vectord
dt
v œ œ � � Ê œ � � �a i j k v i j k C"

 (4 1) (1 2) (4 3) 3  (since it travels in a straight line), and at time t 0 it has speed� � � � � œ � � œi j k i j k

 2  (0) (3 )   (t) 3t t tÊ œ � � œ Ê œ œ � � � � �v i j k C v i j k2 d 6 2 2
9 1 1 dt 11 11 11È È È È� � "

r Š ‹ Š ‹ Š ‹
  (t) t t t t t t ; (0) 2 3Ê œ � � � � � � œ � � œr i j k C r i j k CŠ ‹ Š ‹ Š ‹3 6 2 2

11 11 11# # #
# # #" "

# #È È È
  (t) t t 1 t t 2 t t 3Ê œ � � � � � � � �r i j kŠ ‹ Š ‹ Š ‹3 6 2 2

11 11 11# # #
# # #" "È È È

 t t (3 ) ( 2 3 )œ � � � � � �Š ‹"
#

# 2
11È i j k i j k

18. 2   (t) 2t t t ; the particle travels in the direction of the vectord
dt
v œ œ � � Ê œ � � �a i j k v i j k C"

 (3 1) (0 ( 1)) (3 2) 2  (since it travels in a straight line), and at time t 0 it has speed 2� � � � � � œ � � œi j k i j k

  (0) (2 )   (t) 2t t tÊ œ � � œ Ê œ œ � � � � �v i j k C v i j k2 d 4 2 2
4 1 1 dt 6 6 6È È È È� � "

r Š ‹ Š ‹ Š ‹
  (t) t t t t t t ; (0) 2Ê œ � � � � � � œ � � œr i j k C r i j k CŠ ‹ Š ‹ Š ‹# # #" "

# # # #
4 2 2

6 6 6È È È
  (t) t t 1 t t 1 t t 2 t t (2 ) ( 2 )Ê œ � � � � � � � � œ � � � � � �r i j k i j k i j kŠ ‹ Š ‹ Š ‹ Š ‹# # # #" " "

# # #
4 2 2 2

6 6 6 6È È È È
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766 Chapter 13 Vector-Valued Functions and Motion in Space

19. x (v  cos )t  (21 km) (840 m/s)(cos 60°)t  t 50 secondsœ Ê œ Ê œ œ! ! ˆ ‰1000 m
1 km (840 m/s)(cos 60°)

21,000 m

20. R  sin 2  and maximum R occurs when 45°  24.5 km (sin 90°)œ œ Ê œ
v v
g 9.8 m/s

# #

! !

#! ! Š ‹
  v (9.8)(24,500) m /s 490 m/sÊ œ œ!

# #È
21. (a) t 72.2 seconds; R  sin 2 (sin 90°) 25,510.2 mœ œ ¸ œ œ ¸2v  sin 

g 9.8 m/s g 9.8 m/s
2(500 m/s)(sin 45°) (500 m/s)v

! !

# #

# #! !

 (b) x (v  cos )t  5000 m (500 m/s)(cos 45°)t  t 14.14 s; thus,œ Ê œ Ê œ ¸! ! 5000 m
(500 m/s)(cos 45°)

 y (v  sin )t gt   y (500 m/s)(sin 45°)(14.14 s) 9.8 m/s (14.14 s) 4020 mœ � Ê ¸ � ¸!
" "
# #

# # #! a b
 (c) y 6378 mmax œ œ ¸(v  sin ) ((500 m/s)(sin 45°))

2g 2 9.8 m/s
!

# #

#

! a b

22. y y (v  sin )t gt   y 32 ft (32 ft/sec)(sin 30°)t 32 ft/sec t   y 32 16t 16t ;œ � � Ê œ � � Ê œ � �! !
" "
# #

# # # #! a b
 the ball hits the ground when y 0  0 32 16t 16t   t 1 or t 2  t 2 sec since t 0; thus,œ Ê œ � � Ê œ � œ Ê œ �#

 x (v  cos ) t  x (32 ft/sec)(cos 30°)t 32 (2) 55.4 ftœ Ê œ œ ¸! #! Š ‹È3

23. (a) R  sin 2   10 m (sin 90°)  v 98 m s   v 9.9 m/s;œ Ê œ Ê œ Ê ¸
v v
g 9.8 m/s

# #

! !

#! Š ‹ # # #
! !

 (b) 6m (sin 2 )  sin 2 0.59999  2 36.87° or 143.12°  18.4° or 71.6°¸ Ê ¸ Ê ¸ Ê ¸(9.9 m/s)
9.8 m/s

#

# ! ! ! !

24. v 5 10  m/s and x 40 cm 0.4 m; thus x (v  cos )t  0.4m 5 10  m/s (cos 0°)t! !
' 'œ ‚ œ œ œ Ê œ ‚! a b

  t 0.08 10  s 8 10  s; also, y y (v  sin )t gtÊ œ ‚ œ ‚ œ � ��' �) #
! !

"
#!

  y 5 10  m/s (sin 0°) 8 10  s 9.8 m/s 8 10  s 3.136 10  m orÊ œ ‚ ‚ � ‚ œ � ‚a b a b a b a b' �) # �) �"%"
#

#

 3.136 10  cm.  Therefore, it drops 3.136 10  cm.� ‚ ‚�"# �"#

25. R  sin 2   16,000 m  sin 2   sin 2 0.98  2 78.5° or 2 101.5°  39.3°œ Ê œ Ê œ Ê ¸ ¸ Ê ¸
v
g 9.8 m/s

(400 m/s)#

!
#

#! ! ! ! ! !

 or 50.7°

26. (a) R  sin 2  sin 2 4  sin  or 4 times the original range.œ œ œ(2v )
g g g

4v v!
# # #

! !! ! !Š ‹
 (b) Now, let the initial range be R  sin 2 .  Then we want the factor p so that pv  will double the rangeœ

v
g

#

! ! !

  sin 2 2  sin 2  p 2  p 2 or about 141%.  The same percentage will approximatelyÊ œ Ê œ Ê œ(pv )
g g

v!
# #

!! !Š ‹ È#

 double the height: p 2  p 2.a b a bpv sin 2 v sin 
2g 2g

0 0
2 2

! !œ Ê œ Ê œ# È
27. The projectile reaches its maximum height when its vertical component of velocity is zero v sin gt 0Ê œ � œdy

dt 0 !

 t y v sin g . To find the flight timeÊ œ Ê œ � œ � œv sin v sin v sin
g g g g 2g 2gmax 0

2
v sin v sin v sin0 0 0 0 0 0

2 2 2
! ! ! ! ! !a bŠ ‹ Š ‹! "

#
a b a b a b

 we find the time when the projectile lands: v sin t g t 0 t v sin g t 0 t 0 or t .a b ˆ ‰0 0
2 2v sin

g! !� œ Ê � œ Ê œ œ" "
# #

0 !

 t 0 is the time when the projectile is fired, so t  is the time when the projectile strikes the ground. The range isœ œ 2v sin
g

0 !

 the value of the horizontal component when  t R x v cos 2 sin cos sin 2 .œ Ê œ œ œ œ2v sin 2v sin
g g g g0

v v0 0 0 0
2 2

! !a b a bŠ ‹! ! ! !

 The range is largest when sin 2 1 45 .! !œ Ê œ ‰

28. When marble A is located R units downrange, we have x (v  cos )t  R (v  cos )t  t .  Atœ Ê œ Ê œ! !! ! R
v  cos ! !

 that time the height of marble A is y y (v  sin )t gt (v  sin ) gœ � � œ �! ! !
" "
# #

#
#

! ! Š ‹ Š ‹R R
v  cos v  cos ! !! !

  y R tan g .  The height of marble B at the same time t  seconds isÊ œ � œ! "
# Š ‹R R

v  cos v  cos 

#

#

!
#

!! !
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 h R tan gt R tan g .  Since the heights are the same, the marbles collide regardlessœ � œ �! !" "
# #

# Š ‹R
v  cos 

#

#

!
# !

 of the initial velocity v .!

29. ( g ) dt gt  and (0) (v  cos ) (v  sin )   g(0) (v  cos ) (v  sin )d d
dt dt
r rœ � œ � � œ � Ê � � œ �' j j C i j j C i j" ! ! " ! !! ! ! !

  (v  cos ) (v  sin )   (v  cos ) (v  sin gt) ; [(v  cos ) (v  sin gt) ] dtÊ œ � Ê œ � � œ � �C i j i j r i j" ! ! ! ! ! !! ! ! ! ! !d
dt
r '

 (v t cos ) v t sin gt  and (0) x y   [v (0) cos ] v (0) sin g(0)œ � � � œ � Ê � � �! ! # ! ! ! ! #
" "
# #

# #! ! ! !i j C r i j i j Cˆ ‰ � ‘
 x y   x y   (x v t cos ) y v t sin gt   x x v t cos  andœ � Ê œ � Ê œ � � � � Ê œ �! ! # ! ! ! ! ! ! ! !

"
#

#i j C i j r i j! ! !ˆ ‰
 y y v t sin gtœ � �! !

"
#

#!

30. The maximum height is y  and this occurs for x  sin 2 .  These equations describeœ œ œ(v  sin )
g g g

v v  sin  cos !
# # #

! !! ! !

# # !

 parametrically the points on a curve in the xy-plane associated with the maximum heights on the parabolic trajectories in

 terms of the parameter (launch angle) .  Eliminating the parameter , we have x! ! # �
œ œ

v  sin  cos
g g

v  sin 1 sin% # #

!

# #

% # #

!! ! ! !ˆ ‰ a b

 (2y) (2y)   x 4y y 0  x 4 y yœ � œ � Ê � � œ Ê � � � œ
v  sin v  sin v 2v v v v

g g g g 2g 16g 4g

% # % % # # # % %

! ! ! ! ! ! !

# # # #

! ! # # # # #Š ‹ ’ “Š ‹
  x 4 y , where x 0.Ê � � œ  #

#Š ‹v v
4g 4g

# %

! !

#

31. (a) At the time t when the projectile hits the line OR we
 have tan ; x [v  cos ( )]t and" ! "œ œ �y

x !

 y [v  sin ( )]t gt 0 since R isœ � � �!
"
#

#! "

 below level ground.  Therefore let

 y gt [v  sin ( )]t 0k k œ � � �"
#

#
! ! "

 so that tan " œ œ
� ‘ � ‘" "

# #

#
! !

! !

 gt (v  sin ( ))t gt v  sin ( )
[v  cos ( )]t v  cos ( )

! " ! "

! " ! "

� � �

� �

  v  cos ( ) tan gt v  sin ( )Ê � œ � �! !
"
#! " " ! "

  t , which is the timeÊ œ 2v  sin ( ) 2v  cos ( ) tan 
g

! !! " ! " "� � �

 when the projectile hits the downhill slope.  Therefore,

 

 x [v  cos ( )] cos ( ) tan sin ( ) cos ( ) .  If x isœ � œ � � � �!
� � � #! " ! " " ! " ! "’ “ c d2v  sin ( ) 2v  cos ( ) tan 

g g
2v! !

#

!! " ! " "

 maximized, then OR is maximized: [ sin 2( ) tan cos 2( )] 0dx
d g

2v
!
œ � � � � œ

#

! ! " " ! "

  sin 2( ) tan cos 2( ) 0  tan cot 2( )  2( ) 90°Ê � � � � œ Ê œ � Ê � œ �! " " ! " " ! " ! " "

  (90° )  (90° )  of AOR.Ê � œ � Ê œ � œ n! " " ! "" " "
# # #

 (b) At the time t when the projectile hits OR we have
 tan ; x [v  cos ( )]t and" ! "œ œ �y

x !

 y [v  sin ( )]t gtœ � �!
"
#

#! "

  tan Ê œ œ"
c d � ‘v  sin ( ) t gt v  sin ( ) gt

[v  cos ( )]t v  cos ( )
! !

" "

# #

#

! !

! " ! "

! " ! "

� � � �

� �

  v  cos ( ) tan v  sin ( ) gtÊ � œ � �! !
"
#! " " ! "

  t , which is the timeÊ œ 2v  sin ( ) 2v  cos ( ) tan 
g

! !! " ! " "� � �

 when the projectile hits the uphill slope.  Therefore,

 

 x [v  cos ( )] sin ( ) cos ( ) cos ( ) tan .  If x isœ � œ � � � �!
� � � #! " ! " ! " ! " "’ “ c d2v  sin ( ) 2v  cos ( ) tan 

g g
2v! !

#

!! " ! " "

 maximized, then OR is maximized: [cos 2( ) sin 2( ) tan ] 0dx
d g

2v
!
œ � � � œ

#

! ! " ! " "

  cos 2( ) sin 2( ) tan 0  cot 2( ) tan  cot 2( ) tan Ê � � � œ Ê � � œ ! Ê � œ �! " ! " " ! " " ! " "

 tan ( )  2( ) 90° ( ) 90°   (90° )  of AOR.  Therefore v  would bisectœ � Ê � œ � � œ � Ê œ � œ n" ! " " " ! "" "
# # !

 AOR for maximum range uphill.n
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32. v 116 ft/sec, 45°, and x (v  cos )t! !œ œ œ! !

  369 (116 cos 45°)t  t 4.50 sec;Ê œ Ê ¸

 also y (v  sin )t gtœ �!
"
#

#!

  y (116 sin 45°)(4.50) (32)(4.50)Ê œ � "
#

#

 45.11 ft.  It will take the ball 4.50 sec to travel¸

 369 ft.  At that time the ball will be 45.11 ft in
 the air and will hit the green past the pin.

 

33. (a) (Assuming that "x" is zero at the point of impact:)

 t x t y t ; where x t 35 cos 27 t and y t 4 35 sin 27 t 16t .r i ja b a b a b a b a b a b a ba b a bœ � œ œ � �‰ ‰ 2

 (b) y 4 4 7.945 feet, which is reached at t 0.497 seconds.max
v sin 35sin 27

2g 64 g 32
v sin 35sin 27œ � œ � ¸ œ œ ¸a b a b0

2 2
0! !‰ ‰

 (c) For the time, solve y 4 35 sin 27 t 16t 0 for t, using the quadratic formulaœ � � œa b‰ 2

 t 1.201 sec. Then the range is about x 1.201 35 cos 27 1.201 37.453 feet.œ ¸ œ ¸
35 sin 27 35 sin 27 256

32

‰ ‰� � � ‰
Éa b2 a b a ba b

 (d) For the time, solve y 4 35 sin 27 t 16t 7 for t, using the quadratic formulaœ � � œa b‰ 2

 t 0.254 and 0.740 seconds. At those times the ball is aboutœ ¸
35 sin 27 35 sin 27 192

32

‰ ‰� � �Éa b2

 x 0.254 35 cos 27 0.254 7.921 feet and x 0.740 35 cos 27 0.740 23.077 feet the impact point,a b a ba b a b a ba bœ ¸ œ ¸‰ ‰

 or about 37.453 7.921 29.532 feet and 37.453 23.077 14.376 feet from the landing spot.� ¸ � ¸

 (e) Yes. It changes things because the ball won't clear the net (y 7.945).max ¸

34. x x (v  cos )t 0 (v  cos 40°)t 0.766 v t and y y (v  sin )t gt 6.5 (v  sin 40°)t 16tœ � œ � ¸ œ � � œ � �! ! ! ! ! ! !
"
#

# #! !

 6.5 0.643 v t 16t ; now the shot went 73.833 ft 73.833 0.766 v t t  sec; the shot lands when y 0¸ � � Ê œ Ê ¸ œ! !
# 96.383

v!

 0 6.5 (0.643)(96.383) 16 0 68.474 v 46.6 ft/sec, the shot's initialÊ œ � � Ê ¸ � Ê ¸ ¸Š ‹ É96.383
v 68.474

148,635 148,635
v!
#

!

#

!

 speed

35. Flight time 1 sec and the measure of the angle of elevation is about 64° (using a protractor) so that tœ œ 2v  sin 
g

! !

 1 v 17.80 ft/sec.  Then y 4.00 ft and R  sin 2 R  sin 128°Ê œ Ê ¸ œ ¸ œ Ê œ2v  sin 64°
32 2(32) g 32max

(17.80 sin 64°) (17.80)v
! !

# ##

! !

 7.80 ft the engine traveled about 7.80 ft in 1 sec the engine velocity was about 7.80 ft/sec¸ Ê Ê

36. (a) t x t y t ; where x t 145 cos 23 14 t and y t 2.5 145 sin 23 t 16t .r i ja b a b a b a b a b a b a ba b a bœ � œ � œ � �‰ ‰ 2

 (b) y 2.5 2.5 52.655 feet, which is reached at t 1.771 seconds.max
v sin 145sin 23

2g 64 g 32
v sin 145sin 23œ � œ � ¸ œ œ ¸a b a b0

2 2
0! !‰ ‰

 (c) For the time, solve y 2.5 145 sin 23 t 16t 0 for t, using the quadratic formulaœ � � œa b‰ 2

 t 3.585 sec. Then the range at t 3.585 is about x 145 cos 23 14 3.585œ ¸ ¸ œ �
145 sin 23 145 sin 23 160

32

‰ ‰� � ‰
Éa b2 a ba b

 428.311 feet.¸

 (d) For the time, solve y 2.5 145 sin 23 t 16t 20 for t, using the quadratic formulaœ � � œa b‰ 2

 t 0.342 and 3.199 seconds. At those times the ball is aboutœ ¸
145 sin 23 145 sin 23 1120

32

‰ ‰� �Éa b2

 x 0.342 145 cos 23 14 0.342 40.860 feet from home plate and x 3.199 145 cos 23 14 3.199a b a ba b a b a ba bœ � ¸ œ �‰ ‰

 382.195 feet from home plate.¸

 (e) Yes. According to part (d), the ball is still 20 feet above the ground when it is 382 feet from home plate.

37. k g P t k and t g P t  dt kt v t e e v t  t  dtd d d 1
dt dt dt v t

P t  dt kt2

2
r r r� œ � Ê œ œ � Ê œ Ê œ œ Ê œj Q j Qa b a b a b a b a b a b' '' a b a b

 ge e   dt ge e , where g ; apply the initial condition:œ � œ � œ � � œ ��� � �kt kt kt kte
k 1

g
k 1' j j C C Cj C� ‘kt

  v cos v sin v cos v sin d
dt k kt 0

0 0 0 0
g gr ¹ a b a b a b ˆ ‰

œ
œ � œ � � Ê œ � �! ! ! !i j j C C i j

 v e cos e v sin , dtv e cos e v sin Ê œ � � � � œ � � � �d
dt k k0 0

kt ktg g
0 0

kt ktg g
k k

r ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰� � � �! ! ! !i j r i j' c d
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 ; apply the initial condition:e cos v sin œ �� � � � �ˆ ‰ ˆ ‰Š ‹v
k k k k

kt gt ge
0 2

0
kt� ! !i j C
�

 0 cos cos r 0 C Ci j i ja b ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰œ œ � Ê œ� � � � � �v v sin v v sin 
k k k k k k

g g
2 2

0 0 0 0
2 2! !! !

 t 1 e cos 1 e sin 1 kt eÊ œ � � � � � �r i ja b ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰ ˆ ‰v v
k k k

kt kt ktg0 0
2

� � �! !

38. (a) t x t y t ; where x t 1 e cos 20  andr i ja b a b a b a b a ba ba b a b ˆ ‰œ � œ �152
0.12

0.12t� ‰

 y t 3 1 e sin 20 1 0.12t ea b a ba b a bˆ ‰ ˆ ‰œ � � � � �152 32
0.12 0.12

0.12t 0.12t� ‰ �
2

 (b) Solve graphically using a calculator or CAS: At t 1.484 seconds the ball reaches a maximum height of about 40.435¸

 feet.
 (c) Use a graphing calculator or CAS to find that y 0 when the ball has traveled for 3.126 seconds. The range isœ ¸

 about x 3.126 1 e cos 20 372.311 feet.a b a bˆ ‰ˆ ‰œ � ¸152
0.12

0.12 3.126� ‰a b
 (d) Use a graphing calculator or CAS to find that y 30 for t 0.689 and 2.305 seconds, at which times the ball is aboutœ ¸

  x 0.689 94.454 feet and  x 2.305 287.621 feet from home plate.a b a b¸ ¸

 (e) Yes, the batter has hit a home run since a graph of the trajectory shows that the ball is more than 14 feet above the
 ground when it passes over the fence.

39. (a) k (t) dt [kf(t) kg(t) kh(t) ] dt [kf(t)] dt  [kg(t)] dt  [kh(t)] dt' ' ' ' '
a a a a a

b b b b b

r i j k i j kœ � � œ � �

 k f(t) dt  g(t) dt h(t) dt k (t) dtœ � � œŒ �' ' ' '
a a a a

b b b b

i j k r

 (b) [ (t) (t)] dt f (t) g (t) h (t) f (t) g (t) h (t)  dt' '
a a

b b

r r i j k i j k" # " " " # # #„ œ � � „ � �a bc d c d
 f (t) f (t) [g (t) g (t ] [h (t) h (t)] ) dtœ „ � „ � „'

a

b a bc d" # " # " #i j k

 f (t) f (t)  dt g (t) g (t)  dt  h (t) h (t)  dtœ „ � „ � „' ' '
a a a

b b bc d c d c d" # " # " #i j k

 f (t) dt  f (t)  dt g (t) dt g (t) dt  h (t) dt h (t) dtœ „ � „ � „” • ” • ” •' ' ' ' ' '
a a a a a a

b b b b b b

" # " # " #i i j j k k

 (t) dt (t) dtœ „' '
a a

b b

r r" #

 (c) Let c c c .  Then (t) dt c f(t) c g(t) c h(t)  dtC i j k C rœ � � œ � �" # $ " # $
' '

a a

b b

† c d
 c  f(t) dt c  g(t) dt c  h(t) dt =  (t) dt;œ � �" # $

' ' ' '
a a a a

b b b b

C r†

 (t) dt  c h(t) c g(t) c f(t) c h(t) c g(t) c f(t)  dt' '
a a

b b

C r i j k‚ œ � � � � �c d c d c d# $ $ " " #

 c   h(t) dt c   g(t) dt c   f(t) dt c  h(t) dt c  g(t) dt c  f(t) dtœ � � � � �” • ” • ” •# $ $ " " #
' ' ' ' ' '

a a a a a a

b b b b b b

i j k

 (t) dtœ ‚C r'
a

b

40. (a) Let u and  be continuous on [a b].  Then  lim   u(t) (t)  lim   [u(t)f(t) u(t)g(t) u(t)h(t) ]r r i j kß œ � �
t t t tÄ Ä! !

 u(t )f(t ) u(t )g(t ) u(t )h(t ) u(t ) (t )  u  is continuous for every t  in [a b].œ � � œ Ê ß! ! ! ! ! ! ! ! !i j k r r

 (b) Let u and  be differentiable.  Then (u ) [u(t)f(t) u(t)g(t) u(t)h(t) ]r r i j kd d
dt dtœ � �

 f(t) u(t) g(t) u(t) h(t) u(t)œ � � � � �ˆ ‰ ˆ ‰Š ‹du df du du dh
dt dt dt dt dt dt

dgi j k

 [f(t) g(t) h(t) ] u(t) uœ � � � � � œ �i j k i j k rdu df dh du d
dt dt dt dt dt dt

dgŠ ‹ r

41. (a) If (t) and (t) have identical derivatives on I, then R R i j k i j k" #
d df dh df dh
dt dt dt dt dt dt dt

dg dgR" " " # #" #œ � � œ � �

   , ,   f (t) f (t) c , g (t) g (t) c , h (t) h (t) cœ Ê œ œ œ Ê œ � œ � œ �d df df dh dh
dt dt dt dt dt dt dt

dg dgR# " # " #" #

" # " " # # " # $

  f (t) g (t) h (t) [f (t) c ] [g (t) c ] [h (t) c ]   (t) (t) , whereÊ � � œ � � � � � Ê œ �" " " # " # # # $ " #i j k i j k R R C
 c c c .C i j kœ � �" # $
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770 Chapter 13 Vector-Valued Functions and Motion in Space

 (b) Let (t) be an antiderivative of (t) on I.  Then (t) (t).  If (t) is an antiderivative of (t) on I, thenR r R r U rw œ

 (t) (t).  Thus (t) (t) on I  (t) (t) .U r U R U R Cw w wœ œ Ê œ �

42.  ( ) d   [f( ) g( ) h( ) ] d  f( ) d  g( ) d  h( ) dd d d d d
dt dt dt dt dt
' ' ' ' '

a a a a a

t t t t t

r i j k i j k7 7 7 7 7 7 7 7 7 7 7 7œ � � œ � �

 f(t) g(t) h(t) (t).  Since  ( ) d (t), we have that ( ) d  is an antiderivative ofœ � � œ œi j k r r r rd
dt
' '

a a

t t

7 7 7 7

 .  If  is any antiderivative of , then (t) ( ) d  by Exercise 41(b).  Then (a) ( ) dr R r R r C R r Cœ � œ �' '
a a

t a

7 7 7 7

   (a)  ( ) d (t) (t) (a)  ( ) d (b) (a).œ � Ê Ê œ � œ � Ê œ �0 C C R r R C R R r R Rœ ' '
a a

t b

7 7 7 7

43. (a) t x t y t ; where x t 1 e 152 cos 20 17.6  andr i ja b a b a b a b a ba ba b a b ˆ ‰œ � œ � �1
0.08

0.08t� ‰

 y t 3 1 e sin 20 1 0.08t ea b a ba b a bˆ ‰ ˆ ‰œ � � � � �152 32
0.08 0.08

0.08t 0.08t� ‰ �
2

 (b) Solve graphically using a calculator or CAS: At t 1.527 seconds the ball reaches a maximum height of about 41.893¸

 feet.
 (c) Use a graphing calculator or CAS to find that y 0 when the ball has traveled for 3.181 seconds. The range isœ ¸

 about x 3.181 1 e 152 cos 20 17.6 351.734 feet.a b a bˆ ‰ˆ ‰œ � � ¸1
0.08

0.08 3.181� ‰a b
 (d) Use a graphing calculator or CAS to find that y 35 for t 0.877 and 2.190 seconds, at which times the ball is aboutœ ¸

  x 0.877 106.028 feet and  x 2.190 251.530 feet from home plate.a b a b¸ ¸

 (e) No; the range is less than 380 feet. To find the wind needed for a home run, first use the method of part (d) to find that

 y 20 at t 0.376 and 2.716 seconds. Then define x w 1 e 152 cos 20 w , and solveœ ¸ œ � �a b a bˆ ‰ˆ ‰1
0.08

0.08 2.716� ‰a b
 x w 380 to find w 12.846 ft/sec.a b œ ¸

44. y   y  and y (v  sin )t gt   (v  sin )t gtmax max
(v  sin ) 3(v  sin ) 3(v  sin )

2g 4 8g 8g
3œ Ê œ œ � Ê œ �! ! !

# # #! ! !
! !

" "
# #

# #! !

  3(v  sin ) (8gv  sin )t 4g t   4g t (8gv  sin )t 3(v  sin ) 0  2gt 3v  sin 0 orÊ œ � Ê � � œ Ê � œ! ! ! ! !
# # # # # #! ! ! ! !

 2gt v  sin 0  t  or t .  Since the time it takes to reach y  is t ,� œ Ê œ œ œ! ! 3v  sin v  sin v  sin 
2g 2g gmax max
! ! !! ! !

 then the time it takes the projectile to reach  of y  is the shorter time t  or half the time it takes3
4 2gmax

v  sin œ ! !

 to reach the maximum height.

13.3  ARC LENGTH IN SPACE

 1. (2 cos t) (2 sin t) 5t   ( 2 sin t) (2 cos t) 5r i j k v i j kœ � � Ê œ � � �È È
  ( 2 sin t) (2 cos t) 5 4 sin t 4 cos t 5 3; Ê œ � � � œ � � œ œk k Ê Š ‹È Èv T# # # #

#
v
vk k

  sin t  cos t  and Length   dt 3 dt 3t 3œ � � � œ œ œ œˆ ‰ ˆ ‰ k k c d2 2
3 3 3

5i j k v
È ' '

0 0

1 1

1
! 1

 2. (6 sin 2t) (6 cos 2t) 5t   (12 cos 2t) ( 12 sin 2t) 5r i j k v i j kœ � � Ê œ � � �

  (12 cos 2t) ( 12 sin 2t) 5 144 cos 2t 144 sin 2t 25 13; Ê œ � � � œ � � œ œk k È Èv T# # # # # v
vk k

  cos 2t  sin 2t  and Length  dt 13 dt 13t 13œ � � œ œ œ œˆ ‰ ˆ ‰ k k c d12 12 5
13 13 13i j k v' '

0 0

1 1

1
! 1

 3. t t   t   1 t 1 t ; r i k v i k v T i kœ � Ê œ � Ê œ � œ � œ œ �2
3 1 t 1 t

t$Î# "Î# # "Î# # "
� �

k k a bÉ È v
vk k È È

È

 and Length 1 t dt (1 t)œ � œ � œ'
0

8È � ‘2 52
3 3

$Î# )

!

 4. (2 t) (t 1) t     1 ( 1) 1 3 ; r i j k v i j k v T i j kœ � � � � Ê œ � � Ê œ � � � œ œ œ � �k k È È# # # " "v
vk k È È È3 3 3

1

 and Length 3 dt 3t 3 3œ œ œ'
0

3È È È’ “ $

!
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 5. cos t sin t   3 cos t sin t 3 sin t cos t   r j k v j k vœ � Ê œ � � Êa b a b a b a b k k$ $ # #

 3 cos t sin t 3 sin t cos t 9 cos t sin t cos t sin t 3 cos t sin t ;œ � � œ � œÉa b a b a b a b k kÈ# # # # # ## #

 ( cos t) (sin t) , if 0 t , andT j k j kœ œ � œ � � Ÿ Ÿv
vk k k k k k�

#
3 cos t sin t 3 sin t cos t

3 cos t sin t 3 cos t sin t

# # 1

 Length 3 cos t sin t  dt 3 cos t sin t dt   sin 2t dt  cos 2tœ œ œ œ � œ' ' '
0 0 0

2 2 21 1 1Î Î Îk k � ‘3 3 3
4# #

Î#

!

1

 6. 6t 2t 3t   18t 6t 9t   18t 6t 9t 441t 21t ;r i j k v i j k vœ � � Ê œ � � Ê œ � � � � œ œ$ $ $ # # # ## # # %# # #k k a b a b a bÉ È
  and Length 21t  dt 7t 49T i j k i j kœ œ � � œ � � œ œ œv

vk k " # $ #
"

8t 6t 9t 6 2 3
21t 21t 21t 7 7 7

# # #

# # #
'

1

2 c d
 7. (t cos t) (t sin t) t   (cos t t sin t) (sin t t cos t) 2 tr i j k v i j kœ � � Ê œ � � � �2 2

3

È $Î# "Î#Š ‹È
  (cos t t sin t) (sin t t cos t) 2 t 1 t 2t (t 1) t 1 t 1, if t 0;Ê œ � � � � œ � � œ � œ � œ �  k k k kÊ Š ‹È È Èv # # # #

#

  and Length (t 1) dt tT i j kœ œ � � œ � œ � œ �v
vk k

Èˆ ‰ ˆ ‰ Š ‹ ’ “cos t t sin t sin t t cos t t
t 1 t 1 t 1 2 2

2 t� �
� � � !

"Î# # #'
0

1 1
1 1

 8. (t sin t cos t) (t cos t sin t)   (sin t t cos t sin t) (cos t t sin t cos t)r i j v i jœ � � � Ê œ � � � � �

 (t cos t) (t sin t)   (t cos t) ( t sin t) t t t if 2 t 2; œ � Ê œ � � œ œ œ Ÿ Ÿ œi j v Tk k k kÈ È È# # # v
vk k

 (cos t) (sin t)  and Length t dt 1œ � œ � œ œ œˆ ‰ ˆ ‰ ’ “t cos t t sin t t
t t 2i j i j '

È2

2
#

#

#È

 9. Let P(t ) denote the point.  Then (5 cos t) (5 sin t) 12  and 26 25 cos t 25 sin t 144 dt!
# #v i j kœ � � œ � �1 '

0

t!È
 13 dt 13t   t 2 , and the point is P(2 ) (5 sin 2 5 cos 2 24 ) (0 5 24 )œ œ Ê œ œ ß ß œ ß ß'

0

t!

! ! 1 1 1 1 1 1

10. Let P(t ) denote the point.  Then (12 cos t) (12 sin t) 5  and! v i j kœ � �

 13 144 cos t 144 sin t 25 dt 13 dt 13t   t , and the point is� œ � � œ œ Ê œ �1 1' '
0 0

t t! !È # #
! !

 P( ) (12 sin ( ) 12 cos ( ) 5 ) (0 12 5 )� œ � ß� � ß� œ ß ß�1 1 1 1 1

11. (4 cos t) (4 sin t) 3t   ( 4 sin t) (4 cos t) 3   ( 4 sin t) (4 cos t) 3r i j k v i j k vœ � � Ê œ � � � Ê œ � � �k k È # # #

 25 5  s(t) 5 d 5t  Length sœ œ Ê œ œ Ê œ œÈ ˆ ‰'
0

t

7 1 1
# #

5

12. (cos t t sin t) (sin t t cos t)   ( sin t sin t t cos t) (cos t cos t t sin t)r i j v i jœ � � � Ê œ � � � � � �

 (t cos t) (t sin t)   (t cos t) (t cos t) t t, since t   s(t)  dœ � Ê œ � œ œ œ Ÿ Ÿ Ê œ œi j vk k È È# # #
# #
1 1 7 7'

0

t
t#

  Length s( ) sÊ œ � œ � œ1 ˆ ‰1 1 1
# # #

# #
#

#ˆ ‰1 3
8

13. e  cos t e  sin t e   e  cos t e  sin t e  sin t e  cos t er i j k v i j kœ � � Ê œ � � � �a b a b a b a bt t t t t t t t

  e  cos t e  sin t e  sin t e  cos t e 3e 3 e   s(t) 3 e  dÊ œ � � � � œ œ œ Ê œk k a b a b a bÉ È È Èv t t t t t 2t t# # # '
0

t
7 7

 3 e 3  Length s(0) s( ln 4) 0 3 e 3œ � Ê œ � � œ � � œÈ È È ÈŠ ‹t ln 4 3 3
4

� È

14. (1 2t) (1 3t)  (6 6t)   2 3 6   2 3 ( 6) 7  s(t) 7 d 7tr i j k v i j k vœ � � � � � Ê œ � � Ê œ � � � œ Ê œ œk k È # # # '
0

t

7

  Length s(0) s( 1) 0 ( 7) 7Ê œ � � œ � � œ
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15. 2t 2t  1 t   2 2 2t   2 2 ( 2t) 4 4tr i j k v i j k vœ � � � Ê œ � � Ê œ � � � œ �Š ‹ Š ‹ Š ‹ Š ‹È È È È È È Èa b k k Ê#
# #

# #

 2 1 t   Length 2 1 t  dt 2 1 t  ln t 1 t 2 ln 1 2œ � Ê œ � œ � � � � œ � �È È È È È È’ “ Š ‹Š ‹Š ‹# # # #"
#

"

!

'
0

1
t
2

16. Let the helix make one complete turn from t 0 to t 2 .œ œ 1

 Note that the radius of the cylinder is 1  theÊ

 circumference of the base is 2 .  When t 2 , the point P is1 1œ

 (cos 2 sin 2 2 ) (1 0 2 )  the cylinder is 2  units1 1 1 1 1ß ß œ ß ß Ê

 high.  Cut the cylinder along PQ and flatten.  The resulting
 rectangle has a width equal to the circumference of the
 cylinder 2  and a height equal to 2 , the height of theœ 1 1

 cylinder.  Therefore, the rectangle is a square and the portion
 of the helix from t 0 to t 2  is its diagonal.œ œ 1

 

17. (a) (cos t) (sin t) ( cos t) , 0 t 2   x cos t, y sin t, z 1 cos t  x yr i j kœ � � " � Ÿ Ÿ Ê œ œ œ � Ê �1 # #

 cos t sin t 1, a right circular cylinder with the z-axis as the axis and radius 1.  Thereforeœ � œ œ# #

 P(cos t sin t 1 cos t) lies on the cylinder x y 1; t 0  P(1 0 0) is on the curve; t   Q( 1 1)ß ß � � œ œ Ê ß ß œ Ê !ß ß# #
#
1

 is on the curve; t   R( 1 0 2) is on the curve.  Then PQ  and PR 2 2œ Ê � ß ß œ � � � œ � �
Ä Ä

1 i j k i k

 i k
i j k

Ê  PQ PR 2 2  is a vector normal to the plane of P, Q, and R.  Then the1
2 0 2

Ä
‚ œ œ �

Ä
� " "
�

Ô ×
Õ Ø

 plane containing P, Q, and R has an equation 2x 2z 2(1) 2(0) or x z 1.  Any point on the curve� œ � � œ

 will satisfy this equation since x z cos t (1 cos t) 1.  Therefore, any point on the curve lies on the� œ � � œ

 intersection of the cylinder x y 1 and the plane x z 1  the curve is an ellipse.# #� œ � œ Ê

 (b) ( sin t) (cos t) (sin t)   sin t cos t sin t 1 sin t  v i j k v Tœ � � � Ê œ � � œ � Ê œk k È È# # # # v
vk k

   (0) , , ( ) , œ Ê œ œ œ � œ( sin t) (cos t) (sin t)
1 sin t 2 2

3� � �

� # #
� � �i j k i k i kÈ È È#

T j T T j Tˆ ‰ ˆ ‰1 11

 (c) ( cos t) (sin t) (cos t) ;  isa i j k n i kœ � � � œ �

 normal to the plane x z 1 cos t cos t� œ Ê œ � �n a†
 0   is orthogonal to    is parallel to theœ Ê Êa n a
 plane; (0) , , ,a i k a j a i kœ � � œ � œ �ˆ ‰ a b1

# 1

 a jˆ ‰31
# œ

 

 (d) 1 sin t (See part (b)  L 1 sin t dtk k È Èv œ � Ê œ �# #'
0

21

 (e) L 7.64 (by )¸ Mathematica

18. (a) (cos 4t) (sin 4t) 4t   ( 4 sin 4t) (4 cos 4t) 4   ( 4 sin 4t) (4 cos 4t) 4r i j k v i j k vœ � � Ê œ � � � Ê œ � � �k k È # # #

 32 4 2  Length 4 2 dt 4 2 t 2 2œ œ Ê œ œ œÈ È È È È’ “'
0

21Î 1Î#

!
1

 (b) cos sin    sin  cos r i j k v i j kœ � � Ê œ � � �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰t t t t t
# # # # # # # #

" " "

   sin  cos   Length  dt t 2 2Ê œ � � � œ � œ Ê œ œ œk k Éˆ ‰ ˆ ‰ ˆ ‰ É ’ “ Èv " " " " "
# # # # # # #

# # # %

!

t t
4 4 2

2 2 2È È È'
0

41 1

1

 (c) (cos t) (sin t) t   ( sin t) (cos t)   ( sin t) ( cos t) ( 1) 1 1r i j k v i j k vœ � � Ê œ � � � Ê œ � � � � � œ �k k È È# # #

 2  Length 2 dt 2 t 2 2œ Ê œ œ œÈ È È È’ “'
�2

0

1

!

�#1
1
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19. PQB QOB t and PQ arc (AQ) t sincen œ n œ œ œ

 PQ length of the unwound string length of arc (AQ);œ œ

 thus x OB BC OB DP cos t t sin t, andœ � œ � œ �

 y PC QB QD sin t t cos tœ œ � œ �

 

20. cos t t sin t sin t t cos t sin t t cos t sin t cos t t sin t cos tr i j v i jœ � � � Ê œ � � � � � � �a b a b a b a ba ba b
 t cos t t sin t t cos t t sin t t t t, t 0œ � Ê œ � œ œ œ   Ê œ œ �a b a b k k a b a b k kÉ Èi j v T i j2 2 2 t cos t t sin t

t t
v
vk k

 cos t sin tœ �i j

21. x t u y t u z t u u u u , so s t dt d 1 d tv i j k i j k u v uœ � � � � � œ � � œ œ l l œ l l œ œd d d
dt dt dt0 1 0 2 0 3 1 2 3a b a b a b a b ' ' '

0 0 0

t t t

7 7

22. t t t t t 2t 3t t 1 2t 3t 1 4t 9t .  0, 0, 0 t 0r i j k v i j k va b a b a b a b a b a b a bÉ Èœ � � Ê œ � � Ê l l œ � � œ � � Ê œ2 3 2 2 2 2 2 42

 and 2, 4, 8 t 2. Thus L t  dt 1 4t 9t  dt. Using Simpson's rule with n 10 anda b a b ÈÊ œ œ l l œ � � œ' '
0 0

2 2

v 2 4

 x 0.2 L 0 4 0.2 2 0.4 4 0.6 2 0.8 4 1 2 1.2 4 1.4? œ œ Ê ¸ l l � l l � l l � l l � l l � l l � l l � l l2 0 0.2
10 3
� Š a b a b a b a b a b a b a b a bv v v v v v v v

       2 1.6 4 1.8 2 1 4 1.0837 2 1.3676 4 1.8991 2 2.6919 4 3.7417� l l � l l � l l ¸ � � � � �v v va b a b a b a b a b a b a b a b‹ Š0.2
3

       2 5.0421 4 6.5890 2 8.3800 4 10.4134 12.6886 143.5594 9.5706� � � � � œ ¸a b a b a b a b a b‹ 0.2
3

13.4  CURVATURE AND NORMAL VECTORS OF A CURVE

 1. t ln (cos t)   (tan t)   1 ( tan t) sec t sec t sec t, sincer i j v i j i j vœ � Ê œ � œ � Ê œ � � œ œ œˆ ‰ k k k kÈ È� # # #sin t
cos t

 t   (cos t) (sin t) ; ( sin t) (cos t)� � � Ê œ œ � œ � œ � �1 1
# #

"T i j i j i jv T
vk k ˆ ‰ ˆ ‰

sec t sec t dt
tan t d

  ( sin t) ( cos t) 1  ( sin t) (cos t) ; 1 cos t.Ê œ � � � œ Ê œ œ � � œ † œ † œ¸ ¸ ¸ ¸Èd 1 d
dt dt sec t
T T

v
# # "N i j

ˆ ‰
¸ ¸ k k

d
dt
d
dt

T

T ,

 2. ln (sec t) t   (tan t)   ( tan t) 1 sec t sec t sec t,r i j v i j i j vœ � Ê œ � œ � Ê œ � œ œ œˆ ‰ k k k kÈ Èsec t tan t
sec t

# # #

 since t   (sin t) (cos t) ; (cos t) (sin t)� � � Ê œ œ � œ � œ �1 1
# # T i j i j i jv T

vk k ˆ ‰ ˆ ‰tan t 1 d
sec t sec t dt

  (cos t) ( sin t) 1  (cos t) (sin t) ; 1 cos t.Ê œ � � œ Ê œ œ � œ † œ † œ¸ ¸ ¸ ¸Èd 1 d
dt dt sec t
T T

v
# # "N i j

ˆ ‰
¸ ¸ k k

d
dt
d
dt

T

T ,

 3. (2t 3) 5 t   2 2t   2 ( 2t) 2 1 t   r i j v i j v T i jœ � � � Ê œ � Ê œ � � œ � Ê œ œ �a b k k È È# # # #
� �

�v
vk k È È2 2t

2 1 t 2 1 t# #

 ;    œ � œ � Ê œ � �" � " � "

� � � � � �

# #

È È Š ‹ Š ‹ Š ‹ Š ‹È È È È1 t 1 t
t d t d t

dt dt
1 t 1 t 1 t 1 t

# #
# # # #

$ $ $ $i j i jT T¸ ¸
ÍÍÍÌ � � � �

   ; œ œ Ê œ œ � œ † œ † œÉ ¸ ¸" " � " " " "
� � �� � # � # �a b

ˆ ‰
¸ ¸ È È Èk k a b1 t 1 t dt 1 t

t 1 d
1 t 1 t 1 t 1 t# # # ## # # #

N i j
d
dt
d 3/2
dt

T

T , v
T

 4. (cos t t sin t) (sin t t cos t) (t cos t) (t sin t) ( t cos t) (t sin t) t t t, sincer i j v i j vœ � � � Ê œ � Ê œ � œ œ œk k k kÈ È# # #

 t 0 (cos t) (sin t) ; ( sin t) (cos t) ( sin t) (cos t)� Ê œ œ œ � œ � � Ê œ � �T i j i jv T T
v

i jk k (t cos t) (t sin t)
t dt dt

d d� # #¸ ¸ È
 1 ( sin t) (cos t) ; 1œ Ê œ œ � � œ † œ † œN i j

ˆ ‰
¸ ¸ k k

d
dt
d
dt

T

T , 1 d
dt t tv
T¸ ¸ " "
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 5. (a) x . Now, f x x 1 f x,a b a b k k c d¹ ¹ a b É a bœ † œ � Ê œ � Ê œ1
x dt

dT x 2k ka b a b
v v

vv i j v Tw w
k k

 1 f x 1 . Thus xf x f xœ Š ‹ Š ‹� � � œ �c d a b c d a ba b a bw w
Î Î

w �

� �

2 2
1 2 1 2

d
dt

f x f x f x

1 1f x f x

� �

i j i jT w ww ww

w w
Î Î

a b a b a b
c d c da b a bŠ ‹ Š ‹2 23 2 3 2

 Ê œ � œ œ¹ ¹
ÍÍÍÌ ” • � � Ëd x f x

dt

f x f x

1 f x

2

1 f x

2
f x f x1

1 f x

f x

1 f x

Ta b a ba b a b
c da b c da b

c d c da b a bŠ ‹
c da b

k ka b
¹ ¹c da b

�

�
�

�

� �

w ww

w
Î

ww

w
Î

ww w

w

ww

wŠ ‹ Š ‹ Š ‹
2 3 2

2 3 2

2 2

2 3 2

 Thus x,a b œ † œ1
1 f x

f x f x
1 f x

1 f xa b Š ‹� Ò Ó � Ò Ó
�

w Î Î

ww ww

w
wa b

k k k ka b a bk ka b c da b2 1 2 3 22
2

 (b) y ln (cos x)  ( sin x) tan x  sec x  œ Ê œ � œ � Ê œ � Ê œ œdy d y
dx cos x dx sec x

sec x

1 ( tan x)
sec xˆ ‰" # �

� �

#

# $

#

# $Î#

#

,
k k

c d k k
 cos x, since xœ œ � � �"

# #sec x
1 1

 (c) Note that  f (x) 0 at an inflection point.ww œ

 6. (a) f(t) g(t) x y   x y  x yr i j i j v i j v T i jœ � œ � Ê œ � Ê œ � Ê œ œ �
Þ Þ Þ Þ Þ Þk k È # # v

vk k x
x y x y

y
È ÈÞ Þ Þ Þ

� �# # # #

 d d
dt dt

2
T Tœ � Ê œ �

y y x x y x x y y x

x y x y

y y x x y

x y

x x y y x

x y

Þ Þ ÞÞ Þ ÞÞ Þ Þ ÞÞ Þ ÞÞ
� �

Þ Þ Þ Þ
� �

Þ Þ ÞÞ Þ ÞÞ
�

Þ Þ
�

Þ Þ ÞÞ Þ ÞÞ
�

Þ Þ
�

a b a b
a b a b

a b
a b

a b
a b# # # # # # #3/2 3/2 3/2i j ¸ ¸ Ê’ “ ’ “

#

# #

# #
3/2

2

3

2
œ Ê a ba b

a b
y x y x x y

x y

Þ Þ Þ ÞÞ Þ ÞÞ
� �

Þ Þ
�

 ;  .œ œ † œ † œ
k k k k
k k k kÈ a b
y x x y y x x y x y y x
x y x y

1
x y x y

Þ ÞÞ Þ ÞÞ Þ ÞÞ Þ ÞÞ Þ ÞÞ Þ ÞÞ
� � l � l

Þ Þ Þ Þ
� �Þ Þ

� Þ Þ
�

# # # ## # # #
, 1 d

dtk kv
T¸ ¸ 3/2

 (b) (t)  t ln (sin t) , 0 t   x t and y ln (sin t)  x 1, x 0; y cot t, y csc tr i jœ � � � Ê œ œ Ê œ œ œ œ œ �
Þ ÞÞ Þ ÞÞ

1 cos t
sin t

#

  sin tÊ œ œ œ,
k k
a b
� �

�

csc t 0

1 cot t)
csc t
csc t

#

# $Î#

#

$

 (c) (t) tan (sinh t) ln (cosh t)   x tan (sinh t) and y ln (cosh t)  xr i jœ � Ê œ œ Ê œ œ
Þ�" �"

�
"cosh t

1 sinh t cosh t#

 sech t, x sech t tanh t; y tanh t, y sech t sech t sech tœ œ � œ œ œ Ê œ œ œ
ÞÞ Þ ÞÞsinh t

cosh t sech t tanh t
sech t sech t tanh t# �

�,
k ka b

$ #

# # k k
 7. (a) (t) f(t) g(t)   f (t) g (t)  is tangent to the curve at the point (f(t) g(t));r i j v i jœ � Ê œ � ßw w

 g (t) f (t) f (t) g (t) g (t)f (t) f (t)g (t) 0; ( ) 0; thus,  and  aren v i j i j n v n v n n† † † †œ � � � œ � � œ � œ � œ �c d c dw w w w w w w w

 both normal to the curve at the point

 (b) (t) t e   2e   2e  points toward the concave side of the curve;  andr i j v i j n i j Nœ � Ê œ � Ê œ � � œ2t 2t 2t n
nk k

 4e 1  k k Èn N i jœ � Ê œ �4t 2e
1 4e 1 4e
� "

� �

2t

4t 4tÈ È
 (c) (t) 4 t t      points toward the concave side of the curve;r i j v i j n i jœ � � Ê œ � Ê œ � �È # �

� �

t t
4 t 4 tÈ È# #

  and 1    4 t tN n N i jœ œ � œ Ê œ � � �n
nk k Èk k É Š ‹Èt 2

4 t 4 t

#

#
#� #�

" #

 8. (a) (t) t t t t  points toward the concave side of the curve when t 0 andr i j v i j n i jœ � Ê œ � Ê œ � �" $ # #
3

 t  points toward the concave side when t 0  t  for t 0 and� œ � � � Ê œ � �n i j N i j# #"

�È1 t%
a b

 t  for t 0N i jœ � � �"

�
#È1 t%

a b
 (b) From part (a), 1 t  k k È ¸ ¸ Év T i j i jœ � Ê œ � Ê œ � Ê œ% " � �

� � � � �È È a b a b a b1 t 1 t
t d 2t 2t d 4t 4t

dt dt1 t 1 t 1 t% %

# $

% %$Î# $Î# % $
T T 6 2

 ;  ; t 0.  does not exist at t 0, where tœ œ œ � œ � Á œ2 t
1 t

1 t 2t 2t t t
2 t 1 t 1 t t 1 t t 1 t

k k ˆ ‰
¸ ¸ k k a b a b k k k kÈ È�

� � �

� � � �
%

% $ $

% %$Î# $Î# % %
N i j i j N

d
dt
d
dt

T

T Š ‹ he

 curve has a point of inflection; 0 so the curvature 0 at t 0   is¸ ¸ ¸ ¸ ¸d d d dt d
dt ds dt ds ds
T T T T

t 0œ

œ œ œ œ œ Ê œ, † N "
,

 undefined. Since x t and y t y x , the curve is the cubic power curve which is concave down forœ œ Ê œ" "$ $
3 3

 x t 0 and concave up for x t 0.œ � œ �

 9. (3 sin t) (3 cos t) 4t (3 cos t) ( 3 sin t) 4 (3 cos t) ( 3 sin t) 4 25r i j k v i j k vœ � � Ê œ � � � Ê œ � � � œk k È È# # #

 5  cos t  sin t  sin t  cos tœ Ê œ œ � � Ê œ � �T i j k i jv T
vk k ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰3 3 4 d 3 3

5 5 5 dt 5 5
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  sin t  cos t   ( sin t) (cos t) ; Ê œ � � � œ Ê œ œ � � œ † œ¸ ¸ ˆ ‰ ˆ ‰Éd 3 3 3 1 3 3
dt 5 5 5 5 5 25
T # #

N i j
ˆ ‰
¸ ¸

d
dt
d
dt

T

T ,

10. (cos t t sin t) (sin t t cos t) 3   (t cos t) (t sin t)   (t cos t) (t sin t) tr i j k v i j vœ � � � � Ê œ � Ê œ � œk k È È# # #

 t t, if t 0  (cos t) (sin t) , t 0  ( sin t) (cos t)œ œ � Ê œ œ � � Ê œ � �k k T i j i jv T
vk k d

dt

  ( sin t) (cos t) 1  ( sin t) (cos t) ; 1Ê œ � � œ Ê œ œ � � œ † œ¸ ¸ Èd
dt t t
T # # " "N i j

ˆ ‰
¸ ¸

d
dt
d
dt

T

T ,

11. e  cos t e  sin t 2   e  cos t e  sin t e  sin t e  cos t  r i j k v i jœ � � Ê œ � � � Êa b a b a b a bt t t t t t

 e  cos t e  sin t e  sin t e  cos t 2e e 2 ;k k a b a bÉ È Èv œ � � � œ œt t t t 2t t# #

   T i j i jœ œ � Ê œ �v T
vk k È È È ÈŠ ‹ Š ‹ Š ‹ Š ‹cos t sin t sin t cos t d sin t cos t cos t sin t

2 2 2 2dt
� � � � �

  1  ;Ê œ � œ Ê œ œ �¸ ¸ ÊŠ ‹ Š ‹ Š ‹ Š ‹d sin t cos t cos t sin t cos t sin t sin t cos t
dt 2 2 2 2
T � � � � � � �

# #

È È È È
ˆ ‰
¸ ¸N i j

d
dt
d
dt

T

T

 1, œ † œ † œ1 d 1 1
dt 2 2k k È Èv
T¸ ¸

e et t

12. (6 sin 2t) (6 cos 2t) 5t   (12 cos 2t) (12 sin 2t) 5   (12 cos 2t) ( 12 sin 2t) 5r i j k v i j k vœ � � Ê œ � � Ê œ � � �k k È # # #

 169 13   cos 2t  sin 2t    sin 2t  cos 2tœ œ Ê œ œ � � Ê œ � �È ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰T i j k i jv T
vk k 12 12 5 d 24 24

13 13 13 dt 13 13

   sin 2t  cos 2t   ( sin 2t) (cos 2t) ;Ê œ � � � œ Ê œ œ � �¸ ¸ ˆ ‰ ˆ ‰Éd 24 24 24
dt 13 13 13
T # #

N i j
ˆ ‰
¸ ¸

d
dt
d
dt

T

T

 ., œ † œ † œ1 d 1 24 24
dt 13 13 169k kv
T¸ ¸

13. , t 0  t t   t t t t 1, since t 0  r i j v i j v Tœ � � Ê œ � Ê œ � œ � � Ê œŠ ‹ Š ‹ k k È Èt t
3

$ #

#
# % # # v

vk k

     œ � Ê œ � Ê œ �t 1 d 1 t d t
t t t 1 dt dtt 1 t 1 t 1 t 1È È a b a b a b a b# # # # # #$Î# $Î# $Î# $Î#� � � � � �

" �
# #

i j i jT T¸ ¸ ÊŠ ‹ Š ‹
   ; .œ œ Ê œ œ � œ † œ † œÉ ¸ ¸1 t 1 t 1 d 1 1

t 1 t 1 dt t 1t 1 t 1 t t 1 t t 1
� " "
� � �� � � �

#

# $ # ## # # # $Î#a b
ˆ ‰
¸ ¸ È È Èk k a bN i j

d
dt
d
dt

T

T , v
T

14. cos t sin t , 0 t   3 cos t sin t 3 sin t cos tr i j v i jœ � � � Ê œ � �a b a b a b a b$ $ # #
#
1

  3 cos t sin t 3 sin t cos t 9 cos t sin t 9 sin t cos t 3 cos t sin t, since 0 tÊ œ � � œ � œ � �k k a b a bÉ Èv # # % # % ## #
#
1

  ( cos t) (sin t)   (sin t) (cos t)   sin t cos t 1  Ê œ œ � � Ê œ � Ê œ � œ Ê œT i j i j Nv T T
vk k

ˆ ‰
¸ ¸d d

dt dt
¸ ¸ È # #

d
dt
d
dt

T

T

 (sin t) (cos t) ; 1 .œ � œ † œ † œi j , 1 d 1 1
dt 3 cos t sin t 3 cos t sin tk kv
T¸ ¸

15. t a cosh , a 0  sinh   1 sinh cosh cosh r i j v i j vœ � � Ê œ � Ê œ � œ œˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰k k É Ét t t t t
a a a a a

# #

  sech tanh    sech  tanh  sech  Ê œ œ � Ê œ � �T i j i jv T
vk k ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰t t d t t t

a a dt a a a a a
" " #

   sech   tanh   sech   sech   tanh sech ;Ê œ � œ Ê œ œ � �¸ ¸ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰Éd t t t t t t
dt a a a a a a a a a
T " " "# # %

# # N i j
ˆ ‰
¸ ¸

d
dt
d
dt

T

T

  sech  sech ., œ † œ † œ1 d 1 t t
dt a a a acosh k kv
T¸ ¸ ˆ ‰ ˆ ‰t

a

" " #

16. (cosh t) (sinh t) t   (sinh t) (cosh t)   sinh t ( cosh t) 1 2 cosh tr i j k v i j k vœ � � Ê œ � � Ê œ � � � œk k È È# #

   tanh t  sech t    sech t  sech t tanh tÊ œ œ � � Ê œ �T i j k i kv T
vk k È È È È ÈŠ ‹ Š ‹ Š ‹ Š ‹" " " " "#

2 2 2 2 2
d
dt

   sech t  sech t tanh t  sech t  (sech t) (tanh t) ;Ê œ � œ Ê œ œ �¸ ¸ Éd
dt 2
T " " "

# #
% # # È

ˆ ‰
¸ ¸N i k

d
dt
d
dt

T

T

  sech t  sech t., œ † œ † œ1 d 1
dt 2 cosh t 2k k È Èv
T¸ ¸ " "

#
#
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17. y ax   y 2ax  y 2a; from Exercise 5(a), (x) 2a  1 4a xœ Ê œ Ê œ œ œ �# w ww # #

�

�$Î#
,

k k
a b

2a

1 4a x# # $Î# k k a b
  (x)  2a 1 4a x 8a x ; thus, (x) 0  x 0.  Now, (x) 0 for x 0 and (x) 0 forÊ œ � � œ Ê œ � � �, , , ,w # # # w w w

#

�&Î#3 k k a b a b
 x 0 so that (x) has an absolute maximum at x 0 which is the vertex of the parabola.  Since x 0 is the� œ œ,

 only critical point for (x), the curvature has no minimum value.,

18. (a cos t) (b sin t)   ( a sin t) (b cos t)   ( a cos t) (b sin t)   r i j v i j a i j v aœ � Ê œ � � Ê œ � � Ê ‚

 ab   ab ab, since a b 0; (t)a sin t b cos t 0
a cos t b sin t 0

œ œ Ê œ œ � � œ�
� �

â ââ ââ ââ ââ ââ â k k k ki j k
k v a‚ ,

k k
k k
v a
v
‚
$

 ab a  sin t b  cos t ; (t) (ab) a  sin t b  cos t 2a  sin t cos t 2b  sin t cos tœ � œ � � �a b a b a b# # # # w # # # # # #�$Î# �&Î#

#, 3

 (ab) a b (sin 2t) a  sin t b  cos t ; thus, (t) 0  sin 2t 0  t 0,  identifyingœ � � � œ Ê œ Ê œ3
#

# # # # # # w�&Î#a b a b , 1

 points on the major axis, or t ,  identifying points on the minor axis.  Furthermore, (t) 0 forœ �1 1
# #

w3 ,

 0 t  and for t ; (t) 0 for t  and t 2 .  Therefore, the points associated� � � � � � � � �1 1 1 1
# # # #

w1 , 1 13 3

 with t 0 and t  on the major axis give absolute maximum curvature and the points associated with tœ œ œ1 1
#

 and t  on the minor axis give absolute minimum curvature.œ 31
#

19.   ; 0  a b 0  a b  a b since a, b 0.  Now, 0 if, œ Ê œ œ Ê � � œ Ê œ „ Ê œ   �a d a b d d
a b da da daa b# #

# #

# # #�
� �

�
# #, , ,

a b
 a b and 0 if a b   is at a maximum for a b and (b)  is the maximum value of .� � � Ê œ œ œd b

da b b 2b
, , , ,# #�

"

20. (a) From Example 5, the curvature of the helix (t) (a cos t) (a sin t) bt , a, b 0 is ; alsor i j kœ � �   œ, a
a b# #�

 a b .  For the helix (t) (3 cos t) (3 sin t) t , 0 t 4 , a 3 and b 1  k k Èv r i j kœ � œ � � Ÿ Ÿ œ œ Ê œ œ# #
�1 , 3 3

3 1 10# #

 and 10  K 10 dt tk k È È ’ “v œ Ê œ œ œ'
0

41
3 3 12

10 10 10È È
%

!

1
1

 (b) y x   x t and y t , t   (t) t t   2t   1 4t ;œ Ê œ œ �_ � � _ Ê œ � Ê œ � Ê œ �# # # #r i j v i j vk k È
 ; ; . ThusT i j i jœ � œ � œ œ1 2t d 4t 2 d 16t 4 2

1 4t 1 4t dt dt 1 4t1 4t 1 4t 1 4tÈ È a b a b a b� �

� �

� � � �# # # # # #

T T
3/2 3/2

2

3¸ ¸ É
 . Then  K  1 4t  dt  dt, œ † œ œ � œ1 2 2 2 2

1 4t 1 4t 1 4t
1 4t 1 4t

È Š ‹È Š ‹È� � �
� �

#
# # #

# #
$3

' '
�_ �_

_ _Š ‹È
  lim    dt  lim   dt  lim   tan 2t  lim   tan 2tœ � œ �

a ab bÄ �_ Ä �_
Ä _ Ä _

' '
a 0

0 b

a 0

b2 2
1 4t 1 4t� �

�" �"!
# # c d c d

  lim   tan 2a  lim   tan 2bœ � � œ � œ
a bÄ �_

Ä _

a b a b�" �"
# #
1 1 1

21. t (sin t)   (cos t)   1 (cos t) 1 cos t  1 cos 1; r i j v i j v v Tœ � Ê œ � Ê œ � œ � Ê œ � œ œk k È È ¸ ¸ ˆ ‰ˆ ‰ É# # # #
# #
1 1 v

vk k
  ;  œ Ê œ � Ê œ œ œ œi j T T T�

� � �

�
� œ �

cos t 
1 cos t

d sin t cos t sin t d d 1
dt dt 1 cos t dt 11 cos t 1 cos t

sin t
t

sin 
1 cosÈ a b a b

k k ¸ ¸
ˆ ‰2 2 23/2 3/2 2

2

2
2

2
i j ¸ ¸ ¸ ¸

1

1

1
1. Thus 1 1,ˆ ‰1

2 1
1œ † œ

  1 and the center is 0   x y 1Ê œ œ ß Ê � � œ3 "
# #

# #
1

ˆ ‰ ˆ ‰1 1

22. (2 ln t) t   1  1 ;r i j v i j v T i jœ � � Ê œ � � Ê œ � � œ Ê œ œ �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰k k É" " � �
� �t t t t t t t 1 t 1

2 4 1 t 1 2t t 12
# 2 2 2 2 2

2 2v
vk k

 . Thus 1d 4t d 2 1 d t 2 2t 2
dt dt t 1 dt t 1 t 1 2

2 t 1

t 1 t 1 t 1 t 1
4 t 1 16tT T T

vœ � Ê œ œ œ † œ † œ Ê œ
� �

� � � �

� �
� � �

ˆ ‰
a b a b a b a b

a b k k
2

2 2 2 22 2 4 2 2 2 2 2

2 22 2 2
i j ¸ ¸ ¸ ¸Ê a b, ,

  2.  The circle of curvature is tangent to the curve at P(0 2)  circle has same tangent as the curveœ Ê œ œ ß� Ê" "
# 3

,

  (1) 2  is tangent to the circle  the center lies on the y-axis.  If t 1 (t 0), then (t 1) 0Ê œ Ê Á � � �v i #

 t 2t 1 0  t 1 2t 2 since t 0  t 2  t 2  y 2 on bothÊ � � � Ê � � Ê � � Ê � � Ê � � � � Ê � �# # � " "t 1
t t t

# ˆ ‰
 sides of (0 2)  the curve is concave down  center of circle of curvature is (0 4)  x (y 4) 4ß � Ê Ê ß� Ê � � œ# #

 is an equation of the circle of curvature
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23. y x   f (x) 2x and f (x) 2œ Ê œ œ# w ww

  Ê œ œ,
k k

a b a b
2

1 (2x) 1 4x
2

� �# #$Î# $Î#

 

24. y   f (x) x  and f (x) 3xœ Ê œ œx
4

% w $ ww #

  Ê œ œ,
k k

Š ‹a b a b
3x

1 x

3x
1 x

#

$ #
$Î# $Î#

#

'
� �

 

25. y sin x  f (x) cos x and f (x) sin xœ Ê œ œ �w ww

  Ê œ œ,
k k k k

a b a b
�

� �

sin x sin x

1 cos x 1 cos x# #$Î# $Î#

 

26. y e   f (x) e  and f (x) eœ Ê œ œx x xw ww

  Ê œ œ,
k k

Š ‹ ˆ ‰
e

1

e

1

x x

� �a be ex 2x#
$Î# $Î#

 

27-34. Example CAS commands:
 :Maple
 with( plots );
 r := t -> [3*cos(t),5*sin(t)];
 lo := 0;
 hi := 2*Pi;
 t0 := Pi/4;
 P1 := plot( [r(t)[], t=lo..hi] ):
 display( P1, scaling=constrained, title="#27(a) (Section 13.4)" );
 CURVATURE := (x,y,t) ->simplify(abs(diff(x,t)*diff(y,t,t)-diff(y,t)*diff(x,t,t))/(diff(x,t)^2+diff(y,t)^2)^(3/2));
 kappa := eval(CURVATURE(r(t)[],t),t=t0);
 UnitNormal := (x,y,t) ->expand( [-diff(y,t),diff(x,t)]/sqrt(diff(x,t)^2+diff(y,t)^2) );
 N := eval( UnitNormal(r(t)[],t), t=t0 );
 C := expand( r(t0) + N/kappa );
 OscCircle := (x-C[1])^2+(y-C[2])^2 = 1/kappa^2;
 evalf( OscCircle );
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 P2 := implicitplot( (x-C[1])^2+(y-C[2])^2 = 1/kappa^2, x=-7..4, y=-4..6, color=blue ):
 display( [P1,P2], scaling=constrained, title="#27(e) (Section 13.4)" );
 : (assigned functions and parameters may vary)Mathematica
 In Mathematica, the dot product can be applied either with a period "." or with the word, "Dot".
 Similarly, the cross product can be applied either with a very small "x" (in the palette next to the arrow) or with the word,
 "Cross". However, the Cross command assumes the vectors are in three dimensions
 For the purposes of applying the cross product command, we will define the position vector r as a three dimensional vector
 with zero for its z-component. For graphing, we will use only the first two components.
 Clear[r, t, x, y]
 r[t_]={3 Cos[t], 5 Sin[t] }
 t0=  /4;  tmin= 0;  tmax= 2 ;1 1

 r2[t_]= {r[t][[1]], r[t][[2]]}
 pp=ParametricPlot[r2[t], {t, tmin, tmax}];
 mag[v_]=Sqrt[v.v]
 vel[t_]= r'[t]
 speed[t_]=mag[vel[t]]
 acc[t_]= vel'[t]

 curv[t_]= mag[Cross[vel[t],acc[t]]]/speed[t] //Simplify3

 unittan[t_]= vel[t]/speed[t]//Simplify
 unitnorm[t_]= unittan'[t] / mag[unittan'[t]]
 ctr= r[t0] + (1 / curv[t0]) unitnorm[t0] //Simplify
 {a,b}= {ctr[[1]], ctr[[2]]}
 To plot the osculating circle, load a graphics package and then plot it, and show it together with the original curve.
 <<Graphics`ImplicitPlot`

 pc=ImplicitPlot[(x a)2 + (y b)2 == 1/curv[t0]  , {x, 8, 8},{y, 8, 8}]� � � �2

 radius=Graphics[Line[{{a, b}, r2[t0]}]]
 Show[pp, pc, radius, AspectRatio 1]Ä

13.5  TANGENTIAL AND NORMAL COMPONENTS OF ACCELERATION

 1. (a cos t) (a sin t) bt   ( a sin t) (a cos t) b   ( a sin t) (a cos t) br i j k v i j k vœ � � Ê œ � � � Ê œ � � �k k È # # #

 a b   a  0; ( a cos t) ( a sin t)   ( a cos t) ( a sin t) a aœ � Ê œ œ œ � � � Ê œ � � � œ œÈ k k k k k kÈ È# # # # #
T

d
dt v a i j a

  a a 0 a   (0) a aÊ œ � œ � œ œ Ê œ � œN T
É Ék k k k k k k k k k k ka a a a T N N# ## #

 2. (1 3t) (t 2) 3t   3 3   3 1 ( 3) 19  a  0; r i j k v i j k v v a 0œ � � � � Ê œ � � Ê œ � � � œ Ê œ œ œk k k kÈ È# # #
T

d
dt

  a a 0  (0) (0)Ê œ � œ Ê œ � œN T
Ék ka a T N 0# #

 3. (t 1) 2t t   2 2t   1 2 (2t) 5 4t   a 5 4t (8t)r i j k v i j k vœ � � � Ê œ � � Ê œ � � œ � Ê œ �# ## # # # "
#

�"Î#k k a bÈ È
T

 4t 5 4t   a (1) ; 2   (1) 2   (1) 2  a a 2œ � Ê œ œ œ Ê œ Ê œ Ê œ � œ �a b k k k kÉ É ˆ ‰# �"Î# # # # #
T N T

4 4 4
9 3 3È a k a k a a

   (1)œ œ Ê œ �É 20 4
9 3 3 3

2 5 2 5È È
a T N

 4. (t cos t) (t sin t) t   (cos t t sin t) (sin t t cos t) 2tr i j k v i j kœ � � Ê œ � � � �#

  (cos t t sin t) (sin t t cos t) (2t) 5t 1  a 5t 1 (10t)Ê œ � � � � œ � Ê œ �k k a bÈ Èv # # # # "
#

# �"Î#
T
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   a (0) 0; ( 2 sin t t cos t) (2 cos t t sin t) 2   (0) 2 2   (0)œ Ê œ œ � � � � � Ê œ � Ê5t
5t 1È # �

T a i j k a j k ak k
 2 2 2 2  a a 2 2 0 2 2  (0) (0) 2 2 2 2œ � œ Ê œ � œ � œ Ê œ � œÈ È È È È ÈÉk k ÊŠ ‹# # # ##

#

N Ta a T N N

 5. t t t t t   2t 1 t 1 t   (2t) 1 t 1 tr i j k v i j k vœ � � � � Ê œ � � � � Ê œ � � � �# $ $ # #" " # # ## #ˆ ‰ ˆ ‰ a b a b k k a b a bÉ
3 3

 2 t 2t 1 2 1 t   a 2t 2  a (0) 0; 2 2t 2t   (0) 2   (0) 2œ � � œ � Ê œ Ê œ œ � � Ê œ Ê œÈ a b a b k kÈ È% # #
T T a i j k a i a

  a a 2 0 2  (0) (0) 2 2Ê œ � œ � œ Ê œ � œN T
Ék k Èa a T N N# # # #

 6. e  cos t e  sin t 2e   e  cos t e  sin t e  sin t e  cos t 2er i j k v i j kœ � � Ê œ � � � �a b a b a b a bÈ Èt t t t t t t t

  e  cos t e  sin t e  sin t e  cos t 2e 4e 2e   a 2e   a (0) 2;Ê œ � � � � œ œ Ê œ Ê œk k a b a bÊ Š ‹È Èv t t t t t 2t t t
T T

# #
#

 e  cos t e  sin t e  sin t e  cos t e  sin t e  cos t e  cos t e  sin t 2ea i j kœ � � � � � � � �a b a b Èt t t t t t t t t

 2e  sin t 2e  cos t 2e   (0) 2 2   (0) 2 2 6œ � � � Ê œ � Ê œ � œa b a b k kÈ È ÈÊ Š ‹ Èt t ti j k a j k a #
#

  a a 6 2 2  (0) 2 2Ê œ � œ � œ Ê œ �N TÉk k ÊŠ ‹È È Èa a T N# #
#

#

 7. (cos t) (sin t)   ( sin t) (cos t)   ( sin t) (cos t) 1  r i j k v i j v Tœ � � Ê œ � � Ê œ � � œ Ê œk k È # # v
vk k

 ( sin t) (cos t)   ; ( cos t) (sin t)   ( cos t) ( sin t)œ � � Ê œ � � œ � � Ê œ � � �i j T i j i jˆ ‰ ¸ ¸ È1
4 dt dt

2 2 d dÈ È
# #

# #T T

 1  ( cos t) (sin t)   ; sin t cos t 0
cos t sin t 0

œ Ê œ œ � � Ê œ � � œ ‚ œ œ�
� �

N i j N i j B T N k
i j kˆ ‰

¸ ¸
È Èd

dt
d
dt

T

T
ˆ ‰

â ââ ââ ââ ââ ââ â
1
4

2 2
# #

  , the normal to the osculating plane;   P 1  lies on theÊ œ œ � � Ê œ ß ß�B k r i j kˆ ‰ ˆ ‰ Š ‹1 1
4 4

2 2 2 2È È È È
# # # #

 osculating plane  0 x 0 y (z ( 1)) 0  z 1 is the osculating plane;  is normalÊ � � � � � � œ Ê œ �Š ‹ Š ‹È È2 2
# # T

 to the normal plane  x y 0(z ( 1)) 0  x y 0Ê � � � � � � � œ Ê � � œŠ ‹Š ‹ Š ‹Š ‹È È È È È È2 2 2 2 2 2
# # # # # #

  x y 0 is the normal plane;  is normal to the rectifying planeÊ � � œ N

  x y 0(z ( 1)) 0  x y 1  x y 2 is theÊ � � � � � � � � œ Ê � � œ � Ê � œŠ ‹Š ‹ Š ‹Š ‹ ÈÈ È È È È È2 2 2 2 2 2
# # # # # #

 rectifying plane

 8. (cos t) (sin t) t   ( sin t) (cos t)   sin t cos t 1 2  r i j k v i j k v Tœ � � Ê œ � � � Ê œ � � œ Ê œk k È È# # v
vk k

  sin t  cos t    cos t  sin t   œ � � � Ê œ � � � ÊŠ ‹ Š ‹ Š ‹ Š ‹ ¸ ¸" " " " "È È È È È2 2 2 2 2
d d
dt dti j k i jT T

  cos t  sin t   ( cos t) (sin t) ; thus (0)   and (0)œ � œ Ê œ œ � � œ � œ �É " " " " "
# #

# # È È È
ˆ ‰
¸ ¸2 2 2

N i j T j k N i
d
dt
d
dt

T

T

  (0) , the normal to the osculating plane; (0)   P(1 0 0) lies on0

1 0 0

Ê œ œ � � œ Ê ß ß

�

B j k r i

i j k
â ââ ââ ââ ââ ââ ââ â

" " " "È È È È2 2 2 2

 the osculating plane  0(x 1) (y 0) (z 0) 0  y z 0 is the osculating plane;  is normalÊ � � � � � œ Ê � œ" "È È2 2
T

 to the normal plane  0(x 1) (y 0) (z 0) 0  y z 0 is the normal plane;  is normal toÊ � � � � � œ Ê � œ" "È È2 2
N

 the rectifying plane  1(x 1) 0(y 0) 0(z 0) 0  x 1 is the rectifying plane.Ê � � � � � � œ Ê œ
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780 Chapter 13 Vector-Valued Functions and Motion in Space

 9. By Exercise 9 in Section 13.4,   cos t  sin t   and  ( sin t) (cos t)  so that T i j k N i j B T Nœ � � � œ � � œ ‚ˆ ‰ ˆ ‰3 3 4
5 5 5

  cos t  sin t  cos t  sin t . Also (3 cos t) ( 3 sin t) 4
sin t cos t 0

œ � œ � � œ � � �

� �

â ââ ââ ââ ââ ââ â ˆ ‰ ˆ ‰i j k
i j k v i j k3 3 4 4 4 3

5 5 5 5 5 5

 ( 3 sin t) ( 3 cos t)  ( 3 cos t) (3 sin t)  and  3 cos t 3 sin t 4
3 sin t 3 cos t 0

Ê œ � � � Ê œ � � ‚ œ �
� �

a i j i j v a
i j k

d
dt
a

â ââ ââ ââ ââ ââ â
 (12 cos t) (12 sin t) 9   12 cos t 12 sin t 9 225. Thusœ � � Ê ‚ œ � � � � œi j k v ak k a b a b a b2 # # #

  7 œ œ œ œ �

â ââ ââ ââ ââ ââ â a b
3 cos t 3 sin t 4
3 sin t 3 sin t 0
3 cos t 3 sin t 0

225 225 225 25
4 9 sin t 9 cos t 36 4

�
� �
� † � � �# #

10. By Exercise 10 in Section 13.4,  (cos t) (sin t)  and ( sin t) (cos t) ; thus T i j N i j B T Nœ � œ � � œ ‚

 cos t sin t . Also (t cos t) (t sin t)cos t sin t 0
sin t cos t 0

œ œ � œ œ �
�

â ââ ââ ââ ââ ââ â a bi j k
k k v i j# #

 t sin t cos t t cos t sin t  t cos t sin t sin t t sin t cos t cos tÊ œ � � � � Ê œ � � � � � � �a i j i ja b a b a b a ba b d
dt
a

 t cos t 2 sin t 2 cos t t sin t . Thus t cos t t sin t 0
t sin t cos t t cos t sin t 0

œ � � � � ‚ œ
� � �

a b a b
â ââ ââ ââ ââ ââ âa b a bi j v a

i j k

 [(t cos t)(t cos t sin t) (t sin t)( t sin t cos t)] t   t t . Thusœ � � � � œ Ê ‚ œ œk k v a# # #k k a b2 4

 07 œ œ œ

â ââ ââ ââ ââ ââ â
t cos t t sin t 0

cos t t sin t sin t t cos t 0
2 sin t t cos t 2 cos t t sin t 0

t t
0

� �
� � �

4 4

11. By Exercise 11 in Section 13.4,  and ; ThusT i j N i jœ � œ �Š ‹ Š ‹ Š ‹ Š ‹cos t sin t sin t cos t cos t sin t sin t cos t
2 2 2 2

� � � � � �È È È È

 0

0
B T N

i j k

œ ‚ œ œ �

â ââ ââ ââ ââ ââ ââ â
’ “Š ‹ Š ‹cos t sin t sin t cos t

2 2
cos t sin t sin t cos t

2 2

cos t 2 cos t sin t sin t sin t 2 sin t 
2

� �

� � � �

� � �È È
È È

# # # cos t cos t
2

� #

k

 . Also,  e  cos t e  sin t e  sin t e  cos tœ � œ œ � � �’ “Š ‹ Š ‹ a b a b1 sin 2t 1 sin 2t
2 2

t t t t� �a b a b k k v i j

 = 2e  sin t 2e  cos te sin t cos t e cos t sin t e cos t sin t e sin t cos tÊ œ � � �� � � � � � �a i j i jc d c d a b a ba b a b a b a bt t t t t t

 2e cos t sin t 2e sin t cos t . Thus  2ee cos t sin t e sin t cos t 0
2e  sin t 2e  cos t 0

Ê œ � � � � � ‚ œ œ� �
�

d
dt

t t 2tt t

t t

a a b a b
â ââ ââ ââ ââ ââ âa b a bi j v a k

i j k

  2e 4e . Thus  Ê ‚ œ œ œk k a bv a 2 2t 4t

cos t sin t sin t cos t 0
2  sin t 2  cos t 0

2 cos t sin t 2 sin t cos #

� �

�

� � � �
7

â ââ ââ ââ ââ ââ â
a b a b
a b a b

e e
e e

e e

t t

t t

t t t 0
4e4t œ 0

12. By Exercise 12 in Section 13.4,  cos 2t  sin 2t  and ( sin 2t) (cos 2t)  soT i j k N i jœ � � œ � �ˆ ‰ ˆ ‰12 12 5
13 13 13

  cos 2t  sin 2t  cos 2t  sin 2t . Also,
sin 2t cos 2t 0

B T N i j k
i j k

œ ‚ œ � œ � �

� �

â ââ ââ ââ ââ ââ âˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰a b a b
12 12 5 5 5 12
13 13 13 13 13 13

 (12 cos 2t) (12 sin 2t) 5  ( 24 sin 2t) (24 cos 2t)  and ( 48 cos 2t) (48 sin 2t)v i j k a i j i jœ � � Ê œ � � œ � �d
dt
a

  (120 cos 2t) (120 sin 2t) 288   12 cos 2t 12 sin 2t 5
24 sin 2t 24 cos 2t 0

v a i j k v a
i j k

‚ œ œ � � Ê ‚�
� �

â ââ ââ ââ ââ ââ â k k2
 (120 cos 2t) ( 120 sin 2t) ( 288) 120 cos 2t sin 2t 288 97344. Thusœ � � � � œ � � œ# # # # # # #a b
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 7 œ œ œ �

â ââ ââ ââ ââ ââ â a b
12 cos 2t 12 sin 2t 5
24 sin 2t 24 cos 2t 0
48 cos 2t 48 sin 2t 0

97344 97344 169
5 24 48 10

�
� �
� † � †

13. By Exercise 13 in Section 13.4,  and  so that T i j N i j B T Nœ � œ � œt 1 1 t
t 1 t 1 t 1 t 1a b a b È È# # # #� � � �1/2 1/2 ‚

 . Also,  t t  2t 2  so that 0  00

0

t t 0
2t 0
2 0 0

œ œ � œ � Ê œ � Ê œ œ Ê œ"

â ââ ââ ââ ââ ââ ââ â
â ââ ââ ââ ââ ââ â

i j k

k v i j a i j i
t 1

t 1 t 1

t 1 t 1
t

d
dt

È È
È È

# #

# #

� �
" �

� �

#

#

a 7

14. By Exercise 14 in Section 13.4, ( cos t) (sin t)  and  (sin t) (cos t)  so that T i j N i j B T Nœ � � œ � œ ‚

 . Also,  3 cos t sin t 3 sin t cos tcos t sin t 0
sin t cos t 0

œ œ � œ � ��

â ââ ââ ââ ââ ââ â a b a bi j k
k v i j# #

 3 cos t sin t 3 sin t cos t 3 cos t sin t 3 sin t cos tÊ Êa i j i jœ � � œ � �d d d d d d d
dt dt dt dt dt dt dta b a b a b a bˆ ‰ ˆ ‰# # # #a

 

3 cos t sin t 3 sin t cos t 0
3 cos t sin t 3 sin t cos t 0

3 cos t sin t 3 sin t cos 
Ê

â ââ ââ ââ ââ ââ ââ â
a b a bˆ ‰ ˆ ‰a b a b
�

�

�

# #

# #

# #

d d
dt dt

d d d d
dt dt dt dt t 0

0  0œ Ê œ7

15. By Exercise 15 in Section 13.4, sech tanh  and tanh sech  so that T i j N i j B T Nœ œ � œ � � œv
vk k ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰t t t t

a a a a ‚

 . Also,  sinh  cosh  sinh  so thatsech tanh 0

tanh  sech 0
œ œ œ � Ê œ Ê œ

�

â ââ ââ ââ ââ ââ â
ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰i j k

k v i j a j jt t
a a

t t
a a

t t d t
a a a dt a a

" "a
#

 0  0

1 sinh 0

0  cosh 0

0  sinh 0

â ââ ââ ââ ââ ââ ââ â
ˆ ‰ˆ ‰ˆ ‰

t
a

a a
t

a a
t

"

"
#

œ Ê œ7

16. By Exercise 16 in Section 13.4,   tanh t  sech t  and  (sech t) (tanh t)  so thatT i j k N i kœ � � œ �Š ‹ Š ‹" " "È È È2 2 2

  tanh t  sech t . Also,  (sinh t) (cosh t) tanh t  sech t

sech t 0 tanh t

B T N i j k v i j k

i j k

œ œ œ � � œ � �

�

‚

â ââ ââ ââ ââ ââ ââ â
Š ‹ Š ‹" �" " " " "È È È È È È2 2 2 2 2 2

 (cosh t) (sinh t)  (sinh t) (cosh t)  and  sinh t cosh t 1
cosh t sinh t 0

a i j i j v a
i j k

œ � Ê œ � ‚ œ �
�

d
dt
a

â ââ ââ ââ ââ ââ â
 (sinh t) (cosh t) cosh t sinh t (sinh t) (cosh t)  sinh t cosh t 1. Thusœ � � � œ � � Ê ‚ œ � �i j k i j k v aa b k k2 2 # # #

  .7 œ œ œ

â ââ ââ ââ ââ ââ â
sinh t cosh t 1
cosh t sinh t 0
sinh t cosh t 0
sinh t cosh t 1 sinh t cosh t 1  cosh t

�
�
�

� � � � #
�" �"

# # # # #

17. Yes.  If the car is moving along a curved path, then 0 and a  0  a a ., ,Á œ Á Ê œ � ÁN T Nk kv a T N 0#

18.  constant  a  0  a  is orthogonal to   the acceleration is normal to the pathk k k kv v a N TÊ œ œ Ê œ ÊT N
d
dt

19.     a 0   0   is constanta v a T v v¼ Ê ¼ Ê œ Ê œ ÊT
d
dt k k k k

20. (t) a a , where a  (10) 0 and a  100   0 100 .  Now, froma T N v v a T Nœ � œ œ œ œ œ Ê œ �T N T N
d d
dt dtk k k k, , ,

#

 Exercise 5(a) Section 12.4, we find for y f(x) x  that ; also,œ œ œ œ œ#

� � �
,

k k
� ‘a b c d a b

f (x)

1 f (x)

2 2
1 (2x) 1 4x

ww

w # # #$Î# $Î# $Î#
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782 Chapter 13 Vector-Valued Functions and Motion in Space

 (t) t t  is the position vector of the moving mass  2t   1 4tr i j v i j vœ � Ê œ � Ê œ �# #k k È
  ( 2t ).  At (0 0):  (0) , (0)  and (0) 2  m m(100 ) 200m ;Ê œ � ß œ œ œ Ê œ œ œT i j T i N j F a N j"

�È1 4t#
, ,

 At 2 2 :  2 2 2 , 2 , and 2   mŠ ‹ Š ‹ Š ‹ Š ‹ Š ‹È È È È Èß œ � œ � œ � � œ Ê œT i j i j N i j F a" " "
3 3 3 3 3 27

2 2 2 2 2È È
,

 m(100 ) m m mœ œ � � œ � �, N i j i jˆ ‰ Š ‹200 200
27 3 3 81 81

2 2 400 2È È"

21. By a a  we have  a T N v a T T N T T T Nœ � ‚ œ ‚ � œ ‚ � ‚T N
ds d s ds ds d s ds
dt dt dt dt dt dt

2 3ˆ ‰ ˆ ‰ ˆ ‰’ “ Š ‹a b a b2 2

2 2, ,

 . It follows that œ l ‚ l œ l l œ l l Ê œ, , , ,ˆ ‰ ¹ ¹ds ds
dt dt

3 3
3B v a B v l ‚ l

l l
v a
v 3

22. a 0   0  0 (since the particle is moving, we cannot have zero speed)  the curvature is zeroN œ Ê œ Ê œ Ê, ,k kv #

 so the particle is moving along a straight line

23. From Example 1, t and a t so that a    , t 0  tk k k kv vœ œ œ Ê œ œ œ Á Ê œ œN N , , 3
# " "a t

t t
Nk kv # # ,

24. (x At) (y Bt) (z Ct)   A B C       0.  Since the curver i j k v i j k a 0 v a 0œ � � � � � Ê œ � � Ê œ Ê ‚ œ Ê œ! ! ! ,

 is a plane curve, 0.7 œ

25. If a plane curve is sufficiently differentiable the torsion is zero as the following argument shows:

 f(t) g(t)   f (t) g (t)   f (t) g (t)   f (t) g (t)r i j v i j a i j i jœ � Ê œ � Ê œ � Ê œ �w w ww ww www wwwd
dt
a

  0Ê œ œ7

â ââ ââ ââ ââ ââ â
k k

f (t) g (t) 0
f (t) g (t) 0
f (t) g (t) 0

w w

ww ww

www www

#v a‚

26. a sin t a cos t b  and a cos t a sin tv i j k a i jœ � � � œ � �a b a b a b a b
 To find the torsion:  7 œ œ œ

â ââ ââ ââ ââ ââ â
Š ‹È

ˆ ‰ ˆ ‰
a b

�
� �

�

�

�

�

a sin t a cos t b
a cos t a sin t 0

a sin t a cos t 0

a a b

b a cos t a sin t a b cos
a a b2 2

2 2 2 2

2 2 2 2 2 2t sin t
a a b a b

b a b
a b

�

� �
w �

�

2

2 2 2 2 2a b a bœ Ê œ (b) ;7
# #

# # #

 (b) 0  0 a b 0  b a  b a since a, b 0.  Also b a  0 and b a7 7w # # w�
�

œ Ê œ Ê � œ Ê œ „ Ê œ � � Ê � �a b
a b

# #

# # #a b
  0 so  occurs when b a  Ê � œ Ê œ œ7 7 7w

�
"

max max
a

a a 2a# #

27. (t) f(t) g(t) h(t)   f (t) g (t) h (t) ; 0  h (t) 0  h(t) Cr i j k v i j k v kœ � � Ê œ � � œ Ê œ Ê œw w w w
†

  (t) f(t) g(t) C  and (a) f(a) g(a) C   f(a) 0, g(a) 0 and C 0  h(t) 0.Ê œ � � œ � � œ Ê œ œ œ Ê œr i j k r i j k 0

28. From Exercise 26, (a sin t) (a cos t) b   a b   v i j k v Tœ � � � Ê œ � Ê œk k È # # v
vk k

 (a sin t) (a cos t) b ; (a cos t) (a sin t)   œ � � � œ � � Ê œ" "

� �È È
ˆ ‰
¸ ¸a b a b

d
dt# # # #

c d c di j k i j NT
d
dt
d
dt

T

T

 (cos t) (sin t) ; 

cos t sin t 0

œ � � œ ‚ œ �

� �

i j B T N

i j k
â ââ ââ ââ ââ ââ ââ â

a sin t a cos t b
a b a b a bÈ È È# # # # # #� � �

   (b cos t) (b sin t)   œ � � Ê œ � Ê œ �b sin t b cos t a d d b
a b a b a b a b a bdt dtÈ È È È È# # # # # # # # # #� � � � �

"i j k i j NB Bc d †

    , which is consistent with the result in Exercise 26.Ê œ � œ � � œ7 " "

� � �k k È Èv
Bˆ ‰ Š ‹Š ‹d b b

dt a ba b a b
† N

# # # # # #
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29-32. Example CAS commands:
 :Maple
 with( LinearAlgebra );
 r := < t*cos(t) | t*sin(t) | t >;
 t0 := sqrt(3);
 rr := eval( r, t=t0 );
 v := map( diff, r, t );
 vv := eval( v, t=t0 );
 a := map( diff, v, t );
 aa := eval( a, t=t0 );
 s := simplify(Norm( v, 2 )) assuming t::real;
 ss := eval( s, t=t0 );
 T := v/s;
 TT := vv/ss ;
 q1 := map( diff, simplify(T), t ):
 NN := simplify(eval( q1/Norm(q1,2), t=t0 ));
 BB := CrossProduct( TT, NN );
 kappa := Norm(CrossProduct(vv,aa),2)/ss^3;
 tau := simplify( Determinant(< vv, aa, eval(map(diff,a,t),t=t0) >)/Norm(CrossProduct(vv,aa),2)^3 );
 a_t := eval( diff( s, t ), t=t0 );
 a_n := evalf[4]( kappa*ss^2 );
 : (assigned functions and value for t0 will vary)Mathematica
 Clear[t, v, a, t]
 mag[vector_]:=Sqrt[vector.vector]
 Print["The position vector is ", r[t_]={t Cos[t], t Sin[t], t}]
 Print["The velocity vector is ", v[t_]= r'[t]]
 Print["The acceleration vector is ", a[t_]= v'[t]]
 Print["The speed is ", speed[t_]= mag[v[t]]//Simplify]
 Print["The unit tangent vector is ", utan[t_]= v[t]/speed[t] //Simplify]

 Print["The curvature is ", curv[t_]= mag[Cross[v[t],a[t]]] / speed[t]  //Simplify]3

 Print["The torsion is ", torsion[t_]= Det[{v[t], a[t], a'[t]}] / mag[Cross[v[t],a[t]]]  //Simplify]2

 Print["The unit normal vector is ", unorm[t_]= utan'[t] / mag[utan'[t]] //Simplify]
 Print["The unit binormal vector is ", ubinorm[t_]= Cross[utan[t],unorm[t]] //Simplify]
 Print["The tangential component of the acceleration is ", at[t_]=a[t].utan[t] //Simplify]
 Print["The normal component of the acceleration is ", an[t_]=a[t].unorm[t] //Simplify]
 You can evaluate any of these functions at a specified value of t.
 t0= Sqrt[3]
 {utan[t0], unorm[t0], ubinorm[t0]}
 N[{utan[t0], unorm[t0], ubinorm[t0]}]
 {curv[t0], torsion[t0]}
 N[{curv[t0], torsion[t0]}]
 {at[t0], an[t0]}
 N[{at[t0], an[t0]}]
 To verify that the tangential and normal components of the acceleration agree with the formulas in the book:
 at[t]== speed'[t] //Simplify

 an[t]==curv [t] speed[t]  //Simplify2
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13.6  VELOCITY AND ACCELERATION IN POLAR COORDINATES

 1. 3 0, r a 1 cos r a sin 3a sin r 3a cos 9a cos. ..d d d
dt dt dt
) ) )œ œ Ê œ œ � Ê œ œ Ê œ œ

Þ ÞÞ
) ) ) ) ) ) )a b

 3a sin a 1 cos 3 3a sin 3a 1 cosv u u u uœ � � œ � �a b a ba b a b a ba b) ) ) )r r) )

 9a cos a 1 cos 3 a 1 cos 0 2 3a sin 3a u uœ � � � � † �Š ‹a ba b a ba b a ba b) ) ) )
2

r )

 9a cos 9a 9a cos 18a sin 9a 2 cos 1 18a sinœ � � � œ � �a b a b a b a b) ) ) ) )u u u ur r) )

 2. 2t 2, r a sin 2 r a cos 2 2 4ta cos 2 r 4ta sin 2 2 4a cos 2. ..d d d
dt dt dt
) ) )œ œ Ê œ œ Ê œ † œ Ê œ � † �

Þ ÞÞ
) ) ) ) ) ) )ˆ ‰

 16t a sin 2 4a cos 2œ � �2 ) )

 4ta cos 2 a sin 2 2t 4ta cos 2 2ta sin 2v u u u uœ � œ �a b a ba b a b a b) ) ) )r r) )

 16t a sin 2 4a cos 2 a sin 2 2t a sin 2 2 2 4ta cos 2 2ta u uœ � � � � �’ “a b a ba b a ba b a ba b� ‘2 2
r) ) ) ) ) )

 16t a sin 2 4a cos 2 4t a sin 2 2a sin 2 16t a cos 2œ � � � � �’ “ � ‘2 2 2
r) ) ) ) )u u)

 20t a sin 2 4a cos 2 2a sin 2 16t a cos 2 4a cos 2 5t sin 2 2a sin 2 8t cos 2œ � � � � œ � � �’ “ � ‘ a b a b2 2 2 2
r r) ) ) ) ) ) ) )u u u u) )

 3. 2 0, r e r e a 2a e r 2a e a 4a e. ..d d d
dt dt dt

a a a a 2 a) ) )) ) ) ) )œ œ Ê œ œ Ê œ † œ Ê œ † œ
Þ ÞÞ
) )

 2a e e 2 2a e 2ev u u u uœ � œ �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰a ba a a a
r r

) ) ) )
) )

 4a e e 2 e 0 2 2a e 2 4a e 4e 0 8a ea u u u uœ � � � œ � � �’ “ ’ “ ’ “ ’ “ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰a b a b a b2 a a a a 2 a a a2
r r

) ) ) ) ) ) )
) )

 4e a 1 8a eœ � �a 2 a
r

) )
)a b ˆ ‰u u

 4. 1 e e e , r a 1 sin t r a cos t r a sin t. ..
) ) )œ � Ê œ Ê œ � œ � Ê œ Ê œ �

Þ ÞÞ
� � �t t t a b

 a cos t a 1 sin t e a cos t a e 1 sin tv u u u uœ � � œ � �a b a ba b a b a ba br r
t t� �

) )

 a sin t a 1 sin t e a 1 sin t e 2 a cos t ea u uœ � � � � � � �’ “ ’ “a b a ba b a ba b a ba ba b a b� � �t t t2
r )

 a sin t a e 1 sin t a e 1 sin t 2a e cos tœ � � � � � � �’ “ ’ “a b a b� � �2t t t
ru u)

 a sin t e 1 sin t a e 1 sin t 2cos tœ � � � � � � �a b a ba b a b� �2t t
ru u)

 a sin t e 1 sin t a e 2cos t 1 sin tœ � � � � � �a b a ba b� �2t t
ru u)

 5. 2t 2 0, r 2 cos 4t r 8 sin 4t r 32 cos 4t. ..
) ) )œ Ê œ Ê œ œ Ê œ � Ê œ �

Þ ÞÞ

 8 sin 4t 2 cos 4t 2 8 sin 4t 4 cos 4tv u u u uœ � � œ � �a b a ba b a b a br r) )

 32 cos 4t 2 cos 4t 2 2 cos 4t 0 2 8 sin 4t 2a u uœ � � � † � �Š ‹a b a ba b a ba b a ba b2
r )

 32 cos 4t 8 cos 4t 0 32sin 4t 40 cos 4t 32 sin 4tœ � � � � œ � �a b a b a b a bu u u ur r) )

 6. e 1  v   v ;œ � Ê œ Ê œ
r v
GM r r

GM(e 1) GM(e 1)!
#

!

! !

#
!

� �
! É

 Circle:  e 0  vœ Ê œ! ÉGM
r!

 Ellipse:  0 e 1  v� � Ê � �É ÉGM 2GM
r r! !

!

 Parabola:  e 1  vœ Ê œ! É 2GM
r!

 Hyperbola:  e 1  v� Ê �! É 2GM
r!

 7. r   v   v  which is constant since G, M, and r (the radius of orbit) are constantœ Ê œ Ê œGM GM GM
v r r#

# É
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 8. A  (t t) (t)    (t)  (t)? ?œ � ‚ Ê œ ‚ œ ‚" " "
# # #

� � � �k k ¹ ¹ ¹ ¹r r r r?
? ? ?

? ?A
t t t

(t t) (t t) (t) (t)r r r r

  (t) (t) (t)  (t)    lim    (t)œ ‚ � ‚ œ ‚ Ê œ ‚" " " "
# # #

� � � � � �¹ ¹ ¹ ¹ ¹ ¹r r r r r r(t t) (t) (t t) (t) (t t) (t)
t t t dt t

dA? ? ?

? ? ? ?
r r r r r

?t 0Ä

  (t)  (t)  œ ‚ œ ‚ œ ‚" " "
# # #
¸ ¸ ¸ ¸ k kd d

dt dt
r rr r r rÞ

 9. T 1 e   T 1 e 1 1  (from Equation 5)œ � Ê œ � œ � �Š ‹ Š ‹ Š ‹ Š ‹È a b ” •2 a 4 a 4 a
r v GMr v r v

r v1 1 1# # % # %

! !
# # # #

! ! ! !

!
#

!# # #
#

 2œ � � œ œŠ ‹ ’ “ Š ‹ ’ “Š ‹4 a 4 a
r v r v

r v r v 2GMr v r v
G M GM G M r G M

4 a 2GM r v1 1 1# % # %

# # # #

! ! ! !

# % # # # %

! ! ! ! ! !

# # # # # #

! !
# % #

! !

!

� �ˆ ‰ a b

 4 a 4 a  (from Equation 10)  T   œ œ Ê œ Ê œa b a bŠ ‹ ˆ ‰ ˆ ‰ ˆ ‰1 1# % # % #� "2GM r v
2r GM GM 2a GM GM a GM

2 2 4 a T 4!
#

!

!

# $ # #

$

1 1

10. r 365.256 days 365.256 days 24 60 60 31,558,118.4 seconds 3.16 10 ,œ œ ‚ ‚ ‚ œ ¸ ‚hours minutes seconds
day hour minute

7

 G 6.6726 10 , and the mass of the sun M 1.99 10  kg. a Tœ ‚ œ ‚ œ Ê œ� †11 30 3 2N m T 4 GM
kg a GM 4

2 2 2

3 2#

1
1

 a 3.16 10 3.35863335 10 a 3.35863335 10Ê œ ‚ ¸ ‚ Ê œ ‚3 7 332 6.6726 10 1.99 10
4

33a b Èˆ ‰ˆ ‰‚ ‚�11 30

2
3

1

 149757138111 m 149.757 billion km¸ ¸

CHAPTER 13 PRACTICE EXERCISES

 1. (t) (4 cos t) 2 sin t   x 4 cos tr i jœ � Ê œŠ ‹È
 and y 2 sin t  1;œ Ê � œÈ x

16
y# #

#

 v i jœ � �( 4 sin t) 2 cos t  andŠ ‹È
 ( 4 cos t) 2 sin t ; (0) 4 , (0) 2 ,a i j r i v jœ � � œ œŠ ‹È È
 (0) 4 ; 2 2 , 2 2 ,a i r i j v i jœ � œ � œ � �ˆ ‰ ˆ ‰È È1 1

4 4

 2 2 ; 16 sin t 2 cos ta i j vˆ ‰ È Èk k1
4 œ � � œ �# #

 

  a  ; at t 0:  a 0, a 0 4, 0 4 4 , 2;Ê œ œ œ œ œ � œ œ � œ œ œ œT N
d 14 sin t cos t 4
dt 216 sin t 2 cos t

ak k k kÉv a a T N NÈ k k# # #
�

#
T , N

v

 at t :  a , a 9 , , œ œ œ œ � œ œ � œ œ1
4 3 9 3 3 3 27

7 7 49 7
8 1

4 2 4 2 4 2a
T NÈ

È È È
k k�

É a T N , N

v #

 2. (t) 3 sec t 3 tan t   x 3 sec t and y 3 tan t  sec t tan t 1;r i jœ � Ê œ œ Ê � œ � œŠ ‹ Š ‹È È È È x
3 3

y# #
# #

  x y 3; 3 sec t tan t 3 sec tÊ � œ œ �# # #v i jŠ ‹ Š ‹È È
 and

 3 sec t tan t 3 sec t 2 3 sec t tan t ;a i jœ � �Š ‹ Š ‹È È È# $ #

 (0) 3 , (0) 3 , (0) 3 ;r i v j a iœ œ œÈ È È
 3 sec t tan t 3 sec tk kv œ �È # # %

  a  ;Ê œ œT
d 6 sec t tan t 18 sec t tan t
dt 2 3 sec t tan t 3 sec t
k kv

# $ %

# # %

�

�È
 at t 0:  a 0, a 0 3,œ œ œ � œT N Ék k Èa #

 0 3 3 , a T N Nœ � œ œ œ œÈ È , a 3
3 3

Nk k
È

Èv #

"  
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 3.   t 1 t 1 t  t 1 t 1 tr i j v i j vœ � Ê œ � � � � Ê œ � � � �"

� �
# #�$Î# �$Î# # #�$Î# �$Î#

# #

È È1 t 1 t
t

# #
a b a b k k a b a bÊ’ “ ’ “

 .  We want to maximize :   and 0  0  t 0.  For t 0, 0; forœ œ œ Ê œ Ê œ � �" � � �
� � � �1 t dt dt

d d 2t 2t 2t
1 t 1 t 1 t# # # ## # #k kv k k k k
a b a b a b

v v

 t 0, 0   occurs when t 0  1� � Ê œ Ê œ�
�

2t
1 ta b# # k k k kv vmax max

 4. e  cos t e  sin t   e  cos t e  sin t e  sin t e  cos tr i j v i jœ � Ê œ � � �a b a b a b a bt t t t t t

  e  cos t e  sin t e  sin t e  cos t e  sin t e  cos t e  cos t e  sin tÊ œ � � � � � � �a i ja b a bt t t t t t t t

 2e  sin t 2e  cos t .  Let  be the angle between  and .  Then cosœ � � œa b a b Š ‹t t
 i j r a) ) �" r a

r a
†k k k k

 cos cos cos 0  for all tœ œ œ œ�" �" �"
#� � Š ‹� �

� � �

2e  sin t cos t 2e  sin t cos t 0

e  cos t e  sin t  2e  sin t 2e  cos t 2e

2t 2t

t t t t
2tÉ Éa b a b a b a b# # # #

1

 5. 3 4  and 5 15   25   25; 3 4 53 4 0
5 5 0

v i j a i j v a k v a v
i j k

œ � œ � Ê ‚ œ œ Ê œ œ � œ
"

â ââ ââ ââ ââ ââ â k k k k È‚
# #

  Ê œ œ œ,
k k
k k
v a
v
‚ "
$ $

25
5 5

 6. e 1 e   e 1 e e 1 e 2e, œ œ � Ê œ � � � �k k
� ‘a b

y

1 y

x 2x x 2x x 2x 2xd 3
dx

ww

w # $Î#
�

�$Î# �$Î# �&Î#

#a b a b a b a b’ “,

 e 1 e 3e 1 e e 1 e 1 e 3e e 1 e 1 2e ;œ � � � œ � � � œ � �x 2x 3x 2x x 2x 2x 2x x 2x 2xa b a b a b c d a b a ba b�$Î# �&Î# �&Î# �&Î#

 0  1 2e 0  e   2x ln 2  x  ln 2 ln 2  y ; therefore  is at ad
dx

2x 2x
2

, œ Ê � œ Ê œ Ê œ � Ê œ � œ � Ê œa b È" " "
# # È ,

 maximum at the point ln 2Š ‹È� ß "È2

 7. x y    and y  y.  Since the particle moves around the unit circler i j v i j v iœ � Ê œ � œ Ê œdx dx
dt dt dt

dy
†

 x y 1, 2x 2y 0     (y) x.  Since y and x, we have# #� œ � œ Ê œ � Ê œ � œ � œ œ �dx x dx x dx
dt dt dt y dt dt y dt dt

dy dy dy dy

 y x   at (1 0),  and the motion is clockwise.v i j v jœ � Ê ß œ �

 8. 9y x   9 3x    x  .  If x y , where x and y are differentiable functions of t,œ Ê œ Ê œ œ �$ # #"dy dy
dt dt dt 3 dt

dx dx r i j

 then .  Hence 4  4 and x  (3) (4) 12 at (3 3).  Also,v i j v i v jœ � œ Ê œ œ œ œ œ ßdx dx dx
dt dt dt dt 3 dt 3

dy dy
† †

" "# #

  and x x  .  Hence 2  2 anda i j a iœ � œ � œ � Ê œ �d x 2 dx d x d x
dt dt dt 3 dt 3 dt dt

d y d y# # #

# # # # #

# # ˆ ‰ ˆ ‰ ˆ ‰# " #
†

 (3)(4) (3) ( 2) 26 at the point (x y) (3 3).a j† œ œ � � œ ß œ ßd y
dt 3 3

2#

#

# #"

 9.  orthogonal to   0   ( )  K, a constant.  If x y , whered d d d d
dt dt dt dt dt
r r r rr r r r r r r r r i jÊ œ œ � œ Ê œ œ �† † † † †

" " "
# # #

 x and y are differentiable functions of t, then x y   x y K, which is the equation of a circler r† œ � Ê � œ# # # #

 centered at the origin.

10. (a)  (b) (  cos t) (  sin t)v i jœ � �1 1 1 1 1

   sin t  cos t ;Ê œ �a i ja b a b1 1 1 1# #

 (0)  and (0) ;v 0 a jœ œ 1#

 (1) 2  and (1) ;v i a jœ œ �1 1#

 (2)  and (2) ;v 0 a jœ œ 1#

 (3) 2  and (3)v i a jœ œ �1 1#
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 (c) Forward speed at the topmost point is (1) (3) 2  ft/sec; since the circle makes  revolution perk k k kv vœ œ 1 "
#

 second, the center moves  ft parallel to the x-axis each second  the forward speed of C is  ft/sec.1 1Ê

11. y y (v  sin )t gt   y 6.5 (44 ft/sec)(sin 45°)(3 sec) 32 ft/sec (3 sec) 6.5 66 2 144œ � � Ê œ � � œ � �! !
" "
# #

# # #! a b È
 44.16 ft  the shot put is on the ground.  Now, y 0  6.5 22 2t 16t 0  t 2.13 sec (the¸ � Ê œ Ê � � œ Ê ¸È #

 positive root)  x (44 ft/sec)(cos 45°)(2.13 sec) 66.27 ft or about 66 ft, 3 in. from the stopboardÊ ¸ ¸

12. y y 7 ft 57 ftmax œ � œ � ¸! #
(v  sin ) [(80 ft/sec)(sin 45°)]

g (2) 32 ft/sec
!

# #

#

! a b

13. x (v  cos )t and y (v  sin )t gt   tan œ œ � Ê œ œ œ! !
"
#

# � �
! ! 9 y

x (v  cos )t v  cos 
(v  sin )t gt (v  sin ) gt! !

" "

# #

#

! !

! !

! !

  v  cos  tan v  sin gt  t , which is the time when the golf ballÊ œ � Ê œ! !
"
#

�! 9 ! 2v  sin 2v  cos  tan 
g

! !! ! 9

 hits the upward slope.  At this time x (v  cos ) v  sin  cos v  cos  tan .œ œ �!
� # # #

! !! ! ! ! 9Š ‹ Š ‹ a b2v  sin 2v  cos  tan 
g g

2! !! ! 9

 Now OR ORœ Ê œx 2
cos g cos 

v  sin  cos v  cos  tan 
9 9

! ! ! 9Š ‹Š ‹# # #

! !
�

 œ �Š ‹Š ‹2v  cos 
g cos cos 

sin cos  tan #

!
! !

9 9
! 9

 œ Š ‹Š ‹2v  cos 
g cos

sin  cos cos  sin #

!

#

! ! 9 ! 9
9

�

 [sin ( )].  The distance OR is maximizedœ �Š ‹2v  cos 
g cos

#

!

#

!

9
! 9

 when x is maximized:

 (cos 2 sin 2  tan ) 0dx
d g

2v
!
œ � œŠ ‹#! ! ! 9  

  (cos 2 sin 2  tan ) 0 cot 2 tan 0 cot 2 tan ( ) 2Ê � œ Ê � œ Ê œ � Ê œ � Ê œ �! ! 9 ! 9 ! 9 ! 9 !1 19
# # 4

14. (a) x v (cos 40°)t and y 6.5 v (sin 40°)t gt 6.5 v (sin 40°)t 16t ; x 262  ft and y 0 ftœ œ � � œ � � œ œ! ! !
"
#

# # 5
12

  262 v (cos 40°)t or v  and 0 6.5 (sin 40°)t 16t   t 14.1684Ê œ œ œ � � Ê œ5 262.4167 262.4167
12 (cos 40°)t (cos 40°)t! !

# #’ “
  t 3.764 sec.  Therefore, 262.4167 v (cos 40°)(3.764 sec)  v   v 91 ft/secÊ ¸ ¸ Ê ¸ Ê ¸! ! !

262.4167
(cos 40°)(3.764 sec)

 (b) y y 6.5 60 ftmax œ � ¸ � ¸!
(v  sin )

2g (2)(32)
(91)(sin 40°)!

#! a b2

15. (2 cos t) (2 sin t) t   ( 2 sin t) (2 cos t) 2t   ( 2 sin t) (2 cos t) (2t)r i j k v i j k vœ � � Ê œ � � � Ê œ � � �# # # #k k È
 2 1 t   Length 2 1 t  dt t 1 t ln t 1 t 1 ln 1œ � Ê œ � œ � � � � œ � � � �È È È È’ “ Š ‹¹ ¹ É É# # # #

Î%

!

'
0

41Î 1
1 1 1 1
4 16 4 16

# #

16. (3 cos t) (3 sin t) 2t   ( 3 sin t) (3 cos t) 3t ( 3 sin t) (3 cos t) 3tr i j k v i j k vœ � � Ê œ � � � Ê œ � � �$Î# "Î# # # "Î# #k k a bÉ
 9 9t 3 1 t  Length 3 1 t dt 2(1 t) 14œ � œ � Ê œ � œ � œÈ È È � ‘'

0

3
$Î# $

!

17. (1 t) (1 t) t   (1 t) (1 t)r i j k v i j kœ � � � � Ê œ � � � �4 4 2 2
9 9 3 3 3 3

$Î# $Î# "Î# "Î#" "

  (1 t) (1 t) 1  (1 t) (1 t)Ê œ � � � � � œ Ê œ � � � �k k É� ‘ � ‘ ˆ ‰v T i j k2 2 2 2
3 3 3 3 3 3

"Î# "Î## # " "# "Î# "Î#

  (0) ; (1 t)  (1 t)   (0)   (0)Ê œ � � œ � � � Ê œ � Ê œT i j k i j i j2 2 d d d
3 3 3 dt 3 3 dt 3 3 dt 3

2" " " " "�"Î# �"Î#T T T¸ ¸ È

  (0) ; (0) (0) (0) ;

   
   

  0
Ê œ � œ ‚ œ œ � � ��N i j B T N i j k

i j k
" " " ""

" "
È È È È È

È È
2 2 3 2 3 2 3 2

2 2
3 3 3

2 2

4

â ââ ââ ââ ââ ââ ââ â
 (1 t) (1 t)   (0)  and (0)  (0) (0)a i j a i j v i j k  v aœ � � � Ê œ � œ � � Ê ‚" " " " "�"Î# �"Î#

3 3 3 3 3 3 3
2 2
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      (0) ;

   
   

     0
œ œ � � � Ê ‚ œ Ê œ œ œ�

â ââ ââ ââ ââ ââ â k ki j k
i j k v a2 2

3 3 3

3 3

9 9 9 3 1 3
4 2 2"

" "

" " ‚È Èk k
k k

Š ‹
,

v a
v $ $

È2
3

 (1 t) (1 t)   (0)   (0)a i j a i jÞ Þ
œ � � � � Ê œ � � Ê œ œ œ" " " " "�$Î# �$Î#

�

�

‚6 6 6 6 6

    

      0

    0
7

â ââ ââ ââ ââ ââ ââ â
k k

ˆ ‰ ˆ ‰
Š ‹

2 2
3 3 3

3 3

6 6 3 18
2

2
3

"

" "

" "

# #

"

v a È

18. e  sin 2t e  cos 2t 2e   e  sin 2t 2e  cos 2t e  cos 2t 2e  sin 2t 2er i j k v i j kœ � � Ê œ � � � �a b a b a b a bt t t t t t t t

  e  sin 2t 2e  cos 2t e  cos 2t 2e  sin 2t 2e 3e   Ê œ � � � � œ Êk k a b a b a bÉv Tt t t t t t# # #
œ

v
vk k

  sin 2t  cos 2t  cos 2t  sin 2t   (0) ;œ � � � � Ê œ � �ˆ ‰ ˆ ‰" " "
3 3 3 3 3 3 3 3

2 2 2 2 2i j k T i j k

  cos 2t  sin 2t  sin 2t  cos 2t   (0)   (0) 5d 2 4 2 4 d 2 4 d 2
dt 3 3 3 3 dt 3 3 dt 3
T T Tœ � � � � Ê œ � Ê œˆ ‰ ˆ ‰ ¸ ¸ Èi j i j

  (0) ; (0) (0) (0) ;

   

0
Ê œ œ � œ ‚ œ œ � �

�
N i j B T N i j k

i j k
ˆ ‰
Š ‹ È È È È È

È È

2 4
3 3

2 5
3

i j� "

"
È 5 5 3 5 3 5 3 5

2 4 2 52 1 2
3 3 3

5 5
2

â ââ ââ ââ ââ ââ ââ â
 4e  cos 2t 3e  sin 2t 3e  cos 2t 4e  sin 2t 2e   (0) 4 3 2  and (0) 2 2a i j k a i j k v i j kœ � � � � � Ê œ � � œ � �a b a bt t t t t

  (0) (0) 8 4 10   64 16 100 6 5 and (0) 32 2
4 3 2

Ê ‚ œ œ � � Ê ‚ œ � � œ œ"
�

v a i j k v a v
i j k

â ââ ââ ââ ââ ââ â k k k kÈ È
  (0) ;Ê œ œ, 6 5 2 5

3 9

È È
$

 4e  cos 2t 8e  sin 2t 3e  sin 2t 6e  cos 2t 3e  cos 2t 6e  sin 2t 4e  sin 2t 8e  cos 2t 2ea i j kÞ
œ � � � � � � � � �a b a bt t t t t t t t t

 2e  cos 2t 11e  sin 2t 11 e  cos 2t 2e  sin 2t  2e   (0) 2  11 2œ � � � � � � Ê œ � � �
Þa b a bt t t t ti j k a i j k

  (0)Ê œ œ œ �7

â ââ ââ ââ ââ ââ â
k k

2 1 2
4 3 2
2 11 2 80 4

180 9

�
� �

‚
�

v a #

19. t e   e   1 e     (ln 2) ;r i j v i j v T i j T i jœ � Ê œ � Ê œ � Ê œ � Ê œ �" " "
# � �

2t 2t 4t
1 1 17 17

4k k È È È È Èe e
e

4t 4t

2t

   (ln 2)   (ln 2) ;d 2 2 d 32 8 4
dt dt1 1 17 17 17 17 17 17
T Tœ � Ê œ � Ê œ � �� � "

� �

e e
e e

4t 2t

4t 4tˆ ‰ ˆ ‰ È È È È$Î# $Î#i j i j N i j

 (ln 2) (ln 2) (ln 2) ; 2e   (ln 2) 8  and (ln 2) 40

0
B T N k a j a j v i j

i j k

œ ‚ œ œ œ Ê œ œ �

�

â ââ ââ ââ ââ ââ ââ â
"

"

È È
È È
17 17

4

4
17 17

2t

  (ln 2) (ln 2) 8   8 and (ln 2) 17  (ln 2) ; 4e4 0
0 8 0

Ê ‚ œ œ Ê ‚ œ œ Ê œ œ"
Þv a k v a v a j

i j k
â ââ ââ ââ ââ ââ â k k k k È , 8

17 17
2tÈ

  (ln 2) 16   (ln 2) 0Ê œ Ê œ œ
Þa j 7

â ââ ââ ââ ââ ââ â
k k

1 4 0
0 8 0
0 16 0

v a‚ #

20. (3 cosh 2t) (3 sinh 2t) 6t   (6 sinh 2t) (6 cosh 2t) 6r i j k v i j kœ � � Ê œ � �

  36 sinh 2t 36 cosh 2t 36 6 2 cosh 2t   tanh 2t  sech 2tÊ œ � � œ Ê œ œ � �k k È È Š ‹ Š ‹v T i j k# # " " "v
vk k È È È2 2 2

  (ln 2) ;  sech 2t  sech 2t tanh 2t   (ln 2)Ê œ � � œ � ÊT i j k i k15 8 d 2 2 d
17 2 2 17 2 2 2dt dtÈ È È È È" #T TŠ ‹ Š ‹

   (ln 2)œ � œ � Ê œ � � œŠ ‹ Š ‹ Š ‹ Š ‹ˆ ‰ ˆ ‰ ˆ ‰ ¸ ¸ Ê2 8 2 8 15 128 240 d 128 240
2 2 289 2 289 2 289 2 289 217 17 17 dt 17

8 2È È È È È È
È# # #

i k i k T
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  (ln 2) ; (ln 2) (ln 2) (ln 2) ;

0

Ê œ � œ ‚ œ œ � � �

�

N i k B T N i j k

i j k
8 15 15 8

17 17

15 8
17 2 2 17 2

8 15
17 17

17 2 2 17 2

â ââ ââ ââ ââ ââ ââ â
È È È È È È

" "

 (12 cosh 2t) (12 sinh 2t)   (ln 2) 12 12  anda i j a i j i jœ � Ê œ � œ �ˆ ‰ ˆ ‰17 15 51 45
8 8 # #

 v i j k i j k v a
i j k

(ln 2) 6 6 6 6   (ln 2) (ln 2) 6

0
œ � � œ � � Ê ‚ œˆ ‰ ˆ ‰

â ââ ââ ââ ââ ââ â
15 17 45 51
8 8 4 4

45 51
4 4

51 45
2 #

 135 153 72   153 2 and (ln 2) 2  (ln 2) ;œ � � � Ê ‚ œ œ Ê œ œi j k v a vk k k kÈ È51 32
4 867

153 2

2
,

È
Š ‹È51

4

$

 (24 sinh 2t) (24 cosh 2t)   (ln 2) 45 51   (ln 2)a i j a i jÞ Þ
œ � Ê œ � Ê œ œ7

â ââ ââ ââ ââ ââ â
k k

45 51
4 4

5 45
2 2

6

0
45 51 0 32

867

"

#v a‚

21. 2 3t 3t 4t 4t (6 cos t)   (3 6t) (4 8t) (6 sin t)r i j k v i j kœ � � � � � Ê œ � � � �a b a b# #

  (3 6t) (4 8t) (6 sin t) 25 100t 100t 36 sin tÊ œ � � � � œ � � �k k È Èv # # # # #

  25 100t 100t 36 sin t (100 200t 72 sin t cos t)  a (0) (0) 10;Ê œ � � � � � Ê œ œd d
dt dt
k k k kv v"

#
# # �"Î#a b T

 6 8 (6 cos t)   6 8 (6 cos t) 100 36 cos t  (0) 136a i j k a aœ � � Ê œ � � œ � Ê œk k k kÈ È È# # # #

  a a 136 10 36 6  (0) 10 6Ê œ � œ � œ œ Ê œ �N T
Ék k È Èa a T N# # #

22. (2 t) t 2t 1 t   (1 4t) 2t   1 (1 4t) (2t)r i j k v i j k vœ � � � � � Ê œ � � � Ê œ � � �a b a b k k È# # # # #

 2 8t 20t   2 8t 20t (8 40t)  a (0) 2 2; 4 2œ � � Ê œ � � � Ê œ œ œ �È Èa b# "
#

# �"Î#d d
dt dt
k k k kv v

T a j k

  4 2 20  a a 20 2 2 12 2 3  (0) 2 2 2 3Ê œ � œ Ê œ � œ � œ œ Ê œ �k k k kÈ È È ÈÈ È ÈÉ Ê Š ‹a a a T N# # ##
#

N T

23. (sin t) 2 cos t (sin t)   (cos t) 2 sin t (cos t)r i j k v i j kœ � � Ê œ � �Š ‹ Š ‹È È
  (cos t) 2 sin t (cos t) 2   cos t (sin t)  cos t ;Ê œ � � � œ Ê œ œ � �k k Ê Š ‹ Š ‹ Š ‹È Èv T i j k# #

#
" "v

vk k È È2 2

  sin t (cos t)  sin t    sin t ( cos t)  sin t 1d d
dt dt2 2 2 2
T Tœ � � � Ê œ � � � � � œŠ ‹ Š ‹ Š ‹ Š ‹¸ ¸ Ê" " " "

# #
#È È È Èi j k

   sin t (cos t)  sin t ;  cos t sin t  cos t

 sin t cos t  sin t
Ê œ œ � � � œ ‚ œ �

� � �

N i j k B T N

i j k
ˆ ‰
¸ ¸ È È È È

È È

d
dt
d
dt

T

T Š ‹ Š ‹
â ââ ââ ââ ââ ââ ââ â

" "
" "

" "
2 2

2 2

2 2

 ; ( sin t) 2 cos t (sin t)   cos t 2 sin t cos t

sin t 2 cos t sin t

œ � œ � � � Ê œ �

� � �

" "È È2 2
i k a i j k v a

i j kŠ ‹È
â ââ ââ ââ ââ ââ â

ÈÈ‚

 2 2   4 2  ; ( cos t) 2 sin t (cos t)œ � Ê ‚ œ œ Ê œ œ œ œ � � �
ÞÈ È È Èk k Š ‹i k v a a i j k,

k k
Š ‹È Èv a

v
‚ "
k k$ $

2

2 2

  0Ê œ œ œ7

â ââ ââ ââ ââ ââ ââ â

È
È
È
k k

Š ‹ Š ‹ Š ‹È È È
cos t 2 sin t cos t

sin t 2 cos t sin t

cos t 2 sin t cos t (cos t) 2 2 sin t (0) (cos t) 2

4

�

� � �

� �

‚

� � �

v a #

24. (5 cos t) (3 sin t)  ( 5 sin t) (3 cos t)   ( 5 cos t) (3 sin t)r i j k v j k a j kœ � � Ê œ � � Ê œ � �

  25 sin t cos t 9 sin t cos t 16 sin t cos t; 0  16 sin t cos t 0  sin t 0 or cos t 0Ê œ � œ œ Ê œ Ê œ œv a v a† †

  t 0,  or Ê œ 1
# 1
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25. 2 4 sin 3 0 ( ) 2(1) 4 sin ( 1) 0 2 4 sin sin r i j k r i jœ � � � Ê œ � œ � � Ê œ � Ê œ Ê œˆ ‰ ˆ ‰ ˆ ‰t t t t t t
6# # # # # #

"
1

1
†

  t  (for the first time)Ê œ 1
3

26. (t) t t t   2t 3t   1 4t 9t   (1) 14r i j k v i j k v vœ � � Ê œ � � Ê œ � � Ê œ# $ # # %k k k kÈ È
  (1) , which is normal to the normal planeÊ œ � �T i j k"È È È14 14 14

2 3

  (x 1) (y 1) (z 1) 0 or x 2y 3z 6 is an equation of the normal plane.  Next weÊ � � � � � œ � � œ"È È È14 14 14
2 3

 calculate (1) which is normal to the rectifying plane.  Now, 2 6t   (1) 2 6   (1) (1)N a j k a j k v aœ � Ê œ � Ê ‚

 6 6 2   (1) (1) 76  (1) ; (t)   2 3
0 2 6

œ œ � � Ê ‚ œ Ê œ œ œ Ê"

â ââ ââ ââ ââ ââ â k k k kÈ ¹i j k
i j k v a v,

È È
Š ‹È È76 19

14 7 14
ds d s
dt dt$

#

#

t 1œ

 1 4t 9t 8t 36t , so    2 6œ � � � œ œ � Ê �¹a b a b ˆ ‰"
#

# % $�"Î# #

t 1œ

22 d s ds
14 dt dtÈ a T N j k

#

# ,

 14     (x 1) (y 1) (z 1)œ � Ê œ � � � Ê � � � � � �22 11 8 9 11 8 9
14 14 7 14

2 3 1419
2 19 7 7 7 7 7 7È È È È

È ÈŠ ‹ Š ‹È ˆ ‰i j k� �
#

N N i j k

 0 or 11x 8y 9z 10 is an equation of the rectifying plane.  Finally, (1) (1) (1)œ � � œ œ ‚B T N

  (3 3 )  3(x 1) 3(y 1) (z 1) 0 or 3x 3y z2 3
11 8 9

œ œ � � Ê � � � � � œ � �"
� �

Š ‹Š ‹ ˆ ‰
â ââ ââ ââ ââ ââ â

È
È È È14

2 19 1914 7
" " "

i j k
i j k

 1 is an equation of the osculating plane.œ

27. e (sin t) ln (1 t)   e (cos t)   (0) ; (0)   (1 0 0) is on the liner i j k v i j k v i j k r iœ � � � Ê œ � � Ê œ � � œ Ê ß ßt t
1 t

ˆ ‰"
�

  x 1 t, y t, and z t are parametric equations of the lineÊ œ � œ œ �

28. 2 cos t 2 sin t t   2 sin t 2 cos t   r i j k v i j k vœ � � Ê œ � � � ÊŠ ‹ Š ‹ Š ‹ Š ‹È È È È ˆ ‰1
4

 2 sin 2 cos  is a vector tangent to the helix when t   the tangent lineœ � � � œ � � � œ ÊŠ ‹ Š ‹È È1 1 1
4 4 4i j k i j k

 is parallel to ; also 2 cos 2 sin   the point 1 1  is on the linev r i j kˆ ‰ ˆ ‰ ˆ ‰Š ‹ Š ‹È È1 1 1 1 1 1
4 4 4 4 4 4œ � � Ê ß ß

  x 1 t, y 1 t, and z t are parametric equations of the lineÊ œ � œ � œ �1
4

29. x v  cos t  and y gt v  sin t   x y gt v t# # # # # # # # # # # #
! ! !

" "
# #

# #
œ � œ Ê � � œa b a bˆ ‰ ˆ ‰! !

30. s x y   x y s x yÞÞ ÞÞ
œ � œ Ê � � œ � �

Þ Þ ÞÞ ÞÞ ÞÞ ÞÞd
dt
È # # # # # ##x x y y

x y
x x y y
x y

Þ ÞÞ Þ ÞÞ
�
Þ Þ
�

Þ ÞÞ Þ ÞÞ
�

Þ Þ
�È

a b
# #

#

# #

 œ œ œ
a b a b a b a bx y x y x x 2x x y y y y x y y x

x y x y x y
x y y x 2x x y y

ÞÞ ÞÞ Þ Þ Þ ÞÞ Þ ÞÞ Þ ÞÞ Þ ÞÞ Þ ÞÞ Þ ÞÞ
� � � � � �

Þ Þ Þ Þ Þ Þ
� � �

Þ ÞÞ Þ ÞÞ Þ ÞÞ Þ ÞÞ
� �

# # # # # # # #

# # # # # #

# # # # #

  x y s   Ê � � œ Ê œ œ œ
ÞÞ ÞÞ ÞÞÈ # # # "k k a b

È È k k
x y y x x y

x y
x y

x y s x y y x

Þ ÞÞ Þ ÞÞ Þ Þ
� �

Þ Þ
�

Þ Þ
�

ÞÞ ÞÞ
� �

ÞÞ Þ ÞÞ Þ ÞÞ
�# #

# #

# # #

# # $Î#

,
3

31. s a          since a 0œ Ê œ Ê œ � Ê œ Ê œ œ �) ) 9 ,s s
a a ds a a a

d1 9
#

" " "¸ ¸
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32. (1) SOT TOD    ? ?¸ Ê œ Ê œDO OT 6380
OT SO 6380 6380 437

y!
�

  y   y 5971 km;Ê œ Ê ¸! !
6380
6817

#

 (2) VA 2 x 1  dyœ �'
5971

6380

1 Ê Š ‹dx
dy

#

 2 6380 y  dyœ �1'
5971

6817È Š ‹# #
�

6380
6380 yÈ # #

 2  6380 dy 2 6380yœ œ1 1'
5971

6817 c d ')"(&*("

 16,395,469 km 1.639 10  km ;œ ¸ ‚# ( #

 (3) percentage visible 3.21%¸ ¸16,395,469 km
4 (6380 km)

#

#1

 

CHAPTER 13 ADDITIONAL AND ADVANCED EXERCISES

 1. (a) ( ) (a cos ) (a sin ) b   [( a sin ) (a cos ) b ] ; 2gzr i j k i j k v) ) ) ) ) )œ � � Ê œ � � � œ œd d d
dt dt dt
r r) k k È ¸ ¸

 a b      2œ � Ê œ œ Ê œ œÈ É É É É¸# #
� � � �œ#

d d d
dt dt a   b a   b dt a   b a   b

2gz 2gb 4 gb gb) ) )) 1 1

) 1# # # # # # # #

 (b)    dt  2  t C; t 0  0  C 0d d
dt a   b a   b a   b

2gb 2gb 2gb) ))

)
œ Ê œ Ê œ � œ Ê œ Ê œÉ É É

# # # # # #� � �
"Î#È ) )

  2  t  ; z b   zÊ œ Ê œ œ Ê œ) ) )"Î#
� � �

É 2gb gbt gb t
a   b 2 a   b 2 a   b# # # # # #

# # #

a b a b
 (c) (t) [( a sin ) (a cos ) b ] [( a sin ) (a cos ) b ] , from part (b)v i j k i j kœ œ � � � œ � � �d d

dt dt a   b
gbtr ) ) ) )) Š ‹# #�

  (t)  ;Ê œ œv T’ “ Š ‹( a sin )  (a cos )  b gbt gbt
a   b a   b a   b

� � �

� � �

) )i j kÈ È È# # # # # #

 [( a cos ) (a sin ) ] [( a sin ) (a cos ) b ] d d d
dt dt dt

# #

# #

r œ � � � � � �) ) ) )i j i j kˆ ‰) )#

 [( a cos ) (a sin ) ] [( a sin ) (a cos ) b ]œ � � � � � �Š ‹ Š ‹gbt gb
a   b a   b# # # #� �

#

) ) ) )i j i j k

 a [( cos ) (sin ) ]œ � � �’ “ Š ‹ Š ‹( a sin )  (a cos )  b gb gbt
a   b a   b a   b

� � �

� � �

#
) )i j kÈ È# # # # # # ) )i j

 a  (there is no component in the direction of ).œ �gb gbt
a   b a   bÈ # # # #

� �

#

T N BŠ ‹
 2. (a) ( ) (a  cos ) (a  sin ) b   [(a cos a  sin ) (a sin a  cos ) b ] ;r i j k i j k) ) ) ) ) ) ) ) ) ) ) )œ � � Ê œ � � � �d d

dt dt
r )

 2gz a a b   k k a bÈ ¸ ¸ ˆ ‰v œ œ œ � � Ê œd d d
dt dt dt

2gb

a   a   b
r # # # # "Î#

� �
) ) ) )

)

È
È # # # #

 (b) s  dt a a b   dt a a b  d a a u b  duœ œ � � œ � � œ � �' ' ' '
0 0 0 0

t t tk k a b a b a bv # # # # # # # # # # # #"Î# "Î# "Î#
) ) )d

dt
)

)

 a u  du a c u  du, where cœ � œ � œ' '
0 0

) )É Èa   b
a a

a   b# #

#

# #� # # # �È
k k

  s a c u  ln u c u c c  ln c c  ln cÊ œ � � � � œ � � � � �’ “ Š ‹È È È È¹ ¹ ¹ ¹u c a
# # #

# # # # # # # #

!

# ##
)

) ) ) )

 3. r   ; 0  0  (1 e)r (e sin œ Ê œ œ Ê œ Ê �(1  e)r (1  e)r (e sin ) (1  e)r (e sin )
1  e cos d (1  e cos ) d (1  e cos )

dr dr� � �
� � � !

! ! !

# #) ) ) ) )

) ) )) 0œ

  sin 0  0 or .  Note that 0 when sin 0 and 0 when sin 0.  Since sin 0 onÊ œ Ê œ � � � � �) ) 1 ) ) )dr dr
d d) )

 0 and sin 0 on 0 , r is a minimum when 0 and r(0) r� � � � � � œ œ œ1 ) ) ) 1 ) (1  e)r
1  e cos 0

�
� !

!

 4. (a) f(x) x 1  sin x 0  f(0) 1 and f(2) 2 1  sin 2  since sin 2 1; since f is continuousœ � � œ Ê œ � œ � �   Ÿ" " "
# # # k k

 on [0 2], the Intermediate Value Theorem implies there is a root between 0 and 2ß

 (b) Root 1.4987011335179¸
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 5. (a) x y  and r r r [(cos ) (sin ) ] r [( sin ) (cos ) ]   x and. . .. .. .
v i j v u u i j i j v iœ � œ � œ � � � � Ê œr ) ) ) ) ) )) a b ˆ ‰ †

 r cos r  sin   x r cos r  sin ; y and r sin r  cos . . .. . .. .v i v j v j† † †œ � Ê œ � œ œ �) ) ) ) ) ) ) ) )

  y r sin r  cos . . .
Ê œ �) ) )

 (b) (cos ) (sin )   x cos y sin . .u i j v ur rœ � Ê œ �) ) ) )†

 r cos r  sin (cos ) r sin r  cos (sin ) by part (a),. .. .
œ � � �ˆ ‰ ˆ ‰) ) ) ) ) ) ) )

  r ; therefore, r x cos y sin ;. . . .
Ê œ œ �v u† r ) )

 u i j v u) )œ � � Ê œ � �(sin ) (cos )   x sin y cos . .
) ) ) )†

 r cos r  sin ( sin ) r sin r  cos (cos ) by part (a)  r  ;. .. . .
œ � � � � Ê œˆ ‰ ˆ ‰) ) ) ) ) ) ) ) )v u† )

 therefore, r x sin y cos 
. . .
) ) )œ � �

 6. f( )  f ( )   f ( ) f ( ) ; r  r v u uœ Ê œ Ê œ � œ �) ) ) )dr d d r d d dr d
dt dt dt dt dt dt dt

w ww w#) ) ) )
)

# #

# #
ˆ ‰ r

 cos  r sin  sin  r cos    r f f ;œ � � � Ê œ � œ �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰k k a b’ “ ’ “) ) ) )dr d dr d dr d d
dt dt dt dt dt dt dt

) ) ) )i j v
# ## w #

"Î# "Î#
#

 x y y x , where x r cos  and y r sin .  Then ( r sin ) (cos ) k k k kv a‚ œ � œ œ œ � �
Þ ÞÞ Þ ÞÞ

) ) ) )dx d dr
dt dt dt

)

  ( 2 sin )  (r cos ) (r sin ) (cos ) ; (r cos ) (sin ) Ê œ � � � � œ �d x d dr d d d r d dr
dt dt dt dt dt dt dt dt dt

dy# # #

# # #) ) ) ) ) )) ) ) )ˆ ‰#
  (2 cos )  (r sin ) (r cos ) (sin ) .  Then Ê œ � � � ‚d y

dt dt dt dt dt dt
d dr d d d r#

# # #

# #

) ) ) )) ) )ˆ ‰ k k#
v a

 (after  algebra)  r r  r 2  f f f 2 fœ � � � œ � † �much # ww w$ # $ˆ ‰ ˆ ‰ ˆ ‰ Š ‹a bd d dr d d r d dr d
dt dt dt dt dt dt dt dt

2 2) ) ) ) )# #

# #

  Ê œ œ,
k kk k a b

� ‘a b
v a

v
‚ � † �

�

f   f f   2 f

f   f

2 2ww w

w ## $Î#

 7. (a) Let r 2 t and 3t  1 and 3  0.  The halfway point is (1 3)  t 1;œ � œ Ê œ � œ Ê œ œ ß Ê œ) dr d d r d
dt dt dt dt

) )# #

# #

 r   (1) 3 ; r r 2   (1) 9 6v u u v u u a u u a u uœ � Ê œ � � œ � � � Ê œ � �dr d d r d d dr d
dt dt dt dt dt dt dtr r r r

) ) ) )
) ) ) )’ “ ’ “ˆ ‰# #

# #

#

 (b) It takes the beetle 2 min to crawl to the origin  the rod has revolved 6 radiansÊ

  L [f( )] f ( )  d 2  d 4  dÊ œ � œ � � � œ � � �' ' '
0 0 0

6 6 6É c d Éˆ ‰ ˆ ‰ É) ) ) ) )# w # # " "#) ) )
3 3 3 9 9

4 #

  d  ( 6) 1 d ( 6) 1  ln 6 ( 6) 1œ œ � � œ � � � � � � �' '
0 0

6 6É È È È’ “¸ ¸37  12   
9 3 3

( 6)� � " " "# # #�
# #

'

!

) ) )#

) ) ) ) ) )

 37  ln 37 6 6.5 in.œ � � ¸È ÈŠ ‹"
6

 8. (a) x r cos   dx cos  dr r sin  d ; y r sin   dy sin  dr r cos  d ; thusœ Ê œ � œ Ê œ �) ) ) ) ) ) ) )

 dx cos  dr 2r sin  cos  dr d r  sin  d  and# # # # # #œ � �) ) ) ) ) )

 dy sin  dr 2r sin  cos  dr d r  cos  d   ds dx dy dz dr r  d dz# # # # # # # # # # # # #œ � � Ê œ � � œ � �) ) ) ) ) ) )2

 (c) r e   dr e  d  œ Ê œ) ) )

  L dr r  d dzÊ œ � �'
0

ln 8 È # # # #)

 e e e  dœ � �'
0

ln 8È # # #) ) ) )

 3e  d 3 eœ œ'
0

ln 8 ln 8

0

È È’ “) ))

 8 3 3 7 3œ � œÈ È È

 (b) 
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 9. (a)   a right-handed frame of unit vectorscos sin 0
sin cos 0

u u k
i j k

r ‚ œ œ Ê
�

)

â ââ ââ ââ ââ ââ â) )

) )

 (b) ( sin ) (cos )  and ( cos ) (sin )d
d d

du ur

) ))œ � � œ œ � � œ �) ) ) )i j u i j u)

r

 (c) From Eq. (7), r r z   r r r r r zv u u k a v u u u u u kœ � � Ê œ œ � � � � �
Þ ÞÞ Þ ÞÞ Þ ÞÞ ÞÞ ÞÞÞ Þ Þ

r r r) ) ) )) ) ) )a b ˆ ‰
 r r r 2r zœ � � � �

ÞÞ ÞÞ ÞÞ Þ ÞÞŠ ‹ ˆ ‰) ) )
#

u u kr )

10. (t) (t) m (t)  m m   ( m ) ( m ) m ; m   L r v v r v v r a r a F a rœ ‚ Ê œ ‚ � ‚ Ê œ ‚ � ‚ œ ‚ œ Ê �d d d d c
dt dt dt dt
L r r L

r
ˆ ‰ Š ‹#

# $k k
 m   m ( )   constant vectorœ Ê œ ‚ œ ‚ � œ � ‚ œ Ê œa r a r r r r 0 Ld c c

dt
L

r r
Š ‹k k k k$ $
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NOTES:
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CHAPTER 14 PARTIAL DERIVATIVES

14.1  FUNCTIONS OF SEVERAL VARIABLES

 1. (a) f 0, 0 0 (b) f 1, 1 0 (c) f 2, 3 58a b a b a bœ � œ œ

 (d) f 3, 2 33a b� � œ

 2. (a) f 2,  (b) f 3,  (c) f , ˆ ‰ ˆ ‰ ˆ ‰1 1
6 2 12 4

3 1 1 1
2 2

œ � œ � œ
È

È È1

 (d) f , 7 1ˆ ‰� � œ �1
2

 3. (a) f 3, 1, 2  (b) f 1, ,  (c) f 0, , 0 3a b ˆ ‰ ˆ ‰� œ � œ � œ4 1 1 8 1
5 2 4 5 3

 (d) f 2, 2, 100 0a b œ
 4. (a) f 0, 0, 0 7 (b) f 2, 3, 6 0 (c) f 1, 2, 3 35a b a b a b Èœ � œ � œ

 (d) f , , Š ‹ É4 5 6 21
2 2 2 2È È È œ

 5. Domain:  all points x y  on or above the linea bß

 y x 2œ �

 

 6. Domain:  all points x y  outside the circlea bß

 x y 42 2� œ

 

 7. Domain:  all points x y  not liying on the grapha bß

 of y x or y xœ œ 3

 

 8. Domain:  all points x y  not liying on the grapha bß

 of x y 252 2� œ
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 9. Domain:  all points x y  satisfyinga bß

 x 1 y x 12 2� Ÿ Ÿ �

 

10. Domain:  all points x y  satisfyinga bß

 x 1 y 1 0a ba b� � �

 

11. Domain:  all points x y  satisfyinga bß

 x 2 x 2 y 3 y 3 0a ba ba ba b� � � �  

 

12. Domain:  all points x y  inside the circlea bß

 x y 4 such that x y 32 2 2 2� œ � Á

 

13. 14. 

15. 16. 

17. (a) Domain:  all points in the xy-plane
 (b) Range:  all real numbers
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 (c) level curves are straight lines y x c parallel to the line y x� œ œ

 (d) no boundary points
 (e) both open and closed
 (f) unbounded

18. (a) Domain:  set of all x y  so that y x 0  y xa bß �   Ê  

 (b) Range:  z 0 

 (c) level curves are straight lines of the form y x c where c 0� œ  

 (d) boundary is y x 0  y x, a straight lineÈ � œ Ê œ

 (e) closed
 (f) unbounded

19. (a) Domain:  all points in the xy-plane
 (b) Range:  z 0 

 (c) level curves:  for f(x y) 0, the origin; for f x y c 0, ellipses with center 0 0  and major and minorß œ ß œ � ßa b a b
 axes along the x- and y-axes, respectively
 (d) no boundary points
 (e) both open and closed
 (f) unbounded

20. (a) Domain:  all points in the xy-plane
 (b) Range:  all real numbers
 (c) level curves:  for f x y 0, the union of the lines y x; for f x y c 0, hyperbolas centered ata b a bß œ œ „ ß œ Á

 0 0  with foci on the x-axis if c 0 and on the y-axis if c 0a bß � �

 (d) no boundary points
 (e) both open and closed
 (f) unbounded

21. (a) Domain:  all points in the xy-plane
 (b) Range:  all real numbers
 (c) level curves are hyperbolas with the x- and y-axes as asymptotes when f x y 0, and the x- and y-axesa bß Á

 when f(x y) 0ß œ

 (d) no boundary points
 (e) both open and closed
 (f) unbounded

22. (a) Domain:  all x y 0 ya b a bß Á ß

 (b) Range:  all real numbers
 (c) level curves:  for f x y 0, the x-axis minus the origin; for f x y c 0, the parabolas y c x  minus thea b a bß œ ß œ Á œ #

 origin
 (d) boundary is the line x 0œ

 (e) open
 (f) unbounded

23. (a) Domain:  all x y  satisfying x y 16a bß � �# #

 (b) Range:  z   "
4

 (c) level curves are circles centered at the origin with radii r 4�

 (d) boundary is the circle x y 16# #� œ
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 (e) open
 (f) bounded

24. (a) Domain:  all x y  satisfying x y 9a bß � Ÿ# #

 (b) Range:  0 z 3Ÿ Ÿ

 (c) level curves are circles centered at the origin with radii r 3Ÿ

 (d) boundary is the circle x y 9# #� œ

 (e) closed
 (f) bounded

25. (a) Domain:  x y 0 0a b a bß Á ß

 (b) Range:  all real numbers
 (c) level curves are circles with center 0 0  and radii r 0a bß �

 (d) boundary is the single point 0 0a bß

 (e) open
 (f) unbounded

26. (a) Domain:  all points in the xy-plane
 (b) Range:  0 z 1� Ÿ

 (c) level curves are the origin itself and the circles with center 0 0  and radii r 0a bß �

 (d) no boundary points
 (e) both open and closed
 (f) unbounded

27. (a) Domain:  all x y  satisfying 1 y x 1a bß � Ÿ � Ÿ

 (b) Range:  z� Ÿ Ÿ1 1
# #

 (c) level curves are straight lines of the form y x c where 1 c 1� œ � Ÿ Ÿ

 (d) boundary is the two straight lines y 1 x and y 1 xœ � œ � �

 (e) closed
 (f) unbounded

28. (a) Domain:  all x y , x 0a bß Á

 (b) Range:  z� � �1 1
# #

 (c) level curves are the straight lines of the form y c x, c any real number and x 0œ Á

 (d) boundary is the line x 0œ

 (e) open
 (f) unbounded

29. (a) Domain:  all points x y  outside the circle x y 1a bß � œ# #

 (b) Range:  all reals
 (c) Circles centered ar the origin with radii r 1�

 (d) Boundary: the cricle x y 1# #� œ

 (e) open
 (f) unbounded

30. (a) Domain:  all points x y  inside the circle x y 9a bß � œ# #

 (b) Range:  z ln 9�

 (c) Circles centered ar the origin with radii r 9�

 (d) Boundary: the cricle x y 9# #� œ
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 (e) open
 (f) bounded

31. f 32. e 33. a

34. c 35. d 36. b

37. (a) (b) 

38. (a) (b) 

39. (a) (b) 

40. (a) (b) 
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41. (a) (b) 

42. (a) (b) 

43. (a) (b) 

44. (a) (b) 
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45. (a) (b) 

46. (a) (b) 

47. (a) (b) 

48. (a) (b) 

49. f x y 16 x y  and 2 2 2 z 16 2 2 2 6  6 16 x y   x y 10a b Š ‹ Š ‹ Š ‹È È È Èß œ � � ß Ê œ � � œ Ê œ � � Ê � œ# # # # # #
# #

50. f x y x 1 and 1 0 z 1 1 0  x 1 0 x 1 or x 1a b a bÈ Èß œ � ß Ê œ � œ Ê � œ Ê œ œ �# # #
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51. f x y x y 3 and 3, 1 z 3 1 3 1 x y 3 1 x y 4a b a b a bÈ Éß œ � � � Ê œ � � � œ Ê � � œ Ê � œ2 2 2 2

52. f x y and 1 1   z 3  3   y 4x 3a b a bß œ � ß Ê œ œ Ê œ Ê œ � �2y x 2y x
x y 1 1 1 + 1 x y 1

1 1� �
� � � � � �

# � �a b a ba b

53.  54. 

55.  56. 

57.  58. 

59.  60. 
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61. f x y z x y ln z at 3 1 1   w x y ln z; at 3 1 1   w 3 1 ln 1 2a b a b a b a bÈ È Èß ß œ � � ß� ß Ê œ � � ß� ß Ê œ � � � œ

   x y ln z 2Ê � � œÈ
62. f x y z ln x y z  at   w ln x y z ; at   w ln 1 2 1 ln 4a b a b a b a b a b a bß ß œ � � �"ß #ß " Ê œ � � �"ß #ß " Ê œ � � œ# # # #

  ln 4 ln x y z   x y z 4Ê œ � � Ê � � œa b# # # #

63. g x y z x y z  at 1 1 2 w x y z ; at 1 1 2  w 1 1 2a b a bÈ ÈŠ ‹ Š ‹ Š ‹È È ÈÊß ß œ � � ß� ß Ê œ � � ß� ß Ê œ � � �# # # # #
#

2 2 2

 2  2 x y z  x y z 4œ Ê œ � � Ê � � œÈ # # # #2 2

64. g x y z  at 1 0 2 w ; at 1 0 2  wa b a b a bß ß œ ß ß� Ê œ ß ß� Ê œ œ � Ê � œx y z x y z x y z
2x y z 2x y z 2 1 0 2 4 4 2x y z

1 0 2 1 1� � � � � �
� � � � � � � � �

� � �a ba b a b
 2x y z 0Ê � � œ

65. f x y     fora b ! Š ‹ß œ œ œ
_

œ � �
n 0

x 1
y y x

n

1

y

Š ‹x
y

 1 Domain: all points x, y  satisfying x y ;¹ ¹ a bx
y � Ê l l � l l

 at 1, 2 since z 2a b ¹ ¹Ê Ê œ œ1
2 � 1 2

2 1�

 2 y 2xÊ œ Ê œy
y x�

 

66. g x y z   e Domain: all points x, y, z  satisfying z 0; at ln 4 ln 9 2a b a b a b!ß ß œ œ Ê Á ß ß
_

œn 0

(x y)
n! z
�

n

n
Ð � ÑÎx y z

 w e e e 6  6 e   ln 6Ê œ œ œ œ Ê œ Ê œÐ � ÑÎ Ð ÑÎ Ð � ÑÎ �ln 4 ln 9 2 ln 36 2 ln 6 x y z x y
z

67. f x y sin y sin x Domain: all pointsa bß œ œ � Ê'
x

y
d

1
1 1)

)È �

� �
#

 x, y  satisfying 1 x 1 and 1 y 1;a b � Ÿ Ÿ � Ÿ Ÿ

 at 0, 1 sin 1 sin 0 sin y sin xa b Ê � œ Ê �� � � �1 1 1 1
2
1

 . Since sin y  and sin x , inœ � Ÿ Ÿ � Ÿ Ÿ1 1 1 1 1
2 2 2 2 2

1 1� �

 order for sin y sin x to equal , 0 sin y  and� � �1 1 1
2 2� Ÿ Ÿ1 1

 sin x 0; that is 0 y 1 and 1 x 0. Thus� Ÿ Ÿ Ÿ Ÿ � Ÿ Ÿ1
2

1�

 y sin sin x 1 x , x 0œ � œ � Ÿˆ ‰ È1
2

1 2�

 

68. g x y z tan y tan x sin Domain: all points x, y, z  satisfying 2 z 2;a b a bˆ ‰ß ß œ � œ � � Ê � Ÿ Ÿ' '
x 0

y z
dt d z

1 t 24
1 1 1

� �

� � �
#

#

)

)È
 at 0 1 3  tan 1 tan 0 sin tan y tan x sin . Since sin ,Š ‹ Š ‹È ˆ ‰ ˆ ‰ß ß Ê � � œ Ê � � œ � Ÿ Ÿ� � � � � � �1 1 1 1 1 1 13

2 12 2 12 2 2 2
7 z 7 zÈ 1 1 1 1

 tan y tan x z 2 sin tan y tan x , tan y tan x1 1 1 1 1
12 12 12 12 12

1 1 1 1 1 113 7 13Ÿ � Ÿ Ê œ � � Ÿ � Ÿ� � � � � �ˆ ‰
69-72. Example CAS commands:
 :Maple
 with( plots );
 f := (x,y) -> x*sin(y/2) + y*sin(2*x);
 xdomain := x=0..5*Pi;
 ydomain := y=0..5*Pi;
 x0,y0 := 3*Pi,3*Pi;
 plot3d( f(x,y), xdomain, ydomain, axes=boxed, style=patch, shading=zhue, title="#69(a) (Section 14.1)" );
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 plot3d( f(x,y), xdomain, ydomain, grid=[50,50], axes=boxed, shading=zhue, style=patchcontour, orientation=[-90,0],
                          title="#69(b) (Section 14.1)" );                                                         # (b)
 L := evalf( f(x0,y0) );                                               # (c)
 plot3d( f(x,y), xdomain, ydomain, grid=[50,50], axes=boxed, shading=zhue, style=patchcontour, contours=[L],
                           orientation=[-90,0], title="#45(c) (Section 13.1)" );

73-76. Example CAS commands:
 :Maple
 eq := 4*ln(x^2+y^2+z^2)=1;
 implicitplot3d( eq, x=-2..2, y=-2..2, z=-2..2, grid=[30,30,30], axes=boxed, title="#73 (Section 14.1)" );

77-80. Example CAS commands:
 :Maple
 x := (u,v) -> u*cos(v);
 y := (u,v) ->u*sin(v);
 z := (u,v) -> u;
 plot3d( [x(u,v),y(u,v),z(u,v)], u=0..2, v=0..2*Pi, axes=boxed, style=patchcontour, contours=[($0..4)/2], shading=zhue,
                         title="#77 (Section 14.1)" );

69-60. Example CAS commands:
 : (assigned functions and bounds will vary)Mathematica

 For 69 - 72, the command  draws 2-dimensional contours that are z-level curves of surfaces z = f(x,y).ContourPlot
 Clear[x, y, f]
 f[x_, y_]:= x Sin[y/2] y Sin[2x]�

 xmin= 0; xmax= 5 ; ymin= 0; ymax= 5 ; {x0, y0}={3 , 3 };1 1 1 1

 cp= ContourPlot[f[x,y], {x, xmin, xmax}, {y, ymin, ymax}, ContourShading False];Ä

 cp0= ContourPlot[[f[x,y], {x, xmin, xmax}, {y, ymin, ymax}, Contours {f[x0,y0]}, ContourShading False,Ä Ä

                               PlotStyle {RGBColor[1,0,0]}];Ä

 Show[cp, cp0]

 For 73 - 76, the command  will be used. Write the function f[x, y, z] so that when it is equated to zero, itContourPlot3D
 represents the level surface given.
 For 73, the problem associated with Log[0] can be avoided by rewriting the function as x2 + y2 +z2 - e1/4
 Clear[x, y, z, f]

 f[x_, y_, z_]:= x y z Exp[1/4]2 2 2� � �

 ContourPlot3D[f[x, y, z], {x, 5, 5}, {y, 5, 5}, {z, 5, 5}, PlotPoints {7, 7}];� � � Ä

 For 77 - 80, the command ParametricPlot3D will be used. To get the z-level curves here, we solve x and y in terms of z
 and either u or v (v here), create a table of level curves, then plot that table.
 Clear[x, y, z, u, v]
 ParametricPlot3D[{u Cos[v], u Sin[v], u}, {u, 0, 2}, {v, 0, 2p}];
 zlevel= Table[{z Cos[v], z sin[v]}, {z, 0, 2, .1}];
 ParametricPlot[Evaluate[zlevel],{v, 0, 2 }];1

14.2  LIMITS AND CONTINUITY IN HIGHER DIMENSIONS

 1.  lim   
Ð ß Ñ Ä Ð ß Ñx y 0 0

3x y 5 3(0) 0 5
x y 2 0 0 2

5# # # #

# # # #

� � � �
� � � � #œ œ

 2.  lim   0
Ð ß Ñ Ä Ð ß Ñx y 0 4

x 0
y 4È Èœ œ
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 3.  lim   x y 1 3 4 1 24 2 6
Ð ß Ñ Ä Ð ß Ñx y 3 4

È È È È# # # #� � œ � � œ œ

 4.  lim   
Ð ß Ñ Ä Ð ß� Ñx y 2 3

Š ‹ � ‘ ˆ ‰ˆ ‰" " " " " "
#

# �

# #

x y 3 6 36� œ � œ œ

 5.  lim   sec x tan y (sec 0) tan (1)(1) 1
Ð ß Ñ Ä ßx y 0ˆ ‰1

4

œ œ œˆ ‰1
4

 6.  lim   cos cos cos 0 1
Ð ß Ñ Ä Ð ß Ñx y 0 0

Š ‹ Š ‹x y
x y 1 0 0 1

0 0# $ # $�
� � � �

�œ œ œ

 7.  lim   e e e
Ð ß Ñ Ä Ð ß Ñx y 0 ln 2

x y 0 ln 2 ln� � "
#œ œ œˆ ‰1

2

 8.  lim   ln 1 x y ln 1 (1) (1) ln 2
Ð ß Ñ Ä Ð ß Ñx y 1 1

k k k k� œ � œ# # # #

 9.  lim    lim   e e  lim   1 1 1
Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ Äx y 0 0 x y 0 0 x 0

e  sin x sin x sin x
x x x

yy
œ œ œ œa b ˆ ‰ ˆ ‰!

† †

10.  lim   cos xy  cos cos 
Ð ß Ñ Ä Ð Î ß Ñx y 1 27 1

3
È Éˆ ‰ ˆ ‰3 3œ œ œ1 1

27 3 2
31 1

11.  lim   
Ð ß Ñ Ä Ð ß Î Ñx y 1 61

x sin y
x 1 1 1 2 4

1 sin 1 2 1
# #� �

Îœ œ œ
†

ˆ ‰1
6

12.  lim   2
Ð ß Ñ Ä ßx y  0ˆ ‰1

2

cos y 1
y sin x 1

cos 0
0 sin

1 1�
� �

�"

�
�œ œ œ �a bˆ ‰1

#

13.  lim    lim    lim   (x y) ( 1) 0
Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ

Á
x y 1 1 x y 1 1 x y 1 1

x y

x 2xy y (x y)
x y x y

# # #� � �
� �œ œ � œ " � œ

14.  lim    lim    lim   (x y) (1 1) 2
Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ

Á
x y 1 1 x y 1 1 x y 1 1

x y

x y (x y)(x y)
x y x y

# #� � �
� �œ œ � œ � œ

15.  lim    lim    lim   (y 2) (1 2) 1
Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ

Á Á
x y 1 1 x y 1 1 x y 1 1

x 1 x 1

xy y 2x 2 (x 1)(y 2)
x 1 x 1

� � � � �
� �œ œ � œ � œ �

16.    lim      lim    lim   
Ð ß Ñ Ä Ð ß� Ñ Ð ß Ñ Ä Ð ß� Ñ Ð ß Ñ Ä Ð ß� Ñ

Á � Á Á � Á Á
x y 2 4 x y 2 4 x y 2 4
y 4, x x y 4, x x x x# # #

y 4 y 4
x y xy 4x 4x x(x 1)(y 4) x(x 1)

1� �
� � � � � � #

"
# # œ œ œ (2 1)� #

"œ

17.  lim    lim    lim   x y 2
Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ

Á Á
x y 0 0 x y 0 0 x y 0 0

x y x y

x y 2 x 2 y x y x y 2

x y x y

� � � � � �

� �

È È ÈÈ È È
È ÈÈ È

ˆ ‰ ˆ ‰
œ œ � �ˆ ‰È È

 0 0 2 2œ � � œŠ ‹È È
 Note:  (x y) must approach (0 0) through the first quadrant only with x y.ß ß Á

18.  lim    lim    lim   x y 2
Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ

� Á � Á � Á
x y 2 2 x y 2 2 x y 2 2

x y 4 x y 4 x y 4

x y 4
x y 2 x y 2

x y 2 x y 2� �
� � � �

� � � �

È È
ˆ ‰ ˆ ‰È È

œ œ � �ˆ ‰È
 2 2 2 2 2 4œ � � œ � œŠ ‹È
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19.  lim    lim    lim   
Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ

� Á � Á
x y 2 0 x y 2 0 x y 2 0
2x y 4 2x y 4

È È
ˆ ‰ ˆ ‰È È È

2x y 2 2x y 2
2x y 4 2x y 2 2x y 2 2x y

� � � �

� � � � � � � �#
"œ œ

 œ œ œ" " "
� �# �È(2)(2) 0 2 2 4

20.  lim    lim    lim   
Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ

� Á � Á
x y 4 3 x y 4 3 x y 4 3

x y 1 x y 1

È ÈÈ È
ˆ ‰ ˆ ‰È È ÈÈ È È

x y 1 x y 1
x y 1 x y 1 x y 1 x y 1
� � � �

� � � � � � � �
"œ œ

 œ œ œ" " "

� � �È È4 3 1 2 2 4

21.  lim    lim    lim    lim   cos r 1
Ð ß Ñ Ä Ð ß Ñ Ä Ä Äx y 0 0 r 0 r 0 r 0

sin x y sin r 2r cos r
x y r 2r
a b a b a b# # # #

# # #

� †
�

#œ œ œ œa b
22.  lim    lim    lim   0

Ð ß Ñ Ä Ð ß Ñ Ä Äx y 0 0 u 0 u 0
1 cos xy

xy u 1
1 cos u sin u� �a b œ œ œ

23.  lim    lim    lim   x xy y 1 1 1 1 3
Ð ß Ñ Ä Ð ß�"Ñ Ð ß Ñ Ä Ð ß�"Ñ Ð ß Ñ Ä Ð ß�"Ñx y 1 x y 1 x y 1

x y
x y x y

x y x xy y 2 2 2 23 3 2 2�
� �

� � �
œ œ � � œ � � � � œ

a bˆ ‰ a b a ba b a bŠ ‹
24.  lim    lim    lim  

Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñx y 2 2 x y 2 2 x y 2 2

x y x y
x y x y x y x y x y x y 2 2 2 2 32

1 1 1� �
� � � � � � � �4 4 2 2 2 2 2 2œ œ œ œa ba ba b a ba b a ba b

25.  lim   
T Ä Ð ß ß Ñ1 3 4

Š ‹" " " " " " � �
x y z 1 3 4 12 12

12 4 3 19� � œ � � œ œ

26.  lim   
T Ä Ð ß� ß� Ñ1 1 1

2xy yz 2(1)( 1) ( 1)( 1)
x z 1 ( 1) 1 1

2� � � � �
� � � � #

� �" "
# # # #œ œ œ �

27.  lim  sin x cos y sec z sin 3 cos 3 sec 0 1 1 2
T Ä Ð ß ß Ñ3 3 0

a b a b# # # # # # #� � œ � � œ � œ

28.  lim  tan (xyz) tan 2 tan
T Ä � ß ßˆ ‰1

4 2
1 2

�" �" �""
#œ � œ �ˆ ‰ ˆ ‰

4 4† †
1 1

29.  lim  ze  cos 2x 3e  cos 2 (3)(1)(1) 3
T Ä Ð ß ß Ñ1 0 3

� � Ð Ñ2y 2 0œ œ œ1

30.  lim  ln x y z ln 2 ( 3) 6 ln 49 ln 7
T Ä Ð ß� ß Ñ2 3 6

È È È# # # # # #� � œ � � � œ œ

31. (a) All x y  (b) All x y  except 0 0a b a b a bß ß ß

32. (a) All x y  so that x y (b) All x ya b a bß Á ß

33. (a) All x y  except where x 0 or y 0 (b) All x ya b a bß œ œ ß

34. (a) All x y  so that x 3x 2 0 x 2 x 1 0 x 2 and x 1a b a ba bß � � Á Ê � � Á Ê Á Á#

 (b) All x y  so that y xa bß Á #

35. (a) All x y z  (b) All x y z  except the interior of the cylinder x y 1a b a bß ß ß ß � œ# #

36. (a) All x y z  so that xyz 0 (b) All x y za b a bß ß � ß ß

37. (a) All x y z  with z 0 (b) All x y z  with x z 1a b a bß ß Á ß ß � Á# #
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38. (a) All x y z  except x 0 0  (b) All x y z  except 0 y 0  or x 0 0a b a b a b a b a bß ß ß ß ß ß ß ß ß ß

39. (a) All x y z  such that z x y 1 (b) All x y z  such that z x ya b a b Èß ß � � � ß ß Á �2 2 2 2

40. (a) All x y z  such that x y z 4 a bß ß � � Ÿ2 2 2

 (b) All x y z  such that x y z 9 except when x y z 25a bß ß � �   � � œ2 2 2 2 2 2

41.  lim   lim    lim    lim    lim   ;
Ð ß Ñ Ä Ð ß Ñ

œ
�

Ä Ä Ä Äx y 0 0
along y x

x 0

 
x 0 x 0 x 0 x 0

� œ � œ � œ � œ � œ �x x x x
x y x x 2 x 2 x 2 2È È È È È Èk k# # # #� �

" "
� � � �

  lim   lim    lim    lim   
Ð ß Ñ Ä Ð ß Ñ

œ
�

Ä Ä Äx y 0 0
along y x

x 0

 
x 0 x 0 x 0

� œ � œ � œ œx x x
x y 2 x 2( x) 2 2È È È È Èk k# #� �

" "
� � �

42.  lim   lim   1;  lim   lim    lim   
Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ

œ
Ä Ä Ä

œ
x y 0 0 x y 0 0
along y 0

  
x 0 x 0 x 0

along y x

x x x x x
x y x 0 x y 2xx x

% % % % %

% # % # % # %% # #� � � �
œ œ œ œ œ

#

a b
"
#

43.  lim   lim    lim     different limits for d
Ð ß Ñ Ä Ð ß Ñ

œ
Ä Äx y 0 0

along y kx

 
x 0 x 0

#

x y
x y x k x

x kx
x kx

x k x 1 k
1 k

% #

% # % # %

% # #

% # #

% # % #

#

�
� �

�

�
� �

�œ œ œ Êa b
a b ifferent values of k

44.  lim   lim    lim    lim   ; if k 0, the limit is 1; but if k
Ð ß Ñ Ä Ð ß Ñ

œ
Á

Ä Ä Äx y 0 0
along y kx

k 0

 
x 0 x 0 x 0

xy x(kx)
xy x(kx) kx k

kx kk k k k k k k kœ œ œ �
#

# � �0, the limit is 1

45.  lim   lim     different limits for different values of k, k 1
Ð ß Ñ Ä Ð ß Ñ

œ
Á �

Äx y 0 0
along y kx

k 1

 
x 0

x y
x y x kx 1 k

x kx 1 k�
� � �

� �œ œ Ê Á �

46.  lim   lim    lim     different limits for different values of k,
Ð ß Ñ Ä Ð ß Ñ

œ
Á

Ä Äx y 0 0
along y kx

k 1

 
x 0 x 0

x y
x y x kx 1 k 1 k

x kx x k k2 2�
� � � �

� � �œ œ œ Ê  k 1Á

47.  lim   lim     different limits for different values of k, k 0
Ð ß Ñ Ä Ð ß Ñ

œ
Á

Äx y 0 0
along y kx

k 0

 
x 0

#

x y
y kx k

x kx 1 k# # #

#

� � �œ œ Ê Á

48.  lim   lim     different limits for different values of k
Ð ß Ñ Ä Ð ß Ñ

œ
Äx y 0 0

along y kx

 
x 0

#

x y
x y x k x 1 k

kx k#

4 2 4 2 4 2

4

� � �œ œ Ê

49.  lim   lim    lim  y 1 2;  lim   lim    li
Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ

œ œ
Ä Ä Äx y 1 1 x y 1 1

along x 1 along y x

  
y 1 y 1 y 1

xy 1 y 1 xy 1 y 1
y 1 y 1 y 1 y 1

2 2 2 3� � � �
� � � �œ œ � œ œ œa b m  y y 1 3

y 1Ä
a b2 � � œ

50.  lim   lim    lim   ;  lim   lim   
Ð ß Ñ Ä Ð ß� Ñ Ð ß Ñ Ä Ð ß� Ñ

œ �
Ä Ä Ä

œ �
x y 1 1 x y 1 1
along y 1

  
x 1 x 1 x 1

along y x

xy 1 xy 1
x y x 1 x 1 2 x y

x 1 1 1� �
� � � �

� � �
2 2 2 2 2œ œ œ � œ

2

� � � �
� � �

x 1 x x 1
x x x 1 x 1

3 2

2 4 2œ  lim   
x 1Ä a ba b

 œ 3
2
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51. f x, y
1 if y x
1 if y 0
0 otherwise

a b
Ú
ÛÜœ

 
Ÿ

%

 (a)  lim f x, y 1 since any path through 0, 1  that is close to 0, 1  satisfies y x
Ð ß Ñ Ä Ð ß Ñx y 0 1

a b a b a bœ   %

 (b)  lim f x, y 0 since any path through 2, 3  that is close to 2, 3  does not satisfiy either y x  or y 0
Ð ß Ñ Ä Ð ß Ñx y 2 3

a b a b a bœ   Ÿ%

 (c)  lim f x, y 1 and  lim f x, y 0  lim f x, y  does not exist
Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ

œ œ
x y 0 0 x y 0 0 x y 0 0
along x 0 along y x

a b a b a bœ œ Ê

2

52. f x, y
x if x 0
x if x 0

a b œœ
 

�

2

3

 (a)  lim f x, y 3 9 since any path through 3, 2  that is close to 3, 2  satisfies x 0
Ð ß Ñ Ä Ð ß� Ñx y 3 2

a b a b a bœ œ � �  2

 (b)  lim f x, y 2 8 since any path through 2, 1  that is close to 2, 1  satisfies x 0
Ð ß Ñ Ä Ð� ß Ñx y 2 1

a b a b a b a bœ � œ � � � �3

 (c)  lim f x, y 0 since the limit is 0 along any path through 0, 0  with x 0 and the limit is also zero along
Ð ß Ñ Ä Ð ß Ñx y 0 0

a b a bœ �

 any path through 0, 0  with x 0a b  

53. First consider the vertical line x 0  lim  lim    lim   0 0. Now consider anœ Ê œ œ œ
Ð ß Ñ Ä Ð ß Ñ

œ
Ä Äx y 0 0

along x 0

 
y 0 y 0

2x y
x y

2 0 y
0 y

2

4 2 4

2

2� �

a b
a b y nonvertical

 through 0, 0 . The equation of any line through 0, 0  is of the form y mx  lim f x y  lim

y mx

a b a b a bœ Ê ß œ

œ
Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñx y 0 0 x y 0 0
along alo

 

ng 

 

y mxœ

2x y
x y

2

4 2�

  lim    lim   lim   lim  0. Thus  limœ œ œ œ œ
x 0 x 0 x 0 x 0 x y 0 0

any line though 
Ä Ä Ä Ä Ð ß Ñ Ä Ð ß Ñ

2x mx
x mx

2mx 2mx 2mx
x m x x x m x m

2

4 2 4 2 2 2 2 2 2 2

3 3a b
a b a b a b� � � �

a b0, 0

2x y
x y

2

4 2� œ 0.

54. If f is continuous at (x y ), then  lim   f(x y) must equal f(x y ) 3.  If f is not continuous at! ! ! !ß ß ß œ
Ð ß Ñ Ä Ð ß Ñx y x y! !

 (x y ), the limit could have any value different from 3, and need not even exist.! !ß

55.  lim   1 1 and  lim   1 1   lim   1, by the Sandwich Theorem
Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñx y 0 0 x y 0 0 x y 0 0

Š ‹� œ œ Ê œx y tan xy
3 xy

# # �"

56. If xy 0,  lim    lim    lim   2 2 and� œ œ � œ
Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñx y 0 0 x y 0 0 x y 0 0

2 xy 2xy

xy xy 6
xyk k Š ‹ Š ‹

k k
� �x y x y

6 6

# # # # ˆ ‰
  lim    lim   2 2; if xy 0,  lim    lim   

Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñx y 0 0 x y 0 0 x y 0 0 x y 0 0

2 xy
xy xy xy

2 xy 2xyk kk k k k
k k Š ‹ Š ‹

œ œ � œ
� � �

�

x y x y
6 6

# # # #

  lim   2 2 and  lim   2   lim   2, by the Sandwich Theoremœ � œ œ Ê œ
Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñx y 0 0 x y 0 0 x y 0 0

ˆ ‰xy
6 xy xy

2 xy 4 4 cos xyk kk k k k
Èk k�

57. The limit is 0 since sin 1  1 sin 1  y y sin y for y 0, and y y sin y for¸ ¸ ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰" " " "
x x x xŸ Ê � Ÿ Ÿ Ê � Ÿ Ÿ   �    

 y 0.  Thus as (x y)  ( ), both y and y approach 0  y sin   0, by the Sandwich Theorem.Ÿ ß Ä !ß ! � Ê Äˆ ‰"
x

58. The limit is 0 since cos 1  1 cos 1  x x cos x for x 0, and x x cos x¹ ¹ Š ‹ Š ‹ Š ‹Š ‹" " " "
y y y yŸ Ê � Ÿ Ÿ Ê � Ÿ Ÿ   �    

 for x 0.  Thus as (x y)  ( ), both x and x approach 0  x cos   0, by the Sandwich Theorem.Ÿ ß Ä !ß ! � Ê ÄŠ ‹"y
59. (a) f(x y) sin 2 .  The value of f(x y) sin 2  varies with , which is the line'skß œ œ œ ß œy mxœ

2m 2 tan 
1 m 1 tan� �# #

)
)

) ) )

 angle of inclination.
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 (b) Since f(x y) sin 2  and since 1 sin 2 1 for every ,  lim   f(x y) varies from 1 to 1kß œ � Ÿ Ÿ ß �y mxœ ) ) )
Ð ß Ñ Ä Ð ß Ñx y 0 0

 along y mx.œ

60. xy x y xy  x y x  y  x y x  y  x y x y  x y  x yk k k k k k k k k k k k k k k ka b È È È È# # # # # # # # # ## # # # # #� œ � Ÿ � œ � Ÿ � � �

 x y   x y   x y x yœ � Ê Ÿ œ � Ê � � Ÿ Ÿ �a b a b a b¹ ¹# # # # # # # ## � � �
� � �

xy x y x y xy x y
x y x y x y
a b a b a b# # # # # #

# # # # # #

#

  lim  xy 0 by the Sandwich Theorem, since  lim  x y 0; thus, define f 0 0 0Ê œ „ � œ ß œ
Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñx y 0 0 x y 0 0

Š ‹ a b a bx y
x y

# #

# #

�
�

# #

61.  lim    lim    lim   0
Ð ß Ñ Ä Ð ß Ñ Ä Äx y 0 0 r 0 r 0

x xy
x y r  cos r  sin 1

r  cos (r cos ) r  sin r cos cos  sin$ #

# # # # # #

$ $ # # $ #�
� �

� �œ œ œ) ) ) ) ) )

) )

a b a b

62.  lim   cos  lim   cos  lim  cos  cos 0 1
Ð ß Ñ Ä Ð ß Ñ Ä Äx y 0 0 r 0 r 0

Š ‹ Š ‹ ’ “x y
x y r  cos r  sin 1

r  cos r  sin r cos sin$ $

# # # # # #

$ $ $ $ $ $�
� �

� �œ œ œ œ) )
) )

) )a b

63.  lim    lim    lim   sin sin ; the limit does not exist since sin  is between
Ð ß Ñ Ä Ð ß Ñ Ä Äx y 0 0 r 0 r 0

y
x y r

r  sin#

# # #

# #

�
# # #œ œ œ) a b) ) )

 0 and 1 depending on )

64.  lim    lim    lim   ; the limit does not exist for co
Ð ß Ñ Ä Ð ß Ñ Ä Äx y 0 0 r 0 r 0

2x 2r cos 2 cos 2 cos 
x x y r r cos r cos cos # # #� � � �œ œ œ) ) )

) ) )
s 0) œ

65.  lim   tan  lim   tan  lim   tan ;
Ð ß Ñ Ä Ð ß Ñ Ä Äx y 0 0 r 0 r 0

�" �" �"� � �
�’ “ ’ “ ’ “k k k k k k k k k k a bk k k kx y r cos r sin r  cos sin 

x y r r# # # #œ œ) ) ) )

 if r  0 , then  lim  tan   lim   tan  ; if r  0 , thenÄ œ œ Ä� �" �" �� �
#r rÄ ! Ä !� �

’ “ ’ “k k a b k k k kk k k kr  cos sin cos sin 
r r
) ) ) ) 1
#

  lim  tan   lim  tan    the limit is 
r rÄ ! Ä !� �

�" �"� �
� # #’ “ Š ‹k k a b k k k kk k k kr  cos sin cos sin 

r r
) ) ) ) 1 1
# œ œ Ê

66.  lim    lim    lim   cos sin  lim   (cos 2 ) which ranges between
Ð ß Ñ Ä Ð ß Ñ Ä Ä Äx y 0 0 r 0 r 0 r 0

x y
x y r

r  cos r  sin# #

# # #

# # # #�
�

� # #œ œ � œ) ) a b) ) )

 1 and 1 depending on   the limit does not exist� Ê)

67.  lim   ln  lim   ln
Ð ß Ñ Ä Ð ß Ñ Äx y 0 0 r 0

Š ‹ Š ‹3x x y 3y
x y r

3r  cos r  cos  sin 3r  sin# # # #

# # #

# # % # # # #� �
�

� �œ ) ) ) )

  lim   ln 3 r  cos  sin ln 3  define f(0 0) ln 3œ � œ Ê ß œ
r 0Ä

a b# # #) )

68.  lim    lim    lim   3r cos  sin 0  define f(0 0) 0
Ð ß Ñ Ä Ð ß Ñ Ä Äx y 0 0 r 0 r 0

3xy
x y r

(3r cos ) r  sin#

# # #

# #

�
#œ œ œ Ê ß œ) )a b

) )

69. Let 0.1.  Then x y   x y 0.1 x y 0.01 x y 0 0.01$ $œ � � Ê � � Ê � � Ê � � �È È k k# # # # # # # #

  f(x y) f( ) 0.01 .Ê ß � !ß ! � œk k %

70. Let 0.05.  Then x  and y   f x y f 0 0 0 y 0.05 .$ $ $ %œ � � Ê ß � ß œ � œ Ÿ � œk k k k k k k ka b a b ¸ ¸ ¸ ¸y y
x 1 x 1# #� �

71. Let 0.005.  Then x  and y   f x y f 0 0 0 x y x y$ $ $œ � � Ê ß � ß œ � œ Ÿ � � �k k k k k k k k k k k ka b a b ¸ ¸ ¸ ¸x y x y
x 1 x 1
� �
� �# #

 0.005 0.005 0.01 .� � œ œ %

72. Let 0.01.  Since 1 cos x 1  1 2 cos x 3  1  x y$ œ � Ÿ Ÿ Ê Ÿ � Ÿ Ê Ÿ Ÿ Ê Ÿ Ÿ �" "
#� �

� �
3 cos x 3 2 cos x

x y x yk k ¸ ¸ k k
 x y .  Then x  and y   f x y f 0 0 0 x y 0.01 0.01Ÿ � � � Ê ß � ß œ � œ Ÿ � � �k k k k k k k k k k k k k ka b a b ¸ ¸ ¸ ¸$ $ x y x y

2 cos x 2 cos x
� �

� �

 0.02 .œ œ %
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73. Let 0.04. Since y x y 1 x x x y  f x y f 0 0$ $œ Ÿ � Ê Ÿ Ê Ÿ l l œ Ÿ � � Ê ß � ß2 2 2 y
x   y x y

x y 2 2 2
2

2 2 2 2

2

� �
l l È È k ka b a b

 0 0.04 .œ � � œ¹ ¹x y
x y

2

2 2� %

74. Let 0.01. If y 1, then y y y x y , so x x x y x y 2 x y . Since$ œ l l Ÿ Ÿ l l œ Ÿ � l l œ Ÿ � Ê l l � Ÿ �2 22 2 2 2 2 2 2 2È È È ÈÈ
 x x y 1 and y x y 1. Then x y x y 22 2 2 2 2 2 2 2x x

x   y x   y x   y x   y x   y
y yx yŸ � Ê Ÿ Ÿ � Ê Ÿ Ÿ l l � Ÿ l l � �

2 2

2 2 2 2 2 2 2 2 2 2

2 23 4

� � � � �
l � l

$

  f x y f 0 0 0 2 0.01 0.002 .Ê ß � ß œ � � œ œk k a ba b a b ¹ ¹x y
x   y

3 4

2 2
�
� %

75. Let 0.015.  Then x y z   f(x y z) f( 0 0) x y z 0 x y z$ $œ � � � Ê ß ß � !ß ß œ � � � œ � �È È k k k k k k# # # # # # # # #

 x t x 0.015 0.015 .œ � � � œ œŠ ‹ Š ‹È È# # #
# #

%

76. Let 0.2.  Then x , y , and z   f(x y z) f( 0 0) xyz 0 xyz x  y  z (0.2)$ $ $ $œ � � � Ê ß ß � !ß ß œ � œ œ �k k k k k k k k k k k k k k k k k k $

 0.008 .œ œ %

77. Let 0.005.  Then x , y , and z   f(x y z) f( 0 0) 0$ $ $ $œ � � � Ê ß ß � !ß ß œ �k k k k k k k k ¹ ¹x y z
x y z 1

� �
� � �# # #

 x y z x y z 0.005 0.005 0.005 0.015 .œ Ÿ � � Ÿ � � � � � œ œ¹ ¹ k k k k k k k kx y z
x y z 1

� �
� � �# # # %

78. Let tan (0.1).  Then x , y , and z   f(x y z) f( 0 0) tan x tan y tan z$ $ $ $œ � � � Ê ß ß � !ß ß œ � ��" # # #k k k k k k k k k k
 tan x tan y tan z tan x tan y tan z tan tan tan 0.01 0.01 0.01 0.03 .Ÿ � � œ � � � � � œ � � œ œk k k k k k# # # # # # # # #$ $ $ %

79.  lim   f(x y z)  lim   (x y z) x y z f(x y z )  f is continuous at
Ð ß ß Ñ Ä Ð ß ß Ñ Ð ß ß Ñ Ä Ð ß ß Ñx y z x y z x y z x y z! ! ! ! ! !

ß ß œ � � œ � � œ ß ß Ê! ! ! ! ! !

 every (x y z )! ! !ß ß

80.  lim   f(x y z)  lim   x y z x y z f(x y z )  f is continuous at
Ð ß ß Ñ Ä Ð ß ß Ñ Ð ß ß Ñ Ä Ð ß ß Ñx y z x y z x y z x y z! ! ! ! ! !

ß ß œ � � œ � � œ ß ß Êa b# # # # # #
! ! ! ! ! !

 every point (x y z )! ! !ß ß

14.3  PARTIAL DERIVATIVES

 1. 4x, 3  2. 2x y, x 2y` ` ` `
` ` ` `

f f f f
x y x yœ œ � œ � œ � �

 3. 2x(y 2), x 1  4. 5y 14x 3, 5x 2y 6` ` ` `
` ` ` `

#f f f f
x y x yœ � œ � œ � � œ � �

 5. 2y(xy 1), 2x(xy 1)  6. 6(2x 3y) , 9(2x 3y)` ` ` `
` ` ` `

# #f f f f
x y x yœ � œ � œ � œ � �

 7. ,   8. , ` ` ` ` "
` ` ` `� � � �

f x f f 2x f
x y x yx y x y

y

x 3 x
œ œ œ œÈ È É Éˆ ‰ ˆ ‰# # # #

#

$ $$ $

# #

y y

 9. (x y) ,  (x y)` " ` " ` " ` "
` � ` � ` � ` �

f f
x (x y) x (x y) y (x y) y (x y)œ � � œ � œ � � œ �# # # #† †

10. , ` `
` `

� � � �

� � � �

�f f
x y

x y (1) x(2x) x y (0) x(2y)
x y x y x y x y

y x 2xyœ œ œ œ �a b a b
a b a b a b a b

# # # #

# # # # # # # ## # # #

# #

11. , ` ` � �"
` � � ` � �

� � � � � �" � �f f x
x (xy 1) (xy 1) y (xy 1) (xy 1)

(xy 1)(1) (x y)(y) y 1 (xy )(1) (x y)(x)œ œ œ œ œ# # # #

# #
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12. , ` " ` ` " `
` ` � ` ` �� �� �

f f 1 x
x x x x y y y x x y1 1

y y y y

x 1 x 1
œ œ � œ � œ œ œˆ ‰ ˆ ‰’ “ ’ “ˆ ‰ ˆ ‰y y

x x
y y
x x

# #
#

# ## # # #† †ˆ ‰ ˆ ‰

13. e (x y 1) e , e (x y 1) e` ` ` `
` ` ` `

Ð � � Ñ Ð � � Ñ Ð � � Ñ Ð � � Ñf f
x x y y

x y 1 x y 1 x y 1 x y 1œ � � œ œ � � œ† †

14. e  sin (x y) e  cos (x y), e  cos (x y)` `
` `

� � �f f
x y

x x xœ � � � � œ �

15. (x y) , (x y)` " ` " ` " ` "
` � ` � ` � ` �

f f
x x y x x y y x y y x yœ � œ œ � œ† †

16. e (xy) ln y ye  ln y, e (xy) ln y e xe  ln y` ` ` ` "
` ` ` `

f f e
x x y y y y

xy xy xy xy xyœ œ œ � œ �† † † † †
xy

17. 2 sin (x 3y)  sin (x 3y) 2 sin (x 3y) cos (x 3y) (x 3y) 2 sin (x 3y) cos (x 3y),` ` `
` ` `

f
x x xœ � � œ � � � œ � �† †

 2 sin (x 3y)  sin (x 3y) 2 sin (x 3y) cos (x 3y) (x 3y) 6 sin (x 3y) cos (x 3y)` ` `
` ` `

f
y y yœ � � œ � � � œ � � �† †

18. 2 cos 3x y  cos 3x y 2 cos 3x y  sin 3x y 3x y` ` `
` ` `

# # # # #f
x x xœ � � œ � � � �a b a b a b a b a b† †

 6 cos 3x y  sin 3x y ,œ � � �a b a b# #

 2 cos 3x y  cos 3x y 2 cos 3x y  sin 3x y 3x y` ` `
` ` `

# # # # #f
y y yœ � � œ � � � �a b a b a b a b a b† †

 4y cos 3x y  sin 3x yœ � �a b a b# #

19. yx , x  ln x 20. f(x y)    and ` ` ` " ` �
` ` ` `

f f ln x f f ln x
x y ln y x x ln y y y(ln y)œ œ ß œ Ê œ œy 1 y�

#

21. g(x), g(y)` `
` `

f f
x yœ � œ

22. f(x y)  (xy) , xy 1  f(x y)   (1 xy)  andß œ � Ê ß œ Ê œ � � œ!
_

œn 0

n k k " ` " `
� ` � ` �1 xy x (1 xy) x (1 xy)

f y
# #†

 (1 xy)` " `
` � ` �

f x
y (1 xy) y (1 xy)œ � � œ# #†

23. f y , f 2xy, f 4z 24. f y z, f x z, f y xx y z x y zœ œ œ � œ � œ � œ �#

25. f 1, f , fx y z
y

y z y z
zœ œ � œ �È È# # # #� �

26. f x x y z ,  f y x y z , f z x y zx y zœ � � � œ � � � œ � � �a b a b a b# # # # # # # # #�$Î# �$Î# �$Î#

27. f , f , fx y z
yz xy

1 x y z 1 x y z 1 x y z
xzœ œ œÈ È È� � �# # # # # # # # #

28. f , f , fx y zx yz (x yz) 1 x yz (x yz) 1 x yz (x yz) 1
z yœ œ œ"

� � � � � � � � �k k k k k kÈ È È# # #

29. f , f , fx y zœ œ œ"
� � � � � �x 2y 3z x 2y 3z x 2y 3z

2 3

30. f yz (xy) , f z ln (xy) yz  ln (xy) z ln (xy) (xy) z ln (xy) z,x yxy x xy x y xy y
(yz)(y) yz yzœ œ œ œ � œ � œ �† † † †

" ` ` `
` ` `

 f y ln (xy) yz  ln (xy) y ln (xy)z zœ � œ†
`
`

31. f 2xe , f 2ye , f 2zex y z
x y z x y z x y zœ � œ � œ �� � � � � � � � �a b a b a b# # # # # # # # #

32. f yze , f xze , f xyex y z
xyz xyz xyzœ � œ � œ �� � �
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33. f sech (x 2y 3z), f 2 sech (x 2y 3z), f 3 sech (x 2y 3z)x y zœ � � œ � � œ � �# # #

34. f y cosh xy z , f x cosh xy z , f 2z cosh xy zx y zœ � œ � œ � �a b a b a b# # #

35. 2  sin (2 t ), sin (2 t )` `
` `

f f
t œ � � œ �1 1 ! 1 !

!

36. v e 2ve , 2ve v e 2ve 2ue` `
` ` ` `

# Ð Î Ñ Ð Î Ñ Ð Î Ñ # Ð Î Ñ Ð Î Ñ Ð Î Ñ` `g g
u u v v v v

2u v 2u v 2u v 2u v 2u v 2u v2u 2uœ œ œ � œ �† †ˆ ‰ ˆ ‰
37. sin  cos ,  cos  cos ,  sin  sin ` ` `

` ` `
h h h
3 9 )
œ œ œ �9 ) 3 9 ) 3 9 )

38. 1 cos , r sin , 1` ` `
` ` `

g g g
r zœ � œ œ �) )

)

39. W V, W P , W , W , Wp v v g
v Vv 2V v V v V v

2g 2g 2g g gœ œ � œ œ œ œ �$ $ $ $
$

# # #

##

40. m, , , c, ` ` ` ` `
` ` # ` ` ` #
A A A m A k A km h
c h k q m q q q

qœ œ œ œ � œ � �#

41. 1 y, 1 x, 0, 0, 1` ` ` ` ` `
` ` ` ` ` ` ` `

f f f f f f
x y x y y x x yœ � œ � œ œ œ œ

# # # #

# #

42. y cos xy, x cos xy, y  sin xy, x  sin xy, cos xy xy sin xy` ` ` ` ` `
` ` ` ` ` ` ` `

# #f f f f f f
x y x y y x x yœ œ œ � œ � œ œ �

# # # #

# #

43. 2xy y cos x, x sin y sin x, 2y y sin x, cos y, 2x cos x` ` ` ` ` `
` ` ` ` ` ` ` `

#g g g g g g
x y x y y x x yœ � œ � � œ � œ � œ œ �

# # # #

# #

44. e , xe 1, 0, xe , e` ` ` ` ` `
` ` ` ` ` ` ` `

h h h h h h
x y x y y x x yœ œ � œ œ œ œy y y y# # # #

# #

45. , , , , ` " ` " ` �" ` �" ` ` �"
` � ` � ` � ` � ` ` ` ` �

r r r r r r
x x y y x y x (x y) y (x y) y x x y (x y)œ œ œ œ œ œ

# # # #

# # # # #

46. , ,` " ` " ` " ` "
` ` � ` ` �� � � �

�s s 1 x
x x x x x y y y x x x y1 1 1 1

y y y yœ œ � œ œ œ œ” • ” • ” • ” •ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰y y y y
x x x x

# # # ## # # # #† †

 , , ` ` ` `
` ` ` ` ` `� � � � � �

� �� � �# # # #

# ## # # # # # # # # # # ## # # # # #

# # # #s s s s
x y y x x y

y(2x) 2xy x(2y) 2xy y x
x y x y x y x y x y x y

x y ( 1) y(2y)œ œ œ œ � œ œ œa b a b a b a b a b a b
a b

47. 2x tan xy x sec xy y 2x tan xy x y sec xy , x sec xy x x sec xy ,` `
` `

w w
x y

2 2 2 2 2 2 3 2œ � † œ � œ † œa b a b a b a b a b a b
 2tan xy 2x sec xy y 2xy sec xy x y 2sec xy sec xy tan xy y`

`

#

#

w
x

2 2 2œ � † � � †a b a b a b a ba b a b a b
 2tan xy 4xy sec xy 2x y sec xy tan xy , x 2sec xy sec xy tan xy x 2x sec xy tan xyœ � � œ † œa b a b a b a b a b a b a ba b a b a b2 2 2 2 3 4 2w

y
`
`

#

#

 3x sec xy x 2sec xy sec xy tan xy y 3x sec xy x y sec xy tan xy` `
` ` ` `

# #w w
y x x y

2 2 3 2 2 3 2œ œ � † œ �a b a b a b a b a ba b a b a b
48. ye 2x 2xy e , 1 e ye 1 e 1 y ,` `

` `
� � � � �w w

x y
x y x y x y x y x yœ † œ œ � † � œ �

2 2 2 2 2a b a b a b
 2y e 2xy e 2x 2ye 1 2x , e 1 1 y e 1` `

` `
� � � � �# #

# #

w w
x y

x y x y x y 2 x y x yœ � † œ � œ † � � � �
2 2 2 2 2Š ‹ Š ‹a b a b a b a b

 e y 2 , e 2x 1 y 2x e 1 yœ � œ œ † � œ �x y x y x yw w
y x x y

2 2 2� � �` `
` ` ` `a b a b a bŠ ‹# #

49. sin x y x cos x y 2xy sin x y 2x ycos x y , x cos x y x x cos x y ,` `
` `

w w
x y

2 2 2 2 2 2 2 3 2œ � † œ � œ † œa b a b a b a b a b a b
 cos x y 2xy 4xy cos x y 2x y sin x y 2xy 6xy cos x y 4x y sin x y ,`

`

#

#

w
x

2 2 2 2 2 3 2 2œ † � � † œ �a b a b a b a b a b
 x sin x y x x sin x y , 3x cos x y x sin x y 2xy 3x cos x y 2x y sin x y` ` `

` ` ` ` `

# # #

#

w w w
y y x x y

3 2 2 5 2 2 2 3 2 2 2 4 2œ � † œ � œ œ � † œ �a b a b a b a b a b a b
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50. , ,` ` � �
` `

� � � � � � �

� � � �

� � �w w x x
x y

x y x y 2x x y 1 x y

x y x y x y x y
x 2xy yœ œ œ œ

ˆ ‰ ˆ ‰a ba b a b a b
a b a b a b a b

2 2

2 2 2 22 2 2 2

2 2

 ,`
`

� � � � � � � � � � �

� �

#

#

w
x

x y 2x 2y x 2xy y 2 x y 2x 2 x 3x y 3 xy y

x y x y
œ œ

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰a b a b
’ “a b a b

2 2 2 3 2 22

2 2 2 32

 , ` � ` `
` ` ` ` `

� † � � � � † � � � � � � � †

� ��

# # #

#

w 2x 2x w w
y y x x y

x y 0 x x 2 x y 1 x y 2x 1 x 2xy y 2 x y 1

x y x yx y
œ œ œ œ

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰
’ “ ’ “a b a ba b

a b2 2 2 2 2 22 2

2 22 22 3 2

2

2

 œ 2x 3x 2xy y
x y

3 2

2 3
� � �

�a b

51. , , , and ` ` ` � ` �
` � ` � ` ` � ` ` �

w 2 w 3 w 6 w 6
x 2x 3y y 2x 3y y x (2x 3y) x y (2x 3y)œ œ œ œ

# #

# #

52. e ln y , ln x, , and ` ` ` " " ` " "
` ` ` ` ` `

w w x w w
x x y y y x y x x y y x

yœ � � œ � œ œ � œ �x # #

53. y 2xy 3x y , 2xy 3x y 4x y , 2y 6xy 12x y , and 2y 6xy 12x y` ` ` `
` ` ` ` ` `

# $ # % # # $ $ # # $ # # $w w w w
x y y x x yœ � � œ � � œ � � œ � �

# #

54. sin y y cos x y, x cos y sin x x, cos y cos x 1, and cos y cos x 1` ` ` `
` ` ` ` ` `

w w w w
x y y x x yœ � � œ � � œ � � œ � �

# #

55. (a) x first (b) y first (c) x first (d) x first (e) y first (f) y first

56. (a) y first three times (b) y first three times (c) y first twice (d) x first twice

57. f 1 2  lim    lim    lim   x
f(1 h 2) f(1 2)

h h h
1 (1 h) 2 6(1 h) (2 6) h 6 1 2h h 6a bß œ œ œ

h 0 h 0 h 0Ä Ä Ä

� ß � ß � � � � � � � � � � � �c d a b# #

  lim    lim   ( 13 6h) 13,œ œ � � œ �
h 0 h 0Ä Ä

� �13h 6h
h

#

 f (1 2)  lim    lim    lim   y
f(1 2 h) f(1 2) (2 6 2h) (2 6)

h h h
1 1 (2 h) 3(2 h) (2 6)ß œ œ œ

h 0 h 0 h 0Ä Ä Ä

ß � � ß � � � �� � � � � � �c d

  lim   ( 2) 2œ � œ �
h 0Ä

58. f 2 1  lim    lim   x
f 2 h 1 f 2 1

h h
4 2 2 h 3 2 h 3 2a b� ß œ œ

h 0 h 0Ä Ä

a b a b c d a ba b a b� � ß � � ß � � � � � � � � � �

  lim    lim   1 1,œ œ œ
h 0 h 0Ä Ä

a b2h 1 h 1
h

� � �

 f 2 1  lim    lim   y
f 2 1 h f 2 1

h h
4 4 3 1 h 2 1 h 3 2a b� ß œ œ

h 0 h 0Ä Ä

a b a b � ‘a b a b a b� ß � � � ß � � � � � � � �#

  lim    lim    lim   1 2h 1œ œ œ � œ
h 0 h 0 h 0Ä Ä Ä

a b� � � � � � �3 3h 2 4h 2h 1
h h

h 2h# # a b
59. f 2 3  lim    lim   x

f 2 h 3 f 2 3
h h

2 2 h 9 1 4 9 1a b� ß œ œ
h 0 h 0Ä Ä

a b a b È a b È� � ß � � ß � � � � � � � �

  lim    lim    lim   ,œ œ œ œ
h 0 h 0 h 0Ä Ä Ä

È È È
È È2h 4 2 2h 4 2 2h 4 2

h h 22h 4 2 2h 4 2
2 1� � � � � �

� � � �
Š ‹

 f 2 3  lim    lim   y
f 2 3 h f 2 3

h h
4 3 3 h 1 4 9 1a b� ß œ œ

h 0 h 0Ä Ä

a b a b È a b È� ß � � � ß � � � � � � � �

  lim    lim    lim   œ œ œ œ
h 0 h 0 h 0Ä Ä Ä

È È È
È È3h 4 2 3h 4 2 3h 4 2

h h 43h 4 2 2h 4 2
3 3� � � � � �

� � � �
Š ‹

60. f 0 0  lim    lim    lim   1x
f 0 h 0 f 0 0

h h h

0 sin ha bß œ œ œ œ
h 0 h 0 h 0Ä Ä Ä

a b a b� ß � ß �
sin h 03

h 02 3

3

Š ‹�

�

 f 0 0  lim    lim    lim    lim  h 0 1 0y
f 0 0 h f 0 0

h h h h

0 sin h sin ha b Š ‹ß œ œ œ œ † œ † œ
h 0 h 0 h 0 h 0Ä Ä Ä Ä

a b a bß � � ß �
sin 0 h4

0 h2 4 4

3 4

Š ‹�

�

61. (a) In the plane x 2 f x y 3 f 2 1 3 m 3œ Ê ß œ Ê ß� œ Ê œy ya b a b
 (b) In the plane y 1 f x y 2 f 2 1 2 m 2œ � Ê ß œ Ê ß� œ Ê œx ya b a b
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814 Chapter 14 Partial Derivatives

62. (a) In the plane x 1 f x y 3y f 1 1 3 1 3 m 3œ � Ê ß œ Ê � ß œ œ Ê œy y
2 2a b a b a b

 (b) In the plane y 1 f x y 2x f 1 1 2 1 2 m 2œ Ê ß œ Ê � ß œ � œ � Ê œ �x ya b a b a b
63. f x y z  lim   ;z

f x y z h f x , y z
ha b! ! !

ß ß � � ßß ß œ
h 0Ä

a b a b! ! ! ! ! !

 f 1 2 3  lim    lim    lim    lim  12 2h 12z
f 1 2 3 h f 1, 2 3 2 3 h 2 9

h h h
2h 2ha b a bß ß œ œ œ œ � œ

h 0 h 0 h 0 h 0Ä Ä Ä Ä

a b a b a b a bß ß � � ß � � " �
# #

64. f x y z  lim   ;y
f x y h z f x , y z

ha b! ! !
ß � ß � ßß ß œ

h 0Ä

a b a b! ! ! ! ! !

 f 1 0 3  lim    lim    lim   2h 9 9y
f 1 h 3 f 1, 0 3 2h 9h 0

h ha b a b� ß ß œ œ œ � œ
h 0 h 0 h 0Ä Ä Ä

a b a b a b� ß ß � � ß � �#

65. y 3z  x z 2y 0 3xz 2y y z at (1 1 1) we have (3 2) 1 1 or 2� � � œ Ê � œ � � Ê ß ß � œ � � œ �ˆ ‰ a b# $ # $` ` ` ` `
` ` ` ` `

z z z z z
x x x x x

66. z x 2x 0 z 2x x at (1 1 3) we have ( 3 1 2) 1 or ˆ ‰ ˆ ‰ ˆ ‰` ` ` ` ` ` "
` ` ` ` ` `

x x x x x x
z x z z x z z z 6

y y� � � œ Ê � � œ � Ê ß� ß� � � � œ � œ

67. a b c 2bc cos A  2a 2bc sin A   ; also 0 2b 2c cos A 2bc sin A# # # ` ` `
` ` `œ � � Ê œ Ê œ œ � �a b a bA A a A

a a bc sin A b

  2c cos A 2b 2bc sin A   Ê � œ Ê œa b ` ` �
` `

A A c cos A b
b b bc sin A

68.   0  sin A a cos A 0  ; alsoa b a a a cos A
sin A sin B sin A x A sin A

(sin A) a cos A
œ Ê œ Ê � œ Ê œ

`

`

#

a
A � ` `

` `a b
 b csc B cot B   b csc B cot B sin Aˆ ‰ a b" ` `

` `sin A B B
a aœ � Ê œ �

69. Differentiating each equation implicitly gives 1 v  ln u u  and 0 u  ln v v  orœ � œ �x x x x
v u
u v

ˆ ‰ ˆ ‰
   v

ln u v     u 1

    v ln v u 0Ÿa b ˆ ‰ˆ ‰ a bx x
v
u

u
v x x

0 ln v
ln u

ln v

ln v
ln u ln v 1

� œ

� œ
Ê œ œx

º º
º º a ba b

"

�

v
u

v
u

u
v

70. Differentiating each equation implicitly gives 1 2x x 2y y  and 0 2x x y  orœ � œ �a b a b a bu u u u

   x   and
2x x 2y y 1
2x x       y 0 �a b a ba b u u

u u

2y
0 1

2x 2y
2x 1

1 1
2x 4xy 2x 4xy

� œ
� œ

Ê œ œ œu

º º
º º

" �
�

�
�

�
� � �

 y ; next s x y   2x 2y u œ œ œ œ œ � Ê œ �
º º2x

2x 0
x 4xy 2x 4xy 2x 4xy 1 2y u u u

2x 2x 1 s x y
"

�# � � � � � ` ` `
� ` `# # `

 2x 2yœ � œ � œŠ ‹ Š ‹" " "
� � �# � �

�
2x 4xy 1 2y 1 y 1 2y 1 2y

2y 1 2y

71. f x y f x y 0 for all points x, y ; at y 0,  f x 0
0 if y 0
0 if y 0x x y

h 0 h 0

f x, 0 h f x, 0 f x, h 0
h ha b a b a b a bœß œ Ê ß œ œ ß œ œ

 
�

lim lim
Ä Ä

� � �a b a b a b

 0 because     0 and     0  f x y  ;
3y if y 0

2y if y 0
œ œ œ œ œ œ Ê ß œ

 
� �

lim lim lim lim lim
h 0 h 0 h 0

f x, h f x, h f x, h
h h h h h

h h

h 0 h 0
y

2

Ä Ä Ä Ä Ä

a b a b a b
� � � �

3 2 a b œ
 f x y f x y 0 for all points x, yyx xya b a b a bß œ ß œ

72. At x 0, f 0 y    which does not exist because    œ ß œ œ œx
h 0 h 0 h 0 h 0

f 0 h, y f 0, y f h, y 0 f h, y f h, y
h h h ha b lim lim lim lim

Ä Ä Ä Ä

� � �a b a b a b a b a b
�

   0 and       f x y  ;
if x 0

2x if x 0
œ œ œ œ œ �_ Ê ß œ

�

�
lim lim lim lim

h 0

h 1
h h hh 0 h 0 h 0

f h, y h
h x

1
2 x

Ä Ä Ä Ä� � � �

2 a b È
È Èa b �

 f x y f x y 0 for all points x, y ; f x y 0 for all points x, y , while f x y 0 for all
0 if x 0
0 if x 0y y yx xya b a b a b a b a b a bœß œ Ê ß œ ß œ ß œ

 
�

 points x, y  such that x 0.a b Á
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73. 2x, 2y, 4z  2, 2, 4  2 2 ( 4) 0` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` `

f f f f f f f f f
x y z x y z x y zœ œ œ � Ê œ œ œ � Ê � � œ � � � œ

# # # # # #

# # # # # #

74. 6xz, 6yz, 6z 3 x y , 6z, 6z, 12z  ` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` `

# # #f f f f f f f f f
x y z x y z x y zœ � œ � œ � � œ � œ � œ Ê � �a b # # # # # #

# # # # # #

 6z 6z 12z 0œ � � � œ

75. 2e  sin 2x, 2e  cos 2x, 4e  cos 2x, 4e  cos 2x  ` ` ` ` ` `
` ` ` ` ` `

f f f f f f
x y x y x yœ � œ � œ � œ Ê �� � � �2y 2y 2y 2y# # # #

# # # #

 4e  cos 2x 4e  cos 2x 0œ � � œ� �2y 2y

76. , , ,   0` ` ` ` ` `
` � ` � ` ` ` `

� � � �

� � � �
f x f f f f f
x x y y x y x y x y

y y x x y y x x y
x y x y x y x y

œ œ œ œ Ê � œ � œ# # # # # # # #

# # # ## # # # # # # #

# # # # # # # ## # # #a b a b a b a b

77. 3 , 2 , 0 , 0  0 0 0` ` ` ` ` `
` ` ` ` ` `

f f f f f f
x y x y x yœ œ œ œ Ê � œ � œ

# # # #

# # # #

78. , , , ` ` � ` `
` � ` � ` `

Î � Î

� �

� † � † � † � � †

� � �

�f f x f f
x y x y y x x y

1 y x y

1 1

y 2xyy x 0 y 2x y x 0 x 2y
y x y x y

œ œ œ œ œ œ œŠ ‹ Š ‹
a b a b a b

a b a b a bx x
y y

2

2 2# ## # # # # #

# ## # # #

# # # # # x y x
2xy

# # #2 2œ a b�

   0Ê � œ � œ` `
` `

�

� �

# #

# # # # # #

f f
x y

2xy 2xy
y x y xa b a b2 2

79. x y z 2x x x y z , x y z 2y` " ` "
` # ` #

# # # # # # # # #�$Î# �$Î# �$Î#f f
x yœ � � � œ � � � œ � � �a b a b a b a b a b

 y x y z , x y z 2z z x y z ;œ � � � œ � � � œ � � �a b a b a b a b# # # # # # # # #�$Î# �$Î# �$Î#` "
` #

f
z

 x y z 3x x y z , x y z 3y x y z ,` `
` `

# # # # # # # # # # # # # #�$Î# �&Î# �$Î# �&Î## #

# #

f f
x yœ � � � � � � œ � � � � � �a b a b a b a b

 x y z 3z x y z   ` ` ` `
` ` ` `

# # # # # # #�$Î# �&Î## # # #

# # # #

f f f f
z x y zœ � � � � � � Ê � �a b a b

 x y z 3x x y z x y z 3y x y zœ � � � � � � � � � � � � �’ “ ’ “a b a b a b a b# # # # # # # # # # # # # #�$Î# �&Î# �$Î# �&Î#

 x y z 3z x y z 3 x y z 3x 3y 3z x y z 0� � � � � � � œ � � � � � � � � œ’ “a b a b a b a b a b# # # # # # # # # # # # # # # #�$Î# �&Î# �$Î# �&Î#

80. 3e  cos 5z, 4e  cos 5z, 5e  sin 5z; 9e  cos 5z, 16e  cos 5z,` ` ` ` `
` ` ` ` `

� � � � �f f f f f
x y z x y

3x 4y 3x 4y 3x 4y 3x 4y 3x 4yœ œ œ � œ œ
# #

# #

 25e  cos 5z  9e  cos 5z 16e  cos 5z 25e  cos 5z 0` ` ` `
` ` ` `

� � � �# # # #

# # # #

f f f f
z x y z

3x 4y 3x 4y 3x 4y 3x 4yœ � Ê � � œ � � œ

81. cos (x ct), c cos (x ct); sin (x ct), c  sin (x ct) c [ sin (x ct)] c  ` ` ` ` ` `
` ` ` ` ` `

# # #w w w w w w
x t x t t xœ � œ � œ � � œ � � Ê œ � � œ

# # # #

# # # #

82. 2 sin (2x 2ct), 2c sin (2x 2ct); 4 cos (2x 2ct), 4c  cos (2x 2ct)` ` ` `
` ` ` `

#w w w w
x t x tœ � � œ � � œ � � œ � �

# #

# #

  c [ 4 cos (2x 2ct)] cÊ œ � � œ` `
` `

# ## #

# #

w w
t x

83. cos (x ct) 2 sin (2x 2ct), c cos (x ct) 2c sin (2x 2ct);` `
` `

w w
x tœ � � � œ � � �

 sin (x ct) 4 cos (2x 2ct), c  sin (x ct) 4c  cos (2x 2ct)` `
` `

# ## #

# #

w w
x tœ � � � � œ � � � �

  c [ sin (x ct) 4 cos (2x 2ct)] c  Ê œ � � � � œ` `
` `

# ## #

# #

w w
t x

84. , ; ,   c c  ` " ` ` � ` � ` �" `
` � ` � ` � ` � ` � `

# #w w c w 1 w c w w
x x ct t x ct x (x ct) t (x ct) t (x ct) xœ œ œ œ Ê œ œ

# # # # #

# # # # # # #’ “
85. 2 sec (2x 2ct), 2c sec  (2x 2ct); 8 sec (2x 2ct) tan (2x 2ct),` ` `

` ` `
# # #w w w

x t xœ � œ � � œ � �
#

#

 8c  sec (2x 2ct) tan (2x 2ct)  ux c [8 sec (2x 2ct) tan (2x 2ct)] c  ` ` `
` ` `

# # # # ## # #

# # #

w w w
t t xœ � � Ê œ � � œ
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816 Chapter 14 Partial Derivatives

86. 15 sin (3x 3ct) e , 15c sin (3x 3ct) ce ; 45 cos (3x 3ct) e ,` ` `
` ` `

w w w
x t xœ � � � œ � � � œ � � �x ct x ct x ct� � �

#

#

 45c  cos (3x 3ct) c e   c 45 cos (3x 3ct) e c  ` ` `
` ` `

# # # ## # #

# # #

w w w
t t xœ � � � Ê œ � � � œx ct x ct� �c d

87.  (ac)  (ac) (ac) a c  ;  a  a a` ` ` ` ` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` ` ` `

# #w f u f w f f w f u f w f
t u t u t u u x u x u x uœ œ Ê œ œ œ œ Ê œ

# # # # #

# # # # #Š ‹ Š ‹† †

 a    a c  c a  c  œ Ê œ œ œ# # # # # #` ` ` ` `
` ` ` ` `

# # # # #

# # # # #

f w f f w
u t u u xŠ ‹

88. If the first partial derivatives are continuous throughout an open region R, then by Theorem 3 in this section of the text,
 f(x y) f(x y ) f (x y ) x f (x y ) y x y, where , 0 as x, y 0.  Then asß œ ß � ß � ß � � Ä Ä! ! ! ! ! ! " # " #x y? ? % ? % ? % % ? ?

 (x y) (x y ), x 0 and y 0 lim  f(x y) f(x y ) f is continuous at every point (x y ) in R.ß Ä ß Ä Ä Ê ß œ ß Ê ß! ! ! ! ! !? ?
Ð ß Ñ Ä Ð ß Ñx y x y! !

89. Yes, since f , f , f , and f  are all continuous on R, use the same reasoning as in Exercise 76 withxx yy xy yx

 f (x y) f (x y ) f (x y ) x f (x y ) y x y andx x xx xyß œ ß � ß � ß � �! ! ! ! ! ! " #? ? % ? % ?

 f (x y) f (x y ) f (x y ) x f (x y ) y x y.  Then  lim   f (x y) f (x y )y y yx yy x xß œ ß � ß � ß � � ß œ ßs s! ! ! ! ! ! " # ! !? ? % ? % ?
Ð ß Ñ Ä Ð ß Ñx y x y! !

 and  lim   f (x y) f (x y ).
Ð ß Ñ Ä Ð ß Ñx y x y! !

y yß œ ß! !

90. To find  and  so that u u u sin x e  and u cos x e u sin x e ;  then! " " ! ! ! ! !t xx t x xx
t t 2 tœ Ê œ � œ Ê œ �a b a b a b� � �" " "

 u u sin x e sin x e  , thus u u  only if t xx t xx
t 2 t 2œ Ê � œ � œ œ" ! ! ! " !a b a b� �" "

91. f 0, 0 0; f 0, 0 0;x y
h 0 h 0 h 0 h 0 h 0 h 0

f 0 h 0 f 0 0 f 0 0 h f 0 0
h h h h h h

0 00 0a b a bœ œ œ œ œ œ œ œlim lim lim lim lim lim
Ä Ä Ä Ä Ä Ä

� ß � ß ß � � ß� �a b a b a b a bh 0 0 h2 2

h 0 0 h2 4 2 4
† †

� �

  lim f x, y  lim   lim   lim   different limits for differ
Ð ß Ñ Ä Ð ß Ñ

œ

Ä Ä Äx y 0 0
along x ky

 
y 0 y 0 y 0

2

a b œ œ œ œ Ê
ˆ ‰

a b
ky y

ky y
ky

k y y k 1 k 1
k k

2 2

2 42 2 4 4 2 2

4

� � � � ent

 values of k   lim f x, y  does not exist f x, y  is not continuous at 0, 0 by Theorem 4, f x, y  is notÊ Ê Ê
Ð ß Ñ Ä Ð ß Ñx y 0 0

 a b a b a b a b
 differentiable at 0, 0 .a b
92. f 0, 0 0; f 0, 0 0;x y

h 0 h 0 h 0 h 0 h 0 h 0

f 0 h 0 f 0 0 f h 0 1 f 0 0 h f 0 0 f 0 h 1
h h h h h h

1 1 1 1a b a bœ œ œ œ œ œ œ œlim lim lim lim lim lim
Ä Ä Ä Ä Ä Ä

� ß � ß ß � ß � � ß ß �� �a b a b a b a b a b a b

  lim f x, y  lim  0 0 but  lim f x, y  lim  1 1  lim f x, y  does
Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ

œ œ

Ä Äx y 0 0 x y 0 0 x y 0 0
along y x along y 1.5x

   
y 0 y 0

2 2

a b a b a bœ œ œ œ Ê  not exist

 f x, y  is not continuous at 0, 0 by Theorem 4, f x, y  is not differentiable at 0, 0 .Ê Êa b a b a b a b
14.4  THE CHAIN RULE

 1. (a) 2x, 2y, sin t, cos t  2x sin t 2y cos t 2 cos t sin t 2 sin t cos t` `
` `

w w dx dw
x y dt dt dt

dyœ œ œ � œ Ê œ � � œ � �

 0; w x y cos t sin t 1  0œ œ � œ � œ Ê œ# # # # dw
dt

 (b) ( ) 0dw
dt 1 œ

 2. (a) 2x, 2y, sin t cos t, sin t cos t  ` `
` `

w w dx dw
x y dt dt dt

dyœ œ œ � � œ � � Ê

 (2x)( sin t cos t) (2y)( sin t cos t)œ � � � � �

 2(cos t sin t)(cos t sin t) 2(cos t sin t)(sin t cos t) 2 cos t 2 sin t 2 cos t 2 sin tœ � � � � � œ � � �a b a b# # # #

 0; w x y (cos t sin t) (cos t sin t) 2 cos t 2 sin t 2  0œ œ � œ � � � œ � œ Ê œ# # # # # # dw
dt

 (b) (0) 0dw
dt œ
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 Section 14.4 The Chain Rule 817

 3. (a) , , , 2 cos t sin t, 2 sin t cos t, ` " ` " ` "
` ` `

� �w w w dx dz
x z y z z z dt dt dt t

(x y) dyœ œ œ œ � œ œ �# #

   cos t sin t  sin t cos t 1; w t  1Ê œ � � � œ œ œ � œ � œ Ê œdw 2 2 cos t sin t x cos t sin t dw
dt z z z t z z dt

x y y

t

� �
# #

# # # #

#Š ‹ Š ‹ Š ‹a b" " "

#t t t

 (b) (3) 1dw
dt œ

 4. (a) , , , sin t, cos t, 2t` ` `
` � � ` � � ` � �

�"Î#w 2x w w 2z dx dz
x x y z y x y z z x y z dt dt dt

2y dyœ œ œ œ � œ œ# # # # # # # # #

  Ê œ � � œdw 2x sin t 4zt
dt x y z x y z x y z cos t sin t 16t

2y cos t 2 cos t sin t 2 sin t cos t 4 4t t�
� � � � � � � �

� � �
# # # # # # # # # # #

�"Î# "Î# �"Î#ˆ ‰

 ; w ln x y z ln cos t sin t 16t ln (1 16t)  œ œ � � œ � � œ � Ê œ16 dw 16
1 16t dt 1 16t� �

# # # # #a b a b
 (b) (3)dw 16

dt 49œ

 5. (a) 2ye , 2e , , , , e   ` ` ` " "
` ` ` � � � �

w w w dx 2t dz dw 2e e
x y z z dt t 1 dt t 1 dt dt t 1 t 1 z

x x tdy 4yteœ œ œ � œ œ œ Ê œ � �# # # #

x x t

 4t tan t 1; w 2ye ln z 2 tan t t 1 tœ � � œ � œ � œ � �(4t) tan t t 1 2 t 1
t 1 t 1 e

e xa b a b a b�" # #

# #

� �
� �

�" �" #t

t a b a b
  t 1 2 tan t (2t) 1 4t tan t 1Ê œ � � � œ �dw 2

dt t 1
ˆ ‰ a b a b#�

# �" �"

 (b) (1) (4)(1) 1 1dw
dt 4œ � œ �ˆ ‰1 1

 6. (a) y cos xy, x cos xy, 1, 1, , e   y cos xy e` ` ` "
` ` `

w w w dx dz dw
x y z dt dt t dt dt t

dy x cos xyœ � œ � œ œ œ œ Ê œ � � �t 1 t 1� �

 (ln t)[cos (t ln t)] e (ln t)[cos (t ln t)] cos (t ln t) e ; w z sin xyœ � � � œ � � � œ �t cos (t ln t)
t

t 1 t 1� �

 e sin (t ln t)  e [cos (t ln t)] ln t t e (1 ln t) cos (t ln t)œ � Ê œ � � œ � �t 1 t 1 t 1� � �
dw
dt t

� ‘ˆ ‰"
 (b) (1) 1 (1 0)(1) 0dw

dt œ � � œ

 7. (a)   4e  ln y (sin v)` ` ` `
` ` ` ` `

`z z x z cos v 4e 4e  sin v
u x u y u u cos v y u y

y 4e  ln yxœ � œ � œ �a b ˆ ‰ Š ‹x xx

 (4 cos v) ln (u sin v) 4 cos v;œ � œ �4(u cos v) ln (u sin v) 4(u cos v)(sin v)
u u sin v

   4e  ln y (u cos v) 4e  ln y (tan v)` ` ` ` �
` ` ` ` `

`z z x z u sin v 4e 4e u cos v
v x v y v u cos v y y

y x xœ � œ � œ � �a b a bˆ ‰ Š ‹x x

 [ 4(u cos v) ln (u sin v)](tan v) ( 4u sin v) ln (u sin v) ;œ � � œ � �4(u cos v)(u cos v)
u sin v sin v

4u cos v#

 z 4e  ln y 4(u cos v) ln (u sin v)  (4 cos v) ln (u sin v) 4(u cos v)œ œ Ê œ �x z sin v
u u sin v

`
`

ˆ ‰
 (4 cos v) ln (u sin v) 4 cos v; also ( 4u sin v) ln (u sin v) 4(u cos v)œ � œ � �`

`
z u cos v
v u sin v

ˆ ‰
 ( 4u sin v) ln (u sin v)œ � � 4u cos v

sin v

#

 (b) At 2 :  4 cos  ln 2 sin 4 cos 2 2 ln 2 2 2 2 (ln 2 2);ˆ ‰ ˆ ‰ È È È Èß œ � œ � œ �1 1 1 1
4 u 4 4 4

z`
`

 ( 4)(2) sin  ln 2 sin 4 2 ln 2 4 2 2 2 ln 2 4 2`
`

z
v 4 4

(4)(2) cos

sin 
œ � � œ � � œ � �1 1ˆ ‰ È È È È Èˆ ‰

ˆ ‰
# 1

1

4

4

 8. (a)  cos v  sin v 0;`
` � �

� �

�z x sin v
u x y x y u

1 1

y cos v (u sin v)(cos v) (u cos v)(sin v)œ � œ � œ œ– — – —Š ‹
Š ‹ Š ‹

Š ‹" �

#y

x x
y y

x
y

# # # # # # #

  ( u sin v)  u cos v`
` � �

� �

� �z xu cos v
v x y x y u

1 1

yu sin v (u sin v)(u sin v) (u cos v)(u cos v)œ � � œ � � œ– — – —Š ‹
Š ‹ Š ‹

Š ‹" �

#y

x x
y y

x
y

# # # # # # #

 sin v cos v 1; z tan tan (cot v)  0 and csc vœ � � œ � œ œ Ê œ œ �# # �" �" #` ` "
` ` �Š ‹ ˆ ‰ a bx z z

y u v 1 cot v#

 1œ œ ��"
�sin v cos v# #

 (b) At 1.3 :  0 and 1ˆ ‰ß œ œ �1
6 u v

z z` `
` `
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818 Chapter 14 Partial Derivatives

 9. (a)    (y z)(1) (x z)(1) (y x)(v) x y 2z v(y x)` ` ` ` ` `
` ` ` ` ` ` `

`w w x w w z
u x u y u z u

yœ � � œ � � � � � œ � � � �

 (u v) (u v) 2uv v(2u) 2u 4uv;    œ � � � � � œ � œ � �` ` ` ` ` `
` ` ` ` ` ` `

`w w x w w z
v x v y v z v

y

 (y z)(1) (x z)( 1) (y x)(u) y x (y x)u 2v (2u)u 2v 2u ;œ � � � � � � œ � � � œ � � œ � � #

 w xy yz xz u v u v uv u v uv u v 2u v  2u 4uv andœ � � œ � � � � � œ � � Ê œ �a b a b a b# # # # # # # # # `
`

w
u

 2v 2u`
`

#w
v œ � �

 (b) At 1 :  2 4 (1) 3 and 2(1) 2ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰" ` " " ` "
# ` # # ` # #

#
ß œ � œ œ � � œ �w w 3

u v

10. (a) e  sin u ue  cos u e  cos u ue  sin u e`
` � � � � � �

w 2x 2z
u x y z x y z x y z

v v v v v2yœ � � � �Š ‹ Š ‹ Š ‹a b a b a b# # # # # # # # #

 e  sin u ue  cos uœ �ˆ ‰ a b2ue  sin u
u e  sin u u e  cos u u e

v vv

2v 2v 2v# # # # #� �

 e  cos u ue  sin u� �ˆ ‰ a b2ue  cos u
u e  sin u u e  cos u u e

v vv

2v 2v 2v# # # # #� �

 e ;� œˆ ‰ a b2ue 2
u e  sin u u e  cos u u e u

vv

2v 2v 2v# # # # #� �

 ue  sin u ue  cos u ue`
` � � � � � �

w 2x 2z
v x y z x y z x y z

v v v2yœ � �Š ‹ Š ‹ Š ‹a b a b a b# # # # # # # # #

 ue  sin uœ ˆ ‰ a b2ue  sin u
u e  sin u u e  cos u u e

vv

2v 2v 2v# # # # #� �

 ue  cos u� ˆ ‰ a b2ue  cos u
u e  sin u u e  cos u u e

vv

2v 2v 2v# # # # #� �

 ue 2; w ln u e sin u u e cos u u e ln 2u e� œ œ � � œˆ ‰ a b a b a b2ue
u e sin u u e cos u u e

v 2v 2v 2v 2vv

2v 2v 2v# # # # #� �
# # # # # #

 ln 2  2 ln u 2v   and 2œ � � Ê œ œ` `
` `

w 2 w
u u v

 (b) At 2 0 :  1 and 2a b� ß œ œ � œ` `
` �# `

w 2 w
u v

11. (a)    0;` ` ` ` ` "
` ` ` ` ` ` ` � � � �

` ` � � � � � � �u u u u r
x p x q x r x q r (q r) (q r) (q r)

p q r p p q q r r p p qœ � � œ � � œ œ# # #

    ` ` ` ` ` "
` ` ` ` ` ` ` � � � � �

` ` � � � � � � � �u u u u r
y p y q y r y q r (q r) (q r) (q r) (q r)

p q r p p q q r r p p q 2p 2rœ � � œ � � œ œ# # # #

 ;    œ œ œ � �(2x 2y 2z) (2x 2y 2z) p q
(2z 2y) (z y) z p z q z r z

z u u u u r� � � � � ` `
� � ` ` ` ` ` ` `

` ` ` ` `
# #

 ;œ � � œ œ œ œ �"
� � � � � � �

� � � � � � � � �
q r (q r) (q r) (q r) (q r) (2z 2y) (z y)

r p p q q r r p p q 2q 2p 4y y
# # # # # #

 u   0, , and œ œ œ Ê œ œ œ œp q 2y y (z y) y( 1) (z y)(0) y(1)
q r 2z 2y z y x y (z y) (z y) z (z y)

u u z u� � � � � �
� � � ` ` � � ` �

` ` `
# # #

 œ � y
(z y)� #

 (b) At 3 2 1 :  0, 1, and 2Š ‹È ß ß œ œ œ œ œ �` ` " ` �
` ` � ` �

u u u 2
x y (1 2) z (1 2)# #

12. (a) (cos x) re  sin p (0) qe  sin p (0) y  if x ;`
` # #� �

�" �"

�

u e e  cos x e  cos x
x 1 p 1 p

qr qr z
1 sin x

œ � � œ œ œ � � �
qr qr z ln y

È È È# # #
a b a b 1 1

 (0) re  sin p qe  sin p (0) xzy ;`
` �

�" �" �u e z
y y y y1 p

qr qr z 1z  re  sin p z y x
œ � � œ œ œ

qr qr
z

z

È
ˆ ‰

#

# # �" # "a b a bŠ ‹
 (0) re  sin p (2z ln y) qe  sin p 2zre  sin p (ln y)` "

` �
�" �" �"u e

z z z1 p
qr qr qr qe  sin pœ � � � œ �

qr qr

È # # #

�"a b a b a bˆ ‰
 (2z) y x ln y xy  ln y; u e  sin (sin x) xy  if x   y ,œ � œ œ œ � Ÿ Ÿ Ê œˆ ‰ a b" `�"

# # `z z x
z z z ln y z zz  ln y y x ua b a b#

#

z
1 1

 xzy , and xy  ln y   from direct calculations` `
` `

�u u
y z

z 1 zœ œ œ

 (b) At :  2, ,  lnˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰È1 1 11 1

4 x y 4 4 z 4 4
u u u2 2 ln 2ß ß � œ œ œ � œ � œ œ �" " ` " ` " " ` " "

# # ` # ` # # ` # #

�"Î# Ð�"Î#Ñ�" �"Î#È È
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13.    14.    dz z dx z dz z du z dv x dw
dt x dt y dt dt u dt v dt w dt

dyœ � œ � �` ` ` ` `
` ` ` ` `

  

15.        ` ` ` ` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` ` ` ` `

` `w w x w w z w w x w w z
u x u y u z u v x v y v z v

y yœ � � œ � �

     

16.        ` ` ` ` ` ` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` ` ` ` `

w w r w s w t w w r w s w t
x r x s x t x y r y s y t yœ � � œ � �

  

17.      ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` `

` `w w x w w w x w
u x u y u v x v y v

y yœ � œ �
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18.      ` ` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` `

w w u w v w w u w v
x u x v x y u y v yœ � œ �

  

19.      ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` `

` `z z x z z z x z
t x t y t s x s y s

y yœ � œ �

     

20.   21.         `
` ` ` ` ` `

` ` ` ` `y dy
r du r s du s t du t

u w dw u w dw uœ œ œ

                   

22.     ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` `

`w w x w w z w v
p x p y p z p v p

yœ � � �

 

23.     since 0     since 0` ` ` ` ` ` ` `
` ` ` ` ` ` ` `
w w dx w w dx w w dx w w dx
r x dr y dr x dr dr s x ds y ds y ds ds

dy dy dy dyœ � œ œ œ � œ œ
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24.   ` ` ` `
` ` ` ` `

`w w x w
s x s y s

yœ �

 

25. Let F(x y) x 2y xy 0  (x y) 3x yß œ � � œ Ê J ß œ �$ # #
x

 and F (x y) 4y x  y
dy 3x y
dx F ( 4y x)

Fß œ � � Ê œ � œ �x

y

# �
� �

  (1 1)Ê ß œdy
dx 3

4

26. Let F(x y) xy y 3x 3 0  F (x y) y 3 and F (x y) x 2y  ß œ � � � œ Ê ß œ � ß œ � Ê œ � œ �# �
�x y

dy y 3
dx F x 2y

Fx

y

  ( 1 1) 2Ê � ß œdy
dx

27. Let F(x y) x xy y 7 0  F (x y) 2x y and F (x y) x 2y  ß œ � � � œ Ê ß œ � ß œ � Ê œ � œ �# # �
�x y

dy 2x y
dx F x 2y

Fx

y

  (1 2)Ê ß œ �dy
dx 5

4

28. Let F(x y) xe sin xy y ln 2 0  F (x y) e y cos xy and F (x y) xe x sin xy 1ß œ � � � œ Ê ß œ � ß œ � �y y y
x y

    ( ln 2) (2 ln 2)Ê œ � œ � Ê !ß œ � �dy e y cos xy dy
dx F xe x sin xy 1 dx

Fx

y

y

y
�
� �

29. Let F(x y z) z xy yz y 2 0  F (x y z) y, F (x y z) x z 3y , F (x y z) 3z yß ß œ � � � � œ Ê ß ß œ � ß ß œ � � � ß ß œ �$ $ # #
x y z

    (1 1 1) ; Ê œ � œ � œ Ê ß ß œ œ � œ � œ` ` " `
` � � ` ` � �

� � � � � �z z z
x F 3z y 3z y x 4 y F 3z y 3z y

F y y x z 3y x z 3yFx

z z

y
# # # #

# #

  (1 1 1)Ê ß ß œ �`
`

z 3
y 4

30. Let F(x y z) 1 0  F (x y z) , F (x y z) , F (x y z)ß ß œ � � � œ Ê ß ß œ � ß ß œ � ß ß œ �" " " " " "
x y z x y zx y z# # #

    (2 3 6) 9;   (2 3 6) 4Ê œ � œ � œ � Ê ß ß œ � œ � œ � œ � Ê ß ß œ �` ` ` `
` ` ` `

� �

� �

z z z z z z
x F x x y F y y

F Fx

z z

x y

z z

y
Š ‹ Š ‹
Š ‹ Š ‹

" "

# #

" "

# #

# #

# #

31. Let F(x y z) sin (x y) sin (y z) sin (x z) 0  F (x y z) cos (x y) cos (x z),ß ß œ � � � � � œ Ê ß ß œ � � �x

 F (x y z) cos (x y) cos (y z), F (x y z) cos (y z) cos (x z)  y z
z
x F

Fß ß œ � � � ß ß œ � � � Ê œ �`
`

x

z

   ( ) 1;   ( ) 1œ � Ê ß ß œ � œ � œ � Ê ß ß œ �cos (x y) cos (x z) cos (x y) cos (y z)
cos (y z) cos (x z) x y F cos (y z) cos (x z) y

z z zF� � � � � �
� � � ` ` � � � `

` ` `1 1 1 1 1 1y

z

32. Let F(x y z) xe ye 2 ln x 2 3 ln 2 0  F (x y z) e , F (x y z) xe e , F (x y z) yeß ß œ � � � � œ Ê ß ß œ � ß ß œ � ß ß œy z y y z z
x y z

2
x

    (1 ln 2 ln 3) ;   (1 ln 2 ln 3)Ê œ � œ � Ê ß ß œ � œ � œ � Ê ß ß œ �` ` ` � `
` ` ` `

�z z 4 z xe e z 5
x F ye x 3 ln 2 y F ye y 3 ln 2

F e Fx x

z z

y 2

z z
y y zˆ ‰

33.    2(x y z)(1) 2(x y z)[ sin (r s)] 2(x y z)[cos (r s)]` ` ` ` ` `
` ` ` ` ` ` `

`w w x w w z
r x r y r z r

yœ � � œ � � � � � � � � � � �

 2(x y z)[1 sin (r s) cos (r s)] 2[r s cos (r s) sin (r s)][1 sin (r s) cos (r s)]œ � � � � � � œ � � � � � � � � �

  2(3)(2) 12Ê œ œ¸`
`
w
r r 1 s 1œ ß œ�

34.    y x(1) (0) (u v)   (1) 8` ` ` ` ` ` " `
` ` ` ` ` ` ` ` � �

`w w x w w z 2v 2v v w 4 4
v x v y v z v u z u u v 1 1

yœ � � œ � � œ � � Ê œ � œ �ˆ ‰ ˆ ‰ ˆ ‰ ¸ ˆ ‰ ˆ ‰#

u 1 v 2œ� ß œ

35.   2x ( 2) (1) 2(u 2v 1) ( 2)` ` ` ` " � � "
` ` ` ` ` � � � �

`w w x w 2u v 2
v x v y v x x (u 2v 1) u 2v 1

y yœ � œ � � � œ � � � � �ˆ ‰ ˆ ‰ ’ “# #

  7Ê œ �¸`
`

w
v u 0 v 0œ ß œ
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36.   (y cos xy sin y)(2u) (x cos xy x cos y)(v)` ` ` `
` ` ` ` `

`z z x z
u x u y u

yœ � œ � � �

 uv cos u v uv sin uv (2u) u v  cos u v uv u v  cos uv (v)œ � � � � � � �c d c da b a b a b a b$ $ # # $ $ # #

  0 (cos 0 cos 0)(1) 2Ê œ � � œ¸`
`

z
u u 0 v 1œ ß œ

37.  e e   (2) 2;` ` `
` ` � ` �� �

z dz x 5 5 z 5
u dx u 1 x u 1 (2)

u u
1 e ln v

œ œ œ Ê œ œˆ ‰ ¸’ “ ’ “# ##a bu u ln 2 v 1œ ß œ

    (1) 1` ` " " `
` ` � ` �� �

z dz x 5 5 z 5
v dx v 1 x v v v 1 (2)1 e ln v
œ œ œ Ê œ œˆ ‰ ˆ ‰ ˆ ‰ ¸’ “ ’ “# ##a bu u ln 2 v 1œ ß œ

38.    ;` " " " ` "
` ` � � � ` �

` � �

�
z dz z 2
u dq u q 1 u 1 u tan u 1 u u tan 1 1 1

q v 3 v 3
v 3 tan u

œ œ œ œ Ê œ œŠ ‹Š ‹ Š ‹Š ‹ ¸È È
È a b a b a b a b# # �" # �" #�" u 1 v 2œ ß œ� 1

    ` " " " ` "
` ` # � ` #

`

� � �
z dz tan u tan u z
v dq v q (v 3) v

q
2 v 3 v 3 tan u 2 v 3

œ œ œ œ Ê œŠ ‹Š ‹ Š ‹Š ‹ ¸�" �"

�"È È È u 1 v 2œ ß œ�

39. Let x s t w f s t f x  f x 3s 3s e ,  f x 2t 2t eœ � Ê œ � œ Ê œ œ † œ œ œ † œ3 2 3 2 2 2 s t s tw dw x w dw x
s dx s t dx ta b a b a b a b` ` ` `

` ` ` `
w � w �3 2 3 2

40. Let x t s  and y w f t s f x y   f x, y 2t s f x, yœ œ Ê œ ß œ ß Ê œ � œ † � †2 2s s w w x w 1
t t s x s y s t

y
x yˆ ‰ a b a b a b` ` ` `

` ` ` ` `
`

 t s 2t s 2s t ;   f x, y s f x, yœ † � † œ � œ œ � œ † � †a b a b a bˆ ‰2 4 2s 1 s t 5s t w w x w s
t 2 t 2 2 t x t y t t

ts y
x y

ˆ ‰2 2
4 4

2
` ` ` ` �
` ` ` ` `

`

 t s s sœ † � † � œ � œa bˆ ‰ ˆ ‰2 2 5s s s s
t 2 t 2 2

tsˆ ‰2 2

2

5 5

41. V IR  R and I;   R I   0.01 volts/secœ Ê œ œ œ � œ � Ê �` ` ` `
` ` ` `
V V dV V dI V dR dI dR
I R dt I dt R dt dt dt

 (600 ohms) (0.04 amps)(0.5 ohms/sec)  0.00005 amps/secœ � Ê œ �dI dI
dt dt

42. V abc     (bc) (ac) (ab)œ Ê œ � � œ � �dV V da V db V dc da db dc
dt a dt b dt c dt dt dt dt

` ` `
` ` `

  (2 m)(3 m)(1 m/sec) (1 m)(3 m)(1 m/sec) (1 m)(2 m)( 3 m/sec) 3 m /secÊ œ � � � œ¸dV
dt a 1 b 2 c 3œ ß œ ß œ

$

 and the volume is increasing; S 2ab 2ac 2bc     œ � � Ê œ � �dS S da S db S dc
dt a dt b dt c dt

` ` `
` ` `

 2(b c) 2(a c) 2(a b)   œ � � � � � Êda db dc dS
dt dt dt dt

¸
a 1 b 2 c 3œ ß œ ß œ

 2(5 m)(1 m/sec) 2(4 m)(1 m/sec) 2(3 m)( 3 m/sec) 0 m /sec and the surface area is not changing;œ � � � œ #

 D a b c      a b c   œ � � Ê œ � � œ � � ÊÈ ˆ ‰ ¸# # # ` ` ` "
` ` ` � �

dD D da D db D dc da db dc dD
dt a dt b dt c dt dt dt dt dta b cÈ # # # a 1 b 2 c 3œ ß œ ß œ

 [(1 m)(1 m/sec) (2 m)(1 m/sec) (3 m)( 3 m/sec)]  m/sec 0  the diagonals areœ � � � œ � � ÊŠ ‹"È È14 m 14
6

 decreasing in length

43.    (1) (0) ( 1) ,` ` ` ` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` ` `

f f u f v f w f f f f f
x u x v x w x u v w u wœ � � œ � � � œ �

    ( 1) (1) (0) , and` ` ` ` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` ` `

f f u f v f w f f f f f
y u y v y w y u v w u vœ � � œ � � � œ � �

    (0) ( 1) (1)   0` ` ` ` ` ` ` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` ` ` ` ` `

f f u f v f w f f f f f f f f
z u z v z w z u v w v w x y zœ � � œ � � � œ � � Ê � � œ

44. (a) f  f  f  cos f  sin  and f ( r sin ) f (r cos )   f  sin f  cos ` ` ` " `
` ` ` ` `

`w x w w
r r r rx y x y x y x y

yœ � œ � œ � � Ê œ � �) ) ) ) ) )
) )

 (b)  sin f  sin  cos f  sin  and  f  sin  cos f  cos` `
` `

# #w cos w
r rx y x y) ) ) ) ) ) )œ � œ � �ˆ ‰)

)

  f (sin ) ; then f  cos (sin )  (sin )  f  cos Ê œ � œ � � Êy x x
w cos w w w cos w
r r r r r) ) ) ) )` ` ` ` `

` ` ` ` `
ˆ ‰ � ‘ˆ ‰) )

) )

 sin   1 sin     f (cos )  œ � � œ � � Ê œ �` ` ` ` ` ` `
` ` ` ` ` ` `

# #w w sin  cos w w sin  cos w w sin w
r r r r r r rxa b a bˆ ‰ ˆ ‰ ˆ ‰) ) )) ) ) ) )

) ) )

 (c) f cos   anda b a b ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰Š ‹x
w 2 sin  cos w w sin w
r r r r

# # ` ` ` `
` ` ` `

# #
œ � �) ) ) )

) )

#

#

 f sin    f fa b a b a b a bˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰Š ‹y x y
w 2 sin  cos w w cos w w w
r r r r r r

# # ## ` ` ` ` ` " `
` ` ` ` ` `

# # # #
œ � � Ê � œ �) ) ) )

) ) )

#

# #
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45. w   x y   w x y x xx
w w u w v w w w w w
x u x v x u v u x u x vœ œ � œ � Ê œ � �` ` ` ` ` ` ` ` ` ` ` `

` ` ` ` ` ` ` ` ` ` ` `
ˆ ‰ ˆ ‰

 x   y   x x y y x yœ � � � � œ � � � �` ` ` ` ` ` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` `

w w u w v w u w v w w w w w
u u x v u x u v x v x u u v u u v vŠ ‹ Š ‹ Š ‹ Š ‹# # # # # # # #

# # # #

 x  2xy y  ; w   y x œ � � � œ œ � œ � �` ` ` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` ` `

# #w w w w w w u w v w w
u u v u v y u y v y u vy

# # #

# #

  w y   x   Ê œ � � � � �yy
w w u w v w u w v
u u y v u y u v y v y

` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` `Š ‹ Š ‹# # # #

# #

 y y x x y x y  2xy x  ; thusœ � � � � � � � œ � � � �` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` ` `

# #w w w w w w w w w
u u v u u v v u u v u vŠ ‹ Š ‹# # # # # # #

# # # #

 w w x y  x y  x y (w w ) 0, since w w 0xx yy uu vv uu vv
w w

u v� œ � � � œ � � œ � œa b a b a b# # # # # #` `
` `

# #

# #

46. f (u)(1) g (v)(1) f (u) g (v)  w f (u)(1) g (v)(1) f (u) g (v);`
`

w w w w ww ww ww www
x œ � œ � Ê œ � œ �xx

 f (u)(i) g (v)( i)  w f (u) i g (v) i f (u) g (v)  w w 0`
`

w w ww # ww # ww www
y œ � � Ê œ � œ � � Ê � œyy xx yya b a b

47. f (x y z) cos t, f (x y z) sin t, and f (x y z) t t 2     x y z
df f dx f f dz
dt x dt y dt z dt

dyß ß œ ß ß œ ß ß œ � � Ê œ � �# ` ` `
` ` `

 (cos t)( sin t) (sin t)(cos t) t t 2 (1) t t 2; 0  t t 2 0  t 2œ � � � � � œ � � œ Ê � � œ Ê œ �a b# # #df
dt

 or t 1; t 2  x cos ( 2), y sin ( 2), z 2 for the point (cos ( 2) sin ( 2) 2); t 1  x cos 1,œ œ � Ê œ � œ � œ � � ß � ß� œ Ê œ

 y sin 1, z 1 for the point (cos 1 sin 1 1)œ œ ß ß

48.    2xe  cos 3z ( sin t) 2x e  cos 3z 3x e  sin 3z (1)dw w dx w w dz
dt x dt y dt z dt t

dy 2y 2y 2yœ � � œ � � � �` ` ` "
` ` ` �#

# #a b a b a bˆ ‰
 2xe  cos 3z sin t 3x e  sin 3z; at the point on the curve z 0  t z 0œ � � � œ Ê œ œ2y 2y2x e  cos 3z

t

# 2y

�#
#

 0 0 4Ê œ � � œ¸dw
dt

2(1) (4)(1)
Ð ß ß Ñ1 ln 2 0

#

#

49. (a) 8x 4y and 8y 4x    (8x 4y)( sin t) (8y 4x)(cos t)` ` ` `
` ` ` `

T T dT T dx T
x y dt x dt y dt

dyœ � œ � Ê œ � œ � � � �

 (8 cos t 4 sin t)( sin t) (8 sin t 4 cos t)(cos t) 4 sin t 4 cos t  16 sin t cos t;œ � � � � œ � Ê œ# # d T
dt

#

#

 0  4 sin t 4 cos t 0  sin t cos t  sin t cos t or sin t cos t  t , , ,  ondT 5 3 7
dt 4 4 4 4œ Ê � œ Ê œ Ê œ œ � Ê œ# # # # 1 1 1 1

 the interval 0 t 2 ;Ÿ Ÿ 1

 16 sin  cos 0  T has a minimum at (x y) ;¹ Š ‹d T
dt 4 4

2 2#

#

tœ1

4

œ � Ê ß œ ß1 1 È È
# #

 16 sin  cos 0  T has a maximum at (x y) ;¹ Š ‹d T 3 3
dt 4 4

2 2#

#

tœ 3
4
1

œ � Ê ß œ � ß1 1 È È
# #

 16 sin  cos 0  T has a minimum at (x y) ;¹ Š ‹d T 5 5
dt 4 4

2 2#

#

tœ 5
4
1

œ � Ê ß œ � ß�1 1 È È
# #

 16 sin  cos 0  T has a maximum at (x y)¹ Š ‹d T 7 7
dt 4 4

2 2#

#

tœ 7
4
1

œ � Ê ß œ ß�1 1 È È
# #

 (b) T 4x 4xy 4y   8x 4y, and 8y 4x so the extreme values occur at the four pointsœ � � Ê œ � œ �# # ` `
` `

T T
x y

 found in part (a):  T T 4 4 4 6, the maximum andŠ ‹ Š ‹ ˆ ‰ ˆ ‰ ˆ ‰� ß œ ß� œ � � � œ
È È È È2 2 2 2
# # # # # # #

" " "

 T T 4 4 4 2, the minimumŠ ‹ Š ‹ ˆ ‰ ˆ ‰ ˆ ‰È È È È2 2 2 2
# # # # # # #

" " "ß œ � ß� œ � � œ

50. (a) y and x    y 2 2 sin t x 2 cos t` ` ` `
` ` ` `

T T dT T dx T
x y dt x dt y dt

dyœ œ Ê œ � œ � �Š ‹ Š ‹È È
 2 sin t 2 2 sin t 2 2 cos t 2 cos t 4 sin t 4 cos t 4 sin t 4 1 sin tœ � � œ � � œ � � �Š ‹Š ‹ Š ‹Š ‹È È È È a b# # # #

 4 8 sin t  16 sin t cost t; 0  4 8 sin t 0  sin t   sin t   t ,œ � Ê œ � œ Ê œ Ê œ Ê œ „ Ê œ# # # " "
#

d T dT
dt dt 42

#

# � È 1

 , ,  on the interval 0 t 2 ;3 5 7
4 4 4
1 1 1 Ÿ Ÿ 1

 8 sin 2 8  T has a maximum at (x y) (2 1);¹ ˆ ‰d T
dt 4

#

#

tœ1

4

œ � œ � Ê ß œ ß1

 8 sin 2 8  T has a minimum at (x y) ( 2 1);¹ ˆ ‰d T 3
dt 4

#

#

tœ 3
4
1

œ � œ Ê ß œ � ß1
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 8 sin 2 8  T has a maximum at (x y) ( 2 1);¹ ˆ ‰d T 5
dt 4

#

#

tœ 5
4
1

œ � œ � Ê ß œ � ß�1

 8 sin 2 8  T has a minimum at (x y) (2 1)¹ ˆ ‰d T 7
dt 4

#

#

tœ 7
4
1

œ � œ Ê ß œ ß�1

 (b) T xy 2  y and x so the extreme values occur at the four points found in part (a):œ � Ê œ œ` `
` `

T T
x y

 T(2 1) T( 2 1) 0, the maximum and T( 2 1) T(2 1) 4, the minimumß œ � ß� œ � ß œ ß� œ �

51. G(u x) g(t x) dt where u f(x)    g(u x)f (x) g (t x) dt; thusß œ ß œ Ê œ � œ ß � ß' '
a a

u u

x
dG G du G dx
dx u dx x dx

` `
` `

w

 F(x) t x  dt  F (x) x x (2x)  t x  dt 2x x x  dtœ � Ê œ � � � œ � �' ' '
0 0 0

x x x# # #È ÈÉa b È% $ # $ % $ ) $w % `
` �x

3x
2 t x

#

% $È

52. Using the result in Exercise 51, F(x) t x  dt  t x  dt  F (x)œ � œ � � Ê' '
x 1

1 x

#

#È È$ # $ # w

 x x x  dtx x x t x  dtœ œ � � �� � � �’ “Éa b È È# # $ #$ # `
`

# ' #
�

' '
1

x

x

1#

#x
x

t xÈ $ #

14.5  DIRECTIONAL DERIVATIVES AND GRADIENT VECTORS

 1. 1, 1  f ; f(2 1) 1` `
` `

f f
x yœ � œ Ê œ � � ß œ �™ i j

  1 y x is the level curveÊ � œ �

 

 2.   ( ) 1; ` ` `
` � ` ` �

f 2x f f
x x y x y x y

2yœ Ê "ß " œ œ# # # #

  ( ) 1  f ; f(1 1) ln 2  ln 2Ê "ß " œ Ê œ � ß œ Ê`
`

f
y ™ i j

 ln x y   2 x y  is the level curveœ � Ê œ �a b# # # #

 

 3. y   2 1 1; 2x y 2 1 4;` ` ` `
` ` ` `

g g g g
x x y x

2œ Ê ß� œ œ Ê ß� œ �a b a b
  g 4 ; g 2 1 2  x  is the levelÊ œ � ß� œ Ê œ™ i j a b 2

y#

 curve

 

 4. x  2 2; y` ` `
` ` `

g g g
x x yœ Ê ß " œ œ �Š ‹È È

  2 1  g 2 ;Ê ß" œ � Ê œ �`
`

g
y Š ‹È È™ i j

 g 2   or 1 x y  is the levelŠ ‹È ß " œ Ê œ � œ �" "
# # # #

# #x y# #

 curve  
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 5.   ( 1 2) ; ` ` `
` ` `� �

f 1 f 1 f 3
x x 2 y2x 3y 2 2x 3y
œ Ê � ß œ œÈ È

 ( 1 2) ;  f ; f( 1 2) 2Ê � ß œ Ê œ � � ß œ`
`

f 3 1 3
x 4 2 4™ i j

  4 2x 3y is the level curveÊ œ �

 

 6.   4 2 ;` `
` `�

f f 1
x x 16

y
2y x 2x

œ Ê ß� œ �2 3 2È Î a b
  4 2   f ;` `

` � `
f f 1 1 1
y 2y x y 4 16 4

x
œ � Ê ß� œ � Ê œ � �

È
2 a b ™ i j

 f 4 2  y x  is the level curvea b Èß � œ � Ê œ �1
4

 

 7. 2x   (1 1 1) 3; 2y  ( ) 2; 4z ln x  ( ) 4;` ` ` ` ` `
` ` ` ` ` `

f z f f f f f
x x x y y z zœ � Ê ß ß œ œ Ê "ß "ß " œ œ � � Ê "ß "ß " œ �

 thus f 3 2 4™ œ � �i j k

 8. 6xz   (1 ) ; 6yz  ( ) 6; 6z 3 x y` ` ` ` `
` � ` # ` ` ` �

# # #f z f 11 f f f x
x x z 1 x y y z x z 1œ � � Ê ß "ß " œ � œ � Ê "ß "ß " œ � œ � � �# # # #a b

  ( ) ; thus f 6Ê "ß "ß " œ œ � � �` " "
` # # #

f 11
z ™ i j k

 9.   ( 1 2 2) ;   ( 1 2 2) ;` " ` ` " `
` ` ` `� � � �

f x f 26 f f 23
x x x 27 y y y 54x y z x y z

yœ � � Ê � ß ß� œ � œ � � Ê � ß ß� œa b a b# # # # # #$Î# $Î#

   ( 1 2 2) ; thus f` " `
` `� �

f z f 23 26 23 23
z z z 54 27 54 54x y z
œ � � Ê � ß ß� œ � œ � � �a b# # # $Î# ™ i j k

10. e  cos z   1; e  cos z sin x  0 0 ;` ` ` `
` ` # ` ` #

� � �"�

�

f f f f
x x 6 y y 6

x y x yy 1

1 x

3 3œ � Ê !ß !ß œ � œ � Ê ß ß œÈ
È È

#

ˆ ‰ ˆ ‰1 1

 e  sin z  ; thus f` ` " "
` ` # # # #

� �f f
z z 6

x y 3 2 3œ � Ê !ß !ß œ � œ � �ˆ ‰ Š ‹1
™

È È
i j k

11. ; f (x y) 2y  f (5 5) 10; f (x y) 2x 6y  f (5 5) 20u i jœ œ œ � ß œ Ê ß œ ß œ � Ê ß œ �A
A

i jk k È4 3
4 3

4 3
5 5 x x y y

�

�# #

  f 10 20   (D f) f 10 20 4Ê œ � Ê œ œ � œ �™ ™ †i j uu P
4 3
5 5!

ˆ ‰ ˆ ‰
12. ; f (x y) 4x  f ( 1 1) 4; f (x y) 2y  f ( 1 1) 2u i jœ œ œ � ß œ Ê � ß œ � ß œ Ê � ß œA

A
i jk k È 3 4

3 ( 4)
3 4
5 5 x x y y

�

� �# #

  f 4 2   (D f) f 4Ê œ � � Ê œ œ � � œ �™ ™ †i j uu P
12 8
5 5!

13. ; g x y g 1 1 3; g x y g 1 1 3u i jœ œ œ � ß œ Ê ß� œ ß œ � Ê ß� œ �A
A

i jk k È a b a b
12 5 y 2
12 5

12 5 x 2
13 13 x x y yxy 2 xy 2

� �

� � �
�

# #
a b a b a b a b2

2 2

2

 g 3 3   D g gÊ œ � Ê œ œ � œ™ ™ †i j ua bu P
36 15 21
13 13 13!

14. ; h (x y)   h (1 1) ;u i jœ œ œ � ß œ � Ê ß œA
A

i jk k È È È
Š ‹

ˆ ‰
ˆ ‰È

Ê Š ‹
3 2
3 ( 2)

3 2
13 13 x x

1

3

1

�

� � � �

"
## #

�

#

#

#

# #

y
x

y
x

y

x y
4

 h (x y)   h (1 1)   h   (D h) hy y P
1

3

1

3 3 3 6
2 13 2 13

ß œ � Ê ß œ Ê œ � Ê œ œ �
ˆ ‰

ˆ ‰
ˆ ‰È

Ê Š ‹ È È
"

#

#

# # !

x
y
x

x

x y
4

� �
# # #

"
™ ™ †i j uu

 œ � 3
2 13È
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15. ; f (x y z) y z  f (1 1 2) 1; f (x y z) x zu i j kœ œ œ � � ß ß œ � Ê ß� ß œ ß ß œ �A
A

i j kk k È 3 6
3 6 ( 2)

3 6 2
7 7 7 x x y

� �#

� � �# # #

  f (1 1 2) 3; f (x y z) y x  f (1 1 2) 0  f 3   (D f) f 3Ê ß� ß œ ß ß œ � Ê ß� ß œ Ê œ � Ê œ œ � œy z z P
3 18
7 7™ ™ †i j uu !

16. ; f (x y z) 2x  f (1 1 1) 2; f (x y z) 4yu i j kœ œ œ � � ß ß œ Ê ß ß œ ß ß œA
A

i j kk k È È È È� �

� �1 1 1
1 1 1

3 3 3 x x y# # #

  f (1 1 1) 4; f (x y z) 6z  f (1 1 1) 6  f 2 4 6   (D f) fÊ ß ß œ ß ß œ � Ê ß ß œ � Ê œ � � Ê œy z z P™ ™ †i j k uu !

 2 4 6 0œ � � œŠ ‹ Š ‹ Š ‹" " "È È È3 3 3

17. ; g (x y z) 3e  cos yz  g (0 0 0) 3; g (x y z) 3ze  sin yzu i j kœ œ œ � � ß ß œ Ê ß ß œ ß ß œ �A
A

i j kk k È 2 2
2 1 ( 2)

2 1 2
3 3 3 x x y

x x� �

� � �# # #

  g (0 0 0) 0; g (x y z) 3ye  sin yz  g (0 0 0) 0  g 3   (D g) g 2Ê ß ß œ ß ß œ � Ê ß ß œ Ê œ Ê œ œy z z P
x

™ ™ †i uu !

18. ; h (x y z) y sin xy   h 1 0 1;u i j kœ œ œ � � ß ß œ � � Ê ß ß œA
A

i j kk k È� �

� �

" "
#

2 2
1 2 2

1 2 2
3 3 3 xx x# # #

ˆ ‰
 h (x y z) x sin xy ze  h ; h (x y z) ye   h 2  h  2y y z z

yz yz
zß ß œ � � Ê "ß !ß œ ß ß œ � Ê "ß !ß œ Ê œ � �ˆ ‰ ˆ ‰" " " " "

# # # #™ i j k

  (D h) h 2Ê œ œ � � œu P 3 3 3
4

!
™ † u " "

19. f (2x y) (x 2y)   f( 1 1)   ; f increases™ ™œ � � � Ê � ß œ � � Ê œ œ œ � �i j i j u i j™

™

f
f ( 1) 1 2 2k k È È È� �

� �
" "i j

# #

 most rapidly in the direction  and decreases most rapidly in the direction ;u i j u i jœ � � � œ �" " " "È È È È2 2 2 2

 (D f) f f 2 and (D f) 2u uP P! !
œ œ œ œ �™ † ™u k k È È

�

20. f 2xy ye  sin y x xe  sin y e  cos y   f(1 0) 2   ; f increases most™ ™œ � � � � Ê ß œ Ê œ œa b a bxy xy xy f
fi j j u j# ™

™k k
 rapidly in the direction  and decreases most rapidly in the direction ; (D f) f fu j u j uœ � œ � œ œu P!

™ † ™k k
 2 and (D f) 2œ œ ��u P!

21. f z y f(4 ) 5 ;™ ™œ � � � Ê ß "ß " œ � � Ê œ œ œ � �" " "� �

� � � �y y f
x 5f 5

1 ( 5) ( 1) 3 3 3 3 3 3
i j k i j k u i j kŠ ‹# # # #

™

™k k È È È Èi j k

 f increases most rapidly in the direction of  and decreases most rapidly in the directionu i j kœ � �" "

3 3 3 3 3 3
5È È È

 ; (D f) f f 3 3 and (D f) 3 3� œ � � � œ œ œ œ �u i j k u" "
�3 3 3 3 3 3

5
PÈ È È u !

™ † ™k k È È
u P!

22. g e xe 2z   g 1 ln 2 2 2   ;™ ™œ � � Ê ß ß œ � � Ê œ œ œ � �y y g
g 3 3 3

2 2
2 2 1

2 2i j k i j k u i j kˆ ‰" "
#

� �

� �

™

™k k È i j k
# # #

 g increases most rapidly in the direction  and decreases most rapidly in the directionu i j kœ � �2 2
3 3 3

"

 ; (D g) g g 3 and (D g) 3� œ � � � œ œ œ œ �u i j k u2 2
3 3 3 P P

"
�u u! !

™ † ™k k
23. f   f( ) 2 2 2   ;™ ™œ � � � � � Ê "ß "ß " œ � � Ê œ œ � �ˆ ‰ ˆ ‰Š ‹" " " " " " " " "

x x y y z z f
f

3 3 3
i j k i j k u i j k™

™k k È È È
 f increases most rapidly in the direction and decreases most rapidly in the directionu i j kœ � �" " "È È È3 3 3

 ; (D f) f f 2 3 and (D f) 2 3� œ � œ œ œ œ �u i j k u" " "
�È È È3 3 3 P P� � ™ † ™u u! !

k k È È

24. h 1 6  h( 0) 2 3 6   ™ ™œ � � � Ê "ß "ß œ � � Ê œ œŠ ‹ Š ‹2x
x y 1 x y 1 h

2y 2 3 6h
2 3 6# # # # # # #� � � �
� �

� �
i j k i j k u ™

™k k Èi j k

 ; h increases most rapidly in the direction  and decreases most rapidly in theœ � � œ � �2 3 6 2 3 6
7 7 7 7 7 7i j k u i j k

 direction ; (D h) h h 7 and (D h) 7� œ � � � œ œ œ œ �u i j k u2 3 6
7 7 7 P Pu u! !

™ † ™k k �
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25. f 2x 2y   f 2 2 2 2 2 2™ ™œ � Ê ß œ �i j i jŠ ‹È È È È
  Tangent line:  2 2 x 2 2 2 y 2 0Ê � � � œÈ È È ÈŠ ‹ Š ‹
  2x 2y 4Ê � œÈ È

 

26. f 2x   f 2 1 2 2™ ™œ � Ê ß œ �i j i jŠ ‹È È
  Tangent line:  2 2 x 2 (y 1) 0Ê � � � œÈ ÈŠ ‹
  y 2 2x 3Ê œ �È

 

27. f y x   f(2 2) 2 2™ ™œ � Ê ß� œ � �i j i j
  Tangent line:  2(x 2) 2(y 2) 0Ê � � � � œ

  y x 4Ê œ �

 

28. f (2x y) (2y x)   f( 1 2) 4 5™ ™œ � � � Ê � ß œ � �i j i j
  Tangent line:  4(x 1) 5(y 2) 0Ê � � � � œ

  4x 5y 14 0Ê � � � œ

 

29. f 2x y x 2y 1™ œ � � � � �a b a bi j

 (a) f 1, 1 3 4  f 1, 1 5 D f 1, 1 5 in the direction of ™ ™a b a b a b� œ � Ê l � l œ Ê � œ œ �i j u i ju
3 4
5 5

 (b) f 1, 1 3 4  f 1, 1 5 D f 1, 1 5 in the direction of � � œ � � Ê l � l œ Ê � œ � œ � �™ ™a b a b a bi j u i ju
3 4
5 5

 (c) D f 1, 1 0 in the direction of  or u a b� œ œ � œ � �u i j u i j4 3 4 3
5 5 5 5

 (d) Let u u u u 1 u u 1; D f 1, 1 f 1, 1 3 4 u uu i j u u i j i jœ � Ê l l œ � œ Ê � œ � œ � † œ � † �1 2 1 21 2
2 2

1 2
2 2È a b a b a b a bu ™

 3u 4u 4 u u 1 u u 1 1 u u 0 u 0 or u ;œ � œ Ê œ � Ê � � œ Ê � œ Ê œ œ1 2 2 1 1 1 1 1
3 3 25 3 24
4 4 16 2 251 1

2 22ˆ ‰
 u 0 u 1 , or u u1 2 1 2

24 7 24 7
25 25 25 25œ Ê œ � Ê œ � œ Ê œ � Ê œ �u j u i j

 (e) Let u u u u 1 u u 1; D f 1, 1 f 1, 1 3 4 u uu i j u u i j i jœ � Ê l l œ � œ Ê � œ � œ � † œ � † �1 2 1 21 2
2 2

1 2
2 2È a b a b a b a bu ™

 3u 4u 3 u u 1 u 1 u 1 u u 0 u 0 or u ;œ � œ � Ê œ � Ê � � œ Ê � œ Ê œ œ1 2 1 2 2 2 2 2
4 4 25 8 24
3 3 9 3 25

2
2 2
2 2ˆ ‰

 u 0 u 1 , or u u2 1 2 2
24 7 7 24
25 25 25 25œ Ê œ � Ê œ � œ Ê œ Ê œ �u i u i j

 .

30. f™ œ �2y
x y x y

2x
a b a b� �2 2i j

 (a) f , 3  f , 10 D f , 10 in the direction of ™ ™ˆ ‰ ˆ ‰ ˆ ‰È È� œ � Ê l � l œ Ê � œ œ �1 3 1 3 1 3 3 1
2 2 2 2 2 2 10 10

i j u i ju È È
 (b) f , 3  f , 10 D f 1, 1 10 in the direction of � � œ � � Ê l � l œ Ê � œ � œ � �™ ™ˆ ‰ ˆ ‰ È Èa b1 3 1 3 3 1

2 2 2 2 10 10
i j u i ju È È
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828 Chapter 14 Partial Derivatives

 (c) D f , 0 in the direction of  or u ˆ ‰� œ œ � œ � �1 3 1 3 1 3
2 2 10 10 10 10

u i j u i jÈ È È È
 (d) Let u u u u 1 u u 1; D f , f , 3 u uu i j u u i j i jœ � Ê l l œ � œ Ê � œ � œ � † œ � † �1 2 1 21 2

2 2
1 2
2 2 1 3 1 3

2 2 2 2
È ˆ ‰ ˆ ‰ a b a bu ™

 3u u 2 u 3u 2 u 3u 2 1 10u 12u 3 0 uœ � œ � Ê œ � � Ê � � � œ Ê � � œ Ê œ1 2 2 1 1 1 11 1
2 22 6 6

10a b � „È

 u u , or u u1 2 1 2
6 6 2 3 6 6 6 2 3 6 6 6 2 3 6

10 10 10 10 10 10œ Ê œ Ê œ � œ Ê œ� � � � � � � � � � � �È È È È È È
u i j

 Ê œ �u i j� � � �6 6 2 3 6
10 10

È È

 (e) Let u u u u 1 u u 1; D f , f , 3 u uu i j u u i j i jœ � Ê l l œ � œ Ê � œ � œ � † œ � † �1 2 1 21 2
2 2

1 2
2 2 1 3 1 3

2 2 2 2
È ˆ ‰ ˆ ‰ a b a bu ™

 3u u 1 u 1 3u u 1 3u 1 10u 6u 0 u 0 or u ;œ � œ Ê œ � Ê � � œ Ê � œ Ê œ œ1 2 2 1 1 1 1 11 1
2 22 3

5a b
 u 0 u 1 , or u u1 2 1 2

3 4 3 4
5 5 5 5œ Ê œ Ê œ œ Ê œ � Ê œ �u j u i j

31. f y (x 2y)   f(3 2) 2 7 ; a vector orthogonal to f is 2   ™ ™ ™ œœ � � Ê ß œ � � Ê œ œi j i j v 7i j u v
v

i jk k È 7 2
7 ( 2)

�

� �# #

  and  are the directions where the derivative is zeroœ � � œ � �7 2 7 2
53 53 53 53È È È Èi j u i j

32. f   f( ) ; a vector orthogonal to f is ™ ™ ™œ � Ê "ß " œ � œ �4xy 4x y
x y x y

# #

# # # ## #a b a b� �
i j i j v i j

    and  are the directions where the derivative is zeroÊ œ œ œ � � œ � �u i j u i jv
v

i jk k È È È È È�

�1 1 2 2 2 2
1 1 1 1

# #

33. f (2x 3y) ( 3x 8y)   f(1 2) 4 13   f(1 2) ( 4) (13) 185 ; no, the™ ™ ™œ � � � � Ê ß œ � � Ê ß œ � � œi j i j k k È È# #

 maximum rate of change is 185 14È �

34. T 2y (2x z) y T(1 1 1) 2   T(1 1 1) ( 2) 1 1 6 ; no, the™ ™ ™œ � � � Ê ß� ß œ � � � Ê ß� ß œ � � � œi j k i j k k k È È# # #

 minimum rate of change is 6 3� � �È
35. f f ( ) f ( )  and   (D f)(1 2) f (1 2) f (1 2)™ œ "ß # � "ß # œ œ � Ê ß œ ß � ßx y x yi j u i j"

�

�

" " " "i jÈ È È È È1 1 2 2 2 2# # "u Š ‹ Š ‹
 2 2  f (1 2) f (1 2) 4;   (D f)(1 2) f (1 2)(0) f (1 2)( 1) 3  f (1 2) 3œ Ê ß � ß œ œ � Ê ß œ ß � ß � œ � Ê � ß œ �È

x y x y yu j# u#

  f (1 2) 3; then f (1 2) 3 4  f (1 2) 1; thus f(1 2) 3  and Ê ß œ ß � œ Ê ß œ ß œ � œ œy x x ™ i j u v
v

i jk k È � �

� � �

2
( 1) ( 2)# #

   (D f) fœ � � Ê œ œ � � œ �1 2 6 7
5 5 5 5 5È È È È Èi j uu P!

™ †
"

36. (a) (D f) 2 3  f 2 3; ; thus u P œ Ê œ œ œ œ � � œÈ Èk k™ u i j k uv
v

i j kk k k kÈ È È È� �

� � �
"

1 1 ( 1)
1 1

3 3 3
f
f# # #

™

™

  f f  f 2 3 2 2 2Ê œ Ê œ � � œ � �™ ™ ™k k È Š ‹u i j k i j k" " "È È È3 3 3

 (b)     (D f) f 2 2 2(0) 2 2v i j u i j uœ � Ê œ œ œ � Ê œ œ � � œv
v

i jk k È È È È È�

�

" " " "

1 1 2 2 2 2# # u P!
™ † Š ‹ Š ‹ È

37. The directional derivative is the scalar component.  With f evaluated at P , the scalar component of f in the™ ™!

 direction of  is f (D f) .u u™ † œ u P!

38. D f f (f f f ) f ; similarly, D f f f  and D f f fi j kœ œ � � œ œ œ œ œ™ † † ™ † ™ †i i j k i j kx y z x y z

39. If (x y) is a point on the line, then (x y) (x x ) (y y )  is a vector parallel to the line  0ß ß œ � � � Ê œT i j T N! ! †

  A(x x ) B(y y ) 0, as claimed.Ê � � � œ! !

40. (a) (kf) k k k k k f™ ™œ � � œ � � œ � � œ` ` `
` ` ` ` ` ` ` ` `

` ` ` ` ` `(kf) (kf) (kf)
x y z x y z x y z

f f f f f fi j k i j k i j kˆ ‰ ˆ ‰Š ‹ Š ‹
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 (b) (f g)™ � œ � � œ � � � � �` � ` � ` � ` ` `
` ` ` ` ` ` ` ` `

` ` `(f g) (f g) (f g) g g g
x y z x x y y z z

f f fi j k i j kŠ ‹ Š ‹ Š ‹
 f gœ � � � � � œ � � � � � œ �` ` ` ` ` `

` ` ` ` ` ` ` ` ` ` ` `
` ` ` ` ` `f f f f f f

x x y y z z x y z x y z
g g g g g gi i j j k k i j k i j kŠ ‹ Š ‹ ™ ™

 (c) (f g) f g (Substitute g for g in part (b) above)™ ™ ™� œ � �

 (d) (fg) g f g f g f™ œ � � œ � � � � �` ` ` ` ` `
` ` ` ` ` ` ` ` `

` ` `(fg) (fg) (fg) g g g
x y z x x y y z z

f f fi j k i j kŠ ‹ Š ‹ Š ‹
 g f g f g fœ � � � � �ˆ ‰ ˆ ‰Š ‹ Š ‹ Š ‹ Š ‹` ` `

` ` ` ` ` `
` ` `f f f

x x y y z z
g g gi i j j k k

 f g f g g fœ � � � � � œ �Š ‹ Š ‹` ` `
` ` ` ` ` `

` ` `g g g
x y z x y z

f f fi j k i j k ™ ™

 (e) ™ Š ‹ Š ‹ Š ‹Œ �f
g x y z g g g

g f g fg f
œ � � œ � �

` ` `

` ` `

� ��Š ‹ Š ‹ Š ‹f f f
g g gi j k i j k

` `

` ` ` `

` `

# # #

`

` `

`f f
x x z z

g gf
y y

g

 œ � œ �Œ � Œ �g g g f f f

g g g g

g f` ` `

` ` ` ` ` `

# # # #

` ` ` ` ` `

` ` ` ` ` `

` ` `f f f
x y z x y z

g g g f f f
x y z x y z

g g g
i j k i j k i j k i j k� � � � � � � �Š ‹ Š ‹

 œ � œg f f g g f f g
g g g
™ ™ ™ ™
# # #

�

14.6  TANGENT PLANES AND DIFFERENTIALS

 1. (a) f 2x 2y 2z   f(1 1 1) 2 2 2   Tangent plane:  2(x 1) 2(y 1) 2(z 1) 0™ ™œ � � Ê ß ß œ � � Ê � � � � � œi j k i j k
  x y z 3;Ê � � œ

 (b) Normal line:  x 1 2t, y 1 2t, z 1 2tœ � œ � œ �

 2. (a) f 2x 2y 2z   f(3 5 4) 6 10 8 Tangent plane:  6(x 3) 10(y 5) 8(z 4) 0™ ™œ � � Ê ß ß� œ � � Ê � � � � � œi j k i j k
  3x 5y 4z 18;Ê � � œ

 (b) Normal line:  x 3 6t, y 5 10t, z 4 8tœ � œ � œ � �

 3. (a) f 2x 2   f(2 0 2) 4 2 Tangent plane:  4(x 2) 2(z 2) 0™ ™œ � � Ê ß ß œ � � Ê � � � � œi k i k
  4x 2z 4 0  2x z 2 0;Ê � � � œ Ê � � � œ

 (b) Normal line:  x 2 4t, y 0, z 2 2tœ � œ œ �

 4. (a) f (2x 2y) (2x 2y) 2z  f(1 1 3) 4 6   Tangent plane:  4(y 1) 6(z 3) 0™ ™œ � � � � Ê ß� ß œ � Ê � � � œi j k j k
  2y 3z 7;Ê � œ

 (b) Normal line:  x 1, y 1 4t, z 3 6tœ œ � � œ �

 5. (a) f  sin x 2xy ze x z xe y  f(0 1 2) 2 2   Tangent plane:™ ™œ � � � � � � � � Ê ß ß œ � � Êa b a b a b1 1 xz xzi j k i j k#

 2(x 0) 2(y 1) 1(z 2) 0 2x 2y z 4 0;� � � � � œ Ê � � � œ

 (b) Normal line:  x 2t, y 1 2t, z 2 tœ œ � œ �

 6. (a) f (2x y) (x 2y) f(1 1 1) 3 Tangent plane:™ ™œ � � � � Ê ß ß� œ � � Êi j k i j k
 1(x 1) 3(y 1) 1(z 1) 0 x 3y z 1;� � � � � œ Ê � � œ �

 (b) Normal line:  x 1 t, y 1 3t, z 1 tœ � œ � œ � �

 7. (a) f  for all points  f(0 1 0)   Tangent plane:  1(x 0) 1(y 1) 1(z 0) 0™ ™œ � � Ê ß ß œ � � Ê � � � � � œi j k i j k
  x y z 1 0;Ê � � � œ

 (b) Normal line:  x t, y 1 t, z tœ œ � œ

 8. (a) f (2x 2y 1) (2y 2x 3)   f(2 3 18) 9 7   Tangent plane:™ ™œ � � � � � � Ê ß� ß œ � � Êi j k i j k
 9(x 2) 7(y 3) 1(z 18) 0  9x 7y z 21;� � � � � œ Ê � � œ

 (b) Normal line:  x 2 9t, y 3 7t, z 18 tœ � œ � � œ �
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 9. z f(x y) ln x y   f (x y)  and f (x y)   f (1 0) 2 and f (1 0) 0  fromœ ß œ � Ê ß œ ß œ Ê ß œ ß œ Êa b# #
� �x y x y
2x

x y x y
2y

# # # #

 Eq. (4) the tangent plane at (1 0 0) is 2(x 1) z 0 or 2x z 2 0ß ß � � œ � � œ

10. z f(x y) e   f (x y) 2xe  and f (x y) 2ye   f (0 0) 0 and f ( ) 0œ ß œ Ê ß œ � ß œ � Ê ß œ !ß ! œ� � � � � �a b a b a bx y x y x y
x y x y

# # # # # #

  from Eq. (4) the tangent plane at (0 0 1) is z 1 0 or z 1Ê ß ß � œ œ

11. z f( y) y x  f (x y) (y x)  and f (x y) (y x)   f (1 2)  and f ( )œ Bß œ � Ê ß œ � � ß œ � Ê ß œ � "ß # œÈ x y x y
" " " "
# # # #

�"Î# �"Î#

  from Eq. (4) the tangent plane at (1 2 1) is (x 1) (y 2) (z 1) 0  x y 2z 1 0Ê ß ß � � � � � � œ Ê � � � œ" "
# #

12. z f( y) 4x y   f (x y) 8x and f (x y) y  f (1 1) 8 and f ( 1)   from Eq. (4) theœ Bß œ � Ê ß œ ß œ # Ê ß œ "ß œ # Ê# #
x y x y

 tangent plane at (1 1 5) is 8(x 1) 2(y 1) (z 5) 0 or 8x 2y z 5 0ß ß � � � � � œ � � � œ

13. f 2y 2  f(1 1 1) 2 2  and g  for all points; f g™ ™ ™ ™ ™œ � � Ê ß ß œ � � œ œ ‚i j k i j k i v

  2 2   Tangent line:  x 1, y 1 2t, z 1 2t2 2
0 0

Ê œ œ � Ê œ œ � œ �"
"

v j k
i j k

â ââ ââ ââ ââ ââ â
14. f yz xz xy  f(1 1 1) ; g 2x 4y 6z  g(1 1 1) 2 4 6 ;™ ™ ™ ™œ � � Ê ß ß œ � � œ � � Ê ß ß œ � �i j k i j k i j k i j k

  f g  2 4 2   Tangent line:  x 1 2t, y 1 4t, z 1 2t1 1
2 4 6

Ê œ ‚ Ê œ � � Ê œ � œ � œ �"v i j k
i j k

™ ™

â ââ ââ ââ ââ ââ â
15. f 2x 2 2   f 1 1 2 2 2  and g  for all points; f g™ ™ ™ ™ ™œ � � Ê ß ß œ � � œ œ ‚i j k i j k j vˆ ‰"

#

  2 2   Tangent line:  x 1 2t, y 1, z 2t2 2 2
0 1 0

Ê œ œ � � Ê œ � œ œ �v i k
i j k

â ââ ââ ââ ââ ââ â
"
#

16. f 2y   f 1 2  and g  for all points; f g™ ™ ™ ™ ™œ � � Ê ß ß œ � � œ œ ‚i j k i j k j vˆ ‰" "
# #

    Tangent line:  x t, y 1, z t1 2 1
0 1 0

Ê œ œ � � Ê œ � œ œ �v i k
i j k

â ââ ââ ââ ââ ââ â
" "
# #

17. f 3x 6xy 4y 6x y 3y 4x 2z   f(1 1 3) 13 13 6 ; g 2x 2y 2z™ ™ ™œ � � � � � � Ê ß ß œ � � œ � �a b a b# # # #i j k i j k i j k

  g( ) 2 2 6 ; f g  90 90   Tangent line:3 13 6
2 2 6

Ê "ß "ß $ œ � � œ ‚ Ê œ œ � Ê" �™ ™ ™i j k v v i j
i j k

â ââ ââ ââ ââ ââ â
 x 1 90t, y 1 90t, z 3œ � œ � œ

18. f 2x 2y   f 2 2 4 2 2 2 2 ; g 2x 2y   g 2 2 4™ ™ ™ ™œ � Ê ß ß œ � œ � � Ê ß ßi j i j i j kŠ ‹ Š ‹È È È È È È
 2 2 2 2 ; f g  2 2 2 2   Tangent line:2 2 2 2 0

2 2 2 2 1

œ � � œ ‚ Ê œ œ � � Ê

�

È È È È
â ââ ââ ââ ââ ââ â
È ÈÈ Èi j k v v i j

i j k

™ ™

 x 2 2 2 t, y 2 2 2 t, z 4œ � œ � œÈ È È È
19. f   f(3 4 12) ;™ ™œ � � Ê ß ß œ � �Š ‹ Š ‹ Š ‹x z 3 4 12

x y z x y z x y z 169 169 169
y

# # # # # # # # #� � � � � �i j k i j k

    f  and df ( f ) ds (0.1) 0.0008u i j k u uœ œ œ � � Ê œ œ œ ¸v
v

i j kk k È 3 6 2
3 6 ( 2)

3 6 2 9 9
7 7 7 1183 1183

� �

� � �# # #
™ † ™ † ˆ ‰
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20. f e  cos yz ze  sin yz ye  sin yz   f(0 0 0) ; ™ ™œ � � Ê ß ß œ œ œa b a b a bx x x 2 2 2
2 2 ( 2)

i j k i u v
v

i j kk k È � �

� � �# # #

   f  and df ( f ) ds (0.1) 0.0577œ � � Ê œ œ œ ¸1 1 1 1 1
3 3 3 3 3È È È È Èi j k u u™ † ™ †

21. g (1 cos z) (1 sin z) ( x sin z y cos z)  g(2 1 0) 2 ; P P 2 2 2™ ™œ � � � � � � Ê ß� ß œ � � œ œ � � �
Ä

i j k i j k A i j k! "

     g 0 and dg ( g ) ds (0)(0.2) 0Ê œ œ œ � � � Ê œ œ œ œu i j k u uv
v

i j kk k È È È È� � �

� � �

2 2 2
( 2) 2 2

1 1 1
3 3 3# # #

™ † ™ †

22. h y sin ( xy) z x sin ( xy) 2xz   h( 1 1 1) (  sin 1) (  sin ) 2™ ™œ � � � � Ê � ß� ß� œ � � �c d c d1 1 1 1 1 1 1 1# i j k i j k

 2 ; P P  where P ( )   œ � œ œ � � œ !ß !ß ! Ê œ œ œ � �
Ä

i k v i j k u i j k! " "
� �

� �

v
v

i j kk k È È È È1 1 1
1 1 1

3 3 3# # #

  h 3 and dh ( h ) ds 3(0.1) 0.1732Ê œ œ œ œ ¸™ † ™ †u u3
3È È È

23. (a) The unit tangent vector at  in the direction of motion is ;Š ‹" "
# # # #ß œ �

È È3 3u i j

 T (sin 2y) (2x cos 2y)   T sin 3 cos 3   D T T™ ™ ™ †œ � Ê ß œ � Ê ß œi j i j uŠ ‹ Š ‹ Š ‹ Š ‹È È" "
# # # #

È È3 3
u

  sin 3  cos 3 0.935° C/ftœ � ¸
È3
# #

"È È
 (b) (t) (sin 2t) (cos 2t)   (t) (2 cos 2t) (2 sin 2t)  and 2;   r i j v i j vœ � Ê œ � œ œ �k k dT T dx T

dt x dt y dt
dy` `

` `

 T T  (D T) , where ; at  we have  from part (a)œ œ œ œ ß œ �™ † ™ †v v v u u i jŠ ‹ Š ‹k k k kv v
v vk k k k

È È
u

" "
# # # #

3 3

   sin 3  cos 3 2 3 sin 3 cos 3 1.87° C/secÊ œ � œ � ¸dT
dt

3Š ‹È È È È ÈÈ
# #

"
†

24. (a) T (4x yz) xz xy   T(8 6 4) 56 32 48 ; (t) 2t 3t t   the particle is™ ™œ � � � Ê ß ß� œ � � œ � � Êi j k i j k r i j k# #

 at the point P( 6 4) when t 2; (t) 4t 3 2t   (2) 8 3 4   )ß ß� œ œ � � Ê œ � � Ê œv i j k v i j k u v
vk k

   D T(8 6 4) T [56 8 32 3 48 ( 4)] ° C/mœ � � Ê ß ß� œ œ � � � œ8 3 4 736
89 89 89 89 89È È È È Èi j k uu ™ † † † †

"

 (b)   T ( T )   at t 2, D T (2) 89 736° C/secdT T dx T dT 736
dt x dt y dt dt

dy
89

œ � œ œ Ê œ œ œ œ` `
` ` ™ † ™ †v u v vk k ¸ Š ‹È

u t 2œ È

25. (a) f( 0) 1, f (x y) 2x  f (0 0) 0, f (x y) 2y  f (0 0) 0  L(x y) 1 0(x 0) 0(y 0) 1!ß œ ß œ Ê ß œ ß œ Ê ß œ Ê ß œ � � � � œx x y y

 (b) f(1 1) 3, f (1 1) 2, f (1 1) 2  L(x y) 3 2(x 1) 2(y 1) 2x 2y 1ß œ ß œ ß œ Ê ß œ � � � � œ � �x y

26. (a) f( 0) 4, f (x y) 2(x y 2)  f (0 0) 4, f (x y) 2(x y 2)  f (0 0) 4!ß œ ß œ � � Ê ß œ ß œ � � Ê ß œx x y y

  L(x y) 4 4(x 0) 4(y 0) 4x 4y 4Ê ß œ � � � � œ � �

 (b) f(1 2) 25, f (1 2) 10, f (1 2) 10  L(x y) 25 10(x 1) 10(y 2) 10x 10y 5ß œ ß œ ß œ Ê ß œ � � � � œ � �x y

27. (a) f(0 0) 5, f (x y) 3 for all (x y), f (x y) 4 for all (x y) L(x y) 5 3(x 0) 4(y 0) 3x 4y 5ß œ ß œ ß ß œ � ß Ê ß œ � � � � œ � �x y

 (b) f(1 1) 4, f (1 1) 3, f (1 1) 4  L(x y) 4 3(x 1) 4(y 1) 3x 4y 5ß œ ß œ ß œ � Ê ß œ � � � � œ � �x y

28. (a) f(1 1) 1, f (x y) 3x y f (1 1) 3, f (x y) 4x y f (1 1) 4ß œ ß œ Ê ß œ ß œ Ê ß œx x y y
# % $ $

 L(x y) 1 3(x 1) 4(y 1) 3x 4y 6Ê ß œ � � � � œ � �

 (b) f(0 0) 0, f ( 0) 0, f (0 0) 0  L(x y) 0ß œ !ß œ ß œ Ê ß œx y

29. (a) f(0 0) 1, f (x y) e  cos y f (0 0) 1, f (x y) e  sin y f (0 0) 0ß œ ß œ Ê ß œ ß œ � Ê ß œx x y y
x x

 L(x y) 1 1(x 0) 0(y 0) x 1Ê ß œ � � � � œ �

 (b) f 0 0, f 0 0, f 0 1  L(x y) 0 0(x 0) 1 y yˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ß œ ß œ ß œ � Ê ß œ � � � � œ � �1 1 1 1 1
# # # # #x y
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30. (a) f(0 0) 1, f (x y) e   f ( ) 1, f (x y) 2e   f (0 0) 2ß œ ß œ � Ê !ß ! œ � ß œ Ê ß œx x y y
2y x 2y x� �

  L(x y) 1 1(x 0) 2(y 0) x 2y 1Ê ß œ � � � � œ � � �

 (b) f(1 2) e , f (1 2) e , f (1 2) 2e   L(x y) e e (x 1) 2e (y 2) e x 2e y 2eß œ ß œ � ß œ Ê ß œ � � � � œ � � �$ $ $ $ $ $ $ $ $
x y

31. (a) W 20, 25 11 F; W 30, 10 39 F; W 15, 15 0 Fa b a b a bœ � œ � œ‰ ‰ ‰

 (b) W 10, 40 65.5 F; W 50, 40 88 F; W 60, 30 10.2 F;a b a b a b� œ � � œ � œ‰ ‰ ‰

 (c) W 25, 5 17.4088 F; 25, 5 0.36; 0.6215 0.4275va b a bœ � œ � � Ê œ � œ �‰ ` ` `
` ` `

W 5.72 0.0684t W W
V v v V T

0.16
0.84 0.84

 25, 5 1.3370 L V, T  17.4088 0.36 V 25 1.337 T 5 1.337T 0.36V 15.0938Ê œ Ê œ � � � � � œ � �`
`
W
T a b a b a b a b

 (d) i)   W 24, 6 L 24, 6 15.7118 15.7 Fa b a b¸ œ � ¸ � ‰

 ii)  W 27, 2 L 27, 2 22.1398 22.1 Fa b a b¸ œ � ¸ � ‰

 ii)  W 5, 10 L 5, 10 30.2638 30.2 F This value is very different  because the point 5, 10  is nota b a b a b� ¸ � œ � ¸ � �‰

       close to the point 25, 5 .a b
32. W 50, 20 59.5298 F; 50, 20 0.2651; 0.6215 0.4275va b a b� œ � œ � � Ê � œ � œ �‰ ` ` `

` ` `
W 5.72 0.0684t W W
V v v V T

0.16
0.84 0.84

 50, 20 1.4209 L V, T  59.5298 0.2651 V 50 1.4209 T 20Ê � œ Ê œ � � � � �`
`
W
T a b a b a b a b

 1.4209T 0.2651V 17.8568œ � �

 (a) W 49, 22 L 49, 22 62.1065 62.1 Fa b a b� ¸ � œ � ¸ � ‰

 (b) W 53, 19 L 53, 19 58.9042 58.9 Fa b a b� ¸ � œ � ¸ � ‰

 (c) W 60, 30 L 60, 30 76.3898 76.4 Fa b a b� ¸ � œ � ¸ � ‰

33. f(2 1) 3, f (x y) 2x 3y  f (2 1) 1, f (x y) 3x  f (2 1) 6  L(x y) 3 1(x 2) 6(y 1)ß œ ß œ � Ê ß œ ß œ � Ê ß œ � Ê ß œ � � � �x x y y

 7 x 6y; f (x y) 2, f (x y) 0, f (x y) 3  M 3; thus E(x y) (3) x 2 y 1œ � � ß œ ß œ ß œ � Ê œ ß Ÿ � � �xx yy xy k k a bˆ ‰ k k k k"
#

#

 (0.1 0.1) 0.06Ÿ � œˆ ‰3
#

#

34. f(2 2) 11, f (x y) x y 3  f (2 2) 7, f (x y) x 3  f (2 2) 0ß œ ß œ � � Ê ß œ ß œ � � Ê ß œx x y y
y
#

  L(x y) 11 7(x 2) 0(y 2) 7x 3; f (x y) 1, f (x y) , f (x y) 1Ê ß œ � � � � œ � ß œ ß œ ß œxx yy xy
"
#

  M 1; thus E(x y) (1) x 2 y 2 (0.1 0.1) 0.02Ê œ ß Ÿ � � � Ÿ � œk k a bˆ ‰ ˆ ‰k k k k"
# #

# #1

35. f(0 0) 1, f (x y) cos y  f (0 0) 1, f (x y) 1 x sin y  f (0 0) 1ß œ ß œ Ê ß œ ß œ � Ê ß œx x y y

  L(x y) 1 1(x 0) 1(y 0) x y 1; f (x y) 0, f (x y) x cos y, f (x y) sin y  1;Ê ß œ � � � � œ � � ß œ ß œ � ß œ � Ê Q œxx yy xy

 thus E(x y) (1) x y (0.2 0.2) 0.08k k a bˆ ‰ ˆ ‰k k k kß Ÿ � Ÿ � œ"
# #

# #1

36. f( ) 6, f (x y) y y sin (x 1)  f (1 2) 4, f (x y) 2xy cos (x 1)  f (1 2) 5"ß # œ ß œ � � Ê ß œ ß œ � � Ê ß œx x y y
#

  L(x y) 6 4(x 1) 5(y 2) 4x 5y 8; f (x y) y cos (x 1), f (x y) 2x,Ê ß œ � � � � œ � � ß œ � � ß œxx yy

 f (x y) 2y sin (x 1); x 1 0.1  0.9 x 1.1 and y 2 0.1  1.9 y 2.1; thus the max ofxy ß œ � � � Ÿ Ê Ÿ Ÿ � Ÿ Ê Ÿ Ÿk k k k
 f (x y)  on R is 2.1, the max of f (x y)  on R is 2.2, and the max of f (x y)  on R is 2(2.1) sin (0.9 1)k k k k k kxx yy xyß ß ß � �

 4.3  M 4.3; thus E(x y) (4.3) x 1 y 2 (2.15)(0.1 0.1) 0.086Ÿ Ê œ ß Ÿ � � � Ÿ � œk k a bˆ ‰ k k k k"
#

# #

37. f(0 0) 1, f (x y) e  cos y  f (0 0) 1, f (x y) e  sin y  f (0 0) 0ß œ ß œ Ê ß œ ß œ � Ê ß œx x y y
x x

  L(x y) 1 1(x 0) 0(y 0) 1 x; f (x y) e  cos y, f (x y) e  cos y, f (x y) e  sin y;Ê ß œ � � � � œ � ß œ ß œ � ß œ �xx yy xy
x x x

 x 0.1  0.1 x 0.1 and y 0.1  0.1 y 0.1; thus the max of f (x y)  on R is e  cos (0.1)k k k k k kŸ Ê � Ÿ Ÿ Ÿ Ê � Ÿ Ÿ ßxx
0 1Þ

 1.11, the max of f (x y)  on R is e  cos (0.1) 1.11, and the max of f (x y)  on R is e  sin (0.1)Ÿ ß Ÿ ßk k k kyy xy
0 1 0 1Þ Þ

 0.12  M 1.11; thus E(x y) (1.11) x y (0.555)(0.1 0.1) 0.0222Ÿ Ê œ ß Ÿ � Ÿ � œk k a bˆ ‰ k k k k"
#

# #
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38. f(1 1) 0, f (x y)   f (1 1) 1, f (x y)   f (1 1) 1  L(x y) 0 1(x 1) 1(y 1)ß œ ß œ Ê ß œ ß œ Ê ß œ Ê ß œ � � � �x x y yx y
" "

 x y 2; f (x y) , f (x y) , f (x y) 0; x 1 0.2  0.98 x 1.2 so the max ofœ � � ß œ � ß œ � ß œ � Ÿ Ê Ÿ Ÿxx yy xyx y
" "
# # k k

 f (x y)  on R is 1.04; y 1 0.2  0.98 y 1.2 so the max of f (x y)  on R isk k k k k kxx yy(0.98)ß Ÿ � Ÿ Ê Ÿ Ÿ ß"
#

 1.04  M 1.04; thus E(x y) (1.04) x 1 y 1 (0.52)(0.2 0.2) 0.0832" "
#

# #
(0.98)# Ÿ Ê œ ß Ÿ � � � Ÿ � œk k a bˆ ‰ k k k k

39. (a) f( ) 3, f (1 1 1) y z 2, f (1 1 1) x z 2, f (1 1 1) y x 2"ß "ß " œ ß ß œ � œ ß ß œ � œ ß ß œ � œk k kx y z1 1 1 1 1 11 1 1Ð ß ß Ñ Ð ß ß ÑÐ ß ß Ñ

  L(x y z) 3 2(x 1) 2(y 1) 2(z 1) 2x 2y 2z 3Ê ß ß œ � � � � � � œ � � �

 (b) f(1 0 0) 0, f (1 0 0) 0, f (1 0 0) 1, f (1 0 0) 1  L(x y z) 0 0(x 1) (y 0) (z 0) y zß ß œ ß ß œ ß ß œ ß ß œ Ê ß ß œ � � � � � � œ �x y z

 (c) f(0 0 0) 0, f (0 0 0) 0, f (0 0 0) 0, f (0 0 0) 0  L(x y z) 0ß ß œ ß ß œ ß ß œ ß ß œ Ê ß ß œx y z

40. (a) f(1 1 1) 3, f (1 1 1) 2x 2, f (1 1 1) 2y 2, f (1 1 1) 2z 2ß ß œ ß ß œ œ ß ß œ œ ß ß œ œk k kx y zÐ"ß"ß"Ñ Ð"ß"ß"ÑÐ"ß"ß"Ñ

  L(x y z) 3 2(x 1) 2(y 1) 2(z 1) 2x 2y 2z 3Ê ß ß œ � � � � � � œ � � �

 (b) f(0 1 0) 1, f (0 1 0) 0, f ( 1 0) 2, f (0 1 0) 0 L(x y z) 1 0(x 0) 2(y 1) 0(z 0)ß ß œ ß ß œ !ß ß œ ß ß œ Ê ß ß œ � � � � � �x y z

 2y 1œ �

 (c) f(1 0 0) 1, f (1 0 0) 2, f (1 0 0) 0, f (1 0 0) 0 L(x y z) 1 2(x 1) 0(y 0) 0(z 0)ß ß œ ß ß œ ß ß œ ß ß œ Ê ß ß œ � � � � � �x y z

 2x 1œ �

41. (a) f(1 0 0) 1, f (1 0 0) 1, f (1 0 0) 0,ß ß œ ß ß œ œ ß ß œ œx y
x

x y z x y z
y¹ ¹È È# # # # # #� � � � 1 0 0  1 0 0Ð ß ß Ñ Ð ß ß Ñ

 f (1 0 0) 0  L(x y z) 1 1(x 1) 0(y 0) 0(z 0) xz
z

x y z
ß ß œ œ Ê ß ß œ � � � � � � œ¹È # # #� �  1 0 0Ð ß ß Ñ

 (b) f(1 1 0) 2, f (1 1 0) , f (1 1 0) , f (1 1 0) 0ß ß œ ß ß œ ß ß œ ß ß œÈ
x y z2 2

" "È È
  L(x y z) 2 (x 1) (y 1) 0(z 0) x yÊ ß ß œ � � � � � � œ �È " " " "È È È È2 2 2 2

 (c) f(1 2 2) 3, f (1 2 2) , f (1 2 2) , f (1 2 2)   L(x y z) 3 (x 1) (y 2) (z 2)ß ß œ ß ß œ ß ß œ ß ß œ Ê ß ß œ � � � � � �x y z3 3 3 3 3 3
2 2 2 2" "

 x y zœ � �"
3 3 3

2 2

42. (a) f 1 1 1, f 1 1 0, f 1 1 0,ˆ ‰ ˆ ‰ ¸ ˆ ‰ ¸1 1 1
2 z zx y

y cos xy x cos xyß ß œ ß ß œ œ ß ß œ œ# #ß"ß" ß"ß"ˆ ‰ ˆ ‰1 1

# #

 f 1 1 1  L(x y z) 1 0 x 0(y 1) 1(z 1) 2 zz
sin xy
z

ˆ ‰ ˆ ‰¹1 1
# #

�

ß"ß"
ß ß œ œ � Ê ß ß œ � � � � � � œ �#

#
ˆ ‰1

 (b) f(2 0 1) 0, f (2 0 1) 0, f (2 0 1) 2, f (2 0 1) 0  L(x y z) 0 0(x 2) 2(y 0) 0(z 1) 2yß ß œ ß ß œ ß ß œ ß ß œ Ê ß ß œ � � � � � � œx y z

43. (a) f(0 0 0) 2, f (0 0 0) e 1, f (0 0 0) sin (y z) 0,ß ß œ ß ß œ œ ß ß œ � � œx y
xk kÐ!ß!ß!Ñ Ð!ß!ß!Ñ

 f (0 0 0) sin (y z) 0  L(x y z) 2 1(x 0) 0(y 0) 0(z 0) 2 xz ß ß œ � � œ Ê ß ß œ � � � � � � œ �k Ð!ß!ß!Ñ
 (b) f 0 0 1, f 0 0 1, f 0 0 1, f 0 0 1  L(x y z)ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ß ß œ ß ß œ ß ß œ � ß ß œ � Ê ß ß1 1 1 1

# # # #x y z

 1 1(x 0) 1 y 1(z 0) x y z 1œ � � � � � � œ � � � �ˆ ‰1 1
2 #

 (c) f 0 1, f 0 1, f 0 1, f 0 1  L(x y z)ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ß ß œ ß ß œ ß ß œ � ß ß œ � Ê ß ß1 1 1 1 1 1 1 1
4 4 4 4 4 4 4 4x y z

 1 1(x 0) 1 y 1 z x y z 1œ � � � � � � œ � � � �ˆ ‰ ˆ ‰1 1 1
4 4 #

44. (a) f(1 0 0) 0, f (1 0 0) 0, f (1 0 0) 0,ß ß œ ß ß œ œ ß ß œ œx y
yz

(xyz) 1 (xyz) 1
xz¹ ¹# #� �Ð"ß!ß!Ñ Ð"ß!ß!Ñ

 f (1 0 0) 0  L(x y z) 0z
xy

(xyz) 1ß ß œ œ Ê ß ß œ¹# � Ð"ß!ß!Ñ

 (b) f(1 1 0) 0, f (1 1 0) 0, f (1 1 0) 0, f (1 1 0) 1  L(x y z) 0 0(x 1) 0(y 1) 1(z 0) zß ß œ ß ß œ ß ß œ ß ß œ Ê ß ß œ � � � � � � œx y z

 (c) f(1 1 1) , f (1 1 1) , f (1 1 1) , f (1 1 1)   L(x y z) (x 1) (y 1) (z 1)ß ß œ ß ß œ ß ß œ ß ß œ Ê ß ß œ � � � � � �1 1
4 4x y z

" " " " " "
# # # # # #

 x y zœ � � � �" " "
# # # #

1
4

3
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45. f(x y z) xz 3yz 2 at P (1 1 2)  f(1 1 2) 2; f z, f 3z, f x 3y  L(x y z)ß ß œ � � ß ß Ê ß ß œ � œ œ � œ � Ê ß ß! x y z

 2 2(x 1) 6(y 1) 2(z 2) 2x 6y 2z 6; f 0, f 0, f 0, f 0, f 3œ � � � � � � � œ � � � œ œ œ œ œ �xx yy zz xy yz

  M 3; thus, E(x y z) (3)(0.01 0.01 0.02) 0.0024Ê œ ß ß Ÿ � � œk k ˆ ‰"
#

#

46. f(x y z) x xy yz z  at P (1 1 2)  f(1 1 2) 5; f 2x y, f x z, f y zß ß œ � � � ß ß Ê ß ß œ œ � œ � œ �# #" "
! #4 x y z

  L(x y z) 5 3(x 1) 3(y 1) 2(z 2) 3x 3y 2z 5; f 2, f 0, f , f 1, f 0,Ê ß ß œ � � � � � � œ � � � œ œ œ œ œxx yy zz xy xz
"
#

 f 1  M 2; thus E(x y z) (2)(0.01 0.01 0.08) 0.01yz œ Ê œ ß ß Ÿ � � œk k ˆ ‰"
#

#

47. f(x y z) xy 2yz 3xz at P (1 1 0)  f(1 1 0) 1; f y 3z, f x 2z, f 2y 3xß ß œ � � ß ß Ê ß ß œ œ � œ � œ �! x y z

  L(x y z) 1 (x 1) (y 1) (z 0) x y z 1; f 0, f 0, f 0, f 1, f 3,Ê ß ß œ � � � � � � œ � � � œ œ œ œ œ �xx yy zz xy xz

 f 2  M 3; thus E(x y z) (3)(0.01 0.01 0.01) 0.00135yz œ Ê œ ß ß Ÿ � � œk k ˆ ‰"
#

#

48. f(x y z) 2 cos x sin (y z) at P 0 0   f 0 0 1; f 2 sin x sin (y z),ß ß œ � ß ß Ê ß ß œ œ � �È Èˆ ‰ ˆ ‰!
1 1
4 4 x

 f 2 cos x cos (y z), f 2 cos x cos (y z)  L(x y z) 1 0(x 0) (y 0) zy z 4œ � œ � Ê ß ß œ � � � � � �È È ˆ ‰1
 y z 1; f 2 cos x sin (y z), f 2 cos x sin (y z), f 2 cos x sin (y z),œ � � � œ � � œ � � œ � �1

4 xx yy zz
È È È

 f 2 sin x cos (y z), f 2 sin x cos (y z), f 2 cos x sin (y z).  The absolute value ofxy xz yzœ � � œ � � œ � �È È È
 each of these second partial derivatives is bounded above by 2  M 2; thus E(x y z)È È k kÊ œ ß ß

 2 (0.01 0.01 0.01) 0.000636.Ÿ � � œˆ ‰ Š ‹È"
#

#

49. T (x y) e e  and T (x y) x e e   dT T (x y) dx T (x y) dyx y x y
y y y yß œ � ß œ � Ê œ ß � ß� �a b

 e e dx x e e  dy  dT 2.5 dx 3.0 dy.  If dx 0.1 and dy 0.02, then theœ � � � Ê œ � Ÿ Ÿa b a b k k k k ky y y y
ln 2

� �
Ð#ß Ñ

 maximum possible error in the computed value of T is (2.5)(0.1) (3.0)(0.02) 0.31 in magnitude.� œ

50. V 2 rh and V r   dV V  dr V  dh   dr  dh; now 100 1 andr h r h
dV 2 rh dr r  dh 2 dr
V r h r h rœ œ Ê œ � Ê œ œ � Ÿ1 1 # � "1 1

1

#

#
¸ ¸†

 100 1  100 2 (100) (100) 2 100 100 2(1) 1 3  3%¸ ¸ ¸ ¸ ¸ ¸ ¸ ¸ ¸ ¸ˆ ‰ ˆ ‰dh dV dr dh dr dh
h V r h r h† † † †Ÿ Ê Ÿ � Ÿ � Ÿ � œ Ê

51. 0.02, 0.03dx
x y

dyŸ Ÿ

 (a) S 2x 4xy dS 4x 4y dx 4x dy 4x 4xy 4xy 4x 4xy 0.02 4xy 0.03œ � Ê œ � � œ � � Ÿ � �2 2 2dx
x y

dya b a b a ba b a ba b
 0.04 2x 0.05 4xy 0.05 2x 0.05 4xy 0.05 2x 4xy 0.05Sœ � Ÿ � œ � œa b a b a b a b a ba b2 2 2

 (b) V x y dV 2xy dx x dy 2x y x y 2x y 0.02 x y 0.03 0.07 x y =0.07Vœ Ê œ � œ � Ÿ � œ2 2 2 2 2 2 2dx
x y

dy a ba b a ba b a b
 52. V r r h dV 4 r 2 rh dr r dh; r 10, h 15, dr  and dh 0œ � Ê œ � � œ œ œ œ Ê4 1

3 2
3 2 2 21 1 1 1 1a b

 dV 4 10 2 10 15 10 0 350  cmœ � � œŠ ‹a b a ba b a b a bˆ ‰1 1 1 1
2 21

2
3

53. V 2 rh and V r   dV V  dr V  dh  dV 2 rh dr r  dh  dV 120  dr 25  dh;r h r h 5 12œ œ Ê œ � Ê œ � Ê œ �1 1 1 1 1 1# #
Ð ß Ñk

 dr 0.1 cm and dh 0.1 cm  dV (120 )(0.1) (25 )(0.1) 14.5  cm ; V(5 12) 300  cmk k k kŸ Ÿ Ê Ÿ � œ ß œ1 1 1 1$ $

  maximum percentage error is 100 4.83%Ê „ ‚ œ „14.5
300

1
1

54. (a)    dR  dR  dR   dR  dR  dR" " " " " "
" # " #

# #

R R R R R RR R
R Rœ � Ê � œ � � Ê œ �

" # " #
# # #

" #

Š ‹ Š ‹
 (b) dR R  dR  dR   dR R  dR  dR   R will be moreœ � Ê œ � Ê# #" " " "

" # " #Ð Ñ’ “ ’ “Š ‹ Š ‹ kR R (100) (400)# #

" #

# #100 400ß

 sensitive to a variation in R  since "
" "

(100) (400)# #�
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 (c) From part (a), dR  dR  dR  so that R  changing from 20 to 20.1 ohms  dR 0.1 ohmœ � Ê œŠ ‹ Š ‹R R
R R" #

# #

" # " "

 and R  changing from 25 to 24.9 ohms  dR 0.1 ohms;   R  ohms# #
" " "Ê œ � œ � Ê œR R R 9

100
" #

  dR (0.1) ( 0.1) 0.011 ohms  percentage change is 100Ê œ � � ¸ Ê ‚k ¸
Ð Ñ Ð20 25 20 25ß

ß Ñ

ˆ ‰ ˆ ‰100 100
9 9

# #

# #(20) (25) R
dR

 100 0.1%œ ‚ ¸0.011ˆ ‰100
9

55. A xy  dA x dy y dx; if x y then a 1-unit change in y gives a greater change in dA than a 1-unit change in x.œ Ê œ � �

 Thus, pay more attention to y which is the smaller of the two dimensions.

56. (a) f (x y) 2x(y 1)  f (1 0) 2 and f (x y) x   f (1 0) 1  df 2 dx 1 dy  df is morex x y yß œ � Ê ß œ ß œ Ê ß œ Ê œ � Ê#

 sensitive to changes in x

 (b) df 0  2 dx dy 0  2 1 0  œ Ê � œ Ê � œ Ê œ �dx dx
dy dy

"
#

57. (a) r x y   2r dr 2x dx 2y dy  dr  dx  dy  dr| 0.01 0.01# # #
Ð$ß%Ñœ � Ê œ � Ê œ � Ê œ „ � „x 3 4

r r 5 5
y ˆ ‰ ˆ ‰a b a b

 0.014  100 100 0.28%; d  dx  dyœ „ œ „ Ê ‚ œ „ ‚ œ œ �0.07 dr 0.014
5 r 5 1 1

¸ ¸ ¸ ¸ )
Š ‹ Š ‹
ˆ ‰ ˆ ‰
�

� �

y
x

y y
x x

x#

"

# #

  dx  dy  d | 0.01 0.01œ � Ê œ „ � „ œ ��
� � #Ð$ß%Ñ

� „…y
y x y x 25 25 25 5

x 4 3 0.030.04
# # # # ) ˆ ‰ ˆ ‰a b a b

  maximum change in d  occurs when dx and dy have opposite signs (dx 0.01 and dy 0.01 or viceÊ œ œ �)

 versa)  d 0.0028; tan 0.927255218  100 100Ê œ ¸ „ œ ¸ Ê ‚ œ ‚) )„ „
#

�"0.07 4 d 0.0028
5 3 0.927255218

ˆ ‰ ¸ ¸ ¸ ¸)
)

 0.30%¸

 (b) the radius r is more sensitive to changes in y, and the angle  is more sensitive to changes in x)

58. (a) V r h  dV 2 rh dr r  dh  at r 1 and h 5 we have dV 10  dr  dh  the volume isœ Ê œ � Ê œ œ œ � Ê1 1 1 1 1# #

 about 10 times more sensitive to a change in r

 (b) dV 0  0 2 rh dr r  dh 2h dr r dh 10 dr dh  dr  dh; choose dh 1.5œ Ê œ � œ � œ � Ê œ � œ1 1 # "
10

  dr 0.15  h 6.5 in. and r 0.85 in. is one solution for V dV 0Ê œ � Ê œ œ ¸ œ?

59. f(a b c d) ad bc  f d, f c, f b, f a  df d da c db b dc a dd; since
a b
c d

ß ß ß œ œ � Ê œ œ � œ � œ Ê œ � � �º º a b c d

 a  is much greater than b , c , and d , the function f is most sensitive to a change in d.k k k k k k k k
60. u e , u xe sin z, u y cos z  du e  dx xe sin z  dy (y cos z) dzx y z

y y y yœ œ � œ Ê œ � � �a b
  du 3 dx 7 dy 0 dz 3 dx 7 dy  magnitude of the maximum possible errorÊ œ � � œ � Êk ˆ ‰2 ln 3ß ß12

 3(0.2) 7(0.6) 4.8Ÿ � œ

61. Q , Q , and QK M hœ œ œ" " " �
# # #

�"Î# �"Î# �"Î#ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰2KM 2M 2KM 2K 2KM 2KM
h h h h h h#

  dQ dK  dM  dhÊ œ � �" " " �
# # #

�"Î# �"Î# �"Î#ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰2KM 2M 2KM 2K 2KM 2KM
h h h h h h#

  dK  dM  dh   dQœ � � Ê"
#

�"Î#ˆ ‰ � ‘ k2KM 2M 2K 2KM
h h h h# Ð ß ß Þ Ñ2 20 0 0.05

  dK  dM  dh (0.0125)(800 dK 80 dM 32,000 dh)œ � � œ � �"
#

�"Î#’ “ ’ “(2)(2)(20) (2)(20) (2)(2) (2)(2)(20)
0.05 0.05 0.05 (0.05)#

  Q is most sensitive to changes in hÊ

62. A ab sin C  A b sin C, A a sin C, A ab cos Cœ Ê œ œ œ" " " "
# # # #a b c

  dA b sin C  da a sin C  db ab cos C  dC; dC 2° 0.0349  radians, da 0.5  ft,Ê œ � � œ œ œˆ ‰ ˆ ‰ ˆ ‰ k k k k k k" " "
# # #

 db 0.5  ft; at a 150 ft, b 200 ft, and C 60°, we see that the change is approximatelyœ œ œ œk k
 dA (200)(sin 60°) 0.5 (150)(sin 60°) 0.5 (200)(150)(cos 60°) 0.0349 338 ftœ � � œ „" " "

# # #
#k k k k k k
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63. z f(x y)  g(x y z) f(x y) z 0  g (x y z) f (x y), g (x y z) f (x y) and g (x y z) 1œ ß Ê ß ß œ ß � œ Ê ß ß œ ß ß ß œ ß ß ß œ �x x y y z

  g (x y f(x y )) f (x y ), g (x y f(x y )) f (x y ) and g (x y f(x y )) 1  the tangentÊ ß ß ß œ ß ß ß ß œ ß ß ß ß œ � Êx x y y z! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !

 plane at the point P  is f (x y )(x x ) f (x y )(y y ) [z f(x y )] 0 or! ! ! ! ! ! ! ! !x yß � � ß � � � ß œ

 z f (x y )(x x ) f (x y )(y y ) f(x y )œ ß � � ß � � ßx y! ! ! ! ! ! ! !

64. f 2x 2y 2(cos t t sin t) 2(sin t t cos t)  and (t cos t) (t sin t)   ™ œ � œ � � � œ � Ê œi j i j v i j u v
vk k

 (cos t) (sin t)  since t 0  (D f) fœ œ � � Ê œ(t cos t) (t sin t)
(t cos t) (t sin t) P

i j
u

�

�È # # !
i j u™ †

 2(cos t t sin t)(cos t) 2(sin t t cos t)(sin t) 2œ � � � œ

65. f 2x 2y 2z (2 cos t) (2 sin t) 2t  and ( sin t) (cos t)   ™ œ � � œ � � œ � � � Ê œi j k i j k v i j k u v
vk k

   (D f) fœ œ � � Ê œ( sin t) (cos t)
(sin t) (cos t) 1

sin t cos t
2 2 2 P

� � �

� �
� "i j k

uÈ È È È# # # !
Š ‹ Š ‹i j k u™ †

 (2 cos t) (2 sin t) (2t)   (D f) , (D f)(0) 0 andœ � � œ Ê œ œŠ ‹ Š ‹ Š ‹ ˆ ‰� " � �sin t cos t 2t
2 2 2 2 2 24È È È È Èu u

1 1

 (D f)u ˆ ‰1 1
4 2 2

œ È

66. r t t (t 3)   t t ; t 1  x 1, y 1, z 1  P (1 1 1)œ � � � Ê œ � � œ Ê œ œ œ � Ê œ ß ß�È Èi j k v i j k" " " "
# #

�"Î# �"Î#
!4 4

 and (1) ; f(x y z) x y z 3 0 f 2x 2yv i j k i j kœ � � ß ß œ � � � œ Ê œ � �" " "
# #

# #
4 ™

  f(1 1 1) 2 2 ; therefore ( f)  the curve is normal to the surfaceÊ ß ß� œ � � œ Ê™ ™i j k v "
4

67. r t t (2t 1)   t t 2 ; t 1  x 1, y 1, z 1  P (1 1 1) andœ � � � Ê œ � � œ Ê œ œ œ Ê œ ß ßÈ Èi j k v i j k" "
# #

�"Î# �"Î#
!

 (1) 2 ; f(x y z) x y z 1 0  f 2x 2y   f(1 1 1) 2 2 ;v i j k i j k i j kœ � � ß ß œ � � � œ Ê œ � � Ê ß ß œ � �" "
# #

# #
™ ™

 now 1 f 1 1 1 0, thus the curve is tangent to the surface when t 1va b a b† ™ ß ß œ œ

14.7  EXTREME VALUES AND SADDLE POINTS

 1. f (x y) 2x y 3 0 and f (x y) x 2y 3 0  x 3 and y 3  critical point is ( 3 3);x yß œ � � œ ß œ � � œ Ê œ � œ Ê � ß

 f ( 3 3) 2, f ( 3 3) 2, f ( 3 3) 1  f f f 3 0 and f 0  local minimum ofxx yy xy xx yy xxxy� ß œ � ß œ � ß œ Ê � œ � � Ê#

 f( 3 3) 5� ß œ �

 2. f (x y) 2y 10x 4 0 and f (x y) 2x 4y 4 0  x  and y   critical point is ;x y
2 4 2 4
3 3 3 3ß œ � � œ ß œ � � œ Ê œ œ Ê ßˆ ‰

 f 10, f 4, f 2  f f f 36 0 and f 0  local maximum ofxx yy xy xx yy xx
2 4 2 4 2 4
3 3 3 3 3 3 xyˆ ‰ ˆ ‰ ˆ ‰ß œ � ß œ � ß œ Ê � œ � � Ê#

 f 0ˆ ‰2 4
3 3ß œ

 3. f (x y) 2x y 3 0 and f (x y) x 2 0  x 2 and y 1  critical point is ( 2 1);x yß œ � � œ ß œ � œ Ê œ � œ Ê � ß

 f ( 2 1) 2, f ( 2 1) 0, f ( 2 1) 1  f f f 1 0  saddle pointxx yy xy xx yy xy� ß œ � ß œ � ß œ Ê � œ � � Ê#

 4. f (x y) 5y 14x 3 0 and f (x y) 5x 6 0  x  and y   critical point is ;x y
6 69 6 69
5 5 5 25ß œ � � œ ß œ � œ Ê œ œ Ê ß#

ˆ ‰
 f 14, f 0, f 5  f f f 25 0  saddle pointxx yy xy xx yy

6 69 6 69 6 69
5 25 5 25 5 25 xyˆ ‰ ˆ ‰ ˆ ‰ß œ � ß œ ß œ Ê � œ � � Ê#

 5. f (x y) 2y 2x 3 0 and f (x y) 2x 4y 0  x 3 and y   critical point is 3 ;x y
3 3

2ß œ � � œ ß œ � œ Ê œ œ Ê ß#
ˆ ‰

 f 3 2, f 3 4, f 3 2  f f f 4 0 and f 0  local maximum ofxx yy xy xx yy xx
3 3 3
2 2 2 xyˆ ‰ ˆ ‰ ˆ ‰ß œ � ß œ � ß œ Ê � œ � � Ê#

 f 3ˆ ‰ß œ3 17
# #

 6. f (x y) 2x 4y 0 and f (x y) 4x 2y 6 0  x 2 and y 1  critical point is (2 1);x yß œ � œ ß œ � � � œ Ê œ œ Ê ß

 f (2 1) 2, f (2 1) 2, f (2 1) 4  f f f 12 0  saddle pointxx yy xy xx yy xyß œ ß œ ß œ � Ê � œ � � Ê#
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 7. f (x y) 4x 3y 5 0 and f (x y) 3x 8y 2 0  x 2 and y 1  critical point is (2 1);x yß œ � � œ ß œ � � œ Ê œ œ � Ê ß�

 f (2 1) 4, f (2 1) 8, f (2 1) 3  f f f 23 0 and f 0  local minimum of f(2 1) 6xx yy xy xx yy xxxyß � œ ß� œ ß� œ Ê � œ � � Ê ß� œ �#

 8. f (x y) 2x 2y 2 0 and f (x y) 2x 4y 2 0  x 1 and y 0  critical point is (1 0);x yß œ � � œ ß œ � � � œ Ê œ œ Ê ß

 f (1 0) 2, f (1 0) 4, f (1 0) 2  f f f 4 0 and f 0  local minimum of f(1 0) 0xx yy xy xx yy xxxyß œ ß œ ß œ � Ê � œ � � Ê ß œ#

 9. f (x y) 2x 2 0 and f (x y) 2y 4 0  x 1 and y 2  critical point is (1 2); f (1 2) 2,x y xxß œ � œ ß œ � � œ Ê œ œ Ê ß ß œ

 f (1 2) 2, f (1 2) 0  f f f 4 0  saddle pointyy xy xx yy xyß œ � ß œ Ê � œ � � Ê#

10. f (x y) 2x 2y 0 and f (x y) 2x 0  x 0 and y 0  critical point is (0 0); f (0 0) 2,x y xxß œ � œ ß œ œ Ê œ œ Ê ß ß œ

 f (0 0) 0, f (0 0) 2  f f f 4 0  saddle pointyy xy xx yy xyß œ ß œ Ê � œ � � Ê#

11. f x y 8 0 and f x y 0 critical point is 0 ;x y
112x 8x 16

56x 8y 16x 31 56x 8y 16x 31
8y

7a b a b ˆ ‰ß œ � œ ß œ œ Ê ß�
� � � � � �

�È È2 2 2 2

 f 0 , f 0 , f 0 0  f f f 0 and f 0 local maximum ofxx yy xy xx yy xx
16 8 16 8 16 64
7 15 7 15 7 225xyˆ ‰ ˆ ‰ ˆ ‰ß œ � ß œ � ß œ Ê � œ � � Ê#

 f 0ˆ ‰16 16
7 7ß œ �

12. f x y 0 and f x y 0 there are no solutions to the system f x y 0 andx y x
2x

3 x y 3 x y

2ya b a b a bß œ œ ß œ œ Ê ß œ�

� �

�

a b a b2 2 2 22 3 2 3Î Î

 f x y 0, however, we must also consider where the partials are undefined, and this occurs when x 0 and y 0ya bß œ œ œ

 critical point is 0 0 . Note that the partial derivatives are defined at every other point other than 0 0 . We cannot useÊ ß ßa b a b
 the second derivative test, but this is the only possible  local maximum, local minimum, or saddle point. f x y  has a locala bß

 maximum  of f 0 0 1 at 0 0  since f x y 1 x y  1 for all x y  other than 0 0 .a b a b a b a b a bÈß œ ß ß œ � � Ÿ ß ß3 2 2

13. f (x y) 3x 2y 0 and f (x y) 3y 2x 0  x 0 and y 0, or x  and y   critical pointsx y
2 2
3 3ß œ � œ ß œ � � œ Ê œ œ œ � œ Ê# #

 are (0 0) and ; for (0 0):  f (0 0) 6x 0, f (0 0) 6y 0, f (0 0) 2ß � ß ß ß œ œ ß œ � œ ß œ �ˆ ‰ k k2 2
3 3 xx yy xy0 0 0 0Ð ß Ñ Ð ß Ñ

  f f f 4 0  saddle point; for :  f 4, f 4, f 2Ê � œ � � Ê � ß � ß œ � � ß œ � � ß œ �xx yy xx yy xyxy
2 2 2 2 2 2 2 2
3 3 3 3 3 3 3 3

# ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰
  f f f 12 0 and f 0  local maximum of fÊ � œ � � Ê � ß œxx yy xxxy

2 2 170
3 3 27

# ˆ ‰
14. f (x y) 3x 3y 0 and f (x y) 3x 3y 0  x 0 and y 0, or x 1 and y 1  critical pointsx yß œ � œ ß œ � œ Ê œ œ œ � œ � Ê# #

 are (0 0) and ( 1 1); for ( ):  f (0 0) 6x 0, f (0 0) 6y 0, f (0 0) 3  f f fß � ß� !ß ! ß œ œ ß œ œ ß œ Ê �k kxx yy xy xx yy0 0 0 0 xyÐ ß Ñ Ð ß Ñ
#

 9 0  saddle point; for ( 1 1):  f ( 1 1) 6, f ( 1 1) 6, f ( 1 1) 3  f f fœ � � Ê � ß� � ß� œ � � ß� œ � � ß� œ Ê �xx yy xy xx yy xy
#

 27 0 and f 0  local maximum of f( 1 1) 1œ � � Ê � ß� œxx

15. f (x y) 12x 6x 6y 0 and f (x y) 6y 6x 0  x 0 and y 0, or x 1 and y 1  criticalx yß œ � � œ ß œ � œ Ê œ œ œ œ � Ê#

 points are (0 0) and (1 1); for ( ):  f (0 0) 12 12x 12, f (0 0) 6, f (0 0) 6  f f fß ß � !ß ! ß œ � œ ß œ ß œ Ê �kxx yy xy xx yy0 0 xyÐ ß Ñ
#

 36 0 and f 0  local  minimum of f(0 0) 0; for (1 1):  f (1 1) 0, f (1 1) 6,œ � � Ê ß œ ß� ß� œ ß� œxx xx yy

 f (1 1) 6  f f f 36 0  saddle pointxy xx yy xyß � œ Ê � œ � � Ê#

16. f (x y) 3x 6x 0  x 0 or x 2; f (x y) 3y 6y 0  y 0 or y 2  the critical points arex yß œ � œ Ê œ œ � ß œ � œ Ê œ œ Ê# #

 (0 0), (0 2), ( 2 0), and ( 2 2); for ( ):  f (0 0) 6x 6 6, f (0 0) 6y 6 6,ß ß � ß � ß !ß ! ß œ � œ ß œ � œ �k kxx yy0 0 0 0Ð ß Ñ Ð ß Ñ

 f (0 0) 0  f f f 36 0  saddle point; for (0 2):  f (0 2) 6, f (0 2) 6, f (0 2) 0xy xx yy xx yy xyxyß œ Ê � œ � � Ê ß ß œ ß œ ß œ#

  f f f 36 0 and f 0  local minimum of f(0 2) 12; for ( 2 0):  f ( 2 0) 6,Ê � œ � � Ê ß œ � � ß � ß œ �xx yy xx xxxy
#

 f ( 2 0) 6, f ( 2 0) 0  f f f 36 0 and f 0  local maximum of f( 2 0) 4;yy xy xx yy xxxy� ß œ � � ß œ Ê � œ � � Ê � ß œ �#

 for ( 2 2):  f ( 2 2) 6, f ( 2 2) 6, f ( 2 2) 0  f f f 36 0  saddle point� ß � ß œ � � ß œ � ß œ Ê � œ � � Êxx yy xy xx yy xy
#
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17. f x y 3x 3y 15 0 and f x y 6x y 3y 15 0 critical points are 2 1 , 2 1 , 0 5 , andx y
2 2 2a b a b a b a b Š ‹Èß œ � � œ ß œ � � œ Ê ß � ß� ß

 0 5 ; for 2 1 :  f 2 1 6x 12,  f 2 1 6x 6y 18,  f 2 1 6y 6Š ‹È a b k k ka b a b a b a bß � ß ß œ œ ß œ � œ ß œ œxx yy xy2 1 2 1 2 1a b a b a bß ß ß

  f f f 180 0 and f 0 local minimum of f 2 1 30; for 2 1 :  f 2 1 6xÊ � œ � � Ê ß œ � � ß� � ß� œxx yy xx xxxy 2 1
#

� ß�a b a b ka b a b
 12,  f 2 1 6x 6y 18,  f 2 1 6y 6  f f f 180 0 andœ � � ß� œ � œ � � ß� œ œ � Ê � œ �k ka b a b a byy xy xx yy2 1 2 1 xya b a b� ß� � ß�

#

 f 0 local maximum of f 2 1 30; for 0 5 :  f 0 5 6x 0, f 0 5xx xx yy
0 5

� Ê � ß� œ ß ß œ œ ßa b Š ‹ ¹ Š ‹È È ÈŠ ‹ Š ‹Èß
  6x 6y 6 5,  f 0 5 6y 6 5  f f f 180 0 saddle pointœ � œ ß œ œ Ê � œ � � Ê àka b È È È¹Š ‹Š ‹È Š ‹È0 5 xy xx yy

0 5
xyß ß

#

 for 0 5 :  f 0 5 6x 0, f 0 5  6x 6y 6 5,Š ‹ ¹ Š ‹È È È ÈŠ ‹ ka bß � ß� œ œ ß� œ � œ �xx yy
0 5 0 5Š ‹È Š ‹È
ß� ß�

 f 0 5 6y 6 5  f f f 180 0 saddle point.¹Š ‹È È
xy xx yy

0 5
xyß � œ œ � Ê � œ � � ÊŠ ‹Èß�

#

18. f (x y) 6x 18x 0  6x(x 3) 0  x 0 or x 3; f (x y) 6y 6y 12 0  6(y 2)(y 1) 0x yß œ � œ Ê � œ Ê œ œ ß œ � � œ Ê � � œ# #

  y 2 or y 1  the critical points are (0 2), (0 1), (3 2), and (3 1); f (x y) 12x 18,Ê œ � œ Ê ß� ß ß� ß ß œ �xx

 f (x y) 12y 6, and f (x y) 0; for ( 2):  f (0 2) 18, f (0 2) 18, f (0 2) 0yy xy xx yy xyß œ � ß œ !ß� ß� œ � ß� œ � ß� œ

  f f f 324 0 and f 0  local  maximum of f(0 2) 20; for (0 1):  f (0 1) 18,Ê � œ � � Ê ß� œ ß ß œ �xx yy xx xxxy
#

 f (0 1) 18, f (0 1) 0  f f f 324 0  saddle point; for (3 2):  f (3 2) 18,yy xy xx yy xxxyß œ ß œ Ê � œ � � Ê ß� ß� œ#

 f (3 2) 18, f (3 2) 0  f f f 324 0  saddle point; for (3 1):  f (3 1) 18,yy xy xx yy xxxyß � œ � ß� œ Ê � œ � � Ê ß ß œ#

 f (3 1) 18, f (3 1) 0  f f f 324 0 and f 0  local minimum of f(3 1) 34yy xy xx yy xxxyß œ ß œ Ê � œ � � Ê ß œ �#

19. f (x y) 4y 4x 0 and f (x y) 4x 4y 0  x y  x 1 x 0  x 0, 1, 1  the criticalx yß œ � œ ß œ � œ Ê œ Ê � œ Ê œ � Ê$ $ #a b
 points are (0 0), (1 1), and ( 1 1); for ( ):  f (0 0) 12x 0, f (0 0) 12y 0,ß ß � ß� !ß ! ß œ � œ ß œ � œk kxx yy0 0 0 0

# #
Ð ß Ñ Ð ß Ñ

 f (0 0) 4  f f f 16 0  saddle point; for (1 1):  f (1 1) 12, f (1 1) 12, f (1 1) 4xy xx yy xx yy xyxyß œ Ê � œ � � Ê ß ß œ � ß œ � ß œ#

  f f f 128 0 and f 0  local maximum of f(1 1) 2; for ( 1 1):  f ( 1 1) 12,Ê � œ � � Ê ß œ � ß� � ß� œ �xx yy xx xxxy
#

 f ( 1 1) 12, f ( 1 1) 4  f f f 128 0 and f 0  local maximum of f( 1 1) 2yy xy xx yy xxxy� ß� œ � � ß� œ Ê � œ � � Ê � ß� œ#

20. f (x y) 4x 4y 0 and f (x y) 4y 4x 0  x y  x x 0  x 1 x 0  x 0, 1, 1x yß œ � œ ß œ � œ Ê œ � Ê � � œ Ê � œ Ê œ �$ $ $ #a b
  the critical points are (0 0), (1 1), and ( 1 1); f (x y) 12x , f (x y) 12y , and f (x y) 4;Ê ß ß� � ß ß œ ß œ ß œxx yy xy

# #

 for ( 0):  f (0 0) 0, f (0 0) 0, f (0 0) 4  f f f 16 0  saddle point; for (1 1):!ß ß œ ß œ ß œ Ê � œ � � Ê ß�xx yy xy xx yy xy
#

 f (1 1) 12, f (1 1) 12, f (1 1) 4  f f f 128 0 and f 0  local minimum ofxx yy xy xx yy xxxyß � œ ß� œ ß� œ Ê � œ � � Ê#

 f( 1) 2; for ( 1 1):  f ( 1 1) 12, f ( 1 1) 12, f ( 1 1) 4  f f f 128 0 and"ß� œ � � ß � ß œ � ß œ � ß œ Ê � œ �xx yy xy xx yy xy
#

 f 0  local minimum of f( 1 1) 2xx � Ê � ß œ �

21. f (x y) 0 and f (x y) 0  x 0 and y 0  the critical point is ( 0);x y
2x

x y 1 x y 1
2yß œ œ ß œ œ Ê œ œ Ê !ß�

� � � �

�

a b a b# # # ## #

 f , f , f ; f ( ) 2, f (0 0) 2, f (0 0) 0xx yy xy xx yy xy
4x 2y 2 2x 4y 2 8xy
x y 1 x y 1 x y 1

œ œ œ !ß ! œ � ß œ � ß œ
# # # #

# # # # # #$ $ $

� � � � �

� � � � � �a b a b a b
  f f f 4 0 and f 0  local maximum of f(0 0) 1Ê � œ � � Ê ß œ �xx yy xxxy

#

22. f (x y) y 0 and f (x y) x 0  x 1 and y 1  the critical point is (1 1); f , f ,x y xx yy
1 1 2 2
x y x yß œ � � œ ß œ � œ Ê œ œ Ê ß œ œ# # $ $

 f 1; f (1 1) 2, f (1 1) 2, f (1 1) 1  f f f 3 0 and f 2  local minimum of f(1 1) 3xy xx yy xy xx yy xxxyœ ß œ ß œ ß œ Ê � œ � � Ê ß œ#

23. f (x y) y cos x 0 and f (x y) sin x 0  x n , n an integer, and y 0  the critical points arex yß œ œ ß œ œ Ê œ œ Ê1

 (n 0), n an integer (Note:  cos x and sin x cannot both be 0 for the same x, so sin x must be 0 and y 0);1ß œ

 f y sin x, f 0, f cos x; f (n 0) 0, f (n 0) 0, f (n 0) 1 if n is even and f (n 0) 1xx yy xy xx yy xy xyœ � œ œ ß œ ß œ ß œ ß œ �1 1 1 1

 if n is odd  f f f 1 0  saddle point.Ê � œ � � Êxx yy xy
#
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24. f (x y) 2e  cos y 0 and f (x y) e  sin y 0  no solution since e 0 for any x and the functionsx y
2x 2x 2xß œ œ ß œ � œ Ê Á

 cos y and sin y cannot equal 0 for the same y  no critical points  no extrema and no saddle pointsÊ Ê

25. f x y 2x 4 e 0 and f x y 2ye 0 critical point is 2 0 ; f 2 0 , f 2 0 0,x y xx xy
x y 4x x y 4x 2

ea b a b a b a b a b a bß œ � œ ß œ œ Ê ß ß œ ß œ
2 2 2 2

4
� � � �

  f 2 0  f f f 0 and f 0 local mimimum of f 2 0yy xx yy xx
2 4 1
e e exya b a bß œ Ê � œ � � Ê ß œ4 8 4

#

26. f x y ye 0 and f x y e e 0 critical point is 0 0 ; f 2 0 0, f 2 0 1,  f 2 0 1x y xx xy yy
x y xa b a b a b a b a b a bß œ � œ ß œ � œ Ê ß ß œ ß œ � ß œ

  f f f 1 0 saddle pointÊ � œ � � Êxx yy xy
#

27. f x y 2xe 0 and f x y 2ye e x y 0 critical points are 0 0  and 0 2 ; for 0 0 :x y
y y y 2 2a b a b a b a b a b a bß œ œ ß œ � � œ Ê ß ß ß� � �

 f 0 0 2e 2,  f 0 0 2e 4ye e x y 2,  f 0 0 2xe 0k k ka b a b a b a ba bxx yy xy
y y y y 2 2 y

0 0 0 0 0 0ß œ œ ß œ � � � œ ß œ � œ� � � � �
ß ß ßa b a b a b

  f f f 4 0 and f 0 local mimimum of f 0 0 0; for 0 2 : f 0 2 2e ,Ê � œ � � Ê ß œ ß ß œ œxx yy xx xxxy
y

0 2
2
e

# �
ßa b a b ka b a b 2

 f 0 2 2e 4ye e x y ,  f 0 2 2xe 0  f f f 0k ka b a b a ba byy xy xx yy
y y y 2 2 y

0 2 0 2
2 4
e exyß œ � � � œ � ß œ � œ Ê � œ � �� � � � #

ß ßa b a b2 4

 saddle pointÊ

28. f x y e x 2x y 0 and f x y 2ye 0 critical points are 0 0  and 2 0 ; for 0 0 :x y
x 2 2 xa b a b a b a b a b a bß œ � � œ ß œ � œ Ê ß � ß ß

 f 0 0 e x 4x 2 y 2,  f 0 0 2e 2,  f 0 0 2ye 0k k ka b a b a b a bxx yy xy
x 2 2 x x

0 0 0 0 0 0ß œ � � � œ ß œ � œ � ß œ � œa b a b a bß ß ß

  f f f 4 0 and f 0 saddle point; for 2 0 : f 2 0 e x 4x 2 y ,Ê � œ � � � Ê � ß � ß œ � � � œ �xx yy xx xxxy
x 2 2

2 0
2
e

#
� ßa b ka b a b a b 2

 f 2 0 2e ,  f 2 0 2ye 0  f f f 0 and f 0 local maximumk ka b a byy xy xx yy xx
x x

2 0 2 0
2 4
e exy� ß œ � œ � � ß œ � œ Ê � œ � � Êa b a b� ß � ß

#
2 4

 of f 2 0a b� ß œ 4
e2

29. f x y 4 0 and f x y 1 0 critical point is , 1  ; f , 1 8, f , 1 1,x y xx yy
2 1 1 1 1
x y 2 2 2a b a b ˆ ‰ ˆ ‰ ˆ ‰ß œ � � œ ß œ � � œ Ê œ � œ �

 f , 1 0  f f f 8 0 and f 0 local maximum of f , 1 3 2ln 2xy xx yy xx
1 1
2 2xyˆ ‰ ˆ ‰œ Ê � œ � � Ê œ � �#

30. f x y 2x 0 and f x y 1 0 critical point is ,  ; f , 1, f , 1,x y xx yy
1 1 1 3 1 3 1 3

x y x y 2 2 2 2 2 2a b a b ˆ ‰ ˆ ‰ ˆ ‰ß œ � œ ß œ � � œ Ê � � œ � œ �� �

 f , 1  f f f 2 0 saddle pointxy xx yy
1 3
2 2 xyˆ ‰� œ � Ê � œ � � Ê#

31. (i) On OA, f(x y) f(0 y) y 4y 1 on 0 y 2;ß œ ß œ � � Ÿ Ÿ#

 f (0 y) 2y 4 0  y 2;w ß œ � œ Ê œ

 f(0 0) 1 and f( ) 3ß œ !ß # œ �

 (ii) On AB, f(x y) f(x 2) 2x 4x 3 on 0 x 1;ß œ ß œ � � Ÿ Ÿ#

 f (x 2) 4x 4 0  x 1;w ß œ � œ Ê œ

 f(0 2) 3 and f(1 ) 5ß œ � ß # œ �

 (iii) On OB, f(x y) f(x 2x) 6x 12x 1 onß œ ß œ � �#

 0 x 1; endpoint values have been found above;Ÿ Ÿ
 

 f (x 2x) 12x 12 0  x 1 and y 2, but ( ) is not an interior point of OBw ß œ � œ Ê œ œ "ß #

 (iv) For interior points of the triangular region, f (x y) 4x 4 0 and f (x y) 2y 4 0x yß œ � œ ß œ � œ

  x 1 and y 2, but (1 2) is not an interior point of the region.  Therefore, the absolute maximum isÊ œ œ ß

 1 at (0 0) and the absolute minimum is 5 at ( ).ß � "ß #
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32. (i) On OA, D(x y) D(0 y) y 1 on 0 y 4;ß œ ß œ � Ÿ Ÿ#

 D (0 y) 2y 0  y 0; D( ) 1 andw ß œ œ Ê œ !ß ! œ

 D( ) 17!ß % œ

 (ii) On AB, D(x y) D(x 4) x 4x 17 onß œ ß œ � �#

 0 x 4; D (x 4) 2x 4 0  x 2 and (2 4)Ÿ Ÿ ß œ � œ Ê œ ßw

 is an interior point of AB; D( ) 13 and#ß % œ

 D( ) D( ) 17%ß % œ !ß % œ

 (iii) On OB, D(x y) D(x x) x 1 on 0 x 4;ß œ ß œ � Ÿ Ÿ#

 

 D (x x) 2x 0  x 0 and y 0, which is not an interior point of OB; endpoint values have been foundw ß œ œ Ê œ œ

 above
 (iv) For interior points of the triangular region, f (x y) 2x y 0 and f (x y) x 2y 0  x 0 and y 0,x yß œ � œ ß œ � � œ Ê œ œ

 which is not an interior point of the region.  Therefore, the absolute maximum is 17 at ( ) and ( ), and the!ß % %ß %

 absolute minimum is 1 at (0 0).ß

33. (i) On OA, f(x y) f( y) y  on 0 y 2;ß œ !ß œ Ÿ Ÿ#

 f (0 y) 2y 0  y 0 and x 0; f(0 0) 0 andw ß œ œ Ê œ œ ß œ

 f(0 ) 4ß # œ

 (ii) On OB, f(x y) f(x 0) x  on 0 x 1;ß œ ß œ Ÿ Ÿ#

 f (x 0) 2x 0  x 0 and y 0; f(0 0) 0 andw ß œ œ Ê œ œ ß œ

 f(1 0) 1ß œ

 (iii) On AB, f(x y) f(x 2x 2) 5x 8x 4 onß œ ß� � œ � �#

 0 x 1; f (x 2x 2) 10x 8 0 xŸ Ÿ ß� � œ � œ Ê œw 4
5

 

 and y ; f ; endpoint values have been found above.œ ß œ2 4 2 4
5 5 5 5

ˆ ‰
 (iv) For interior points of the triangular region, f (x y) 2x 0 and f (x y) 2y 0  x 0 and y 0, but ( 0) isx yß œ œ ß œ œ Ê œ œ !ß

 not an interior point of the region.  Therefore the absolute maximum is 4 at (0 2) and the absolute minimum is 0 atß

 (0 0).ß

34. (i) On AB, T(x y) T( y) y  on 3 y 3;ß œ !ß œ � Ÿ Ÿ#

 T (0 y) 2y 0  y 0 and x 0; T(0 0) 0,w ß œ œ Ê œ œ ß œ

 T( 3) 9, and T( 3) 9!ß� œ !ß œ

 (ii) On BC, T(x y) T(x 3) x 3x 9 on 0 x 5;ß œ ß œ � � Ÿ Ÿ#

 T (x 3) 2x 3 0  x  and y 3;w
#ß œ � œ Ê œ œ3

 T 3 and T(5 3) 19ˆ ‰3 27
4# ß œ ß œ

 (iii) On CD, T(x y) T(5 y) y 5y 5 onß œ ß œ � �#

  3 y 3;T (5 y) 2y 5 0  y  and� Ÿ Ÿ ß œ � œ Ê œ �w
#
5  

  x 5;T 5 , T( 3) 11 and T(5 3) 19œ ß� œ � &ß� œ � ß œˆ ‰5 45
4#

 (iv) On AD, T(x y) T(x 3) x 9x 9 on 0 x 5; T (x 3) 2x 9 0  x  and y 3;ß œ ß� œ � � Ÿ Ÿ ß� œ � œ Ê œ œ �# w
#
9

 T 3 , T( 3) 9 and T( 3) 11ˆ ‰9 45
4# ß � œ � !ß� œ &ß� œ �

 (v) For interior points of the rectangular region, T (x y) 2x y 6 0 and T (x y) x 2y 0  x 4x yß œ � � œ ß œ � œ Ê œ

 and y 2  (4 2) is an interior critical point with T(4 2) 12.  Therefore the absolute maximumœ � Ê ß� ß� œ �

 is 19 at (5 3) and the absolute minimum is 12 at (4 2).ß � ß�
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35. (i) On OC, T(x y) T(x 0) x 6x 2 onß œ ß œ � �#

 0 x 5; T (x 0) 2x 6 0  x 3 andŸ Ÿ ß œ � œ Ê œw

 y 0; T(3 0) 7, T(0 0) 2, and T(5 0) 3œ ß œ � ß œ ß œ �

 (ii) On CB, T(x y) T(5 y) y 5y 3 onß œ ß œ � �#

 3 y 0; T (5 y) 2y 5 0  y  and� Ÿ Ÿ ß œ � œ Ê œ �w
#
5

 x 5; T 5  and T(5 3) 9œ ß� œ � ß� œ �ˆ ‰5 37
4#

 (iii) On AB, T(x y) T(x 3) x 9x 11 onß œ ß� œ � �#

 0 x 5; T (x 3) 2x 9 0  x  andŸ Ÿ ß� œ � œ Ê œw
#
9  

 y 3; T 3  and T( 3) 11œ � ß� œ � !ß� œˆ ‰9 37
4#

 (iv) On AO, T(x y) T( y) y 2 on 3 y 0; T (0 y) 2y 0  y 0 and x 0, but (0 0) isß œ !ß œ � � Ÿ Ÿ ß œ œ Ê œ œ ß# w

 not an interior point of AO
 (v) For interior points of the rectangular region, T (x y) 2x y 6 0 and T (x y) x 2y 0  x 4x yß œ � � œ ß œ � œ Ê œ

 and y 2, an interior critical point with T( 2) 10.  Therefore the absolute maximum is 11 atœ � %ß� œ �

 ( 3) and the absolute minimum is 10 at (4 2).!ß� � ß�

36. (i) On OA, f(x y) f( y) 24y  on 0 y 1;ß œ !ß œ � Ÿ Ÿ#

 f (0 y) 48y 0  y 0 and x 0, but (0 0) isw ß œ � œ Ê œ œ ß

 not an interior point of OA; f( 0) 0 and!ß œ

 f( 1) 24!ß œ �

 (ii) On AB, f(x y) f(x 1) 48x 32x 24 onß œ ß œ � �$

 0 x 1; f (x 1) 48 96x 0  x  andŸ Ÿ ß œ � œ Ê œw # "È2

 y 1, or x  and y 1, but 1  is not inœ œ � œ � ß" "È È2 2
Š ‹  

 the interior of AB; f 1 16 2 24 and f(1 1) 8Š ‹ È"È2
ß œ � ß œ �

 (iii) On BC, f(x y) f( y) 48y 32 24y  on 0 y 1; f ( y) 48 48y 0  y 1 and x 1, butß œ "ß œ � � Ÿ Ÿ "ß œ � œ Ê œ œ# w

 ( ) is not an interior point of BC; f( 0) 32 and f( ) 8"ß " "ß œ � "ß " œ �

 (iv) On OC, f(x y) f(x 0) 32x  on 0 x 1; f (x 0) 96x 0  x 0 and y 0, but (0 0) is not anß œ ß œ � Ÿ Ÿ ß œ � œ Ê œ œ ß$ w #

 interior point of OC; f( 0) 0 and f( 0) 32!ß œ "ß œ �

 (v) For interior points of the rectangular region, f (x y) 48y 96x 0 and f (x y) 48x 48y 0x yß œ � œ ß œ � œ#

  x 0 and y 0, or x  and y , but (0 0) is not an interior point of the region; f 2.Ê œ œ œ œ ß ß œ" " " "
# # # #

ˆ ‰
 Therefore the absolute maximum is 2 at  and the absolute minimum is 32 at (1 0).ˆ ‰" "

# #ß � ß

37. (i) On AB, f(x y) f(1 y) 3 cos y on y ;ß œ ß œ � Ÿ Ÿ1 1
4 4

 f (1 y) 3 sin y 0  y 0 and x 1;w ß œ � œ Ê œ œ

 f( 0) 3, f 1 , and f 1"ß œ ß� œ ß œˆ ‰ ˆ ‰1 1
4 4

3 2 3 2È È
# #

 (ii) On CD, f(x y) f( y) 3 cos y on y ;ß œ $ß œ � Ÿ Ÿ1 1
4 4

 f (3 y) 3 sin y 0  y 0 and x 3;w ß œ � œ Ê œ œ

 f(3 0) 3, f 3  and f 3ß œ ß� œ ß œˆ ‰ ˆ ‰1 1
4 4

3 2 3 2È È
# #

 (iii) On BC, f(x y) f x 4x x  onß œ ß œ �ˆ ‰ a b1
4

2È
#

#

 

 1 x 3; f x 2(2 x) 0  x 2 and y ; f 2 2 2, f 1 , andŸ Ÿ ß œ � œ Ê œ œ ß œ ß œw
#

ˆ ‰ ˆ ‰ ˆ ‰È È1 1 1 1
4 4 4 4

3 2È

 f 3ˆ ‰ß œ1
4

3 2È
#

 (iv) On AD, f(x y) f x 4x x  on 1 x 3; f x 2(2 x) 0  x 2 and y ;ß œ ß� œ � Ÿ Ÿ ß� œ � œ Ê œ œ �ˆ ‰ ˆ ‰a b È1 1 1
4 4 4

2È
#

# w

 f 2 2 2, f 1 , and f 3ˆ ‰ ˆ ‰ ˆ ‰Èß � œ ß� œ ß� œ1 1 1
4 4 4

3 2 3 2È È
# #
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 (v) For interior points of the region, f (x y) (4 2x) cos y 0 and f (x y) 4x x sin y 0  x 2x yß œ � œ ß œ � � œ Ê œa b#
 and y 0, which is an interior critical point with f(2 0) 4.  Therefore the absolute maximum is 4 atœ ß œ

 (2 0) and the absolute minimum is  at 3 , 3 , 1 , and 1 .ß ß � ß ß� ß3 2
4 4 4 4

È
#

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰1 1 1 1

38. (i) On OA, f(x y) f( y) 2y 1 on 0 y 1;ß œ !ß œ � Ÿ Ÿ

 f (0 y) 2  no interior critical points; f(0 0) 1w ß œ Ê ß œ

 and f(0 1) 3ß œ

 (ii) On OB, f(x y) f(x 0) 4x 1 on 0 x 1;ß œ ß œ � Ÿ Ÿ

 f (x 0) 4  no interior critical points; f(1 0) 5w ß œ Ê ß œ

 (iii) On AB, f(x y) f(x x 1) 8x 6x 3 onß œ ß� � œ � �#

 0 x 1; f (x x 1) 16x 6 0  xŸ Ÿ ß� � œ � œ Ê œw 3
8

 and y ; f , f(0 1) 3, and f( 0) 5œ ß œ ß œ "ß œ5 3 5 15
8 8 8 8

ˆ ‰  

 (iv) For interior points of the triangular region,  f (x y) 4 8y 0 and f (x y) 8x 2 0x yß œ � œ ß œ � � œ

  y  and x  which is an interior critical point with f 2.  Therefore the absolute maximum is 5 atÊ œ œ ß œ" " " "
# #4 4

ˆ ‰
 (1 0) and the absolute minimum is 1 at (0 0).ß ß

39. Let F(a b) 6 x x  dx where a b.  The boundary of the domain of F is the line a b in the ab-plane, andß œ � � Ÿ œ'
a

ba b#
 F(a a) 0, so F is identically 0 on the boundary of its domain.  For interior critical points we have:ß œ

 6 a a 0 a 3, 2 and 6 b b 0  b 3, 2.  Since a b, there is only one` `
` `

# #F F
a bœ � � � œ Ê œ � œ � � œ Ê œ � Ÿa b a b

 interior critical point ( 3 2) and F( 3 2) 6 x x  dx gives the area under the parabola y 6 x x  that is� ß � ß œ � � œ � �'
�3

2 a b# #

 above the x-axis.  Therefore, a 3 and b 2.œ � œ

40. Let F(a b) 24 2x x  dx where a b.  The boundary of the domain of F is the line a b and on this line F isß œ � � Ÿ œ'
a

ba b# "Î$

 identically 0.  For interior critical points we have:  24 2a a 0  a 4, 6 and`
`

# "Î$F
a œ � � � œ Ê œ �a b

 24 2b b 0  b 4, 6.  Since a b, there is only one critical point ( 6 4) and`
`

# "Î$F
b œ � � œ Ê œ � Ÿ � ßa b

 F( 6 4) 24 2x x  dx gives the area under the curve y 24 2x x  that is above the x-axis.� ß œ � � œ � �'
�6

4 a b a b# # "Î$

 Therefore, a 6 and b 4.œ � œ

41. T (x y) 2x 1 0 and T (x y) 4y 0  x  and y 0 with T 0 ; on the boundaryx y 4ß œ � œ ß œ œ Ê œ œ ß œ �" " "
# #

ˆ ‰
 x y 1:  T(x y) x x 2 for 1 x 1  T (x y) 2x 1 0  x  and y ;# # # w "

# #� œ ß œ � � � � Ÿ Ÿ Ê ß œ � � œ Ê œ � œ „
È3

 T , T , T( 1 0) 2, and T( 0) 0  the hottest is 2 ° at  andŠ ‹ Š ‹ Š ‹� ß œ � ß� œ � ß œ "ß œ Ê � ß" " " "
# # # # # #

È È È3 3 39 9
4 4 4

 ; the coldest is ° at 0 .Š ‹ ˆ ‰� ß� � ß" " "
# # #

È3
4

42. f (x y) y 2 0 and f (x y) x 0  x  and y 2; f 2 8,x y xx
2 2
x y x 2ß œ � � œ ß œ � œ Ê œ œ ß œ œ" " "

# # ß
ˆ ‰ ¸

# ˆ ‰1
2

 f 2 , f 2 1  f f f 1 0 and f 0  a local minimum of f 2¹ˆ ‰ ˆ ‰ ˆ ‰yy xy xx yy xxy 42
xy

" " " " "
# # #ß

#ß œ œ ß œ Ê � œ � � Ê ß# ˆ ‰1
2

 2 ln 2 ln 2œ � œ �"
#

43. (a) f (x y) 2x 4y 0 and f (x y) 2y 4x 0  x 0 and y 0; f (0 0) 2, f (0 0) 2,x y xx yyß œ � œ ß œ � œ Ê œ œ ß œ ß œ

 f (0 0) 4  f f f 12 0  saddle point at (0 0)xy xx yy xyß œ � Ê � œ � � Ê ß#

 (b) f (x y) 2x 2 0 and f (x y) 2y 4 0  x 1 and y 2; f (1 2) 2, f (1 2) 2,x y xx yyß œ � œ ß œ � œ Ê œ œ ß œ ß œ

 f (1 2) 0  f f f 4 0 and f 0  local minimum at ( )xy xx yy xxxyß œ Ê � œ � � Ê "ß ##
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 (c) f (x y) 9x 9 0 and f (x y) 2y 4 0  x 1 and y 2; f (1 2) 18x 18,x y xx 1 2ß œ � œ ß œ � œ Ê œ „ œ � ß� œ œ#
Ð ß� Ñk

 f (1 2) 2, f (1 2) 0  f f f 36 0 and f 0  local minimum at ( );yy xy xx yy xxxyß � œ ß� œ Ê � œ � � Ê "ß�##

 f ( 1 2) 18, f ( 2) 2, f ( 2) 0  f f f 36 0  saddle point at ( 2)xx yy xy xx yy xy� ß� œ � �"ß� œ �"ß� œ Ê � œ � � Ê �"ß�#

44. (a) Minimum at (0 0) since f(x y) 0 for all other (x y)ß ß � ß

 (b) Maximum of 1 at ( ) since f(x y) 1 for all other (x y)!ß ! ß � ß

 (c) Neither since f(x y) 0 for x 0 and f(x y) 0 for x 0ß � � ß � �

 (d) Neither since f(x y) 0 for x 0 and f(x y) 0 for x 0ß � � ß � �

 (e) Neither since f(x y) 0 for x 0 and y 0, but f(x y) 0 for x 0 and y 0ß � � � ß � � �

 (f) Minimum at (0 0) since f(x y) 0 for all other (x y)ß ß � ß

45. If k 0, then f(x y) x y f (x y) 2x 0 and f (x y) 2y 0 x 0 and y 0 (0 0) is the onlyœ ß œ � Ê ß œ œ ß œ œ Ê œ œ Ê ß# #
x y

 critical point.  If k 0, f (x y) 2x ky 0 y x; f (x y) kx 2y 0 kx 2 x 0Á ß œ � œ Ê œ � ß œ � œ Ê � � œx y
2 2
k k

ˆ ‰
 kx 0 k x 0  x 0 or k 2  y (0) 0 or y x; in any case (0 0) is aÊ � œ Ê � œ Ê œ œ „ Ê œ � œ œ „ ß4x 4 2

k k k
ˆ ‰ ˆ ‰

 critical point.

46. (See Exercise 45 above):  f (x y) 2, f (x y) 2, and f (x y) k f f f 4 k ; f will have a saddle pointxx yy xy xx yy xyß œ ß œ ß œ Ê � œ �# #

 at (0 0) if 4 k 0  k 2 or k 2; f will have a local minimum at (0 0) if 4 k 0 2 k 2; the test isß � � Ê � � � ß � � Ê � � �# #

 inconclusive if 4 k 0  k 2.� œ Ê œ „#

47. No; for example f(x y) xy has a saddle point at (a b) (0 0) where f f 0.ß œ ß œ ß œ œx y

48. If f (a b) and f (a b) differ in sign, then f (a b) f (a b) 0 so f f f 0.  The surface must therefore have axx yy xx yy xx yy xyß ß ß ß � � �#

 saddle point at (a b) by the second derivative test.ß

49. We want the point on z 10 x y  where the tangent plane is parallel to the plane x 2y 3z 0.  To find a normalœ � � � � œ# #

 vector to z 10 x y  let w z x y 10.  Then w 2x 2y  is normal to z 10 x y  atœ � � œ � � � œ � � œ � �# # # # # #
™ i j k

 (x y).  The vector w is parallel to 2 3  which is normal to the plane x 2y 3z 0 ifß � � � � œ™ i j k
 6x 6y 3 2 3  or x  and y .  Thus the point is 10  or .i j k i j k� � œ � � œ œ ß ß � � ß ß" " " " " " " "

6 3 6 3 36 9 6 3 36
355ˆ ‰ ˆ ‰

50. We want the point on z x y 10 where the tangent plane is parallel to the plane x 2y z 0.  Letœ � � � � œ# #

 w z x y 10, then w 2x 2y  is normal to z x y 10 at (x y).  The vector w is parallelœ � � � œ � � � œ � � ß# # # #
™ ™i j k

 to 2  which is normal to the plane if x  and y 1.  Thus the point 1 1 10  or 1  is the pointi j k� � œ œ ß ß � � ß ß" " " "
# # #

ˆ ‰ ˆ ‰
4 4

45

 on the surface z x y 10 nearest the plane x 2y z 0.œ � � � � œ# #

51. d x y z x 0 y 0 z 0 we can minimize d x y z  by minimizing D x y z x y z ;a b a b a b a b a b a bÉß ß œ � � � � � Ê ß ß ß ß œ � �
2 2 2 2 2 2

 3x 2y z 6 z 6 3x 2y D x y x y 6 3x 2y D x y 2x 6 6 3x 2y 0� � œ Ê œ � � Ê ß œ � � � � Ê ß œ � � � œa b a b a b a b2 2 2
x

 and D x y 2y 4 6 3x 2y 0 critical point is , z ; D , 20, D , 1 10,y xx yy
9 6 3 9 6 1
7 7 7 7 7 2a b a b ˆ ‰ ˆ ‰ ˆ ‰ß œ � � � œ Ê Ê œ œ œ

 D , 1 12 D D D 56 0 and D 0 local minimum of d , , xy xx yy xx
1 9 6 3
2 7 7 7 7xy

3 14ˆ ‰ ˆ ‰œ Ê � œ � � Ê œ# È

52. d x y z x 2 y 1 z 1 we can minimize d x y z  by minimizinga b a b a b a b a bÉß ß œ � � � � � Ê ß ß
2 2 2

 D x y z x 2 y 1 z 1 ; x y z 2 z x y 2a b a b a b a bß ß œ � � � � � � � œ Ê œ � �
2 2 2

 D x y x 2 y 1 x y 3 D x y 2 x 2 2 x y 3 0Ê ß œ � � � � � � Ê ß œ � � � � œa b a b a b a b a b a b a b2 2 2
x

 and D x y 2 y 1 2 x y 3 0 critical point is , z ; D , 4, D , 4,y xx yy
8 1 1 8 1 8 1
3 3 3 3 3 3 3a b a b a b ˆ ‰ ˆ ‰ ˆ ‰ß œ � � � � œ Ê � Ê œ � œ � œ

 D , 2  D D D 12 0 and D 0 local minimum of d , , xy xx yy xx
8 1 8 1 1 2
3 3 3 3 3xy 3

ˆ ‰ ˆ ‰� œ Ê � œ � � Ê � œ# È
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53. s x y z x y z ; x y z 9 z 9 x y s x y x y 9 x ya b a b a bß ß œ � � � � œ Ê œ � � Ê ß œ � � � �2 2 2 2 2 2

 s x y 2x 2 9 x y 0 and s x y 2y 2 9 x y 0 critical point is 3, 3 z 3;Ê ß œ � � � œ ß œ � � � œ Ê Ê œx ya b a b a b a b a b
 s 3, 3 4, s 3, 3 4, s 3, 3 2  s s s 12 0 and s 0 local minimum of s 3, 3, 3 27xx yy xy xx yy xxxya b a b a b a bœ œ œ Ê � œ � � Ê œ#

54. p x y z xyz; x y z 3 z 3 x y p x y x y 3 x y 3x y x y x ya b a b a bß ß œ � � œ Ê œ � � Ê ß œ � � œ � �2 2

 p x y 3y 2xy y 0 and p x y 3x x 2xy 0 critical points are 0, 0 , 0, 3 , 3, 0 , andÊ ß œ � � œ ß œ � � œ Êx y
2 2a b a b a b a b a b

 1, 1 ; for 0, 0 z 3;  p 0, 0 0, p 0, 0 0, p 0, 0 3  p p p 9 0 saddle point;a b a b a b a b a bÊ œ œ œ œ Ê � œ � � Êxx yy xy xx yy xy
#

 for 0, 3 z 0;  p 0, 3 6, p 0, 3 0, p 0, 3 3  p p p 9 0 saddle point;a b a b a b a bÊ œ œ � œ œ � Ê � œ � � Êxx yy xy xx yy xy
#

 for 3, 0 z 0;  p 3, 0 0, p 3, 0 6, p 3, 0 3  p p p 9 0 saddle point;a b a b a b a bÊ œ œ œ � œ � Ê � œ � � Êxx yy xy xx yy xy
#

 for 1, 1 z 1;  p 1, 1 2, p 1, 1 2, p 1, 1 1  p p p 3 0 and  p 0 locala b a b a b a bÊ œ œ � œ � œ � Ê � œ � � Êxx yy xy xx yy xxxy
#

 maximum of p 1, 1, 1 1a b œ
55. s x y z xy yz xz; x y z 6 z 6 x y s x y xy y 6 x y x 6 x ya b a b a b a bß ß œ � � � � œ Ê œ � � Ê ß œ � � � � � �

 6x 6y xy x y s x y 6 2x y 0 and s x y 6 x 2y 0 critical point is 2, 2œ � � � � Ê ß œ � � œ ß œ � � œ Ê2 2
x ya b a b a b

 z 2; s 2, 2 2, s 2, 2 2, s 2, 2 1  s s s 3 0 and s 0 local maximum ofÊ œ œ � œ � œ � Ê � œ � � Êxx yy xy xx yy xxxya b a b a b #

 s 2, 2, 2 12a b œ
56. d x y z x 6 y 4 z 0 we can minimize d x y z  by minimizinga b a b a b a b a bÉß ß œ � � � � � Ê ß ß

2 2 2

 D x y z x 6 y 4 z ; z x y D x y x 6 y 4 x ya b a b a b a b a b a bÈß ß œ � � � � œ � Ê ß œ � � � � �
2 2 2 22 2 22 2

 2x 2y 12x 8y 52 D x y 4x 12 0 and D x y 4y 8 0 critical point is 3, 2œ � � � � Ê ß œ � œ ß œ � œ Ê �2 2
x ya b a b a b

 z 13; D 3, 2 4, D 3, 2 4, D 3, 2 0  D D D 16 0 and D 0 localÊ œ � œ � œ � œ Ê � œ � � ÊÈ a b a b a bxx yy xy xx yy xxxy
#

 minimum of d 3, 2, 13 26Š ‹È È� œ

57. V x y z 2x 2y 2z 8xyz; x y z 4 z 4 x y V x y 8xy 4 x y ,a b a ba ba b a bÈ Èß ß œ œ � � œ Ê œ � � Ê ß œ � �2 2 2 2 2 2 2

 x 0 and y 0 V x y 0 and V x y 0 critical points are    Ê ß œ œ ß œ œ Êx y
32y 16x y 8y 32x 16x y 8x

4 x y 4 x y
a b a b� � � �

� � � �

2 3 2 3

2 2 2 2È È
 0, 0 , , , , , , , and , . Only 0, 0  and ,  satisfy x 0 and y 0a b a bŠ ‹ Š ‹ Š ‹ Š ‹ Š ‹# # # # # # # # # #È È È È È È È È È È3 3 3 3 3 3 3 3 3 3

� � � �    

 V 0 0 0 and V , ; On x 0, 0 y 2 V 0 y 8 0 y 4 0 y 0, no critical points,a b a b a bŠ ‹ Èß œ œ œ Ÿ Ÿ Ê ß œ � � œ# #È È È3 3 3 3
64 2 2

 V 0 0 0, V 0 2 0; On y 0, 0 x 2 V x 0 8x 0 4 x 0 0, no critical points, V 0 0 0,a b a b a b a b a bÈß œ ß œ œ Ÿ Ÿ Ê ß œ � � œ ß œ2 2

 V 0 2 0; On y 4 x , 0 x 2 V x 4 x 8x 4 x 4 x 4 x 0a b È È È ÈŠ ‹ Ê Š ‹ß œ œ � Ÿ Ÿ Ê ß � œ � � � � œ2 2 2 2 2
2

 no critical points, V 0 2 0, V 2 0 0. Thus, there is a maximum volume of  if the box is .a b a bß œ ß œ ‚ ‚64
3 3 3 3 3È È È È# # #

58. S x y z 2xy 2yz 2xz; xyz 27 z S x y z 2xy 2y 2x 2xy , x 0,a b a b Š ‹ Š ‹ß ß œ � � œ Ê œ Ê ß ß œ � � œ � � �27 27 27 54 54
xy xy xy x y

 y 0; S x y 2y 0 and S x y 2x 0 Critical point is 3, 3 z 3;  S 3, 3 4,� ß œ � œ ß œ � œ Ê Ê œ œx y xx
54 54
x ya b a b a b a b2 2

 S 3, 3 4, D 3, 3 2  D D D 12 0 and D 0 local minimum of S 3 3 3 54yy xy xx yy xxxya b a b a bœ œ Ê � œ � � Ê ß ß œ#
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59. Let x height of the box, y width, and z length, cut outœ œ œ

 squares of length x from corner of the material See diagram
 at right. Fold along the dashed lines to form the box. From
 the diagram we see that the length of the material is 2x y�

 and the width is 2x z. Thus 2x y 2x z 12� � � œa ba b
 z . Since V x, y, z x y zÊ œ œ

2 6 2 x xy
2x y

ˆ ‰� �

�

2 a b
 V x, y , where x 0, y 0.Ê œ � �a b 2x y 6 2 x xy

2x y

ˆ ‰� �

�

2

 V x, y 0 andx
4 3y 4x y 4x y xy

2x y
a b œ œ

ˆ ‰
a b

2 3 2 2 3

2
� � �

�

 

 V x, y 0 critical points are 3, 0 , 3, 0 , , ,y
2 12x 4 x 4x y x y

2x y
1 4

3 3
a b Š ‹ Š ‹ Š ‹È Èœ œ Ê �

ˆ ‰
a b È È

2 4 3 2 2

2
� � �

�

 and , . Only 3, 0  and ,  satisfy x 0 and y 0. For 3, 0 :  z 0; V 3, 0 0,Š ‹ Š ‹ Š ‹ Š ‹ Š ‹È È È� � � � œ œ1 4 1 4
3 3 3 3 xxÈ È È È

 V 3, 0 2 3, V 3, 0 4 3 V V V 48 0 saddle point. For , :  z ;yy xy xx yy xy
1 4 4

3 3 3
Š ‹ Š ‹ Š ‹È È È Èœ � œ � Ê � œ � � Ê œ# È È È

 V , , V , , V , V V V 0 andxx yy xy xx yy
1 4 80 1 4 2 1 4 4 16

3 3 3 3 3 3 3 3 3 3 3 3 xy 3Š ‹ Š ‹ Š ‹È È È È È È È È Èœ � œ � œ � Ê � œ �#

 V 0 local maximum of V , , xx
1 4 4 16

3 3 3 3 3
� Ê œŠ ‹È È È È

60. (a) (i) On x 0, f(x y) f(0 y) y y 1 for 0 y 1; f (0 y) 2y 1 0  y  and x 0;œ ß œ ß œ � � Ÿ Ÿ ß œ � œ Ê œ œ# w "
#

 f 0 , f(0 0) 1, and f(0 1) 1ˆ ‰ß œ ß œ ß œ"
#

3
4

 (ii) On y 1, f(x y) f(x 1) x x 1 for 0 x 1; f (x 1) 2x 1 0  x  and y 1, butœ ß œ ß œ � � Ÿ Ÿ ß œ � œ Ê œ � œ# w "
#

 1  is outside the domain; f(0 1) 1 and f( ) 3ˆ ‰� ß ß œ "ß " œ"
#

 (iii) On x 1, f(x y) f( y) y y 1 for 0 y 1; f (1 y) 2y 1 0  y  and x 1, butœ ß œ "ß œ � � Ÿ Ÿ ß œ � œ Ê œ � œ# w "
#

 1  is outside the domain; f(1 0) 1 and f( ) 3ˆ ‰ß � ß œ "ß " œ"
#

 (iv) On y 0, f(x y) f(x 0) x x 1 for 0 x 1; f (x 0) 2x 1 0  x  and y 0;œ ß œ ß œ � � Ÿ Ÿ ß œ � œ Ê œ œ# w "
#

 f 0 ; f(0 0) 1, and f( 0) 1ˆ ‰"
# ß œ ß œ "ß œ3

4

 (v) On the interior of the square, f (x y) 2x 2y 1 0 and f (x y) 2y 2x 1 0  2x 2y 1x yß œ � � œ ß œ � � œ Ê � œ

 (x y) .  Then f(x y) x y 2xy x y 1 (x y) (x y) 1  is the absoluteÊ � œ ß œ � � � � � œ � � � � œ"
#

# # # 3
4

 minimum value when 2x 2y 1.� œ

 (b) The absolute maximum is f( ) 3."ß " œ

61. (a)   2 sin t 2 cos t 0  cos t sin t  x ydf f dx f dx
dt x dt y dt dt dt

dy dyœ � œ � œ � � œ Ê œ Ê œ` `
` `

 (i) On the semicircle x y 4, y 0, we have t  and x y 2  f 2 2 2 2.  At the# #� œ   œ œ œ Ê ß œ1
4

È È È ÈŠ ‹
 endpoints, f( 2 0) 2 and f( ) 2.  Therefore the absolute minimum is f( 2 0) 2 when t ;� ß œ � #ß ! œ � ß œ � œ 1

 the absolute maximum is f 2 2 2 2 when t .Š ‹È È Èß œ œ 1
4

 (ii) On the quartercircle x y 4, x 0 and y 0, the endpoints give f( 2) 2 and f( 0) 2.# #� œ     !ß œ #ß œ

 Therefore the absolute minimum is f(2 0) 2 and f( 2) 2 when t 0,  respectively; the absoluteß œ !ß œ œ 1
#

 maximum is f 2 2 2 2 when t .Š ‹È È Èß œ œ 1
4

 (b)   y x 4 sin t 4 cos t 0  cos t sin t  x y.dg g g dy dy
dt x dt y dt dt dt

dx dxœ � œ � œ � � œ Ê œ „ Ê œ „` `
` `

# #

 (i) On the semicircle x y 4, y 0, we obtain x y 2 at t  and x 2, y 2 at# #� œ   œ œ œ œ � œÈ È È1
4

 t .  Then g 2 2 2 and g 2 2 2.  At the endpoints, g( 2 0) g( 0) 0.œ ß œ � ß œ � � ß œ #ß œ3
4
1 Š ‹ Š ‹È È È È

 Therefore the absolute minimum is g 2 2 2 when t ; the absolute maximum isŠ ‹È È� ß œ � œ 3
4
1

 g 2 2 2 when t .Š ‹È Èß œ œ 1
4
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 (ii) On the quartercircle x y 4, x 0 and y 0, the endpoints give g( 2) 0 and g( 0) 0.# #� œ     !ß œ #ß œ

 Therefore the absolute minimum is g(2 0) 0 and g( 2) 0 when t 0,  respectively; the absoluteß œ !ß œ œ 1
#

 maximum is g 2 2 2 when t .Š ‹È Èß œ œ 1
4

 (c)   4x 2y (8 cos t)( 2 sin t) (4 sin t)(2 cos t) 8 cos t sin t 0dh h dx h dx
dt x dt y dt dt dt

dy dyœ � œ � œ � � œ � œ` `
` `

  t 0, ,  yielding the points (2 0), (0 2) for 0 t .Ê œ ß ß Ÿ Ÿ1
# 1 1

 (i) On the semicircle x y 4, y 0 we have h(2 0) 8, h(0 2) 4, and h( 2 0) 8.  Therefore,# #� œ   ß œ ß œ � ß œ

 the absolute minimum is h( 2) 4 when t ; the absolute maximum is h(2 0) 8 and h( 2 0) 8!ß œ œ ß œ � ß œ1
#

 when t 0,  respectively.œ 1

 (ii) On the quartercircle x y 4, x 0 and y 0 the absolute minimum is h(0 2) 4 when t ; the# #
#� œ     ß œ œ 1

 absolute maximum is h(2 0) 8 when t 0.ß œ œ

62. (a)   2 3 6 sin t 6 cos t 0  sin t cos t  t  for 0 t .df f dx f dx
dt x dt y dt dt dt 4

dy dyœ � œ � œ � � œ Ê œ Ê œ Ÿ Ÿ` `
` `

1 1

 (i) On the semi-ellipse, 1, y 0, f(x y) 2x 3y 6 cos t 6 sin t 6 6 6 2x
9 4

y 2 2# #

� œ   ß œ � œ � œ � œŠ ‹ Š ‹ ÈÈ È
# #

 at t .  At the endpoints, f( 3 0) 6 and f(3 0) 6.  The absolute minimum is f( 3 0) 6 whenœ � ß œ � ß œ � ß œ �1
4

 t ; the absolute maximum is f 2 6 2 when t .œ ß œ œ1 Š ‹È È3 2
4

È
#

1

 (ii) On the quarter ellipse, at the endpoints f(0 2) 6 and f(3 0) 6.  The absolute minimum is f(3 0) 6ß œ ß œ ß œ

 and f(0 2) 6 when t 0,  respectively; the absolute maximum is f 2 6 2 when t .ß œ œ ß œ œ1 1
# #Š ‹È È3 2

4

È

 (b)   y x (2 sin t)( 3 sin t) (3 cos t)(2 cos t) 6 cos t sin t 6 cos 2t 0dg g g dy dy
dt x dt y dt dt dt

dx dxœ � œ � œ � � œ � œ œ` `
` `

# #a b
  t ,  for 0 t .Ê œ Ÿ Ÿ1 1

4 4
3 1

 (i) On the semi-ellipse, g(x y) xy 6 sin t cos t.  Then g 2 3 when t , andß œ œ ß œ œŠ ‹È3 2
4

È
#

1

 g 2 3 when t .  At the endpoints, g( 3 0) g( 0) 0.  The absolute minimum isŠ ‹È� ß œ � œ � ß œ $ß œ3 2 3
4

È
#

1

 g 2 3 when t ; the absolute maximum is g 2 3 when t .Š ‹ Š ‹È È� ß œ � œ ß œ œ3 2 3 23
4 4

È È
# #

1 1

 (ii) On the quarter ellipse, at the endpoints g( 2) 0 and g( 0) 0.  The absolute minimum is g(3 0) 0!ß œ $ß œ ß œ

 and g(0 2) 0 at t 0,  respectively; the absolute maximum is g 2 3 when t .ß œ œ ß œ œ1 1
# #Š ‹È3 2

4

È

 (c)   2x 6y (6 cos t)( 3 sin t) (12 sin t)(2 cos t) 6 sin t cos t 0dh h dx h dx
dt x dt y dt dt dt

dy dyœ � œ � œ � � œ œ` `
` `

  t 0, ,  for 0 t , yielding the points (3 0), (0 2), and ( 3 0).Ê œ Ÿ Ÿ ß ß � ß1
# 1 1

 (i) On the semi-ellipse, y 0 so that h(3 0) 9, h(0 2) 12, and h( 3 0) 9.  The absolute minimum is  ß œ ß œ � ß œ

 h(3 0) 9 and h( 3 0) 9 when t 0,  respectively; the absolute maximum is h( 2) 12 when t .ß œ � ß œ œ !ß œ œ1 1
#

 (ii) On the quarter ellipse, the absolute minimum is h(3 0) 9 when t 0; the absolute maximum isß œ œ

 h( 2) 12 when t .!ß œ œ 1
#

63.   y xdf f dx f dx
dt x dt y dt dt dt

dy dyœ � œ �` `
` `

 (i) x 2t and y t 1  (t 1)(2) (2t)(1) 4t 2 0  t   x 1 and y  withœ œ � Ê œ � � œ � œ Ê œ � Ê œ � œdf
dt

" "
# #

 f 1 .  The absolute minimum is f 1  when t ; there is no absolute maximum.ˆ ‰ ˆ ‰� ß œ � � ß œ � œ �" " " " "
# # # # #

 (ii) For the endpoints:  t 1  x 2 and y 0 with f( 2 0) 0; t 0  x 0 and y 1 withœ � Ê œ � œ � ß œ œ Ê œ œ

 f( 1) 0.  The absolute minimum is f 1  when t ; the absolute maximum is f(0 1) 0!ß œ � ß œ � œ � ß œˆ ‰" " "
# # #

 and f( 0) 0 when t 1, 0 respectively.�#ß œ œ �

 (iii) There are no interior critical points.  For the endpoints:  t 0  x 0 and y 1 with f(0 1) 0;œ Ê œ œ ß œ

 t 1  x 2 and y 2 with f(2 2) 4.  The absolute minimum is f(0 1) 0 when t 0; the absoluteœ Ê œ œ ß œ ß œ œ

 maximum is f(2 2) 4 when t 1.ß œ œ
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64. (a)   2x 2ydf f dx f dx
dt x dt y dt dt dt

dy dyœ � œ �` `
` `

 (i) x t and y 2 2t  (2t)(1) 2(2 2t)( 2) 10t 8 0  t   x  and y  withœ œ � Ê œ � � � œ � œ Ê œ Ê œ œdf 4 4 2
dt 5 5 5

 f .  The absolute minimum is f  when t ; there is no absoluteˆ ‰ ˆ ‰4 2 6 4 4 4 2 4 4
5 5 5 25 5 5 5 5 5ß œ � œ ß œ œ"

#

 maximum along the line.
 (ii) For the endpoints:  t 0  x 0 and y 2 with f(0 2) 4; t 1  x 1 and y 0 with f(1 0) 1.œ Ê œ œ ß œ œ Ê œ œ ß œ

 The absolute minimum is f  at the interior critical point when t ; the absolute maximum isˆ ‰4 2 4 4
5 5 5 5ß œ œ

 f(0 2) 4 at the endpoint when t 0.ß œ œ

 (b)     dg g g dy 2y dy
dt x dt y dt dt dt

dx 2x dx
x y x y

œ � œ �` ` �
` `

�
� �

’ “ ’ “a b a b# # # ## #

 (i) x t and y 2 2t  x y 5t 8t 4  5t 8t 4 [( 2t)(1) ( 2)(2 2t)( 2)]œ œ � Ê � œ � � Ê œ � � � � � � � �# # # # �#dg
dt a b

 5t 8t 4 ( 10t 8) 0  t   x  and y  with g .  The absoluteœ � � � � � œ Ê œ Ê œ œ ß œ œa b ˆ ‰# �# "4 4 2 4 2 5
5 5 5 5 5 4ˆ ‰4

5

 maximum is g  when t ; there is no absolute minimum along the line since x and y can beˆ ‰4 2 5 4
5 5 4 5ß œ œ

 as large as we please.

 (ii) For the endpoints:  t 0  x 0 and y 2 with g(0 2) ; t 1  x 1 and y 0 with g(1 0) 1.œ Ê œ œ ß œ œ Ê œ œ ß œ"
4

 The absolute minimum is g(0 2)  when t 0; the absolute maximum is g  when t .ß œ œ ß œ œ"
4 5 5 4 5

4 2 5 4ˆ ‰
65. w m x b y m x b y m x b yœ � � � � � �â� � �a b a b a b1 1 2 2 n n

2 2 2

 2 m x b y x 2 m x b y x 2 m x b y xÊ œ � � � � � �â� � �`
`

w
m 1 1 1 2 2 2 n n na ba b a ba b a ba b

 2 m x b y 1 2 m x b y 1 2 m x b y 1Ê œ � � � � � �â� � �`
`

w
b 1 1 2 2 n na ba b a ba b a ba b

 0 2 m x b y x m x b y x m x b y x 0`
`

w
m 1 1 1 2 2 2 n n nœ Ê � � � � � �â� � � œ� ‘a ba b a ba b a ba b

 m x b x x y m x b x x y m x b x x y 0Ê � � � � � �â� � � œ2 2 2
1 1 1 1 2 2 2 n n nn#

 m x x x b x x x x y x y x y 0Ê � �â� � � �â� � � �â� œa b a b a b2 2 2
1 n 1 2 n 1 1 2 2 n n#

 m x b x x y 0Ê � � œ! ! !a b a b
k 1 k 1 k 1

n n n

k
2

k k k
œ œ œ

 0 2 m x b y m x b y m x b y 0`
`

w
b 1 1 2 2 n nœ Ê � � � � � �â� � � œ� ‘a b a b a b

 m x b y m x b y m x b y 0Ê � � � � � �â� � � œ1 1 2 2 n n

 m x x x b b b y y y 0Ê � �â� � � �â� � � �â� œa b a b a b1 2 n 1 2 n

 m x b 1 y 0 m x bn y 0 b y m x .Ê � � œ Ê � � œ Ê œ �! ! ! ! ! ! !Œ �
k 1 k 1 k 1 k 1 k 1 k 1 k 1

n n n n n n n

k k k k k k
1
n

œ œ œ œ œ œ œ

 Substituting for b in the equation obtained for  we get   m x y m x x x y 0.`
`

œ œ œ œ œ

w 1
m n

k 1 k 1 k 1 k 1 k 1

n n n n n

k
2

k k k k k! ! ! ! !a b a bŒ �� � � œ

 Multiply both sides by n to obtain   m n x y m x x n x y 0! ! ! ! !a b a bŒ �
k 1 k 1 k 1 k 1 k 1

n n n n n

k
2

k k k k k
œ œ œ œ œ

� � � œ

 m n x x y m x n x y 0Ê � � � œ! ! ! ! !a b a bŒ �Œ � Œ �
k 1 k 1 k 1 k 1 k 1

n n n n n

k
2

k k k k k

2

œ œ œ œ œ

 m n x m x n x y x yÊ � œ �! ! ! ! !a b a bŒ � Œ �Œ �
k 1 k 1 k 1 k 1 k 1

n n n n n

k
2

k k k k k

2

œ œ œ œ œ

 m n x x n x y x yÊ � œ �– —! ! ! ! !a b a bŒ � Œ �Œ �
k 1 k 1 k 1 k 1 k 1

n n n n n

k
2

k k k k k

2

œ œ œ œ œ

 mÊ œ œ
n x y x y x y n x y

n x x x n x

! ! ! ! ! !a b a bŒ �Œ � Œ �Œ �
! ! ! !a b a bŒ � Œ �

k 1 k 1 k 1 k 1 k 1 k 1

n n n n n n

k k k k k k k k

k 1 k 1 k 1 k 1

n n n n

k k
2 2

k k

2 2
œ œ œ œ œ œ

œ œ œ œ

� �

� �

 To show that these values for m and b minimize the sum of the squares of the distances, use second derivative test.

 2 x 2 x 2 x 2 x ; 2 x 2 x 2 x 2 x ; 2 2 2 2 n` ` `
` ` ` `#

œ œ

2 2 2

2 2
w w w

m m b b
2 2 2 2
1 n

k 1 k 1

n n

k 1 2 n kœ � �â� œ œ � �â� œ œ � �â� œ! !a b

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



848 Chapter 14 Partial Derivatives

 The discriminant is: 2 x 2 n 2 x 4 n x x .Š ‹Š ‹ Š ‹ ” • ” •! ! ! !a b a b a b– —Œ �` ` `
` ` ` `

œ œ œ œ

#
2 2 2

2 2
w w w

m b m b

2

k 1 k 1 k 1 k 1

n n n n

k k
2 2

k k

2

� œ � œ �

 Now,  n x x n x x x x x x x x x! !a b a b a ba bŒ �
k 1 k 1

n n

k
2 2 2

k 1 2 n 1 2 n

2

1 n
œ œ

#
#� œ � �â� � � �â� � �â�

 n x n x n x x x x x x x x x x x x x x x xœ � �â� � � �â� � � �â� � � �â�2 2 2 2
1 1n n1 2 1 n 2 1 2 n n 1 n 2# #

# #

 n 1 x n 1 x n 1 x 2 x x 2 x x 2 x x 2 x x 2 x x 2 x xœ � � � �â� � � � �â� � �â� �â�a b a b a b2 2
1 n 1 2 1 3 1 n 2 3 2 n n 1 n#

#
�

 x 2 x x x x 2 x x x x 2 x x x x 2 x x x x 2 x x xœ � � � � � �â� � � � � � �â� � �a b a b a b a b a b2 2 2 2 2 2 2 2
1 1 3 1 31 2 1 3 1 n 2 3 2 nn n# # #

# #

     x 2 x x x�â� � �a b2
n 1 n 1 n n� �

#

 x x x x x x x x x x x x 0.œ � � � �â� � � � �â� � �â� �  a b a b a b a b a b a b1 2 1 3 1 n 2 3 2 n n 1 n
2 2 2 2 2 2

�

 Thus we have : 4 n x x 4 0 0. If x x x  thenŠ ‹Š ‹ Š ‹ – —! !a b a bŒ �` ` `
` ` ` `

œ œ

2 2 2

2 2
w w w

m b m b

2

k 1 k 1

n n

k
2

k 1 2 n

2

� œ �   œ œ œ â œ

  0. Also, 2 x 0. If x x x 0, then 0.Š ‹Š ‹ Š ‹ !a b` ` ` ` `
` ` ` ` ` `

œ

2 2 2 2 2

2 2 2 2
w w w w w

m b m b m m

2

k 1

n

k
2

1 2 n� œ œ   œ œ â œ œ œ

 Provided that at least one x  is nonzero and different from the rest of x , j i, then 0 andi j
w w w

m b m b

2
Á � �Š ‹Š ‹ Š ‹` ` `

` ` ` `

2 2 2

2 2

 0 the values given above for m and b minimize w.`
`

2

2
w

m � Ê

66. m  andœ œ(0)(5) 3(6)
(0) 3(8) 4

3�
�#

 b 5 (0)œ � œ"
3 4 3

3 5� ‘
  y x ; yÊ œ � œ3 5 14

4 3 3
¸

x 4œ

   k      x         y         x        x y    
1 2 0 4 0
2 0 2 0 0
3 2 3 4 6

0 5 8 6

k k k kk
#

�

D

67. m  andœ œ �(2)( 1) 3( 4)
(2) 3(10) 13

20� � �"
�#

 b 1 (2)œ � � � œ"
3 13 13

20 9� ‘ˆ ‰
  y x ; yÊ œ � � œ �20 9 71

13 13 13
¸

x 4œ

   k      x         y         x        x y    
1 1 2 1 2
2 0 1 0 0
3 3 4 9 12

2 1 10 14

k k k kk
#

� �

� �

� �D

68. m  andœ œ(3)(5) 3(8)
(3) 3(5) 2

3�
�#

 b 5 (3)œ � œ"
3 2 6

3 1� ‘
  y x ; yÊ œ � œ3 1 37

2 6 6
¸

x 4œ

   k      x         y         x        x y    
1 0 0 0 0
2 1 2 1 2
3 2 3 4 6

3 5 5 8

k k k kk
#

D

69-74. Example CAS commands:
 :Maple
 f := (x,y) -> x^2+y^3-3*x*y;
 x0,x1 := -5,5;
 y0,y1 := -5,5;
 plot3d( f(x,y), x=x0..x1, y=y0..y1, axes=boxed, shading=zhue, title="#69(a) (Section 14.7)" );
 plot3d( f(x,y), x=x0..x1, y=y0..y1, grid=[40,40], axes=boxed, shading=zhue, style=patchcontour, title="#69(b)
                       (Section 14.7)" );
 fx := D[1](f);                                                                                        # (c)
 fy := D[2](f);
 crit_pts := solve( {fx(x,y)=0,fy(x,y)=0}, {x,y} );
 fxx := D[1](fx);                                                                                    # (d)
 fxy := D[2](fx);
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 fyy := D[2](fy);
 discr := unapply( fxx(x,y)*fyy(x,y)-fxy(x,y)^2, (x,y) );
 for CP in {crit_pts} do                                                                     # (e)
   eval( [x,y,fxx(x,y),discr(x,y)], CP );
 end do;
 # (0,0) is a saddle point
 # ( 9/4,  3/2) is a local minimum
 : (assigned functions and bounds will vary)Mathematica
 Clear[x,y,f]

 f[x_,y_]:= x y 3x y2 3� �

 xmin= 5;  xmax= 5;  ymin= 5;  ymax= 5;� �

 Plot3D[f[x,y], {x, xmin, xmax}, {y, ymin, ymax}, AxesLabel {x, y, z}]Ä

 ContourPlot[f[x,y], {x, xmin, xmax}, {y, ymin, ymax}, ContourShading False, Contours 40]Ä Ä

 fx= D[f[x,y], x];
 fy= D[f[x,y], y];
 critical=Solve[{fx==0, fy==0},{x, y}]
 fxx= D[fx, x];
 fxy= D[fx, y];
 fyy= D[fy, y];

 discriminant= fxx fyy fxy� 2

 {{x, y}, f[x, y], discriminant, fxx} /.critical

14.8  LAGRANGE  MULTIPLIERS

 1. f y x  and g 2x 4y  so that f g  y x (2x 4y )  y 2x  and x 4y™ ™ ™ ™œ � œ � œ Ê � œ � Ê œ œi j i j i j i j- - - -

  x 8x    or x 0.Ê œ Ê œ „ œ- -# È2
4

 CASE 1: If x 0, then y 0.  But (0 0) is not on the ellipse so x 0.œ œ ß Á

 CASE 2: x 0    x 2y  2y 2y 1  y .Á Ê œ „ Ê œ „ Ê „ � œ Ê œ „-
È2

4
È ÈŠ ‹#

# "
#

 Therefore f takes on its extreme values at  and .  The extreme values of f on the ellipseŠ ‹ Š ‹„ ß „ ß�
È È2 2

2 2
" "
# #

 are .„
È2
#

 2. f y x  and g 2x 2y  so that f g  y x (2x 2y )  y 2x  and x 2y™ ™ ™ ™œ � œ � œ Ê � œ � Ê œ œi j i j i j i j- - - -

  x 4x   x 0 or .Ê œ Ê œ œ „- -# 1
2

 CASE 1: If x 0, then y 0.  But (0 0) is not on the circle x y 10 0 so x 0.œ œ ß � � œ Á# #

 CASE 2: x 0    y 2x x  x x 10 0  x 5  y 5.Á Ê œ „ Ê œ „ œ „ Ê � „ � œ Ê œ „ Ê œ „- 1
2

ˆ ‰ a b È È"
#

# #

 Therefore f takes on its extreme values at 5 5  and 5 5 .  The extreme values of f on theŠ ‹ Š ‹È È È È„ ß „ ß�

 circle are 5 and 5.�

 3. f 2x 2y  and g 3  so that f g  2x 2y ( 3 )  x  and y™ ™ ™ ™œ � � œ � œ Ê � � œ � Ê œ � œ �i j i j i j i j- - - -
# #

3

  3 10  2  x 1 and y 3  f takes on its extreme value at (1 3) on the line.Ê � � � œ Ê œ � Ê œ œ Ê ßˆ ‰ ˆ ‰- -
# #

3 -

 The extreme value is f( ) 49 1 9 39."ß $ œ � � œ

 4. f 2xy x  and g  so that f g  2xy x ( )  2xy  and x™ ™ ™ ™œ � œ � œ Ê � œ � Ê œ œi j i j i j i j# # #- - - -

  2xy x   x 0 or 2y x.Ê œ Ê œ œ#

 CASE 1: If x 0, then x y 3  y 3.œ � œ Ê œ
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850 Chapter 14 Partial Derivatives

 CASE 2: If x 0, then 2y x so that x y 3  2y y 3  y 1  x 2.Á œ � œ Ê � œ Ê œ Ê œ

 Therefore f takes on its extreme values at ( 3) and (2 ).  The extreme values of f are f(0 3) 0 and f(2 1) 4.!ß ß " ß œ ß œ

 5. We optimize f(x y) x y , the square of the distance to the origin, subject to the constraintß œ �# #

 g(x y) xy 54 0.  Thus f 2x 2y  and g y 2xy  so that f g  2x 2yß œ � œ œ � œ � œ Ê �# #
™ ™ ™ ™i j i j i j-

 y 2xy   2x y  and 2y 2 xy.œ � Ê œ œ- - -a b# #i j
 CASE 1: If y 0, then x 0.  But (0 0) does not satisfy the constraint xy 54 so y 0.œ œ ß œ Á#

 CASE 2: If y 0, then 2 2 x  x   2 y   y .  Then xy 54  54Á œ Ê œ Ê œ Ê œ œ Ê œ- -" " "# # #
- - - - -

ˆ ‰ ˆ ‰ ˆ ‰2 2
# #

      x 3 and y 18  x 3 and y 3 2.Ê œ Ê œ Ê œ œ Ê œ œ „- -$ #" "
27 3

È
 Therefore 3 2  are the points on the curve xy 54 nearest the origin (since xy 54 has points increasinglyŠ ‹È$ß „ œ œ# #

 far away as y gets close to 0, no points are farthest away).

 6. We optimize f(x y) x y , the square of the distance to the origin subject to the constraint g(x y) x y 2 0.ß œ � ß œ � œ# # #

 Thus f 2x 2y  and g 2xy x  so that f g  2x 2xy  and 2y x , since™ ™ ™ ™œ � œ � œ Ê œ œ Ê œi j i j# #- - - - 2y
x#

 x 0  y 0 (but g(0 0) 0).  Thus x 0 and 2x 2xy x 2y  2y y 2 0  y 1 (sinceœ Ê œ ß Á Á œ Ê œ Ê � œ Ê œˆ ‰ a b2y
x#

# # #

 y 0)  x 2 .  Therefore 2 1  are the points on the curve x y 2 nearest the origin (since x y 2 has� Ê œ „ „ ß œ œÈ ÈŠ ‹ # #

 points increasingly far away as x gets close to 0, no points are farthest away).

 7. (a) f  and g y x  so that f g (y x ) 1 y and 1 x y  and™ ™ ™ ™œ � œ � œ Ê � œ � Ê œ œ Ê œi j i j i j i j- - - - "
-

 x 16 .  Use  since x 0 and y 0.  Then x 4 and y 4 the minimum value is 8œ Ê œ Ê œ „ œ � � œ œ Ê" " " "
- -# - -4 4

 at the point (4 4).  Now, xy 16, x 0, y 0 is a branch of a hyperbola in the first quadrant with the x-and y-axesß œ � �

 as asymptotes. The equations x y c give a family of parallel lines with m 1. As these lines move away from� œ œ �

 the origin, the number c increases. Thus the minimum value of c occurs where x y c is tangent to the hyperbola's� œ

 branch.

 (b) f y x  and g  so that f g  y x ( ) y x y y 16 y 8™ ™ ™ ™œ � œ � œ Ê � œ � Ê œ œ � œ Ê œi j i j i j i j- - -

  x 8  f( ) 64 is the maximum value.  The equations xy c (x 0 and y 0 or x 0 and y 0Ê œ Ê )ß ) œ œ � � � �

 to get a maximum value) give a family of hyperbolas in the first and third quadrants with the x- and y-axes as
 asymptotes.  The maximum value of c occurs where the hyperbola xy c is tangent to the line x y 16.œ � œ

 8. Let f(x y) x y  be the square of the distance from the origin.  Then f 2x 2y  andß œ � œ �# #
™ i j

 g (2x y) (2y x)  so that f g  2x (2x y) and 2y (2y x)  ™ ™ ™œ � � � œ Ê œ � œ � Ê œi j - - - -2y
2y x�

  2x (2x y)  x(2y x) y(2x y)  x y   y x.Ê œ � Ê � œ � Ê œ Ê œ „Š ‹2y
2y x�

# #

 CASE 1: y x  x x(x) x 1 0  x  and y x.œ Ê � � � œ Ê œ „ œ# # "È3

 CASE 2: y x  x x( x) ( x) 1 0  x 1 and y x.  Thus fœ � Ê � � � � � œ Ê œ „ œ � ß œ# # " "Š ‹È È3 3
2
3

 f  and f(1 1) 2 f( 1 1).œ � ß� ß� œ œ � ßŠ ‹" "È È3 3

 Therefore the points (1 1) and ( 1 1) are the farthest away;   and  are the closestß � � ß ß � ß�Š ‹ Š ‹" " " "È È È È3 3 3 3

 points to the origin.

 9. V r h  16 r h  16 r h  g(r h) r h 16; S 2 rh 2 r   S (2 h 4 r) 2 r  andœ Ê œ Ê œ Ê ß œ � œ � Ê œ � �1 1 1 1 1 1 1 1# # # # #
™ i j

 g 2rh r  so that S g (2 rh 4 r) 2 r 2rh r 2 rh 4 r 2rh  and  2 r r™ ™ ™œ � œ Ê � � œ � Ê � œ œi j i j i j# # #- 1 1 1 - 1 1 - 1 -a b
  r 0 or .  But r 0 gives no physical can, so r 0    2 h 4 r 2rh 2r hÊ œ œ œ Á Ê œ Ê � œ Ê œ- - 1 12 2 2

r r r
1 1 1ˆ ‰

 16 r (2r) r 2 h 4; thus r 2 cm and h 4 cm give the only extreme surface area of 24  cm .  SinceÊ œ Ê œ Ê œ œ œ# #1

 r 4 cm and h 1 cm  V 16  cm  and S 40  cm , which is a larger surface area, then 24  cm  must be theœ œ Ê œ œ1 1 1$ # #

 minimum surface area.
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10. For a cylinder of radius r and height h we want to maximize the surface area S 2 rh subject to the constraintœ 1

 g(r h) r a 0.  Thus S 2 h 2 r  and g 2r  so that S g  2 h 2 r andß œ � � œ œ � œ � œ Ê œ# #
# #

#ˆ ‰h h
™ ™ ™ ™1 1 - 1 -i j i j

 2 r    and 2 r   4r h   h 2r  r a   2r a   r1 - 1œ Ê œ œ Ê œ Ê œ Ê � œ Ê œ Ê œ- 1 1h h h h 4r a
r r 4 2# #

# # # # # #ˆ ‰ ˆ ‰ #

È
  h a 2  S 2 a 2 2 a .Ê œ Ê œ œÈ ÈŠ ‹Š ‹1 1a

2È #

11. A (2x)(2y) 4xy subject to g(x y) 1 0; A 4y 4x  and g  so that Aœ œ ß œ � � œ œ � œ �x x
16 9 8 9

y 2y# #

™ ™ ™i j i j

 g  4y 4x   4y  and 4x    and 4xœ Ê � œ � Ê œ œ Ê œ œ- - - - -™ i j i jˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰x x
8 9 8 9 x 9 x

2y 2y 32y 2y 32y

  y x  1  x 8  x 2 2 .  We use x 2 2 since x represents distance.Ê œ „ Ê � œ Ê œ Ê œ „ œ3 x
4 16 9

x#
„ #ˆ ‰3
4 # È È

 Then y 2 2 , so the length is 2x 4 2 and the width is 2y 3 2.œ œ œ œ3
4

3 2Š ‹È È ÈÈ
#

12. P 4x 4y subject to g(x y) 1 0; P 4 4  and g  so that P gœ � ß œ � � œ œ � œ � œx 2x
a b a b

y 2y#

# # # #

#

™ ™ ™ ™i j i j -

  4  and 4    and 4   y x  1  Ê œ œ Ê œ œ Ê œ Ê � œ Ê �ˆ ‰ ˆ ‰ ˆ ‰ Š ‹ Š ‹2x 2a 2a b x x b x
a b x b x a a b a

2y 2y x

a# # # # # # #

# # # # # # #

#

#

#
#

%- - -
Š ‹b

a

 1  a b x a   x , since x 0  y x   width 2xœ Ê � œ Ê œ � Ê œ œ Ê œ œa b Š ‹# # # %
� � �

a b b 2a
a b a b a ba

# # # #

# # # # # ##È È È
 and height 2y   perimeter is P 4x 4y 4 a bœ œ Ê œ � œ œ �2b 4a 4b

a b a b

# # #

# # # #È È� �

� # #È
13. f 2x 2y  and g (2x 2) (2y 4)  so that f g 2x 2y  [(2x 2) (2y 4) ]™ ™ ™ ™œ � œ � � � œ œ � œ � � �i j i j i j i j- -

  2x (2x 2) and 2y (2y 4)  x  and y , 1  y 2x  x 2x (2x) 4(2x) 0Ê œ � œ � Ê œ œ Á Ê œ Ê � � � œ- - -- -
- -� �

# #
1 1

2

 x 0 and y 0, or x 2 and y 4.  Therefore f(0 0) 0 is the minimum value and f(2 4) 20 is the maximumÊ œ œ œ œ ß œ ß œ

 value.  (Note that 1 gives 2x 2x 2 or 2, which is impossible.)- œ œ � ! œ �

14. f 3  and g 2x 2y  so that f g 3 2 x and 1 2 y  and 1 2 y™ ™ ™ ™œ � œ � œ Ê œ � œ Ê œ � œi j i j - - - - 3 3
2x 2x

ˆ ‰
 y   x 4  10x 36 x   x  and y , or x  andÊ œ � Ê � � œ Ê œ Ê œ „ Ê œ œ � œ �x x 6 6 2 6

3 3 10 10 10 10
# ##ˆ ‰ È È È È

 y .  Therefore f 6 2 10 6 12.325 is the maximum value, and fœ ß� œ � œ � ¸ � ß2 6 2 20 6 2
10 10 10 10 10 10È È È È È ÈŠ ‹ Š ‹È

 2 10 6 0.325 is the minimum value.œ � � ¸ �È
15. T (8x 4y) ( 4x 2y)  and g(x y) x y 25 0  g 2x 2y  so that T g™ ™ ™ ™œ � � � � ß œ � � œ Ê œ � œi j i j# # -

  (8x 4y) ( 4x 2y) (2x 2y )  8x 4y 2 x and 4x 2y 2 y  y , 1Ê � � � � œ � Ê � œ � � œ Ê œ Ái j i j- - - -�
�
2x

1-

  8x 4 2 x  x 0, or 0, or 5.Ê � œ Ê œ œ œˆ ‰�
�
2x

1-
- - -

 CASE 1: x 0  y 0; but (0 0) is not on x y 25 so x 0.œ Ê œ ß � œ Á# #

 CASE 2: 0  y 2x  x (2x) 25  x 5 and y 2x.- œ Ê œ Ê � œ Ê œ „ œ# # È
 CASE 3: 5  y x 25 x 2 5 x 2 5 and y 5, or x 2 5- œ Ê œ œ � Ê � � œ Ê œ „ Ê œ œ � œ ��

# #
# #2x x x

4
ˆ ‰ È È È È

 and y 5 .œ È
 Therefore T 5 2 5 0° T 5 2 5  is the minimum value and T 2 5 5  125°Š ‹ Š ‹ Š ‹È È È È È Èß œ œ � ß� ß� œ

 T 2 5 5  is the maximum value.  (Note:  1  x 0 from the equation 4x 2y 2 y; but weœ � ß œ Ê œ � � œŠ ‹È È - -

 found x 0 in CASE 1.)Á

16. The surface area is given by S 4 r 2 rh subject to the constraint V(r h) r r h 8000.  Thusœ � ß œ � œ1 1 1 1# $ #4
3

 S (8 r 2 h) 2 r  and V 4 r 2 rh r  so that S V (8 r 2 h) 2 r™ ™ ™ ™œ � � œ � � œ œ � �1 1 1 1 1 1 - 1 1 1i j i j i ja b# #

 4 r 2 rh r   8 r 2 h 4 r 2 rh  and 2 r r   r 0 or 2 r .  But r 0œ � � Ê � œ � œ Ê œ œ Á- 1 1 1 1 1 - 1 1 1 -1 -c d a ba b# # # #i j
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852 Chapter 14 Partial Derivatives

 so 2 r     4r h 2r rh   h 0  the tank is a sphere (there is no cylindrical part) andœ Ê œ Ê � œ � Ê œ Ê- - 2 2
r r a b#

 r 8000  r 10 .4 6
3 1

$ "Î$
œ Ê œ ˆ ‰

1

17. Let f(x y z) (x 1) (y 1) (z 1)  be the square of the distance from (1 1 1).  Thenß ß œ � � � � � ß ß# # #

 f 2(x 1) 2(y 1) 2(z 1)  and g 2 3  so that f g™ ™ ™ ™œ � � � � � œ � � œi j k i j k -

  2(x 1) 2(y 1) 2(z 1) ( 2 3 )  2(x 1) , 2(y 1) 2 , 2(z 1) 3Ê � � � � � œ � � Ê � œ � œ � œi j k i j k- - - -

  2(y 1) 2[2(x 1)] and 2(z 1) 3[2(x 1)]  x   z 2 3  or z ; thusÊ � œ � � œ � Ê œ Ê � œ œy 1 y 1 3y 1� � �
# # #

ˆ ‰
 2y 3 13 0  y 2  x  and z .  Therefore the point 2  is closest (since noy 1 3y 1 3 5 3 5� �

# # # # # #� � � œ Ê œ Ê œ œ ß ßˆ ‰ ˆ ‰
 point on the plane is farthest from the point (1 1 1)).ß ß

18. Let f(x y z) (x 1) (y 1) (z 1)  be the square of the distance from (1 1 1).  Thenß ß œ � � � � � ß� ß# # #

 f 2(x 1) 2(y 1) 2(z 1)  and g 2x 2y 2z  so that f g x 1 x, y 1 y™ ™ ™ ™œ � � � � � œ � � œ Ê � œ � œi j k i j k - - -

 and z 1 z  x , y , and z  for 1  4� œ Ê œ œ � œ Á Ê � � œ- -" " " " �" "
� � � � � �

# # #

1 1 1 1 1 1- - - - - -
ˆ ‰ ˆ ‰ ˆ ‰

    x , y , z  or x , y , z .  The largest value of fÊ œ „ Ê œ œ � œ œ � œ œ �"
"�-

2 2 2 2 2 2 2
3 3 3 3 3 3 3È È È È È È È

 occurs where x 0, y 0, and z 0 or at the point  on the sphere.� � � � ß ß�Š ‹2 2 2
3 3 3È È È

19. Let f(x y z) x y z  be the square of the distance from the origin.  Then f 2x 2y 2z  andß ß œ � � œ � �# # #
™ i j k

 g 2x 2y 2z  so that f g  2x 2y 2z (2x 2y 2z )  2x 2x , 2y 2y ,™ ™ ™œ � � œ Ê � � œ � � Ê œ œi j k i j k i j k- - - -

 and 2z 2z   x 0 or 1.œ � Ê œ œ- -

 CASE 1: 1 2y 2y y 0; 2z 2z  z 0 x 1 0  x 1 0 x 1 and y z 0.- œ Ê œ � Ê œ œ � Ê œ Ê � œ Ê � œ Ê œ „ œ œ# #

 CASE 2: x 0  y z 1, which has no solution.œ Ê � œ# #

 Therefore the points on the unit circle x y 1, are the points on the surface  x y z 1 closest to the origin# # # # #� œ � � œ Þ

 The minimum distance is 1.

20. Let f(x y z) x y z  be the square of the distance to the origin.  Then f 2x 2y 2z  andß ß œ � � œ � �# # #
™ i j k

 g y x  so that f g  2x 2y 2z (y x )  2x y, 2y x, and 2z™ ™ ™œ � � œ Ê � � œ � � Ê œ œ œ �i j k i j k i j k- - - - -

  x   2y   y 0 or 2.Ê œ Ê œ Ê œ œ „- -y y
# #- -Š ‹

 CASE 1: y 0  x 0  z 1 0  z 1.œ Ê œ Ê � � œ Ê œ

 CASE 2: 2  x y and z 1  x ( 1) 1 0  x 2 0, so no solution.- œ Ê œ œ � Ê � � � œ Ê � œ# #

 CASE 3: 2  x y and z 1  ( y)y 1 1 0  y 0, again.- œ � Ê œ � œ Ê � � � œ Ê œ

 Therefore (0 0 1) is the point on the surface closest to the origin since this point gives the only extreme valueß ß

 and there is no maximum distance from the surface to the origin.

21. Let f(x y z) x y z  be the square of the distance to the origin.  Then f 2x 2y 2z  andß ß œ � � œ � �# # #
™ i j k

 g y x 2z  so that f g  2x 2y 2z ( y x 2z )  2x y , 2y x , and™ ™ ™œ � � � œ Ê � � œ � � � Ê œ � œ �i j k i j k i j k- - - -

 2z 2z   1 or z 0.œ Ê œ œ- -

 CASE 1: 1  2x y and 2y x  y 0 and x 0  z 4 0  z 2 and x y 0.- œ Ê œ � œ � Ê œ œ Ê � œ Ê œ „ œ œ#

 CASE 2: z 0 xy 4 0  y .  Then 2x   , and x   xœ Ê � � œ Ê œ � œ Ê œ � œ � Ê � œ �4 4 x 8 8 x
x x x x- - -

# #

# #Š ‹
   x 16  x 2.  Thus, x 2 and y 2, or x = 2 and y 2.Ê œ Ê œ „ œ œ � � œ%

 Therefore we get four points:  ( 2 0), ( 2 2 0), (0 0 2) and ( 0 2).  But the points ( 0 2) and ( 2)#ß� ß � ß ß ß ß !ß ß � !ß ß !ß !ß�

 are closest to the origin since they are 2 units away and the others are 2 2 units away.È
22. Let f(x y z) x y z  be the square of the distance to the origin.  Then f 2x 2y 2z  andß ß œ � � œ � �# # #

™ i j k
 g yz xz xy  so that f g  2x yz, 2y xz, and 2z xy  2x xyz and 2y yxz™ ™ ™œ � � œ Ê œ œ œ Ê œ œi j k - - - - - -# #

  x y   y x  z x  x x x 1  x 1  the points are (1 1 1), ( 1 1),Ê œ Ê œ „ Ê œ „ Ê „ „ œ Ê œ „ Ê ß ß "ß� ß�# # a b a b
 ( ), and ( 1 1, 1).�"ß�"ß " � ß �
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23. f 2 5  and g 2x 2y 2z  so that f g 2 5 (2x 2y 2z ) 1 2x ,™ ™ ™ ™œ � � œ � � œ Ê � � œ � � Ê œi j k i j k i j k i j k- - -

 2 2y , and 5 2z   x , y 2x, and z 5x  x ( 2x) (5x) 30  x 1.� œ œ Ê œ œ � œ � œ œ Ê � � � œ Ê œ „- - " "
# #

# # #
- - -

5

 Thus, x 1, y 2, z 5 or x 1, y 2, z 5.  Therefore f(1 2 5) 30 is the maximum value andœ œ � œ œ � œ œ � ß� ß œ

 f( 1 2 5) 30 is the minimum value.� ß ß� œ �

24. f 2 3  and g 2x 2y 2z  so that f g 2 3 (2x 2y 2z ) 1 2x ,™ ™ ™ ™œ � � œ � � œ Ê � � œ � � Ê œi j k i j k i j k i j k- - -

 2 2y , and 3 2z   x , y 2x, and z 3x  x (2x) (3x) 25  x .œ œ Ê œ œ œ œ œ Ê � � œ Ê œ „- - " "
# #

# # #
- - -

3 5
14È

 Thus, x , y , z  or x , y , z .  Therefore fœ œ œ œ � œ � œ � ß ß5 10 15 5 10 15 5 10 15
14 14 14 14 14 14 14 14 14È È È È È È È È ÈŠ ‹

 5 14 is the maximum value and f , 5 14 is the minimum value.œ � ß� � œ �È ÈŠ ‹5 10 15
14 14 14È È È

25. f(x y z) x y z  and g(x y z) x y z 9 0  f 2x 2y 2z  and g  so thatß ß œ � � ß ß œ � � � œ Ê œ � � œ � �# # #
™ ™i j k i j k

 f g  2x 2y 2z ( )  2x , 2y , and 2z x y z x x x 9 0™ ™œ Ê � � œ � � Ê œ œ œ Ê œ œ Ê � � � œ- - - - -i j k i j k
  x 3, y 3, and z 3.Ê œ œ œ

26. f(x y z) xyz and g(x y z) x y z 16 0  f yz xz xy  and g 2z  so thatß ß œ ß ß œ � � � œ Ê œ � � œ � �#
™ ™i j k i j k

 f g  yz xz xy ( 2z )  yz , xz , and xy 2z yz xz z 0 or y x.™ ™œ Ê � � œ � � Ê œ œ œ Ê œ Ê œ œ- - - - -i j k i j k
 But z 0 so that y x  x 2z  and xz .  Then x 2z(xz)  x 0 or x 2z .  But x 0 so that� œ Ê œ œ œ Ê œ œ �# # #- -

 x 2z   y 2z   2z 2z z 16  z .  We use z  since z 0.  Then x  and yœ Ê œ Ê � � œ Ê œ „ œ � œ œ# # # # # 4 4 32 32
5 5 5 5È È

 which yields f .Š ‹32 32 4 4096
5 5 5 25 5
ß ß œÈ È

27. V xyz and g(x y z) x y z 1 0  V yz xz xy  and g 2x 2y 2z  so thatœ ß ß œ � � � œ Ê œ � � œ � �# # #
™ ™i j k i j k

 V g  yz x, xz y, and xy z  xyz x  and xyz y   y x  z x™ ™œ Ê œ œ œ Ê œ œ Ê œ „ Ê œ „- - - - - -# #

  x x x 1  x  since x 0  the dimensions of the box are  by  by  for maximumÊ � � œ Ê œ � Ê# # # "È È È È3 3 3 3
1 1 1

 volume.  (Note that there is no minimum volume since the box could be made arbitrarily thin.)

28. V xyz with x y z all positive and 1; thus V xyz and g(x y z) bcx acy abz abc 0œ ß ß � � œ œ ß ß œ � � � œx z
a b c

y

  V yz xz xy  and g bc ac ab  so that V g  yz bc, xz ac, and xy abÊ œ � � œ � � œ Ê œ œ œ™ ™ ™ ™i j k i j k - - - -

  xyz bcx, xyz acy, and xyz abz  0.  Also, bcx acy abz  bx ay, cy bz, andÊ œ œ œ Ê Á œ œ Ê œ œ- - - - - - -

 cx az  y x and z x.  Then 1  x x 1  1  xœ Ê œ œ � � œ Ê � � œ Ê œ Ê œb c x c x b c 3x a
a a a b z a b a c a a 3

y " "ˆ ‰ ˆ ‰
  y  and z   V xyz  is the maximum volume.  (Note thatÊ œ œ œ œ Ê œ œ œˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰b a b c a c a b c abc

a 3 3 a 3 3 3 3 3 27

 there is no minimum volume since the box could be made arbitrarily thin.)

29. T 16x 4z (4y 16)  and g 8x 2y 8z  so that T g  16x 4z (4y 16)™ ™ ™ ™œ � � � œ � � œ Ê � � �i j k i j k i j k-

 (8x 2y 8z )  16x 8x , 4z 2y , and 4y 16 8z   2 or x 0.œ � � Ê œ œ � œ Ê œ œ- - - - -i j k
 CASE 1: 2  4z 2y(2)  z y.  Then 4z 16 16z  z   y .  Then- œ Ê œ Ê œ � œ Ê œ � Ê œ �4 4

3 3

 4x 4 16  x .# # #
� � � � œ Ê œ „ˆ ‰ ˆ ‰4 4 4

3 3 3

 CASE 2: x 0    4y 16 8z   y 4y 4z   4(0) y y 4y 16 0œ Ê œ Ê � œ Ê � œ Ê � � � � œ- 2z 2z
y yŠ ‹ a b# # # # #

  y 2y 8 0  (y 4)(y 2) 0  y 4 or y 2.  Now y 4  4z 4 4(4)Ê � � œ Ê � � œ Ê œ œ � œ Ê œ �# # #

  z 0 and y 2  4z ( 2) 4( 2)  z 3.Ê œ œ � Ê œ � � � Ê œ „# # È
 The temperatures are T  642 , T(0 4 0) 600°, T 0 2 3 600 24 3 , andˆ ‰ Š ‹ Š ‹È È„ ß� ß� œ ß ß œ ß� ß œ �4 4 4 2

3 3 3 3
° °

 T 0 2 3 600 24 3 641.6°.  Therefore  are the hottest points on the space probe.Š ‹ Š ‹È È ˆ ‰ß � ß� œ � ¸ „ ß� ß�
°

4 4 4
3 3 3
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854 Chapter 14 Partial Derivatives

30. T 400yz 400xz 800xyz  and g 2x 2y 2z  so that T g™ ™ ™ ™œ � � œ � � œ# #i j k i j k -

  400yz 400xz 800xyz (2x 2y 2z )  400yz 2x , 400xz 2y , and 800xyz 2z .Ê � � œ � � Ê œ œ œ# # # #i j k i j k- - - -

 Solving this system yields the points 1 0 , 1 0 0 , and .  The correspondinga b a b Š ‹!ß „ ß „ ß ß „ ß „ ß „" "
# # #

È2

 temperatures are T 1 0 0, T 1 0 0 0, and T 50.  Therefore 50 is thea b a b Š ‹!ß „ ß œ „ ß ß œ „ ß „ ß „ œ „" "
# # #

È2

 maximum temperature at  and ; 50 is the minimum temperature atŠ ‹ Š ‹" " " "
# # # # # #ß ß „ � ß� ß „ �

È È2 2

  and .Š ‹ Š ‹" " " "
# # # # # #ß � ß „ � ß ß „

È È2 2

31. U (y 2) x  and g 2  so that U g  (y 2) x (2 )  y 2  and™ ™ ™ ™œ � � œ � œ Ê � � œ � Ê � # œi j i j i j i j- - -

 x   y 2 2x  y 2x 2  2x (2x 2) 30  x 8 and y 14.  Therefore U(8 14) $128œ Ê � œ Ê œ � Ê � � œ Ê œ œ ß œ-

 is the maximum value of U under the constraint.

32. M (6 z) 2y x  and g 2x 2y 2z  so that M g  (6 z) 2y x™ ™ ™ ™œ � � � œ � � œ Ê � � �i j k i j k i j k-

 (2x 2y 2z )  6 z 2x , 2y 2y , x 2z   1 or y 0.œ � � Ê � œ � œ œ Ê œ � œ- - - - -i j k
 CASE 1: 1  6 z 2x and x 2z  6 z 2( 2z)  z 2 and x 4.  Then- œ � Ê � œ � œ � Ê � œ � � Ê œ œ �

 ( 4) y 2 36 0  y 4.� � � � œ Ê œ „# # #

 CASE 2: y 0, 6 z 2x , and x 2z     6 z 2x   6z z xœ � œ œ Ê œ Ê � œ Ê � œ- - - x x
2z 2z

ˆ ‰ # #

  6z z 0 z 36  z 6 or z 3.  Now z 6  x 0  x 0; z 3Ê � � � œ Ê œ � œ œ � Ê œ Ê œ œa b# # # #

  x 27  x 3 3.Ê œ Ê œ „# È
 Therefore we have the points 3 3 0 3 , (0 0 6), and 4 4 2 .  Then M 3 3 0 3 27 3 60Š ‹ Š ‹È È Èa b„ ß ß ß ß � � ß „ ß ß ß œ �

 106.8, M 3 3 0 3 60 27 3 13.2, M(0 0 6) 60, and M( 4 4 2) 12 M( 4 4 2). Therefore,¸ � ß ß œ � ¸ ß ß� œ � ß ß œ œ � ß� ßŠ ‹È È
 the weakest field is at 4 4 2 .a b� ß „ ß

33. Let g (x y z) 2x y 0 and g (x y z) y z 0 g 2 , g , and f 2x 2 2z" # " #ß ß œ � œ ß ß œ � œ Ê œ � œ � œ � �™ ™ ™i j j k i j k
 so that f g g   2x 2 2z (2 ) ( )  2x 2 2z 2 ( )™ ™ ™œ � Ê � � œ � � � Ê � � œ � � �- . - . - . - ." # i j k i j j k i j k i j k
  2x 2 , 2 , and 2z   x .  Then 2 2z x  x 2z 2 so that 2x y 0Ê œ œ � � œ Ê œ œ � � Ê œ � � � œ- . - . -

  2( 2z 2) y 0  4z 4 y 0.  This equation coupled with y z 0 implies z  and y . ThenÊ � � � œ Ê � � � œ � œ œ � œ4 4
3 3

 x  so that  is the point that gives the maximum value f 2 .œ ß ß� ß ß� œ � � � œ2 2 4 4 2 4 4 2 4 4 4
3 3 3 3 3 3 3 3 3 3 3

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰# #

34. Let g (x y z) x 2y 3z 6 0 and g (x y z) x 3y 9z 9 0  g 2 3 ," # "ß ß œ � � � œ ß ß œ � � � œ Ê œ � �™ i j k
 g 3 9 , and f 2x 2y 2z  so that f g g   2x 2y 2z™ ™ ™ ™ ™# " #œ � � œ � � œ � Ê � �i j k i j k i j k- .

 ( 2 3 ) ( 3 9 )  2x , 2y 2 3 , and 2z 3 9 .  Then 0 x 2y 3z 6œ � � � � � Ê œ � œ � œ � œ � � �- . - . - . - .i j k i j k
 ( ) (2 3 ) 6  7 17 6; 0 x 3y 9z 9œ � � � � � � Ê � œ œ � � �"

# # #- . - . - . - .ˆ ‰9 27

  ( ) 3 9  34 91 18.  Solving these two equations for  and  givesÊ � � � � � � Ê � œ"
# # # #- . - . - . - . - .ˆ ‰ ˆ ‰9 27 81

  and   x , y , and z .  The minimum value is- .œ œ � Ê œ œ œ œ œ œ240 78 81 123 9
59 59 59 59 59

2 3 3 9- . - . - .� � �
# # #

 f .  (Note that there is no  value of f subject to the constraints becauseˆ ‰81 123 9 369
59 59 59 59 59

21,771ß ß œ œ# maximum

 at least one of the variables x, y, or z can be made arbitrary and assume a value as large as we please.)

35. Let f(x y z) x y z  be the square of the distance from the origin.  We want to minimize f(x y z) subject to theß ß œ � � ß ß# # #

 constraints g (x y z) y 2z 12 0 and g (x y z) x y 6 0.  Thus f 2x 2y 2z , g 2 ," # "ß ß œ � � œ ß ß œ � � œ œ � � œ �™ ™i j k j k
 and g  so that f g g 2x , 2y , and 2z 2 .  Then 0 y 2z 12™ ™ ™ ™# " #œ � œ � Ê œ œ � œ œ � �i j - . . - . -

 2 12 12 5 24; 0 x y 6 6 6œ � � � Ê � œ Ê � œ œ � � œ � � � Ê � œˆ ‰ ˆ ‰- -. . .

# # # # # # # #
" "- - . - . - .5

 12.  Solving these two equations for  and  gives 4 and 4  x 2, y 4, andÊ � # œ œ œ Ê œ œ œ œ- . - . - .
. - .

# #
�

 z 4.  The point (2 4 4) on the line of intersection is closest to the origin.  (There is no maximum distance from theœ œ ß ß-

 origin since points on the line can be arbitrarily far away.)
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36. The maximum value is f  from Exercise 33 above.ˆ ‰2 4 4 4
3 3 3 3ß ß � œ

37. Let g (x y z) z 1 0 and g (x y z) x y z 10 0  g , g 2x 2y 2z , and" # " #
# # #ß ß œ � œ ß ß œ � � � œ Ê œ œ � �™ ™k i j k

 f 2xyz x z x y  so that f g g   2xyz x z x y ( ) (2x 2y 2z )™ ™ ™ ™œ � � œ � Ê � � œ � � �i j k i j k k i j k# # # #
" #- . - .

  2xyz 2x , x z 2y , and x y 2z   xyz x   x 0 or yz   y since z 1.Ê œ œ œ � Ê œ Ê œ œ Ê œ œ. . . - . . .# #

 CASE 1: x 0 and z 1  y 9 0 (from g )  y 3 yielding the points 0 3 1 .œ œ Ê � œ Ê œ „ ß „ ß#
# a b

 CASE 2: y  x z 2y   x 2y  (since z 1)  2y y 1 10 0 (from g )  3y 9 0. œ Ê œ Ê œ œ Ê � � � œ Ê � œ# # # # # # #
#

  y 3  x 2 3   x 6 yielding the points 6 3 .Ê œ „ Ê œ „ Ê œ „ „ ß „ ß "È È È È ÈŠ ‹ Š ‹#
#

 Now f 3 1 1 and f 6 3 6 3 1 1 6 3.  Therefore the maximum of f isa b Š ‹ Š ‹È È È È!ß „ ß œ „ ß „ ß " œ „ � œ „

 1 6 3 at 6 3 1 , and the minimum of f is 1 6 3 at 6 3 .� „ ß ß � „ ß� ß "È È È È È ÈŠ ‹ Š ‹
38. (a) Let g (x y z) x y z 40 0 and g (x y z) x y z 0  g , g , and" # " #ß ß œ � � � œ ß ß œ � � œ Ê œ � � œ � �™ ™i j k i j k
 w yz xz xy  so that w g g   yz xz xy ( ) ( )™ ™ ™ ™œ � � œ � Ê � � œ � � � � �i j k i j k i j k i j k- . - ." #

  yz , xz , and xy   yz xz  z 0 or y x.Ê œ � œ � œ � Ê œ Ê œ œ- . - . - .

 CASE 1: z 0  x y 40 and x y 0  no solution.œ Ê � œ � œ Ê

 CASE 2: x y  2x z 40 0 and 2x z 0  z 20  x 10 and y 10  w (10)(10)(20)œ Ê � � œ � œ Ê œ Ê œ œ Ê œ

 2000œ

 (b) 2 2  is parallel to the line of intersection  the line is x 2t 10, n i j
i j k

œ œ � � Ê œ � �" " "

" " �"

â ââ ââ ââ ââ ââ â
 y 2t 10, z 20.  Since z 20, we see that w xyz ( 2t 10)(2t 10)(20) 4t 100 (20)œ � œ œ œ œ � � � œ � �a b#

 which has its maximum when t 0  x 10, y 10, and z 20.œ Ê œ œ œ

39. Let g ( y z) y x 0 and g (x y z) x y z 4 0.  Then f y x 2z , g , and" # "
# # #Bß ß œ � œ ß ß œ � � � œ œ � � œ � �™ ™i j k i j

 g 2x 2y 2z  so that f g g   y x 2z ( ) (2x 2y 2z )™ ™ ™# " #œ � � ™ œ � Ê � � œ � � � � �i j k i j k i j i j k- . - .

  y 2x , x 2y , and 2z 2z   z 0 or 1.Ê œ � � œ � œ Ê œ œ- . - . . .

 CASE 1: z 0  x y 4 0  2x 4 0 (since x y)  x 2 and y 2 yielding the pointsœ Ê � � œ Ê � œ œ Ê œ „ œ „# # # È È
 2 2 .Š ‹È È„ ß „ ß !

 CASE 2: 1  y 2x and x 2y  x y 2(x y)  2x 2(2x) since x y x 0 y 0. - -œ Ê œ � � œ � Ê � œ � Ê œ œ Ê œ Ê œ

  z 4 0  z 2 yielding the points 2 .Ê � œ Ê œ „ !ß !ß „# a b
 Now, f 2 4 and f 2 2 2.  Therefore the maximum value of f is 4 at 2  and thea b a bŠ ‹È È!ß !ß „ œ „ ß „ ß ! œ !ß !ß „

 minimum value of f is 2 at 2 2 .Š ‹È È„ ß „ ß !

40. Let f(x y z) x y z  be the square of the distance from the origin.  We want to minimize f(x y z) subjectß ß œ � � ß ß# # #

 to the constraints g (x y z) 2y 4z 5 0 and g (x y z) 4x 4y z 0.  Thus f 2x 2y 2z ," #
# # #ß ß œ � � œ ß ß œ � � œ œ � �™ i j k

 g 2 4 , and g 8x 8y 2z  so that f g g   2x 2y 2z™ ™ ™ ™ ™" # " #œ � œ � � œ � Ê � �j k i j k i j k- .

 (2 4 ) (8x 8y 2z )  2x 8x , 2y 2 8y , and 2z 4 2z   x 0 or .œ � � � � Ê œ œ � œ � Ê œ œ- . . - . - . .j k i j k "
4

 CASE 1: x 0  4(0) 4y z 0  z 2y  2y 4(2y) 5 0  y , or 2y 4( 2y) 5 0œ Ê � � œ Ê œ „ Ê � � œ Ê œ � � � œ# # # "
#

  y  yielding the points  and .Ê œ � !ß ß " !ß� ß5 5 5
6 6 3

ˆ ‰ ˆ ‰"
#

 CASE 2:   y y  0  2z 4(0) 2z   z 0  2y 4(0) 5  y  and. - -œ Ê œ � Ê œ Ê œ � Ê œ Ê � œ Ê œ" "
#4 4
5ˆ ‰

 (0) 4x 4   no solution.# #
#

#
œ � Êˆ ‰5

 Then f 1  and f 25   the point 1  is closest to the origin.ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰!ß ß œ !ß� ß œ � œ Ê !ß ß" " " "
# #

5 5 5 125
4 6 3 36 9 36
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41. f  and g y x  so that f g  (y x )  1 y  and 1 x   y x™ ™ ™ ™œ � œ � œ Ê � œ � Ê œ œ Ê œi j i j i j i j- - - -

  y 16  y 4  (4 4) and ( 4) are candidates for the location of extreme values.  But as x  ,Ê œ Ê œ „ Ê ß �%ß� Ä _#

 y   and f(x y)  ; as x  , y  0 and f(x y) .  Therefore no maximum or minimum valueÄ _ ß Ä _ Ä �_ Ä ß Ä �_

 exists subject to the constraint.

42. Let f(A B C)  (Ax By C z ) C (B C 1) (A B C 1) (A C 1) .  We wantß ß œ � � � œ � � � � � � � � � �!4

k 1œ
k k k

# # # # #

 to minimize f.  Then f (A B C) 4A 2B 4C, f (A B C) 2A 4B 4C 4, andA Bß ß œ � � ß ß œ � � �

 f (A B C) 4A 4B 8C 2.  Set each partial derivative equal to 0 and solve the system to get A ,C ß ß œ � � � œ � "
#

 B , and C  or the critical point of f is .œ œ � � ß ß�3 3
4 4# # #
" " "ˆ ‰

43. (a) Maximize f(a b c) a b c  subject to a b c r .  Thus f 2ab c 2a bc 2a b c  andß ß œ � � œ œ � �# # # # # # # # # # # # #
™ i j k

 g 2a 2b 2c  so that f g  2ab c 2a , 2a bc 2b , and 2a b c 2c™ ™ ™œ � � œ Ê œ œ œi j k - - - -# # # # # #

  2a b c 2a 2b 2c   0 or a b c .Ê œ œ œ Ê œ œ œ# # # # # # # # #- - - -

 CASE 1: 0  a b c 0.- œ Ê œ# # #

 CASE 2: a b c   f(a b c) a a a  and 3a r   f(a b c)  is the maximum value.# # # # # # # #
$

œ œ Ê ß ß œ œ Ê ß ß œ Š ‹r
3

#

 (b) The point a b c  is on the sphere if a b c r .  Moreover, by part (a), abc f a b cŠ ‹ Š ‹È È È ÈÈ Èß ß � � œ œ ß ß#

   (abc) , as claimed.Ÿ Ê Ÿ œŠ ‹r r a b c
3 3 3

# #
$

"Î$ � �

44. Let f(x x x )  a x  a x a x a x  and g(x x x ) x x x 1.  Then we" # " " # # " #
# # #ß ßá ß œ œ � �á � ß ßá ß œ � �á � �n i i n n n n

!n

i 1œ
" #

 want f g  a (2x ), a (2x ), , a (2x ), 0  x   1™ ™œ Ê œ œ á œ Á Ê œ Ê � �á � œ- - - - -" " # # n n i
a
2 4 4 4

a a ai

- - - -

# #

" #

# # #

#

n

  4  a   2  a   f(x x x )  a x  a    a  a  isÊ œ Ê œ Ê ß ßá ß œ œ œ œ- -# # # # #
"Î# "Î#

" # # #
"! ! ! ! ! !Œ � Œ �ˆ ‰n

i 1
i i i in i i i

œ

n n n n n

i 1 i 1 i 1 i 1 i 1œ œ œ œ œ

ai

- -

 the maximum value.

45-50. Example CAS commands:
 :Maple
 f := (x,y,z) -> x*y+y*z;
 g1 := (x,y,z) -> x^2+y^2-2;
 g2 := (x,y,z) -> x^2+z^2-2;
 h := unapply( f(x,y,z)-lambda[1]*g1(x,y,z)-lambda[2]*g2(x,y,z), (x,y,z,lambda[1],lambda[2]) );    # (a)
 hx := diff( h(x,y,z,lambda[1],lambda[2]), x );                                                                                           #(b)
 hy := diff( h(x,y,z,lambda[1],lambda[2]), y );
 hz := diff( h(x,y,z,lambda[1],lambda[2]), z );
 hl1 := diff( h(x,y,z,lambda[1],lambda[2]), lambda[1] );
 hl2 := diff( h(x,y,z,lambda[1],lambda[2]), lambda[2] );
 sys := { hx=0, hy=0, hz=0, hl1=0, hl2=0 };
 q1 := solve( sys, {x,y,z,lambda[1],lambda[2]} );                                                                                   # (c)
 q2 := map(allvalues,{q1});
 for p in q2 do                                                                                                                                             # (d)
   eval( [x,y,z,f(x,y,z)], p );
   ``=evalf(eval( [x,y,z,f(x,y,z)], p ));
 end do;
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 Section 14.9 Taylor's Formula for Two Variables 857

Mathematica: (assigned functions will vary)
 Clear[x, y, z, lambda1, lambda2]
 f[x_,y_,z_]:= x y y z�

 g1[x_,y_,z_]:= x y 22 2� �

 g2[x_,y_,z_]:= x z 22 2� �

 h = f[x, y, z] lambda1 g1[x, y, z] lambda2 g2[x, y, z];� �

 hx= D[h, x];  hy= D[h, y];  hz= D[h,z]; hL1=D[h, lambda1];  hL2= D[h, lambda2];
 critical=Solve[{hx==0, hy==0, hz==0, hL1==0, hL2==0, g1[x,y,z]==0, g2[x,y,z]==0},
 {x, y, z, lambda1, lambda2}]//N
 {{x, y, z}, f[x, y, z]}/.critical

14.9  TAYLOR'S FORMULA FOR TWO VARIABLES

 1. f(x y) xe   f e , f xe , f 0, f e , f xeß œ Ê œ œ œ œ œy y y y y
x y xx xy yy

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß � ß � ß � ß � ß � ßx y xx xy yy
"
#

# #c d
 0 x 1 y 0 x 0 2xy 1 y 0 x xy  quadratic approximation;œ � � � � � œ �† † † † †

"
#

# #a b
 f 0, f 0, f e , f xexxx xxy xyy yyy

y yœ œ œ œ

  f(x y) quadratic x f ( ) 3x yf (0 0) 3xy f ( ) y f (0 0)Ê ß ¸ � !ß ! � ß � !ß ! � ß" $ # # $
6 xxx xxy xyy yyyc d

 x xy x 0 3x y 0 3xy 1 y 0 x xy xy , cubic approximationœ � � � � � œ � �" "$ # # $ #
#6 a b† † † †

 2. f(x y) e  cos y  f e  cos y, f e  sin y, f e  cos y, f e  sin y, f e  cos yß œ Ê œ œ � œ œ � œ �x x x x x x
x y xx xy yy

  f(x y) f(0 0) xf (0 0) yf ( 0) x f ( ) 2xyf ( ) y f (0 0)Ê ß ¸ ß � ß � !ß � !ß ! � !ß ! � ßx y xx xy yy
"
#

# #c d
 1 x 1 y 0 x 1 2xy 0 y ( 1) 1 x x y , quadratic approximation;œ � � � � � � œ � � �† † † † †

" "
# #

# # # #c d a b
 f e  cos y, f e  sin y, f e  cos y, f e  sin yxxx xxy xyy yyy

x x x xœ œ � œ � œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ � ß � !ß � ß � ß" $ # # $
6 xxx xxy xyy yyyc d

 1 x x y x 1 3x y 0 3xy ( 1) y 0œ � � � � � � � �" "
#

# # $ # # $a b c d6 † † † †

 1 x x y x 3xy , cubic approximationœ � � � � �" "
#

# # $ #a b a b6

 3. f(x y) y sin x  f y cos x, f sin x, f y sin x, f cos x, f 0ß œ Ê œ œ œ � œ œx y xx xy yy

  f(x y) f(0 0) xf (0 0) yf ( 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß � ß � !ß � ß � ß � ßx y xx xy yy
"
#

# #c d
 0 x 0 y 0 x 0 2xy 1 y 0 xy, quadratic approximation;œ � � � � � œ† † † † †

"
#

# #a b
 f y cos x, f sin x, f 0, f 0xxx xxy xyy yyyœ � œ � œ œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ � ß � !ß � ß � ß" $ # # $
6 xxx xxy xyy yyyc d

 xy x 0 3x y 0 3xy 0 y 0 xy, cubic approximationœ � � � � œ" $ # # $
6 a b† † † †

 4. f(x y) sin x cos y  f cos x cos y, f sin x sin y, f sin x cos y, f cos x sin y,ß œ Ê œ œ � œ � œ �x y xx xy

 f sin x cos y  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)yy x y xx xy yyœ � Ê ß ¸ ß � ß � ß � ß � ß � ß"
#

# #c d
 0 x 1 y 0 x 0 2xy 0 y 0 x, quadratic approximation;œ � � � � � œ† † † † †

"
#

# #a b
 f cos x cos y, f sin x sin y, f cos x cos y, f sin x sin yxxx xxy xyy yyyœ � œ œ � œ

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ � ß � !ß � ß � ß" $ # # $
6 xxx xxy xyy yyyc d

 x x ( 1) 3x y 0 3xy ( 1) y 0 x x 3xy , cubic approximationœ � � � � � � œ � �" "$ # # $ $ #
6 6c d a b† † † †

 5. f(x y) e  ln (1 y)  f e  ln (1 y), f , f e  ln (1 y), f , fß œ � Ê œ � œ œ � œ œ �x x x
x y xx xy yy

e e e
1  y 1  y (1  y)

x x x

� � � #

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß � ß � ß � ß � ß � ßx y xx xy yy
"
#

# #c d
 0 x 0 y 1 x 0 2xy 1 y ( 1) y 2xy y , quadratic approximation;œ � � � � � � œ � �† † † † †

" "
# #

# # #c d a b
 f e  ln (1 y), f , f , fxxx xxy xyy yyy

x e e 2e
1  y (1  y) (1  y)œ � œ œ � œ

x x x

� � �# $
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  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ � ß � !ß � ß � ß" $ # # $
6 xxx xxy xyy yyyc d

 y 2xy y x 0 3x y 1 3xy ( 1) y 2œ � � � � � � �" "# $ # # $
2 6a b c d† † † †

 y 2xy y 3x y 3xy 2y , cubic approximationœ � � � � �" "
#

# # # $a b a b6

 6. f(x y) ln (2x y 1)  f , f , f , f ,ß œ � � Ê œ œ œ œx y xx xy
2 4 2

2x  y  1 x  y  1 (2x  y  1) (2x  y  1)� � # � � � � � �
" � �

# #

 f   f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)yy x y xx xy yy(2x  y  1)œ Ê ß ¸ ß � ß � ß � ß � ß � ß�" "
� � #

# #
# c d

 0 x 2 y 1 x ( 4) 2xy ( 2) y ( 1) 2x y 4x 4xy yœ � � � � � � � � œ � � � � �† † † † †
" "
# #

# # # #c d a b
 (2x y)  (2x y) , quadratic approximation;œ � � �"

#
#

 f , f , f , fxxx xxy xyy yyy
16 8 4 2

(2x  y  1) (2x  y  1) (2x  y  1) (2x  y  1)œ œ œ œ� � � � � � � �$ $ $ $

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ � ß � !ß � ß � ß" $ # # $
6 xxx xxy xyy yyyc d

 (2x y) (2x y) x 16 3x y 8 3xy 4 y 2œ � � � � � � �" "
#

# $ # # $
6 a b† † † †

 (2x y) (2x y) 8x 12x y 6xy yœ � � � � � � �" "
#

# $ # # #
3 a b

 (2x y) (2x y) (2x y) , cubic approximationœ � � � � �" "
#

# $
3

 7. f(x y) sin x y   f 2x cos x y , f 2y cos x y , f 2 cos x y 4x  sin x y ,ß œ � Ê œ � œ � œ � � �a b a b a b a b a b# # # # # # # # # # #
x y xx

 f 4xy sin x y , f 2 cos x y 4y  sin x yxy yyœ � � œ � � �a b a b a b# # # # # # #

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß � ß � ß � ß � ß � ßx y xx xy yy
"
#

# #c d
 0 x 0 y 0 x 2 2xy 0 y 2 x y , quadratic approximation;œ � � � � � œ �† † † † †

"
#

# # # #a b
 f 12x sin x y 8x  cos x y , f 4y sin x y 8x y cos x y ,xxx xxyœ � � � � œ � � � �a b a b a b a b# # $ # # # # # # #

 f 4x sin x y 8xy  cos x y , f 12y sin x y 8y  cos x yxyy yyyœ � � � � œ � � � �a b a b a b a b# # # # # # # $ # #

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ � ß � !ß � ß � ß" $ # # $
6 xxx xxy xyy yyyc d

 x y x 0 3x y 0 3xy 0 y 0 x y , cubic approximationœ � � � � � œ �# # $ # # $ # #"
6 a b† † † †

 8. f(x y) cos x y   f 2x sin x y , f 2y sin x y ,ß œ � Ê œ � � œ � �a b a b a b# # # # # #
x y

 f 2 sin x y 4x  cos x y , f 4xy cos x y , f 2 sin x y 4y  cos x yxx xy yyœ � � � � œ � � œ � � � �a b a b a b a b a b# # # # # # # # # # # #

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß � ß � ß � ß � ß � ßx y xx xy yy
"
#

# #c d
 1 x 0 y 0 x 0 2xy 0 y 0 1, quadratic approximation;œ � � � � � œ† † † † †

"
#

# #c d
 f 12x cos x y 8x  sin x y , f 4y cos x y 8x y sin x y ,xxx xxyœ � � � � œ � � � �a b a b a b a b# # $ # # # # # # #

 f 4x cos x y 8xy  sin x y , f 12y cos x y 8y  sin x yxyy yyyœ � � � � œ � � � �a b a b a b a b# # # # # # # $ # #

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ � ß � !ß � ß � ß" $ # # $
6 xxx xxy xyy yyyc d

 1 x 0 3x y 0 3xy 0 y 0 1, cubic approximationœ � � � � œ" $ # # $
6 a b† † † †

 9. f(x y)   f f , f f fß œ Ê œ œ œ œ œ" "
� � � � � �1  x  y (1  x  y) (1  x  y)x y xx xy yy

2
# $

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß � ß � ß � ß � ß � ßx y xx xy yy
"
#

# #c d
 1 x 1 y 1 x 2 2xy 2 y 2 1 (x y) x 2xy yœ � � � � � œ � � � � �† † † † †

"
#

# # # #a b a b
 1 (x y) (x y) , quadratic approximation;  f f f fœ � � � � œ œ œ œ#

� �xxx xxy xyy yyy
6

(1  x  y)%

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ � ß � !ß � ß � ß" $ # # $
6 xxx xxy xyy yyyc d

 1 (x y) (x y) x 6 3x y 6 3xy 6 y 6œ � � � � � � � �# $ # # $"
6 a b† † † †

 1 (x y) (x y) x 3x y 3xy y 1 (x y) (x y) (x y) , cubic approximationœ � � � � � � � � œ � � � � � �# $ # # $ # $a b
10. f(x y)   f , f , f ,ß œ Ê œ œ œ" �

� � � � � � " � � � � � �
� �

1  x  y  xy (1  x  y  xy) (   x  y  xy) (1  x  y  xy)x y xx
1  y 2(1  y)1  x

# # $

#

 f , fxy yy
1

(   x  y  xy) (1  x  y  xy)
2(   x)œ œ" � � � � � �
" �

# $

#

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß � ß � ß � ß � ß � ßx y xx xy yy
"
#

# #c d
 1 x 1 y 1 x 2 2xy 1 y 2 1 x y x xy y , quadratic approximation;œ � � � � � œ � � � � �† † † † †

"
#

# # # #a b
Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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 f , f ,xxx xxy
6(1  y) [ 4(1  x  y  xy)  6(1  y)(1  x)](1  y)

(1  x  y  xy) (1  x  y  xy)œ œ� � � � � � � � �
� � � � � �

$

% %

 f , fxyy yyy
[ 4(1  x  y  xy)  6(1  x)(1  y)](1  x) 6(1  x)

(1  x  y  xy) (1  x  y  xy)œ œ� � � � � � � � �
� � � � � �% %

$

  f(x y) quadratic x f (0 0) 3x yf ( 0) 3xy f (0 0) y f (0 0)Ê ß ¸ � ß � !ß � ß � ß" $ # # $
6 xxx xxy xyy yyyc d

 1 x y x xy y x 6 3x y 2 3xy 2 y 6œ � � � � � � � � �# # $ # # $"
6 a b† † † †

 1 x y x xy y x x y xy y , cubic approximationœ � � � � � � � � �# # $ # # $

11. f(x y) cos x cos y  f sin x cos y, f cos x sin y, f cos x cos y, f sin x sin y,ß œ Ê œ � œ � œ � œx y xx xy

 f cos x cos y  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)yy x y xx xy yyœ � Ê ß ¸ ß � ß � ß � ß � ß � ß"
#

# #c d
 1 x 0 y 0 x ( 1) 2xy 0 y ( 1) 1 , quadratic approximation.  Since all partialœ � � � � � � � œ � �† † † † †

"
# # #

# #c d x y# #

 derivatives of f are products of sines and cosines, the absolute value of these derivatives is less than or equal

 to 1  E(x y) (0.1) 3(0.1) 3(0.1) 0.1) 0.00134.Ê ß Ÿ � � � Ÿ" $ $ $ $
6 c d

12. f(x y) e  sin y  f e  sin y, f e  cos y, f e  sin y, f e  cos y, f e  sin yß œ Ê œ œ œ œ œ �x x x x x x
x y xx xy yy

  f(x y) f(0 0) xf (0 0) yf (0 0) x f (0 0) 2xyf (0 0) y f (0 0)Ê ß ¸ ß � ß � ß � ß � ß � ßx y xx xy yy
"
#

# #c d
 0 x 0 y 1 x 0 2xy 1 y 0 y xy , quadratic approximation.  Now, f e  sin y,œ � � � � � œ � œ† † † † †

"
#

# #a b xxx
x

 f e  cos y, f e  sin y, and f e  cos y.  Since x 0.1, e  sin y e  sin 0.1 0.11 andxxy xyy yyy
x x x x 0 1œ œ � œ � Ÿ Ÿ ¸k k k k k kÞ

 e  cos y e  cos 0.1 1.11.  Therefore,k k k kx 0 1Ÿ ¸Þ

 E(x y) (0.11)(0.1) 3(1.11)(0.1) 3(0.11)(0.1) (1.11)(0.1) 0.000814.ß Ÿ � � � Ÿ" $ $ $ $
6 c d

14.10  PARTIAL DERIVATIVES WITH CONSTRAINED VARIABLES

 1. w x y z  and z x y :œ � � œ �# # # # #

 (a)     w     ; 0 and 2x 2y
y
z

x x(y z)
y y
z z

Œ � Î Ñ
Ï Ò Š ‹Ä Ä Ê œ � � œ œ �

œ ß

œ

œ

` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` `

` `w w x w w z z z x
y x y y y z y y y y y

y y

z

 2x 2y  0 2x 2y    (2x) (2y)(1) (2z)(0) 2y 2y 0œ � Ê œ � Ê œ � Ê œ � � � œ � � œ` ` ` `
` ` ` `

x x x w
y y y x y x

y yŠ ‹ ˆ ‰
z

 (b)     w     ; 0 and 2x 2y
x
z

x x
y y(x z)

z z
Œ � Î Ñ

Ï Ò ˆ ‰Ä Ä Ê œ � � œ œ �

œ

œ ß

œ

` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` `

` `w w x w w z x z x
z x z y z z z z z z z

y y
x

  1 2y     (2x)(0) (2y) (2z)(1) 1 2zÊ œ Ê œ Ê œ � � œ �` `
` ` # `

" ` "y y
z z y z 2y

wˆ ‰ Š ‹
x

 (c)     w     ; 0 and 2x 2y
y
z

x x(y z)
y y
z z

Œ � Î Ñ
Ï Ò ˆ ‰Ä Ä Ê œ � � œ œ �

œ ß

œ

œ

` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` `

` ` `w w x w w z z x
z x z y z z z z z z z

y y y
y

  1 2x     (2x) (2y)(0) (2z)(1) 1 2zÊ œ Ê œ Ê œ � � œ �` ` ` "
` ` ` #

x x 1 w
z z 2x z x

ˆ ‰ ˆ ‰
y

 2. w x y z sin t and x y t:œ � � � � œ#

 (a)     w      ; 0, 0, and
x
y
z

x x
y y
z z

t x y

Î Ñ
Ï Ò

Î ÑÐ ÓÐ Ó
Ï Ò

Š ‹Ä Ä Ê œ � � � œ œ

œ

œ

œ

œ �

` ` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` `

`w w x w w z w t x z
y x y y y z y t y y y

y

x zß

 1  (2x)(0) (1)(1) ( 1)(0) (cos t)(1) 1 cos t 1 cos (x y)` `
` `

t w
y yœ Ê œ � � � � œ � œ � �Š ‹

x tß

 (b)     w      ; 0 and 0
y
z
t

x t y
y y
z z
t t

Î Ñ
Ï Ò

Î ÑÐ ÓÐ Ó
Ï Ò

Š ‹Ä Ä Ê œ � � � œ œ

œ �

œ

œ

œ

` ` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` `

`w w x w w z w t z t
y x y y y z y t y y y

y

z tß

  1  (2x)( 1) (1)(1) ( 1)(0) (cos t)(0) 1 2 t y 1 2y 2tÊ œ � œ � Ê œ � � � � � œ � � œ � �` ` `
` ` ` `

`x t w
y y y y

y Š ‹ a b
z tß
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 (c)     w      ; 0 and 0
x
y
z

x x
y y
z z

t x y

Î Ñ
Ï Ò

Î ÑÐ ÓÐ Ó
Ï Ò

ˆ ‰Ä Ä Ê œ � � � œ œ

œ

œ

œ

œ �

` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` `

` `w w x w w z w t x
z x z y z z z t z z z

y y
x yß

  (2x)(0) (1)(0) ( 1)(1) (cos t)(0) 1Ê œ � � � � œ �ˆ ‰`
`
w
z x yß

 (d)     w      ; 0 and 0
y
z
t

x t y
y y
z z
t t

Î Ñ
Ï Ò

Î ÑÐ ÓÐ Ó
Ï Ò

ˆ ‰Ä Ä Ê œ � � � œ œ

œ �

œ

œ

œ

` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` `

` `w w x w w z w t t
z x z y z z z t z z z

y y
y tß

  (2x)(0) (1)(0) ( 1)(1) (cos t)(0) 1Ê œ � � � � œ �ˆ ‰`
`
w
z y tß

 (e)     w      ; 0 and 0
x
z
t

x x
y t x

z z
t t

Î Ñ
Ï Ò

Î ÑÐ ÓÐ Ó
Ï Ò

ˆ ‰Ä Ä Ê œ � � � œ œ

œ

œ �

œ

œ

` ` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` `

`w w x w w z w t x z
t x t y t z t t t t t

y
x zß

  (2x)(0) (1)(1) ( 1)(0) (cos t)(1) 1 cos tÊ œ � � � � œ �ˆ ‰`
`
w
t x zß

 (f)     w      ; 0 and 0
y
z
t

x t y
y y
z z
t t

Î Ñ
Ï Ò

Î ÑÐ ÓÐ Ó
Ï Ò

ˆ ‰Ä Ä Ê œ � � � œ œ

œ �

œ

œ

œ

` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` `

` `w w x w w z w t z
t x t y t z t t t t t

y y
y zß

  (2x)(1) (1)(0) ( 1)(0) (cos t)(1) cos t 2x cos t 2(t y)Ê œ � � � � œ � œ � �ˆ ‰`
`
w
t y zß

 3. U f(P V T) and PV nRTœ ß ß œ

 (a)     U     (0)
P
V

P P
V V
T

Œ � Î Ñ
Ï Ò ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰Ä Ä Ê œ � � œ � �

œ

œ

œ PV
nR

U U P U V U T U U U V
P P P V P T P P V T nR

` ` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` `V

 œ �` `
` `

U U V
P T nR

ˆ ‰ ˆ ‰
 (b)     U     (0)

V
T

P
V V
T T

Œ � Î Ñ
Ï Ò ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰Ä Ä Ê œ � � œ � �

œ

œ

œ

nRT
V

U U P U V U T U nR U U
T P T V T T T P V V T

` ` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` `V

 œ �ˆ ‰ ˆ ‰` `
` `

U nR U
P V T

 4. w x y z  and y sin z z sin x 0œ � � � œ# # #

 (a)     w     ; 0 and
x
y

x x
y y

z z(x y)
Œ � Î Ñ

Ï Ò ˆ ‰Ä Ä Ê œ � � œ

œ

œ

œ ß

` ` ` ` ` `
` ` ` ` ` ` ` `

` `w w x w w z
x x x y x z x x

y y
y

 (y cos z) (sin x) z cos x 0  .  At (0 1 ), ` ` ` � ` �
` ` ` � ` �

z z z z cos x z
x x x y cos z sin x x 1� � œ Ê œ ß ß œ œ1 11

  (2x)(1) (2y)(0) (2z)( ) 2Ê œ � � œˆ ‰ k`
`

#w
x ky (0 1 )

0 1
ß ß

Ð ß ß Ñ
1

1
1 1

 (b)     w     (2x) (2y)(0) (2z)(1)
y
z

x x(y z)
y y
z z

Œ � Î Ñ
Ï Ò ˆ ‰Ä Ä Ê œ � � œ � �

œ ß

œ

œ

` ` ` ` ` ` `
` ` ` ` ` ` ` `

`w w x w w z x
z x z y z z z z

y
y

 (2x) 2z.  Now (sin z) y cos z sin x (z cos x) 0 and 0œ � � � � œ œ` `
` ` ` `

` `x x
z z z z

y y

  y cos z sin x (z cos x) 0  .  At ( ), Ê � � œ Ê œ !ß "ß œ œ` ` ` � "
` ` `

� �x x x 1 0
z z z cos x z ( )(1)

y cos z sin x
1

1 1

  2(0) 2 2Ê œ � œˆ ‰ ˆ ‰` "
` C ! "ß Ñ
w
z ( ,k 1 1

1 1

 5. w x y yz z  and x y z 6œ � � � � œ# # $ # # #

 (a)     w     
x
y

x x
y y

z z(x y)
Œ � Î Ñ

Ï Ò Š ‹Ä Ä Ê œ � �

œ

œ

œ ß

` ` ` ` ` `
` ` ` ` ` ` `

`w w x w w z
y x y y y z y

y

x
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 2xy (0) 2x y z (1) y 3z  2x y z y 3z  .  Now (2x) 2y (2z) 0 andœ � � � � œ � � � � � œa b a b a b a b# # # # #` ` ` `
` ` ` `

z z x z
y y y y

 0  2y (2z) 0  .  At (w x y z) (4 2 1 1), 1  ` ` ` ` " `
` ` ` ` � `

x z z z w
y y y z y 1 y

yœ Ê � œ Ê œ � ß ß ß œ ß ß ß � œ � œ Ê ¹Š ‹
x (4 2 1 1)ß ß ß�

 (2)(2) (1) ( 1) 1 3( 1) (1) 5œ � � � � � œc d c d# #

 (b)     w     
y
z

x x(y z)
y y
z z

Œ � Î Ñ
Ï Ò Š ‹Ä Ä Ê œ � �

œ ß

œ

œ

` ` ` ` ` `
` ` ` ` ` ` `

`w w x w w z
y x y y y z y

y

z

 2xy  2x y z (1) y 3z (0) 2x y  2x y z.  Now (2x) 2y (2z) 0 andœ � � � � œ � � � � œa b a b a b a b# # # # #` ` ` `
` ` ` `

x x x z
y y y y

 0  (2x) 2y 0  .  At (w x y z) (4 2 1 1),   ` ` ` ` " `
` ` ` ` `

z x x x w
y y y x y 2 y

y

(
œ Ê � œ Ê œ � ß ß ß œ ß ß ß � œ � Ê ¹Š ‹

z 4 2 1 1)ß ß ß�

 (2)(2)(1) (2)(2) (1) ( 1) 5œ � � � � œ# #"
#

ˆ ‰
 6. y uv  1 v u ; x u v  and 0  0 2u 2v      1œ Ê œ � œ � œ Ê œ � Ê œ � Ê` ` ` ` ` ` `

` ` ` ` ` ` `
# #u v x u v v u u

y y y y y y v y
ˆ ‰

 v u     .  At (u v) 2 1 , 1œ � � œ Ê œ ß œ ß œ œ �` ` � ` ` ` "
` ` ` ` � `

�

u u u v u u u v u
y v y v y y v u y

1 2
Š ‹ Š ‹ Š ‹È# #

# #
#

#Š ‹È

  1Ê œ �Š ‹`
`

u
y

x

 7.     cos ; x y r   2x 2y 2r  and 0  2x 2r 
r x r cos 

y r sin Œ � Œ � ˆ ‰
) )

)
)Ä Ê œ � œ Ê � œ œ Ê œ

œ

œ
` ` `
` ` ` ` `

# # # ` `x r r
r x x x x

y y
)

    Ê œ Ê œ` `
` ` �

r x r x
x r x x y

ˆ ‰
y È # #

 8. If x, y, and z are independent, then     ˆ ‰` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` `

`w w x w w z w t
x x x y x z x t x

y
y zß

œ � � �

 (2x)(1) ( 2y)(0) (4)(0) (1) 2x .  Thus x 2z t 25  1 0 0  1œ � � � � œ � � � œ Ê � � œ Ê œ �ˆ ‰` ` ` `
` ` ` `

t t t t
x x x x

  2x 1.  On the other hand, if x, y, and t are independent, then Ê œ �ˆ ‰ ˆ ‰` `
` `

w w
x xy z y tß ß

     (2x)(1) ( 2y)(0) 4 (1)(0) 2x 4 .  Thus, x 2z t 25œ � � � œ � � � � œ � � � œ` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` `

`w x w w z w t z z
x x y x z x t x x x

y

  1 2 0 0    2x 4 2x 2.Ê � � œ Ê œ � Ê œ � � œ �` ` " ` "
` ` # ` #

z z w
x x x

ˆ ‰ ˆ ‰
y tß

 9. If x is a differentiable function of y and z, then f(x y z) 0     0   0ß ß œ Ê � � œ Ê � œ` ` ` ` ` ` `
` ` ` ` ` ` ` ` `

` `f x f f z f f
x x y x z x x y x

y y

  .  Similarly, if y is a differentiable function of x and z,  and if z is aÊ œ � œ �Š ‹ Š ‹` ` `
` ` ` ` ` `

` ` `x f/ z
y f/ z z f/ x

f/ y y

z x

 differentiable function of x and y, .  Then ˆ ‰ ˆ ‰Š ‹ Š ‹` ` ` ` `
` ` ` ` ` `

`z f/ x x z
x f/ y y z x

y
y yz x
œ �

 1.œ � � � œ �Š ‹ Š ‹ˆ ‰` `
` ` ` ` ` `

` ` ` `f/ y
f/ z f/ x f/ y

f/ z f/ x

10. z z f(u) and u xy  1  1 y ; also 0  x  so that x y œ � œ Ê œ � œ � œ � œ �` ` ` ` ` `
` ` ` ` ` `

z df u df z df u df z z
x du x du y du y du x y

 x 1 y y x xœ � � œˆ ‰ ˆ ‰df df
du du

11. If x and y are independent, then g(x y z) 0     0 and 0   0ß ß œ Ê � � œ œ Ê � œ` ` ` ` ` `
` ` ` ` ` ` ` ` ` `

` ` ` `g g y g g g
x y y y z y y y z y

x z x z

  , as claimed.Ê œ �Š ‹`
` ` `

` `z
y g/ z

g/ y

x

12. Let x and y be independent.  Then f(x y z w) 0, g(x y z w) 0 and 0ß ß ß œ ß ß ß œ œ`
`

y
x

        0 andÊ � � � œ � � œ` ` ` ` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` ` ` `

`f x f f z f w f f z f w
x x y x z x w x x z x w x

y

       0 imply` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` ` ` `

` ` ` ` `g g y g g g g g
x x y x z x w x x z x w x

x z w z w� � � œ � � œ
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  � ˆ ‰` ` ` ` `
` ` ` ` `
` ` `
` ` ` ` `

` `
`
`

� �
f z f w f
z x w x x
g g g
z x w x x

z w
z
x

  

 

� œ �

� œ �
Ê œ œ

y

» »
» »

�

�

` `

` `

` `

` `

` `

` `

` `

` `

f f
x w
g g
x w

f f
z w
g g
z w

` `

` ` ` `

` `

`

`

`

f f
x w x w

g g

f
z

g g g g
w z w z w w z

f f f

f f
x w w x

g g

` ` ` ` ` ` `

` ` `` ` `

` `

` ` ` `

` `

� �

�

   

  
œ � , as claimed.

 Likewise, f(x y z w) 0, g(x y z w) 0 and 0      ß ß ß œ ß ß ß œ œ Ê � � �` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` `

`x f x f f z f w
y x y y y z y w y

y

   0 and (similarly)   0 implyœ � � œ � � œ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` `

` ` `f f z f w z w
y z y w y y z y w y

g g g

   
  

  � Š ‹` ` ` ` `
` ` ` ` `
` ` `
` ` ` ` `

` `
`
`

� �
f z f w f
z y w y y
g g g
z y w y y

z w
w
y

  

 

� œ �

� œ �
Ê œ œ

x

» »
» »

` `

` `

` `

` `

` `

` `

` `

` `

f f
z y
g g
z y

f f
z w
g g
z w

�

�

` `

` ` ` `

` `

`

`

`

f f
z y z y

g g

f
z

g g g g
w z w z w w z

f f f

f f
z y y z

g g

` ` ` ` ` ` `

` ` `` ` `

` `

` ` ` `

` `

� �

�

   

  
œ � , as claimed.

CHAPTER 14 PRACTICE EXERCISES

 1. Domain:  All points in the xy-plane
 Range:  z 0 

 Level curves are ellipses with major axis along the y-axis
 and minor axis along the x-axis.

 

 2. Domain:  All points in the xy-plane
 Range:  0 z� � _

 Level curves are the straight lines x y ln z with� œ

 slope 1, and z 0.� �

 

 3. Domain:  All (x y) such that x 0 and y 0ß Á Á

 Range:  z 0Á

 Level curves are hyperbolas with the x- and y-axes
 as asymptotes.

 

 4. Domain:  All (x y) so that x y 0ß �  #

 Range:  z 0 

 Level curves are the parabolas y x c, c 0.œ �  #
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 5. Domain:  All points (x y z) in spaceß ß

 Range:  All real numbers

 Level surfaces are paraboloids of revolution with
 the z-axis as axis.

 

 6. Domain:  All points (x y z) in spaceß ß

 Range:  Nonnegative real numbers

 Level surfaces are ellipsoids with center (0 0 0).ß ß

 

 7. Domain:  All (x y z) such that (x y z) (0 0)ß ß ß ß Á ß !ß

 Range:  Positive real numbers

 Level surfaces are spheres with center (0 0 0) andß ß

 radius r 0.�

 

 8. Domain:  All points (x y z) in spaceß ß

 Range:  (0 1]ß

 Level surfaces are spheres with center (0 0 0) andß ß

 radius r 0.�

 

 9.  lim   e  cos x e  cos (2)( 1) 2
Ð ß Ñ Ä Ð ß Ñx y ln 21

y ln 2œ œ � œ �1

10.  lim   2
Ð ß Ñ Ä Ð ß Ñx y 0 0

2 y
x cos y 0 cos 0

2 0�
� �

�œ œ

11.  lim    lim    lim   
Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ

Á „ Á „
x y 1 1 x y 1 1 x y 1 1

x y x y

x y x y
x y (x y)(x y) x y 1 1

1� �
� � � � � #

" "
# # œ œ œ œ

12.  lim    lim    lim   x y xy 1 1 1 1 1 1 3
Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñ Ð ß Ñ Ä Ð ß Ñx y 1 1 x y 1 1 x y 1 1

x y 1
xy 1 xy 1

(xy 1) x y xy 1$ $ # #�
� �

� � � # # # #œ œ � � œ � � œ
a b a b † †

13.  lim   ln x y z ln 1 ( 1) e ln e 1
P 1 1 eÄ Ð ß� ß Ñ

k k k k� � œ � � � œ œ

14.  lim   tan (x y z) tan (1 ( 1) ( 1)) tan ( 1)
P 1 1 1Ä Ð ß� ß� Ñ

�" �" �"� � œ � � � � œ � œ � 1
4
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15. Let y kx , k 1.  Then  lim    lim    which gives different limits forœ Á œ œ#
� � �Ð ß Ñ Ä Ð ß Ñ

Á
ß Ä Ð ß Ñx y 0 0

y x
x kx 0 0

#

#

y
x y x kx 1 k

kx k
# # # #

#

a b

 different values of k  the limit does not exist.Ê

16. Let y kx, k 0.  Then  lim    lim    which gives different limits forœ Á œ œ
Ð ß Ñ Ä Ð ß Ñ ß Ñ Ä Ð ß Ñ

Á
x y 0 0 (x kx 0 0

xy 0

x y x (kx)
xy x(kx) k

1 k# # # # #� � �

 different values of k  the limit does not exist.Ê

17. Let y kx.  Then  lim    which gives different limits for different valuesœ œ œ
Ð ß Ñ Ä Ð ß Ñx y 0 0

x y
x y x k x 1 k

x k x 1 k# #

# # # # # #

# # # #�
� � �

� �

 of k  the limit does not exist so f(0 0) cannot be defined in a way that makes f continuous at the origin.Ê ß

18. Along the x-axis, y 0 and  lim    lim   , so the  limit fails to exis
  1,  x 0

,  x 0
œ œ œ

�

�" �Ð ß Ñ Ä Ð ß Ñ Äx y 0 0 x 0
sin (x y)

x y x
sin x�

�k k k k k k œ t

  f is not continuous at (0 0).Ê ß

19. cos sin , r sin r cos ` `
` `

g g
r œ � œ � �) ) ) )

)

20. , ` " ` "
` # � � � � ` # � � � �

�

� �

� �f 2x x f x
x x y x y x y x y y x y x y x y x y1 1

y x y 2y y x yœ � œ � œ œ � œ � œŠ ‹ Š ‹# # # # # # # # # # # # # # # ## #

Š ‹ Š ‹
ˆ ‰ ˆ ‰

y
x
y y
x x

1
x#

21. , , ` " ` " ` "
` ` `

f f f
R R RR R R" # $

# # #œ � œ � œ �
" # $

22. h (x y z) 2  cos (2 x y 3z), h (x y z) cos (2 x y 3z), h (x y z) 3 cos (2 x y 3z)x y zß ß œ � � ß ß œ � � ß ß œ � � �1 1 1 1

23. , , , ` ` ` `
` ` ` `

P RT P nT P nR P nRT
n V R V T V V Vœ œ œ œ � #

24. f (r T w) , f (r T w) , f (r T w)r Tß jß ß œ � ß jß ß œ � ß jß ß œ" " " " "
j # j # jj2r w r w r

T T
w 2 T# #

É É ˆ ‰Š ‹Š ‹
1 1 1È È

 , f (r T w) wœ œ ß jß ß œ � œ �" " " " " "
j j # j # j

�$Î#
4r T w 4r T w r 4r w w

T T TÉ É É Éˆ ‰ ˆ ‰
1 1 1 1w

25. , 1   0, , ` ` ` ` ` `
` ` ` ` ` ` ` `

" "g g g g g g
x y y y x y y y x x y y

x 2xœ œ � Ê œ œ œ œ �# # # $ #

# # # #

26. g (x y) e y cos x, g (x y) sin x  g (x y) e y sin x, g (x y) 0, g (x y) g (x y) cos xx y xx yy xy yx
x xß œ � ß œ Ê ß œ � ß œ ß œ ß œ

27. 1 y 15x , x  30x , 0, 1` ` ` � ` ` `
` � ` ` ` ` ` ` `

#
�

f 2x f f 2 2x f f f
x x 1 y x y y x x yx 1
œ � � � œ Ê œ � � œ œ œ# # #

# # # # #

# #a b

28. f (x y) 3y, f (x y) 2y 3x sin y 7e   f (x y) 0, f (x y) 2 cos y 7e , f (x y) f (x y) 3x y xx yy xy yx
y yß œ � ß œ � � � Ê ß œ ß œ � � ß œ ß œ �

29. y cos (xy ), x cos (xy ), e , ` ` "
` ` �

w w dx
x y dt dt t 1

dyœ � œ � œ œ1 1 t

  [y cos (xy )]e [x cos (xy )] ; t 0  x 1 and y 0Ê œ � � � œ Ê œ œdw
dt t 11 1t ˆ ‰"

�

  0 1 [1 ( 1)] 1Ê œ � � œ �¸ ˆ ‰dw
dt 0 1t 0œ

† †
"
�

30. e , xe sin z, y cos z sin z, t , 1 , ` ` ` "
` ` `

�"Î#w w w dx dz
x y z dt dt t dt

dyœ œ � œ � œ œ � œy y 1

  e t xe sin z 1 (y cos z sin z) ; t 1  x 2, y 0, and zÊ œ � � � � � œ Ê œ œ œdw
dt t

y y�"Î# "a b ˆ ‰ 1 1

  1 1 (2 1 0)(2) (0 0) 5Ê œ � � � � œ¸dw
dt t 1œ

† † 1
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31. 2 cos (2x y), cos (2x y), 1, cos s, s, r` ` ` `
` ` ` ` ` `

` `w w x x
x y r s r s

y yœ � œ � � œ œ œ œ

  [2 cos (2x y)](1) [ cos (2x y)](s); r  and s 0  x  and y 0Ê œ � � � � œ œ Ê œ œ`
`
w
r 1 1

  (2 cos 2 ) (cos 2 )(0) 2; [2 cos (2x y)](cos s) [ cos (2x y)](r)Ê œ � œ œ � � � �¸` `
` `
w w
r sÐ ß Ñ1 0

1 1

  (2 cos 2 )(cos 0) (cos 2 )( ) 2Ê œ � œ �¸`
`
w
s Ð ß Ñ1 0

1 1 1 1

32.  2e  cos v ; u v 0  x 2  (2) ;` ` " ` "
` ` � � `

w dw x x w 2 2
u dx u 1 x x 1 u 5 5 5œ œ � œ œ Ê œ Ê œ � œˆ ‰ ¸ ˆ ‰a b# #

u
0 0Ð ß Ñ

  2e  sin v   (0) 0` ` " ` "
` ` � � `

w dw x x w 2
v dx v 1 x x 1 v 5 5œ œ � � Ê œ � œˆ ‰ ¸ ˆ ‰a b# #

u
0 0Ð ß Ñ

33. y z, x z, y x, sin t, cos t, 2 sin 2t` ` `
` ` `

f f f dx dz
x y z dt dt dt

dyœ � œ � œ � œ � œ œ �

  (y z)(sin t) (x z)(cos t) 2(y x)(sin 2t); t 1  x cos 1, y sin 1, and z cos 2Ê œ � � � � � � œ Ê œ œ œdf
dt

  (sin 1 cos 2)(sin 1) (cos 1 cos 2)(cos 1) 2(sin 1 cos 1)(sin 2)Ê œ � � � � � �¸df
dt t 1œ

34.  (5)  and  (1)   5 5 5 0` ` ` ` ` `
` ` ` ` ` `

w dw s dw w dw s dw dw w w dw dw
x ds x ds y ds y ds ds x y ds dsœ œ œ œ œ Ê � œ � œ

35. F(x y) 1 x y sin xy  F 1 y cos xy and F 2y x cos xy  ß œ � � � Ê œ � � œ � � Ê œ � œ �# � �
� �x y

dy 1 y cos xy
dx F 2y x cos xy

Fx

y

  at (x y) ( 1) we have 1œ Ê ß œ !ß œ œ �1 y cos xy dy
2y x cos xy dx 2

1�
� � �

�"¹
Ð ß Ñ0 1

36. F(x y) 2xy e 2  F 2y e  and F 2x e   ß œ � � Ê œ � œ � Ê œ � œ �x y x y x y
x y

dy 2y e
dx F 2x e

F� � � �
�

x

y

x y

x y

�

�

  at (x y) ( ln 2) we have (ln 2 1)Ê ß œ !ß œ � œ � �¹dy
dx 0 2

2 ln 2 2

Ð ß Ñ0 ln 2

�
�

37. f ( sin x cos y) (cos x sin y)   f   f ;™ ™ ™œ � � Ê œ � � Ê œ � � � œ œi j i jk k k Éˆ ‰ ˆ ‰
ˆ ‰1 1

4 4ß

" " " " "
# # # # #

# #

È
È

2
2

   f increases most rapidly in the direction  and decreases mostu i j u i jœ œ � � Ê œ � �™

™

f
f

2 2 2 2k k
È È È È
# # # #

 rapidly in the direction ; (D f) f  and (D f) ;� œ � œ œ œ �u i j
È È È È2 2 2 2
# # # #u uP P! !

k k™
�

   (D f) fu i j u" "
�

�

" "
# #œ œ œ � Ê œ œ � � � œ �v

v
i jk k È3 4
3 4

3 4 3 4 7
5 5 5 5 10# # u" !P ™ † ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰

38. f 2xe 2x e   f   f 2 ( 2) 2 2; ™ ™ ™œ � Ê œ # � # Ê œ � � œ œ œ �� �

Ð ß Ñ
2y 2y

1 0i j i j u i j# # #k k k È È ™

™

f
f

1 1
2 2k k È È

  f increases most rapidly in the direction  and decreases most rapidly in the directionÊ œ �u i j1 1
2 2È È

 ; (D f) f 2 2 and (D f) 2 2 ; � œ � � œ œ œ � œ œ œ �u i j u i j1 1 1 1
2 2 1 1 2 2È È È È Èk ku uP P! !

k k È È™
� "

�

�

v
v

i j
# #

  (D f) f (2) ( 2) 0Ê œ œ � � œu" !P ™ † u"
" "Š ‹ Š ‹È È2 2

39. f   f 2 3 6 ;™ ™œ � � Ê œ � �Š ‹ Š ‹ Š ‹ k2 3 6
2x 3y 6z 2x 3y 6z 2x 3y 6z� � � � � �i j k i j k

Ð� ß� ß Ñ1 1 1

   f increases most rapidly in the direction  andu i j k u i j kœ œ œ � � Ê œ � �™

™

f
f 7 7 7 7 7 7

2 3 6
2 3 6

2 3 6 2 3 6k k Èi j k� �

� �# # #

 decreases most rapidly in the direction ; (D f) f 7, (D f) 7;� œ � � � œ œ œ �u i j k2 3 6
7 7 7 u uP P! !

k k™ �

   (D f) (D f) 7u i j k" œ œ � � Ê œ œv
vk k 2 3 6

7 7 7 u u" !P P!

40. f (2x 3y) (3x 2) (1 2z)   f 2 ;   f increases most™ ™œ � � � � � Ê œ � œ œ � Êi j k j k u j kk
Ð ß ß Ñ0 0 0

™

™

f
f

2
5 5k k È È"

 rapidly in the direction  and decreases most rapidly in the direction ;u j k u j kœ � � œ � �2 2
5 5 5 5È È È È" "

 (D f) f 5 and (D f) 5 ; u uP P! !
œ œ œ � œ œ œ � �k k È È™ � "

� �

� �

" " "u i j kv
v

i j kk k È È È È1 1 1 3 3 3# # #

  (D f) f (0) (2) (1) 3Ê œ œ � � œ œu" P! ™ † u"
" " "Š ‹ Š ‹ Š ‹ ÈÈ È È È3 3 3 3

3
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41. (cos 3t) (sin 3t) 3t   (t) ( 3 sin 3t) (3 cos 3t) 3   3 3r i j k v i j k v j kœ � � Ê œ � � � Ê œ � �ˆ ‰1
3

  ; f(x y z) xyz  f yz xz xy ; t  yields the point on the helix ( 1 0 )Ê œ � � ß ß œ Ê œ � � œ � ß ßu j k i j k" "È È2 2 3™
1 1

  f   f ( )Ê œ � Ê œ � � � œk Š ‹™ ™ † †
Ð� ß ß Ñ1 0 1

1 1j  u j j k" "È È È2 2 2
1

42. f(x y z) xyz  f yz xz xy ; at (1 1 1) we get f   the maximum value ofß ß œ Ê œ � � ß ß œ � � Ê™ ™i j k i j k

 D f f 3k k k È
u Ð ß ß Ñ1 1 1 œ œ™

43. (a) Let f a b  at (1 2).  The direction toward (2 2) is determined by (2 1) (2 2)™ œ � ß ß œ � � � œ œi j v i j i u"

 so that f 2  a 2.  The direction toward (1 1) is determined by (1 1) (1 2)™ † u v i j j uœ Ê œ ß œ � � � œ � œ#

 so that f 2  b 2  b 2.  Therefore f 2 2 ; f 1, 2 f 1, 2 2.™ † ™u i jœ � Ê � œ � Ê œ œ � œ œx ya b a b
 (b) The direction toward (4 6) is determined by (4 1) (6 2) 3 4   ß œ � � � œ � Ê œ �v i j i j u i j$

3 4
5 5

  f .Ê œ™ † u 14
5

44. (a) True (b) False (c) True (d) True

45. f 2x 2z  ™ œ � � Êi j k
 f 2 ,k™

Ð ß� ß� Ñ0 1 1 œ �j k

 f ,k™
Ð ß ß Ñ0 0 0 œ j

 f 2k™
Ð ß� ß Ñ0 1 1 œ �j k

 

46. f 2y 2z  ™ œ � Êj k
 f 4 ,k™

Ð ß ß Ñ2 2 0 œ j

 f 4 ,k™
Ð ß� ß Ñ2 2 0 œ � j

 f 4 ,k™
Ð ß ß Ñ2 0 2 œ k

 f 4k™
Ð ß ß� Ñ2 0 2 œ � k

 

47. f 2x 5   f 4 5   Tangent Plane:  4(x 2) (y 1) 5(z 1) 0™ ™œ � � Ê œ � � Ê � � � � � œi j k i j kk
Ð ß� ß Ñ2 1 1

  4x y 5z 4; Normal Line:  x 2 4t, y 1 t, z 1 5tÊ � � œ œ � œ � � œ �

48. f 2x 2y   f 2 2   Tangent Plane:  2(x 1) 2(y 1) (z 2) 0™ ™œ � � Ê œ � � Ê � � � � � œi j k i j kk
Ð ß ß Ñ1 1 2

  2x 2y z 6 0; Normal Line:  x 1 2t, y 1 2t, z 2 tÊ � � � œ œ � œ � œ �

49.   0 and   2; thus the tangent plane is` ` ` `
` � ` ` � `

z 2x z z z
x x y x y x y y

2yœ Ê œ œ Ê œ# # # #
¸ ¹

Ð ß ß Ñ Ð ß ß Ñ0 1 0 0 1 0

 2(y 1) (z 0) 0 or 2y z 2 0� � � œ � � œ
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50. 2x x y    and 2y x y   ; thus the tangent` ` " ` ` "
` ` # ` ` #

# # # #�# �#z z z z
x x y yœ � � Ê œ � œ � � Ê œ �a b a b¸ ¹ˆ ‰ ˆ ‰1 1 1 1ß ß

ß ß

1
2 1

2

 plane is (x 1) (y 1) z 0 or x y 2z 3 0� � � � � � œ � � � œ" " "
# # #

ˆ ‰
51. f ( cos x)   f   the tangent™ ™œ � � Ê œ � Êi j i jk

Ð ß Ñ1 1

 line is (x ) (y 1) 0  x y 1; the� � � œ Ê � œ �1 1

 normal line is y 1 1(x )  y x 1� œ � Ê œ � �1 1

 

52. f x y   f 2   the tangent™ ™œ � � Ê œ � � Êi j i jk
Ð ß Ñ1 2

 line is (x 1) 2(y 2) 0 y x ; the normal� � � � œ Ê œ �"
# #

3

 line is y 2 2(x 1) y 2x 4� œ � � Ê œ � �

 

53. Let f(x y z) x 2y 2z 4 and g(x y z) y 1.  Then f 2x 2 2 2 2 2ß ß œ � � � ß ß œ � œ � � œ � �# k™ i j k i j ka b1 1ß ß

1
2

 and g   f g 2 2   the line is x 1 2t, y 1, z 2t2 2 2
0 0

™ ™ ™œ Ê ‚ œ œ � � Ê œ � œ œ �
"

j i k
i j k

â ââ ââ ââ ââ ââ â
"
#

54. Let f(x y z) x y z 2 and g(x y z) y 1.  Then f 2y 2  andß ß œ � � � ß ß œ � œ � � œ � �# k™ i j k i j ka b1 1
2 2ß ß1

 g   f g   the line is x t, y 1, z t1 2 1
0 0

™ ™ ™œ Ê ‚ œ œ � � Ê œ � œ œ �
"

j i k
i j k

â ââ ââ ââ ââ ââ â
" "
# #

55. f , f cos x cos y , f sin x sin yˆ ‰ ˆ ‰ ˆ ‰k k1 1 1 1 1 1
1 1 1 14 4 4 4 4 4x y4 4 4 4ß œ ß œ œ ß œ � œ �" " "

# # #Ð Î ß Î Ñ Ð Î ß Î Ñ

  L(x y) x y x y; f (x y) sin x cos y, f (x y) sin x cos y, andÊ ß œ � � � � œ � � ß œ � ß œ �" " " " " "
# # # # # #

ˆ ‰ ˆ ‰1 1
4 4 xx yy

 f (x y) cos x sin y.  Thus an upper bound for E depends on the bound M used for f , f , and f .xy xx xy yyß œ � k k k k k k
 With M  we have E(x y) x y (0.2) 0.0142;œ ß Ÿ � � � Ÿ Ÿ

È È È2 2 2
4 4 4# # #

" # #k k Š ‹ ˆ ‰¸ ¸ ¸ ¸1 1

 with M 1, E(x y) (1) x y (0.2) 0.02.œ ß Ÿ � � � œ œk k ˆ ‰¸ ¸ ¸ ¸" "
# #

# #1 1
4 4

56. f(1 1) 0, f (1 1) y 1, f (1 1) x 6y 5  L(x y) (x 1) 5(y 1) x 5y 4;ß œ ß œ œ ß œ � œ � Ê ß œ � � � œ � �k kx y1 1 1 1Ð ß Ñ Ð ß Ñ

 f (x y) 0, f (x y) 6, and f (x y) 1  maximum of f , f , and f  is 6  M 6xx yy xy xx yy xyß œ ß œ � ß œ Ê Ê œk k k k k k
  E(x y) (6) x 1 y 1 (6)(0.1 0.2) 0.27Ê ß Ÿ � � � œ � œk k a bk k k k" "

# #
# #

57. f(1 0 0) 0, f (1 0 0) y 3z 0, f (1 0 0) x 2z 1, f (1 0 0) 2y 3x 3ß ß œ ß ß œ � œ ß ß œ � œ ß ß œ � œ �k k kx y z1 0 0 1 0 01 0 0Ð ß ß Ñ Ð ß ß ÑÐ ß ß Ñ

  L(x y z) 0(x 1) (y 0) 3(z 0) y 3z; f(1 1 0) 1, f (1 1 0) 1, f (1 1 0) 1, f ( ) 1Ê ß ß œ � � � � � œ � ß ß œ ß ß œ ß ß œ "ß "ß ! œ �x y z

  L(x y z) 1 (x 1) (y 1) 1(z 0) x y z 1Ê ß ß œ � � � � � � œ � � �

58. f 0 1, f 0 2 sin x sin (y z) 0, f 0 2 cos x cos (y z) 1,ˆ ‰ ˆ ‰ ˆ ‰¹ ¹È Èß !ß œ !ß ß œ � � œ !ß ß œ � œ1 1 1
4 4 4x y

0 0 0 0ˆ ‰ ˆ ‰ß ß ß ß

1 1

4 4

 f 0 2 cos x cos (y z) 1  L(x y z) 1 1(y 0) 1 z 1 y z ;z
0 0

ˆ ‰ ˆ ‰¹È!ß ß œ � œ Ê ß ß œ � � � � œ � � �1 1 1
4 4 4ˆ ‰ß ß

1

4

 f 0 , f 0 , f 0 , f 0ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰1 1 1 1 1 1 1 1
4 4 4 4 4 4 4 4

2 2 2 2ß ß œ ß ß œ � ß ß œ ß ß œ
È È È È
# # # #x y z

  L(x y z) x y (z 0) x y zÊ ß ß œ � � � � � � œ � � �
È È È È È È È È2 2 2 2 2 2 2 2

4 4# # # # # # # #
ˆ ‰ ˆ ‰1 1
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59. V r h  dV 2 rh dr r  dh  dV 2 (1.5)(5280) dr (1.5)  dh 15,840  dr 2.25  dh.kœ Ê œ � Ê œ � œ �1 1 1 1 1 1 1# # #
Ð Þ ß Ñ1 5 5280

 You should be more careful with the diameter since it has a greater effect on dV.

60. df (2x y) dx ( x 2y) dy  df 3 dy  f is more sensitive to changes in y; in fact, near the pointkœ � � � � Ê œ Ê
Ð ß Ñ1 2

 (1 2) a change in x does not change f.ß

61. dI dV  dR  dI  dV  dR  dI 0.01 (480)(.0001) 0.038,¸ ¸œ � Ê œ � Ê œ � � œ" "
R R 100 100

V 24
# #Ð ß Ñ24 100 dV 1 dR 20œ� ß œ�

 or increases by 0.038 amps; % change in V (100) 4.17%; % change in R (100) 20%;œ � ¸ � œ � œ �ˆ ‰ ˆ ‰"
24 100

20

 I 0.24  estimated % change in I 100 100 15.83% more sensitive to voltage change.œ œ Ê œ ‚ œ ‚ ¸ Ê24 dI 0.038
100 I 0.24

62. A ab  dA b da a db  dA 16  da 10  db; da 0.1 and db 0.1kœ Ê œ � Ê œ � œ „ œ „1 1 1 1 1Ð ß Ñ10 16

  dA 26 (0.1) 2.6  and A (10)(16) 160   100 100 1.625%Ê œ „ œ „ œ œ Ê ‚ œ ‚ ¸1 1 1 1 ¸ ¸ ¸ ¸dA 2.6
A 160

1
1

63. (a) y uv  dy v du u dv; percentage change in u 2%  du 0.02, and percentage change in v 3%œ Ê œ � Ÿ Ê Ÿ Ÿk k
  dv 0.03;   100 100 100 100 100Ê Ÿ œ œ � Ê ‚ œ ‚ � ‚ Ÿ ‚ � ‚k k ¹ ¹ ¸ ¸ ¸ ¸ ¸ ¸dy dy

y uv u v y u v u v
v du u dv du dv du dv du dv�

 2% 3% 5%Ÿ � œ

 (b) z u v   (since u 0, v 0)œ � Ê œ œ � Ÿ � � �dz du dv du dv du dv
z u v u v u v u v

�
� � �

  100 100 100 100Ê ‚ Ÿ ‚ � ‚ œ ‚¸ ¸ ¸ ¸ ¹ ¹dz du dv
z u v y

dy

64. C   C   and Cœ Ê œ œ7
71.84w h 71.84w h 71.84w hw h

( 0.425)(7) ( 0.725)(7)
0 425 0 725 1 425 0 725 0 425 1 725Þ Þ Þ Þ Þ Þ

� �

  dC  dw  dh; thus when w 70 and h 180 we haveÊ œ � œ œ� �2.975 5.075
71.84w h 71.84w h1 425 0 725 0 425 1 725Þ Þ Þ Þ

 dC (0.00000225) dw (0.00000149) dh 1 kg error in weight has more effectk Ð ß Ñ70 180 ¸ � � Ê

65. f (x y) 2x y 2 0 and f (x y) x 2y 2 0  x 2 and y 2  ( 2 2) is the critical point;x yß œ � � œ ß œ � � � œ Ê œ � œ � Ê � ß�

 f ( 2 2) 2, f ( 2) 2, f ( 2) 1  f f f 3 0 and f 0  local minimum valuexx yy xy xx yy xxxy� ß� œ �#ß� œ �#ß� œ � Ê � œ � � Ê#

 of f( 2) 8�#ß� œ �

66. f (x y) 10x 4y 4 0 and f (x y) 4x 4y 4 0  x 0 and y 1  (0 1) is the critical point;x yß œ � � œ ß œ � � œ Ê œ œ � Ê ß�

 f (0 1) 10, f (0 1) 4, f (0 1) 4  f f f 56 0  saddle point with f(0 1) 2xx yy xy xx yy xyß � œ ß� œ � ß� œ Ê � œ � � Ê ß� œ#

67. f (x y) 6x 3y 0 and f (x y) 3x 6y 0  y 2x  and 3x 6 4x 0  x 1 8x 0x yß œ � œ ß œ � œ Ê œ � � œ Ê � œ# # # % $a b a b
  x 0 and y 0, or x  and y   the critical points are (0 0) and .  For ( ):Ê œ œ œ � œ � Ê ß � ß� !ß !" " " "

# # # #
ˆ ‰

 f ( ) 12x 0, f ( ) 12y 0, f ( 0) 3  f f f 9 0  saddle point withk kxx yy xy xx yy0 0 0 0 xy!ß ! œ œ !ß ! œ œ !ß œ Ê � œ � � ÊÐ ß Ñ Ð ß Ñ
#

 f(0 0) 0.  For :  f 6, f 6, f 3  f f f 27 0 and f 0  local maximumß œ � ß� œ � œ � œ Ê � œ � � Êˆ ‰" "
# #

#
xx yy xy xx yy xxxy

 value of f ˆ ‰� ß� œ" " "
# # 4

68. f (x y) 3x 3y 0 and f (x y) 3y 3x 0  y x  and x x 0  x x 1 0  the criticalx yß œ � œ ß œ � œ Ê œ � œ Ê � œ Ê# # # % $a b
 points are (0 0) and (1 1) .  For ( ):  f ( ) 6x 0, f ( ) 6y 0, f ( 0) 3ß ß !ß ! !ß ! œ œ !ß ! œ œ !ß œ �k kxx yy xy0 0 0 0Ð ß Ñ Ð ß Ñ

  f f f 9 0  saddle point with f(0 0) 15.  For (1 1):  f (1 1) 6, f (1 1) 6, f (1 1) 3Ê � œ � � Ê ß œ ß ß œ ß œ ß œ �xx yy xx yy xyxy
#

  f f f 27 0 and f 0  local minimum value of f(1 1) 14Ê � œ � � Ê ß œxx yy xxxy
#

69. f (x y) 3x 6x 0 and f (x y) 3y 6y 0  x(x 2) 0 and y(y 2) 0  x 0 or x 2 andx yß œ � œ ß œ � œ Ê � œ � œ Ê œ œ �# #

 y 0 or y 2  the critical points are (0 0), (0 2), ( 2 0), and ( 2 2) .  For ( ):  f ( ) 6x 6œ œ Ê ß ß � ß � ß !ß ! !ß ! œ � kxx 0 0Ð ß Ñ

 6, f ( ) 6y 6 6, f ( 0) 0  f f f 36 0  saddle point with f(0 0) 0.  Forœ !ß ! œ � œ � !ß œ Ê � œ � � Ê ß œkyy xy xx yy0 0 xyÐ ß Ñ
#

 (0 2):  f ( 2) 6, f (0 ) 6, f ( 2) 0  f f f 36 0 and f 0  local minimum value ofß !ß œ ß # œ !ß œ Ê � œ � � Êxx yy xy xx yy xxxy
#
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 f( 2) 4.  For ( 0):  f ( 2 0) 6, f ( 0) 6, f ( 2 0) 0  f f f 36 0 and f 0!ß œ � �#ß � ß œ � �#ß œ � � ß œ Ê � œ � �xx yy xy xx yy xxxy
#

  local maximum value of f( 2 0) 4.  For ( 2 2):  f ( 2 2) 6, f ( 2 2) 6, f ( 2 2) 0Ê � ß œ � ß � ß œ � � ß œ � ß œxx yy xy

  f f f 36 0  saddle point with f( 2 2) 0.Ê � œ � � Ê � ß œxx yy xy
#

70. f (x y) 4x 16x 0  4x x 4 0  x 0, 2, 2; f (x y) 6y 6 0  y 1.  Therefore the criticalx yß œ � œ Ê � œ Ê œ � ß œ � œ Ê œ$ #a b
 points are (0 1), (2 1), and ( 2 1).  For ( 1):  f ( 1) 12x 16 16, f ( 1) 6, f ( 1) 0ß ß � ß !ß !ß œ � œ � !ß œ !ß œkxx yy xy0 1

#
Ð ß Ñ

  f f f 96 0  saddle point with f(0 1) 3.  For (2 1):  f (2 1) 32, f (2 1) 6,Ê � œ � � Ê ß œ � ß ß œ ß œxx yy xx yyxy
#

 f (2 1) 0  f f f 192 0 and f 0  local minimum value of f(2 1) 19.  For ( 1):xy xx yy xxxyß œ Ê � œ � � Ê ß œ � �#ß#

 f ( 2 1) 32, f ( 1) 6, f ( 2 1) 0  f f f 192 0 and f 0  local minimum value ofxx yy xy xx yy xxxy� ß œ �#ß œ � ß œ Ê � œ � � Ê#

 f( 2 1) 19.� ß œ �

71. (i) On OA, f(x y) f(0 y) y 3y for 0 y 4ß œ ß œ � Ÿ Ÿ#

  f ( y) 2y 3 0  y .  But Ê !ß œ � œ Ê œ � !ß�w
# #
3 3ˆ ‰

 is not in the region.
 Endpoints:  f(0 0) 0 and f(0 4) 28.ß œ ß œ

 (ii) On AB, f(x y) f(x x 4) x 10x 28ß œ ß� � œ � �#

 for 0 x 4  f (x x 4) 2x 10 0Ÿ Ÿ Ê ß� � œ � œw

  x 5, y 1.  But (5 1) is not in the region.Ê œ œ � ß�

 Endpoints:  f(4 0) 4 and f( 4) 28.ß œ !ß œ  

 (iii) On OB, f(x y) f(x 0) x 3x for 0 x 4  f (x 0) 2x 3  x  and y 0  0  is aß œ ß œ � Ÿ Ÿ Ê ß œ � Ê œ œ Ê ß# w
# #
3 3ˆ ‰

 critical point with f .ˆ ‰3 9
4# ß ! œ �

 Endpoints:  f(0 0) 0 and f( 0) 4.ß œ %ß œ

 (iv) For the interior of the triangular region, f (x y) 2x y 3 0 and f (x y) x 2y 3 0  x 3x yß œ � � œ ß œ � � œ Ê œ

 and y 3.  But (3 3) is not in the region.  Therefore the absolute maximum is 28 at (0 4) and theœ � ß� ß

 absolute minimum is  at .� ß !9 3
4

ˆ ‰
#

72. (i) On OA, f(x y) f(0 y) y 4y 1 forß œ ß œ � � �#

 0 y 2  f ( y) 2y 4 0  y 2 andŸ Ÿ Ê !ß œ � � œ Ê œw

 x 0.  But (0 2) is not in the interior of OA.œ ß

 Endpoints:  f(0 0) 1 and f(0 2) 5.ß œ ß œ

 (ii) On AB, f(x y) f(x 2) x 2x 5 for 0 x 4ß œ ß œ � � Ÿ Ÿ#

  f (x 2) 2x 2 0  x 1 and y 2Ê ß œ � œ Ê œ œw

  (1 2) is an interior critical point of AB withÊ ß  

 f(1 2) 4. Endpoints:  f(4 2) 13 and f( 2) 5.ß œ ß œ !ß œ

 (iii) On BC, f(x y) f(4 y) y 4y 9 for 0 y 2  f (4 y) 2y 4 0  y  and x 4.  Butß œ ß œ � � � Ÿ Ÿ Ê ß œ � � œ Ê œ # œ# w

 (4 2) is not in the interior of BC.  Endpoints:  f(4 0) 9 and f( 2) 13.ß ß œ %ß œ

 (iv) On OC, f(x y) f(x 0) x 2x 1 for 0 x 4  f (x 0) 2x 2 0  x 1 and y 0  (1 0)ß œ ß œ � � Ÿ Ÿ Ê ß œ � œ Ê œ œ Ê ß# w

 is an interior critical point of OC with f(1 0) 0.  Endpoints:  f(0 0) 1 and f(4 0) 9.ß œ ß œ ß œ

 (v) For the interior of the rectangular region, f (x y) 2x 2 0 and f (x y) 2y 4 0  x 1 andx yß œ � œ ß œ � � œ Ê œ

 y 2.  But (1 2) is not in the interior of the region.  Therefore the absolute maximum is 13 at (4 2)œ ß ß

 and the absolute minimum is 0 at (1 0).ß
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73. (i) On AB, f(x y) f( 2 y) y y 4 forß œ � ß œ � �#

 2 y 2  f ( 2 y) 2y 1  y  and� Ÿ Ÿ Ê � ß œ � Ê œw "
#

 x 2  2  is an interior critical point in ABœ � Ê � ßˆ ‰"
#

 with f 2 . Endpoints:  f( 2 2) 2 andˆ ‰� ß œ � � ß� œ"
#

17
4

 f(2 2) 2.ß œ �

 (ii) On BC, f(x y) f(x 2) 2 for 2 x 2ß œ ß œ � � Ÿ Ÿ

  f (x 2) 0  no critical points in the interior ofÊ ß œ Êw

 BC. Endpoints:  f( 2 2) 2 and f(2 2) 2.� ß œ � ß œ �

 (iii) On CD, f(x y) f(2 y) y 5y 4 forß œ ß œ � �#  

 2 y 2  f (2 y) 2y 5 0  y  and x 2. But  is not in the region.� Ÿ Ÿ Ê ß œ � œ Ê œ œ #ßw
# #
5 5ˆ ‰

 Endpoints:  f(2 2) 18 and f(2 2) 2.ß � œ ß œ �

 (iv) On AD, f(x y) f(x 2) 4x 10 for 2 x 2  f (x 2) 4  no critical points in the interiorß œ ß� œ � � Ÿ Ÿ Ê ß� œ Êw

 of AD.  Endpoints:  f( 2 2) 2 and f(2 2) 18.� ß� œ ß� œ

 (v) For the interior of the square, f (x y) y 2 0 and f (x y) 2y x 3 0  y 2 and x 1x yß œ � � œ ß œ � � œ Ê œ œ

  (1 2) is an interior critical point of the square with f(1 2) 2.  Therefore the absolute maximumÊ ß ß œ �

 is 18 at (2 2)  and the absolute minimum is  at .ß � � �#ß17
4

ˆ ‰"
#

74. (i) On OA, f(x y) f(0 y) 2y y  for 0 y 2ß œ ß œ � Ÿ Ÿ#

  f ( y) 2 2y 0  y 1 and x 0 Ê !ß œ � œ Ê œ œ Êw

 ( 1) is an interior critical point of OA with!ß

 f(0 1) 1. Endpoints:  f(0 0) 0 and f(0 2) 0.ß œ ß œ ß œ

 (ii) On AB, f(x y) f(x 2) 2x x  for 0 x 2ß œ ß œ � Ÿ Ÿ#

  f (x 2) 2 2x 0  x 1 and y 2Ê ß œ � œ Ê œ œw

  (1 2) is an interior critical point of AB withÊ ß

 f(1 2) 1. Endpoints:  f(0 2) 0 and f(2 2) 0.ß œ ß œ ß œ

 (iii) On BC, f(x y) f(2 y) 2y y  for 0 y 2ß œ ß œ � Ÿ Ÿ#

   f (2 y) 2 2y 0  y 1 and x 2Ê ß œ � œ Ê œ œw

 

  (2 1) is an interior critical point of BC with f(2 1) 1.  Endpoints:  f(2 0) 0 and f(2 2) 0.Ê ß ß œ ß œ ß œ

 (iv) On OC, f(x y) f(x 0) 2x x  for 0 x 2  f (x 0) 2 2x 0  x 1 and y 0  (1 0)ß œ ß œ � Ÿ Ÿ Ê ß œ � œ Ê œ œ Ê ß# w

 is an interior critical point of OC with f(1 0) 1.  Endpoints:  f(0 0) 0 and f(0 2) 0.ß œ ß œ ß œ

 (v) For the interior of the rectangular region, f (x y) 2 2x 0 and f (x y) 2 2y 0  x 1 andx yß œ � œ ß œ � œ Ê œ

 y 1  (1 1) is an interior critical point of the square with f(1 1) 2.  Therefore the absolute maximumœ Ê ß ß œ

 is 2 at (1 1) and the absolute minimum is 0 at the four corners (0 0), (0 2), (2 2), and (2 0).ß ß ß ß ß

75. (i) On AB, f(x y) f(x x 2) 2x 4 forß œ ß � œ � �

 2 x 2  f (x x 2) 2 0  no critical� Ÿ Ÿ Ê ß � œ � œ Êw

 points in the interior of AB. Endpoints:  f( 2 0) 8� ß œ

 and f(2 4) 0.ß œ

 (ii) On BC, f(x y) f(2 y) y 4y for 0 y 4ß œ ß œ � � Ÿ Ÿ#

  f (2 y) 2y 4 0  y 2 and x 2Ê ß œ � � œ Ê œ œw

  (2 2) is an interior critical point of BC withÊ ß

 f(2 2) 4. Endpoints:  f(2 0) 0 and f(2 4) 0.ß œ ß œ ß œ

 

 (iii) On AC, f(x y) f(x 0) x 2x for 2 x 2ß œ ß œ � � Ÿ Ÿ#

  f (x 0) 2x 2  x 1 and y 0  (1 0) is an interior critical point of AC with f(1 0) 1.Ê ß œ � Ê œ œ Ê ß ß œ �w

 Endpoints:  f( 2 0) 8 and f(2 0) 0.� ß œ ß œ

 (iv) For the interior of the triangular region, f (x y) 2x 2 0 and f (x y) 2y 4 0  x 1 andx yß œ � œ ß œ � � œ Ê œ

 y 2  (1 2) is an interior critical point of the region with f(1 2) 3.  Therefore the absolute maximumœ Ê ß ß œ

 is 8 at ( 2 0) and the absolute minimum is 1 at (1 0).� ß � ß
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76. (i) On AB, f x y f x x 4x 2x 16 fora b a bß œ ß œ � �# %

 2 x 2  f x x 8x 8x 0  x 0� Ÿ Ÿ Ê ß œ � œ Ê œw $a b
 and y 0, or x 1 and y 1, or x 1 and y 1œ œ œ œ � œ �

 0 0 , 1 1 , 1 1  are all interior points of ABÊ ß ß � ß�a b a b a b
 with f 0 0 16, f 1 1 18, and f 1 1 18.a b a b a bß œ ß œ � ß� œ

 Endpoints:  f 2 2 0 and f 2 2 0.a b a b� ß� œ ß œ

 (ii) On BC, f x y f 2 y 8y y  for 2 y 2a b a bß œ ß œ � � Ÿ Ÿ%

  f 2 y 8 4y 0 y 2 and x 2Ê ß œ � œ Ê œ œw $a b È3

  2 2  is an interior critical point of BC withÊ ßŠ ‹È3

 

 f 2 2 6 2. Endpoints:  f 2 2 32 and f 2 2 0.Š ‹È È a b a bß œ ß� œ � ß œ3 3

 (iii) On AC, f x y f x 2 8x x  for 2 x 2 f x 2 8 4x  0 x 2 and y 2a b a b a b Èß œ ß� œ � � � Ÿ Ÿ Ê ß� œ � � œ Ê œ � œ �% w $ 3

  2 2  is an interior critical point of AC with f 2 2 6 2.  Endpoints:Ê � ß� � ß� œŠ ‹ Š ‹È È È3 3 3

 f 2 2 0 and f 2 2 32.a b a b� ß� œ ß� œ �

 (iv) For the interior of the triangular region, f x y 4y 4x 0 and f x y 4x 4y 0  x 0 andx ya b a bß œ � œ ß œ � œ Ê œ$ $

 y 0, or x 1 and y 1 or x 1 and y 1.  But neither of the points 0 0  and 1 1 , or 1 1  areœ œ œ œ � œ � ß ß � ß�a b a b a b
 interior to the region.  Therefore the absolute maximum is 18 at (1 1) and ( 1 1), and the absolute minimum isß � ß�

 32 at 2 2 .� ß�a b
77. (i) On AB, f(x y) f( 1 y) y 3y 2 forß œ � ß œ � �$ #

 1 y 1  f ( 1 y) 3y 6y 0  y 0� Ÿ Ÿ Ê � ß œ � œ Ê œw #

 and x 1, or y 2 and x 1  ( 1 0) is anœ � œ œ � Ê � ß

 interior critical point of AB with f( 1 0) 2; ( 1 2)� ß œ � ß

 is outside the boundary. Endpoints:  f( 1 1) 2� ß� œ �

 and f( 1 1) 0.� ß œ

 (ii) On BC, f(x y) f(x 1) x 3x 2 forß œ ß œ � �$ #

  1 x 1  f (x 1) 3x 6x 0  x 0� Ÿ Ÿ Ê ß œ � œ Ê œw #

 and y 1, or x 2 and y 1  (0 1) is anœ œ � œ Ê ß

 

 interior critical point of BC with f( 1) 2; ( 2 1) is outside the boundary.  Endpoints:  f( 1) 0 and!ß œ � � ß �"ß œ

 f( 1) 2."ß œ

 (iii) On CD, f(x y) f( y) y 3y 4 for 1 y 1  f ( y) 3y 6y 0  y 0 and x 1, orß œ "ß œ � � � Ÿ Ÿ Ê "ß œ � œ Ê œ œ$ # w #

 y 2 and x 1  ( 0) is an interior critical point of CD with f( 0) 4; (1 2) is outside the boundary.œ œ Ê "ß "ß œ ß

 Endpoints:  f(1 1) 2 and f( 1) 0.ß œ "ß� œ

 (iv) On AD, f(x y) f(x 1) x 3x 4 for 1 x 1  f (x 1) 3x 6x 0  x 0 and y 1,ß œ ß� œ � � � Ÿ Ÿ Ê ß� œ � œ Ê œ œ �$ # w #

 or x 2 and y 1  (0 1) is an interior point of AD with f(0 1) 4; ( 1) is outside theœ � œ � Ê ß� ß� œ � �#ß�

 boundary.  Endpoints:  f( 1 1) 2 and f( 1) 0.� ß� œ � "ß� œ

 (v) For the interior of the square, f (x y) 3x 6x 0 and f (x y) 3y 6y 0  x 0 or x 2, andx yß œ � œ ß œ � œ Ê œ œ �# #

 y 0 or y 2  (0 0) is an interior critical point of the square region with f( 0) 0; the points (0 2),œ œ Ê ß !ß œ ß

 ( 2 0), and ( 2 2) are outside the region.  Therefore the absolute maximum is 4 at (1 0) and the� ß � ß ß

 absolute minimum is 4 at (0 1).� ß�
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78. (i) On AB, f(x y) f( 1 y) y 3y for 1 y 1ß œ � ß œ � � Ÿ Ÿ$

 f ( 1 y) 3y 3 0 y 1 and x 1Ê � ß œ � œ Ê œ „ œ �w #

 yielding the corner points ( 1 1) and ( 1 1) with� ß� � ß

 f( 1 1) 2 and f( 1 1) 2.� ß� œ � ß œ �

 (ii) On BC, f(x y) f(x 1) x 3x 2 forß œ ß œ � �$

 1 x 1  f (x 1) 3x 3 0  no� Ÿ Ÿ Ê ß œ � œ Êw #

 solution. Endpoints:  f( 1) 2 and f( 1) 6.�"ß œ � "ß œ

 (iii) On CD, f(x y) f( y) y 3y 2 forß œ "ß œ � �$

  1 y 1  f ( y) 3y 3 0  no� Ÿ Ÿ Ê "ß œ � œ Êw #

 solution. Endpoints:  f(1 1) 6 and f( 1) 2.ß œ "ß� œ �

 

 (iv) On AD, f(x y) f(x 1) x 3x for 1 x 1  f (x 1) 3x 3 0  x 1 and y 1ß œ ß� œ � � Ÿ Ÿ Ê ß� œ � œ Ê œ „ œ �$ w #

 yielding the corner points ( 1 1) and (1 1) with f( 1 1) 2 and f(1 1) 2� ß� ß� � ß� œ ß� œ �

 (v) For the interior of the square, f (x y) 3x 3y 0 and f (x y) 3y 3x 0  y x  andx yß œ � œ ß œ � œ Ê œ �# # #

 x x 0  x 0 or x 1  y 0 or y 1  ( 0) is an interior critical point of the square% � œ Ê œ œ � Ê œ œ � Ê !ß

 region with f(0 0) 1; ( 1 1) is on the boundary.  Therefore the absolute maximum is 6 at ( 1) andß œ � ß� "ß

 the absolute minimum is 2 at (1 1) and ( 1 1).� ß� � ß

79. f 3x 2y  and g 2x 2y  so that f g  3x 2y (2x 2y )  3x 2x  and™ ™ ™ ™œ � œ � œ Ê � œ � Ê œ# # #i j i j i j i j- - -

 2y 2y   1 or y 0.œ Ê œ œ- -

 CASE 1: 1  3x 2x  x 0 or x ; x 0  y 1 yielding the points (0 1) and ( 1); x- œ Ê œ Ê œ œ œ Ê œ „ ß !ß� œ# 2 2
3 3

  y  yielding the points  and .Ê œ „ ß ß�
È È È5 5 5

3 3 3 3 3
2 2Š ‹ Š ‹

 CASE 2: y 0  x 1 0  x 1 yielding the  points (1 0) and ( 1 0).œ Ê � œ Ê œ „ ß � ß#

 Evaluations give f 1 1, f , f( 0) 1, and f( 0) 1.  Therefore the absolutea b Š ‹!ß „ œ ß „ œ "ß œ �"ß œ �2 23
3 3 27

5È

 maximum is 1 at 1  and (1 0), and the absolute minimum is 1 at ( ).a b!ß „ ß � �"ß !

80. f y x  and g 2x 2y  so that f g  y x (2x 2y )  y 2 x and™ ™ ™ ™œ � œ � œ Ê � œ � Ê œi j i j i j i j- - -

 xy 2 y  x 2 (2 x) 4 x  x 0 or 4 1.œ Ê œ œ Ê œ œ- - - - -# #

 CASE 1: x 0 y 0 but (0 0) does not lie on the circle, so no solution.œ Ê œ ß

 CASE 2: 4 1   or .  For , y x  1 x y 2x   x  yielding the- - - -# # # #" " " "
# # #œ Ê œ œ � œ œ Ê œ � œ Ê œ C œ „ È2

 points  and , .  For , y x  1 x y 2x   x  andŠ ‹ Š ‹" " " " " "
#

# # #È È È È È2 2 2 2 2
ß � � œ � œ � Ê œ � œ Ê œ „-

 y x yielding the points  and , .œ � � ß �Š ‹ Š ‹" " " "È È È È2 2 2 2

 Evaluations give the absolute maximum value f f  and the absolute minimumŠ ‹ Š ‹" " " " "
#È È È È2 2 2 2

ß œ � ß� œ

 value f  f .Š ‹ Š ‹� ß œ ß� œ �" " " " "
#È È È È2 2 2 2

81. (i) f(x y) x 3y 2y on x y 1  f 2x (6y 2)  and g 2x 2y  so that f gß œ � � � œ Ê œ � � œ � œ# # # #
™ ™ ™ ™i j i j -

  2x (6y 2) (2x 2y )  2x 2x  and 6y 2 2y   1 or x 0.Ê � � œ � Ê œ � œ Ê œ œi j i j- - - -

 CASE 1: 1  6y 2 2y  y  and x  yielding the points .- œ Ê � œ Ê œ � œ „ „ ß�" "
# # # #

È È3 3Š ‹
 CASE 2: x 0  y 1  y 1 yielding the points 1 .œ Ê œ Ê œ „ !ß „# a b
 Evaluations give f , f(0 1) 5, and f( 1) 1.  Therefore  and 5 are the extremeŠ ‹„ ß� œ ß œ !ß� œ

È3
# # # #

" " "

 values on the boundary of the disk.

 (ii) For the interior of the disk, f (x y) 2x 0 and f (x y) 6y 2 0  x 0 and yx yß œ œ ß œ � œ Ê œ œ � "
3

   is an interior critical point with f .  Therefore the absolute maximum of f on theÊ !ß� !ß� œ �ˆ ‰ ˆ ‰1
3 3 3

" "

 disk is 5 at (0 1) and the absolute minimum of f on the disk is  at .ß � !ß�" "
3 3

ˆ ‰
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82. (i) f(x y) x y 3x xy on x y 9  f (2x 3 y) (2y x)  and g 2x 2y  so thatß œ � � � � œ Ê œ � � � � œ �# # # #
™ ™i j i j

 f g  (2x 3 y) (2y x) (2x 2y )  2x 3 y 2x  and 2y x 2y™ ™œ Ê � � � � œ � Ê � � œ � œ- - - -i j i j

  2x( ) y 3 and x 2y(1 ) 0  1  and (2x) y 3  x y 3yÊ "� � œ � � � œ Ê � œ � œ Ê � œ- - - x x
2y 2yŠ ‹ # #

  x y 3y.  Thus, 9 x y y 3y y   2y 3y 9 0  (2y 3)(y 3) 0Ê œ � œ � œ � � Ê � � œ Ê � � œ# # # # # # #

  y 3, .  For y 3, x y 9  x 0 yielding the point (0 3).  For y , x y 9Ê œ � œ � � œ Ê œ ß� œ � œ3 3
# #

# # # #

  x 9  x   x .  Evaluations give f(0 3) 9, f 9Ê � œ Ê œ Ê œ „ ß� œ � ß œ �# #
# # #

9 27 3
4 4 4

3 3 3 3 27 3È È ÈŠ ‹
 20.691, and f , 9 2.691.¸ œ � ¸ �Š ‹3 3 27 33

4

È È
# #

 (ii) For the interior of the disk, f (x y) 2x 3 y 0 and f (x y) 2y x 0  x 2 and y 1x yß œ � � œ ß œ � œ Ê œ œ

  (2 1) is an interior critical point of the disk with f(2 1) 3.  Therefore, the absolute maximum of f onÊ ß ß œ �

 the disk is 9  at  and the absolute minimum of f on the disk is 3 at (2 1).� � ß � ß27 3 3 3
4

3È ÈŠ ‹# #

83. f  and g 2x 2y 2z  so that f g  (2x 2y 2z )  1 2x ,™ ™ ™ ™œ � � œ � � œ Ê � � œ � � Ê œi j k i j k i j k i j k- - -

 1 2y , 1 2z   x y z .  Thus x y z 1  3x 1  x  yielding the points� œ œ Ê œ � œ œ � � œ Ê œ Ê œ „- - " "# # # #
- È3

 ,  and , , .  Evaluations give the absolute maximum value ofŠ ‹ Š ‹" " " " " "È È È È È È3 3 3 3 3 3
ß � � �

 f 3 and the absolute minimum value of f 3.Š ‹ Š ‹È È" " " " " "È È È È È È È3 3 3 3 3 3 3
3ß � ß œ œ � ß ß� œ �

84. Let f(x y z) x y z  be the square of the distance to the origin and g(x y z) x zy 4.  Thenß ß œ � � ß ß œ � �# # # #

 f 2x 2y 2z  and g 2x z y  so that f g  2x 2 x, 2y z, and™ ™ ™ ™œ � � œ � � œ Ê œ œ �i j k i j k - - -

 2z y  x 0 or 1.œ � Ê œ œ- -

 CASE 1: x 0 zy 4 z  and y   2 y and 2 z y  andœ Ê œ � Ê œ � œ � Ê � œ � � œ � Ê œ4 4 4 4 8
y z y zŠ ‹ ˆ ‰- -

-
#

 z  y z   y z.  But y x  z 4 leads to no solution, so y z  z 48
-
œ Ê œ Ê œ „ œ Ê œ � œ � Ê œ# # # # #

  z 2 yielding the points (0 2 2) and (0 2 2).Ê œ „ ß� ß ß ß�

 CASE 2: 1 2z y and 2y z 2y 4y y y 0 z 0  x 4 0 - œ Ê œ � œ � Ê œ � � Ê œ Ê œ Ê œ Ê � œ Êˆ ‰y
#

#

 x 2 yielding the points ( 2 0 0) and (2 0).œ „ � ß ß ß !ß

 Evaluations give f(0 2 2) f(0 2 2) 8 and f( 2 0 0) f(2 0) 4.  Thus the points ( 2 0 0) andß � ß œ ß ß� œ � ß ß œ ß !ß œ � ß ß

 (2 0) on the surface are closest to the origin.ß !ß

85. The cost is f(x y z) 2axy 2bxz 2cyz subject to the constraint xyz V.  Then f gß ß œ � � œ œ™ ™-

  2ay 2bz yz, 2ax 2cz xz, and 2bx 2cy xy  2axy 2bxz xyz, 2axy 2cyz xyz, andÊ � œ � œ � œ Ê � œ � œ- - - - -

 2bxz 2cyz xyz  2axy 2bxz 2axy 2cyz  y x.  Also 2axy 2bxz 2bxz 2cyz  z x.� œ Ê � œ � Ê œ � œ � Ê œ- ˆ ‰ ˆ ‰b a
c c

 Then x x x V  x   width x , Depth y , andˆ ‰ ˆ ‰ ˆ ‰Š ‹ Š ‹ Š ‹b a c V c V b c V b V
c c ab ab c ab acœ Ê œ Ê œ œ œ œ œ$

"Î$ "Î$ "Î$
# # # #

 Height z .œ œ œˆ ‰ Š ‹ Š ‹a c V a V
c ab bc

# #
"Î$ "Î$

86. The volume of the pyramid in the first octant formed by the plane is V(a b c) ab c abc.  The pointß ß œ œ" " "
#3 6

ˆ ‰
 (2 1 2) on the plane  1.  We want to minimize V subject to the constraint 2bc ac 2ab abc.ß ß Ê � � œ � � œ2 2

a b c
"

 Thus,  V  and g (c 2b bc) (2c 2a ac) (2b a ab)  so that V g™ ™ ™ ™œ � � œ � � � � � � � � œbc ac ab
6 6 6i j k i j k -

  (c 2b bc), (2c 2a ac), and (2b a ab)  (ac 2ab abc),Ê œ � � œ � � œ � � Ê œ � �bc ac ab abc
6 6 6 6- - - -

 (2bc 2ab abc), and (2bc ac abc)  ac 2 bc and 2 ab 2 bc.  Now 0 sinceabc abc
6 6œ � � œ � � Ê œ œ Á- - - - - - -

 a 0, b 0, and c 0  ac 2bc and ab bc  a 2b c.  Substituting into the constraint equation givesÁ Á Á Ê œ œ Ê œ œ

 1  a 6  b 3 and c 6.  Therefore the desired plane is 1 or x 2y z 6.2 2 2 x z
a a a 6 3 6

y� � œ Ê œ Ê œ œ � � œ � � œ
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87. f (y z) x x , g 2x 2y , and h z x  so that f g h™ ™ ™ ™ ™ ™œ � � � œ � œ � œ �i j k i j i k - .

  (y z) x x (2x 2y ) (z x )  y z 2 x z, x 2 y, x x  x 0 or 1.Ê � � � œ � � � Ê � œ � œ œ Ê œ œi j k i j i k- . - . - . .

 CASE 1: x 0 which is impossible since xz 1.œ œ

 CASE 2: 1  y z 2 x z  y 2 x and x 2 y  y (2 )(2 y)  y 0 or. - - - - -œ Ê � œ � Ê œ œ Ê œ Ê œ

 4 1.  If y 0, then x 1  x 1 so with xz 1 we obtain the points (1 0 1)-# #œ œ œ Ê œ „ œ ß ß

 and ( 1 0 1).  If 4 1, then .  For , y x so x y 1  x� ß ß� œ œ „ œ � œ � � œ Ê œ- - -# # # #" " "
# # #

  x  with xz 1  z 2, and we obtain the points 2  andÊ œ „ œ Ê œ „ ß� ß" " "È È È2 2 2
È ÈŠ ‹

 2 .  For , y x  x   x  with xz 1  z 2,Š ‹È È� ß ß� œ œ Ê œ Ê œ „ œ Ê œ „" " " " "
# #

#È È È2 2 2
-

 and we obtain the points , 2  and 2 .Š ‹ Š ‹È È" " " "È È È È2 2 2 2
ß � ß� ß�

 Evaluations give f(1 0 1) 1, f( 1 0 1) 1, f 2 , f , 2 ,ß ß œ � ß ß� œ ß� ß œ � ß � œŠ ‹ Š ‹È È" " " " " "
# #È È È È2 2 2 2

 f 2 , and f 2 .  Therefore the absolute maximum is  atŠ ‹ Š ‹È È" " " "
# # #È È È È2 2 2 2
3 3 3ß ß œ � ß� ß� œ

 2  and 2 , and the absolute minimum is  at 2  andŠ ‹ Š ‹ Š ‹È È È" " " " " " "
#È È È È È È2 2 2 2 2 2

ß ß � ß� ß� � ß ß�

  2 .Š ‹È" "È È2 2
ß � ß

88. Let f(x y z) x y z  be the square of the distance to the origin.  Then f 2x 2y 2z ,ß ß œ � � œ � �# # #
™ i j k

 g , and h 4x 4y 2z  so that f g h  2x 4x , 2y 4y ,™ ™ ™ ™ ™œ � � œ � � œ � Ê œ � œ �i j k i j k - . - . - .

 and 2z 2z   2x(1 2 ) 2y(1 2 ) 2z(1 2 )  x y or .œ � Ê œ � œ � œ � Ê œ œ- . - . . . . "
#

 CASE 1: x y  z 4x   z 2x so that x y z 1  x x 2x 1 or x x 2x 1œ Ê œ Ê œ „ � � œ Ê � � œ � � œ# #

 (impossible)  x   y  and z  yielding the point .Ê œ Ê œ œ ß ß" " " " " "
# #4 4 4 4

ˆ ‰
 CASE 2:  0  0 2z(1 1)  z 0 so that 2x 2y 0  x y 0.  But the origin. -œ Ê œ Ê œ � Ê œ � œ Ê œ œ"

#
# #

 ( 0 0) fails to satisfy the first constraint x y z 1.!ß ß � � œ

 Therefore, the point  on the curve of intersection is closest to the origin.ˆ ‰" " "
#4 4ß ß

89. (a) y, z are independent with w x e  and z x y      œ œ � Ê œ � �# # # ` ` ` ` ` `
` ` ` ` ` ` `

`yz w w x w w z
y x y y y z y

y

 2xe  zx e (1) yx e (0); z x y   0 2x 2y  ; therefore,œ � � œ � Ê œ � Ê œa b a b a byz yz yz` ` `
` ` `

# # # #x x x
y y y x

y

 2xe zx e 2y zx eŠ ‹ a b a bˆ ‰`
`

# #w
y x

y

z

yz yz yzœ � œ �

 (b) z, x are independent with w x e  and z x y      œ œ � Ê œ � �# # # ` ` ` ` ` `
` ` ` ` ` ` `

`yz w w x w w z
z x z y z z z

y

 2xe (0) zx e  yx e (1); z x y   1 0 2y   ; therefore,œ � � œ � Ê œ � Ê œ �a b a b a byz yz yz# # # #` ` `
` ` ` #

"y y y
z z z y

 zx e yx e x e yˆ ‰ a b Š ‹ Š ‹`
`

# # #w 1 z
z 2y 2yx

yz yz yzœ � � œ �

 (c) z, y are independent with w x e  and z x y      œ œ � Ê œ � �# # # ` ` ` ` ` `
` ` ` ` ` ` `

`yz w w x w w z
z x z y z z z

y

 2xe  zx e (0) yx e (1); z x y   1 2x 0  ; therefore,œ � � œ � Ê œ � Ê œa b a b a byz yz yz` ` ` "
` ` ` #

# # # #x x x
z z z x

 2xe yx e 1 x y eˆ ‰ ˆ ‰a b a b`
`

# #w 1
z 2xy

yz yz yzœ � œ �

90. (a) T, P are independent with U f(P V T) and PV nRT     œ ß ß œ Ê œ � �` ` ` ` ` ` `
` ` ` ` ` ` `

U U P U V U T
T P T V T T T

 (0) (1); PV nRT  P nR  ; therefore,œ � � œ Ê œ Ê œˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰` ` ` ` ` `
` ` ` ` ` `

U U V U V V nR
P V T T T T P

 ˆ ‰ ˆ ‰ ˆ ‰` ` `
` ` `

U U nR U
T V P TP

œ �

 (b) V, T are independent with U f(P V T) and PV nRT     œ ß ß œ Ê œ � �` ` ` ` ` ` `
` ` ` ` ` ` `

U U P U V U T
V P V V V T V

 (1) (0); PV nRT  V P (nR) 0  ; therefore,œ � � œ Ê � œ œ Ê œ �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰` ` ` ` ` ` `
` ` ` ` ` ` `

U P U U P T P P
P V V T V V V V

 ˆ ‰ ˆ ‰ ˆ ‰` ` `
` ` `

U U P U
V P V VT

œ � �
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91. Note that x r cos  and y r sin   r x y  and tan .  Thus,œ œ Ê œ � œ) ) )È ˆ ‰# # �" y
x

    (cos )  ;` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` � ` `�

�w w r w w x w w sin w
x r x x r x y r rx y

yœ � œ � œ �
) ) )

) )ˆ ‰ ˆ ‰ ˆ ‰Š ‹ Š ‹È # # # # )

    (sin )  ` ` ` ` ` ` ` ` `
` ` ` ` ` ` � ` `�

w w r w w w x w cos w
y r y y r x y r r

y
x y

œ � œ � œ �
) ) ) )

) )ˆ ‰ ˆ ‰ ˆ ‰Š ‹ Š ‹È # # # # )

92. z f  f  af af , and z f  f  bf bfx u v u v y u v u vœ � œ � œ � œ �` ` ` `
` ` ` `

u v u v
x x y y

93. b and a   a  and  b     and  ` ` ` ` ` ` " ` " `
` ` ` ` ` ` ` `

u u w dw u dw w dw u dw w dw w dw
y x x du x du y du y du a x du b y duœ œ Ê œ œ œ œ Ê œ œ

      b a Ê œ Ê œ" ` " ` ` `
` ` ` `a x b y x y

w w w w

94. - , ,` " ` �
` � � � � � � � � � ` � � # � �

� � �w 2x w r s
x x y 2z (r s) (r s) 4rs 2 r 2rs s r s y x y 2z (r s) (r s)

2(r s) 2(r s) 2y 2(r s)œ œ œ œ œ œ œ# # # # # # # # # #a b
 and      (2s)` " ` ` ` ` ` ` " � " �

` � � � ` ` ` ` ` ` ` � � � �
`w 2 w w x w w z r s 2r 2s

z x y 2z (r s) r x r y r z r r s (r s) (r s) (r s)
yœ œ Ê œ � � œ � � œ# # # # # #’ “

  and    (2r)œ œ � � œ � � œ2 w w x w w z r s 2
r s s x s y s z s r s (r s) (r s) r s

y
� ` ` ` ` ` ` ` � � � �

` ` ` ` ` ` " � "`
# #’ “

95. e  cos v x 0  e  cos v  e  sin v  1; e  sin v y 0  e  sin v  e  cos v  0.u u u u u uu v u v
x x x x� œ Ê � œ � œ Ê � œa b a b a b a b` ` ` `

` ` ` `

 Solving this system yields e  cos v and e  sin v.  Similarly, e  cos v x 0` `
` `

� �u v
x x

u u uœ œ � � œ

  e  cos v  e  sin v  0 and e  sin v y 0  e  sin v  e  cos v  1.  Solving thisÊ � œ � œ Ê � œa b a b a b a bu u u u uu v u v
y y y y

` ` ` `
` ` ` `

 second system yields e  sin v and e  cos v.  Therefore ` ` ` ` ` `
` ` ` ` ` `

� �u v u u v v
y y x y x y

u uœ œ � �Š ‹ Š ‹i j i j†

 e  cos v e  sin v e  sin v e  cos v 0  the vectors are orthogonal  the angleœ � � � œ Ê Êc d c da b a b a b a b� � � �u u u ui j i j†

 between the vectors is the constant .1
#

96.   ( r sin ) (r cos ) ` `
` ` ` ` ` ` `

` ` ` ` `g yf x f f f
x y x y) ) )

œ � œ � �) )

  ( r sin )   (r cos ) (r cos )   (r sin ) Ê œ � � � � � �` ` `
` ` ` ` ` ` ` ` ` ` ` ` `

` ` ` ` ` ` ` `#

# # #

# # # #g y yf x f f f x f f
x y x x x y y y) ) ) ) )

) ) ) )Š ‹ Š ‹
 ( r sin ) (r cos ) (r cos ) (r sin )œ � � � � � �) ) ) )Š ‹ Š ‹` `

` ` ` `
` `x xy y

) ) ) )

 ( r sin r cos )( r sin r cos ) (r cos r sin ) ( 2)( 2) (0 2) 4 2 2 atœ � � � � � � œ � � � � œ � œ) ) ) ) ) )

 (r ) 2 .ß œ ß) ˆ ‰1
#

97. (y z) (z x) 16  f 2(z x) 2(y z) 2(y 2z x) ; if the normal line is parallel to the� � � œ Ê œ � � � � � � �# #
™ i j k

 yz-plane, then x is constant  0  2(z x) 0  z x  (y z) (z z) 16  y z 4.Ê œ Ê � � œ Ê œ Ê � � � œ Ê � œ „`
`

# #f
x

 Let x t  z t  y t 4.  Therefore the points are (t t 4 t), t a real number.œ Ê œ Ê œ � „ ß� „ ß

98. Let f(x y z) xy yz zx x z 0.  If the tangent plane is to be parallel to the xy-plane, then f isß ß œ � � � � œ#
™

 perpendicular to the xy-plane  f 0 and f 0.  Now f (y z 1) (x z) (y x 2z)Ê œ œ œ � � � � � � �™ † ™ † ™i j i j k
 so that f y z 1 0  y z 1  y 1 z, and f x z 0  x z.  Then™ † ™ †i jœ � � œ Ê � œ Ê œ � œ � œ Ê œ �

 z(1 z) ( z)z z( z) ( z) z 0  z 2z 0  z  or z 0.  Now z   x  and y� � � " � � � � � � œ Ê � œ Ê œ œ œ Ê œ � œ# # " " " "
# # # #

   is one desired point; z 0  x 0 and y 1  (0 1 0) is a second desired point.Ê � ß ß œ Ê œ œ Ê ß ßˆ ‰" " "
# # #

99. f (x y z )  x  f(x y z) x g(y z) for some function g  y™ œ � � Ê œ Ê ß ß œ � ß Ê œ œ- - - -i j k ` " `
` # ` `

# `f f
x y y

g

  g(y z) y h(z) for some function h  z h (z)  h(z) z C for some arbitraryÊ ß œ � Ê œ œ œ Ê œ �" ` "
# ` ` #

# w #`- - -f
z z

g

 constant C  g(y z) y z C   f(x y z) x y z C  f(0 0 a) a CÊ ß œ � � Ê ß ß œ � � � Ê ß ß œ �" " " " " "
# # # # # #

# # # # # #- - - - - -ˆ ‰
 and f(0 0 a) ( a) C  f(0 0 a) f(0 0 a) for any constant a, as claimed.ß ß � œ � � Ê ß ß œ ß ß�"

#
#-
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100.    lim   , s 0
s 0

ˆ ‰df
ds

f(0 su 0 su 0 su ) f(0 0 0)
uß ß ß(0 0 0)

œ �
Ä

� ß � ß � � ß ß" # $

s

   lim   , s 0
s 0

œ �
Ä

És u s u s u 0# # ## # #

" # $
� � �

s

   lim    lim   1;
s 0 s 0

œ œ œ
Ä Ä

s u u uÉ # # #

" # $
� �

s k ku

 however, f  fails to exist at the origin (0 0 0)™ œ � � ß ßx z
x y z x y z x y z

yÈ È È# # # # # # # # #� � � � � �
i j k

101. Let f(x y z) xy z 2 f y x .  At (1 1 1), we have f   the normal line isß ß œ � � Ê œ � � ß ß œ � � Ê™ ™i j k i j k
 x 1 t, y 1 t, z 1 t, so at t 1  x 0, y 0, z 0 and the normal line passes through the origin.œ � œ � œ � œ � Ê œ œ œ

102. (b) f(x y z) x y z 4ß ß œ � � œ# # #

  f 2x 2y 2z   at (2 3 3)Ê œ � � Ê ß� ß™ i j k
 the gradient is f 4 6 6  which is™ œ � �i j k
 normal to the surface
 (c) Tangent plane:  4x 6y 6z 8 or� � œ

 2x 3y 3z 4� � œ

 Normal line:  x 2 4t, y 3 6t, z 3 6tœ � œ � � œ �

 

CHAPTER 14  ADDITIONAL AND ADVANCED EXERCISES

 1. By definition, f ( 0)  lim    so we need to calculate the first partial derivatives in thexy !ß œ
h 0Ä

f (0 h) f (0 0)
h

x xß � ß

 numerator.  For (x y) (0 0) we calculate f (x y) by applying the differentiation rules to the formula forß Á ß ßx

 f(x y):  f (x y) (xy)   f (0 h) h.ß ß œ � œ � Ê ß œ � œ �x x
x y y x y y 4x y
x y x y h

x y (2x) x y (2x)
x y x y

h# $ # $ # $

# # # # #

# # # #

# # # ## #

$� �
� �

� � �

� �

a b a b
a b a b

 For (x y) (0 0) we apply the definition:  f ( 0)  lim    lim   0.  Then by definitionß œ ß !ß œ œ œx
h 0 h 0Ä Ä

f(h 0) f(0 0)
h h

0 0ß � ß �

 f (0 0)  lim   1.  Similarly, f (0 0)  lim   , so for (x y) (0 0) we havexy yxß œ œ � ß œ ß Á ß
h 0 h 0Ä Ä

� � ß � !ßh 0
h h

f (h 0) f ( 0)y y

 f (x y)   f (h 0) h; for (x y) (0 0) we obtain f (0 0)  lim   y yß œ � Ê ß œ œ ß œ ß ß œx xy 4x y f(0 h) f( 0)
x y h hx y y

h$ # $ #

# # ## # #

$� ß � !ß
� �a b h 0Ä

  lim   0.  Then by definition f (0 0)  lim   1.  Note that f (0 0) f (0 0) in this case.œ œ ß œ œ ß Á ß
h 0 h 0Ä Ä

0 0 h 0
h h xy yx
� �

yx

 2. 1 e  cos y  w x e  cos y g(y); e  sin y g (y) 2y e  sin y  g (y) 2y` `
` `

w ww w
x y

x x x xœ � Ê œ � � œ � � œ � Ê œ

  g(y) y C; w ln 2 when x ln 2 and y 0  ln 2 ln 2 e  cos 0 0 C  0 2 CÊ œ � œ œ œ Ê œ � � � Ê œ �# #ln 2

  C 2.  Thus, w x e  cos y g(y) x e  cos y y 2.Ê œ � œ � � œ � � �x x #

 3. Substitution of u u(x) and v v(x) in g(u v) gives g(u(x) v(x)) which is a function of the independent� œ ß ß

 variable x.  Then, g(u v) f(t) dt     f(t) dt   f(t) dt  ß œ Ê œ � œ �' ' '
u u u

v v v
dg g g
dx u dx v dx u dx v dx

du dv du dv` `
` ` ` `

` `Š ‹ Š ‹
  f(t) dt   f(t) dt  f(u(x)) f(v(x)) f(v(x)) f(u(x)) œ � � œ � � œ �Š ‹ Š ‹` `

` `u dx v dx dx dx dx dx
du dv du dv dv du' '

v u

u v

 4. Applying the chain rules, f    f  .  Similarly, f   andx xx yyœ Ê œ � œ �df r d f r df r d f r df r
dr x dr x dr x dr y dr y

` ` ` ` `
` ` ` ` `

# #Š ‹ Š ‹Š ‹ˆ ‰# # # #

# # # #

 f  .  Moreover,   ; zz œ � œ Ê œ œŠ ‹ ˆ ‰d f r df r r x r r
dr z dr z x x yx y z x y z

y z y

x y z

# # #

# # ## # # # # #

# #

# # #

` ` ` ` `
` ` ` ` `

#

� � � �

�

� �È Èˆ ‰È 3

  ; and   .  Next, f f f 0Ê œ œ Ê œ � � œ` � ` `
` ` `� � � �� �

�# # # #

# #
# # # # # ## # #

# #r x z r z r
y z zx y z x y zx y z

x y
xx yy zzˆ ‰ ˆ ‰È ÈÈ3 3
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  Ê � � �Š ‹Š ‹ Š ‹Š ‹ˆ ‰ ˆ ‰Œ � Œ �d f x df d f df x z
dr x y z dr dr x y z dr

y z y

x y z x y z

# # # # #

# # # # # # # #

# # #

# # # # # #� � � �
�

� � � �

�

ˆ ‰ ˆ ‰È È3 3

 0   0   0� � œ Ê � œ Ê � œŠ ‹Š ‹ Š ‹ˆ ‰Œ �d f z df d f 2 df d f 2 df
dr x y z dr dr dr dr r dr

x y

x y z x y z

# # # #

# # # # # #

# #

# # # # # #� �
�

� � � �ˆ ‰È È3

  (f ) f , where f     ln f 2 ln r ln C  f Cr , orÊ œ � œ Ê œ � Ê œ � � Ê œd 2 df df 2 dr
dr r dr f r

w w w w w �#ˆ ‰ w

w

 Cr   f(r) b b for some constants a and b (setting a C)df C a
dr r rœ Ê œ � � œ � œ ��#

 5. (a) Let u tx, v ty, and w f(u v) f(u(t x) v(t y)) f(tx ty) t f(x y), where t, x, and y areœ œ œ ß œ ß ß ß œ ß œ ßn

 independent variables.  Then nt f(x y)   x y .  Now,n 1� ß œ œ � œ �` ` ` ` ` ` `
` ` ` ` ` ` `
w w u w v w w
t u t v t u v

   (t) (0) t   .  Likewise,` ` ` ` ` ` ` ` ` " `
` ` ` ` ` ` ` ` ` `

w w u w v w w w w w
x u x v x u v u u t xœ � œ � œ Ê œˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰

    (0) (t)  .  Therefore,` ` ` ` ` ` ` ` " `
` ` ` ` ` ` ` ` `

w w u w v w w w w
y u y v y u v v t yœ � œ � Ê œˆ ‰ ˆ ‰ ˆ ‰ Š ‹

 nt f(x y) x y .  When t 1, u x, v y, and w f(x y)n 1� ß œ � œ � œ œ œ œ ß` ` ` `
` ` ` `

w w x w w
u v t x t y

yˆ ‰ ˆ ‰ ˆ ‰ Š ‹
   and   nf(x y) x y , as claimed.Ê œ œ Ê ß œ �` ` ` ` ` `

` ` ` ` ` `
w f w f f f
x x y x x y

 (b) From part (a), nt f(x y) x y .  Differentiating with respect to t again we obtainn 1� ß œ �` `
` `

w w
u v

 n(n 1)t f(x y) x  x  y  y  x  2xy y  .� ß œ � � � œ � �n 2� ` ` ` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` ` ` ` `

# ## # # # # # #

# # # #

w u w v w u w v w w w
u t v u t u v t v t u u v v

 Also from part (a), t t  t  t  , ` ` ` ` ` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` ` ` ` `

## # # # #

# # # #

w w w w u w v w w w
x x x x u u x v u x u y y yœ œ œ � œ œˆ ‰ ˆ ‰ Š ‹

 t t  t  t  , and t t  t  œ œ � œ œ œ œ �` ` ` ` ` ` ` ` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` `

#
y v u v y v y v y x y x y u u y v u y

w w u w v w w w w w u w vˆ ‰ ˆ ‰ ˆ ‰# # # # # #

# # #

 t     ,  , and  œ Ê œ œ œ# ` " ` ` " ` ` " ` `
` ` ` ` ` ` ` ` ` `

# # # # # # #

# # # # # # #

w w w w w w w
v u t x u t y v t y x v u

ˆ ‰ ˆ ‰ ˆ ‰
  n(n 1)t f(x y)  for t 0.  When t 1, w f(x y) andÊ � ß œ � � Á œ œ ßn 2� Š ‹Š ‹ Š ‹ Š ‹Š ‹ˆ ‰x w w w

t x t y x t y
2xy y# # # #

# # # # #

#` ` `
` ` ` `

 we have n(n 1)f(x y) x 2xy y  as claimed.� ß œ � �# #` ` `
` ` ` `Š ‹ Š ‹ Š ‹# # #

# #

f f f
x x y y

 6. (a)  lim    lim   1, where t 6r
r 0 t 0Ä Ä

sin 6r sin t
6r tœ œ œ

 (b) f (0 0)  lim    lim    lim    lim   r ß œ œ œ œ
h 0 h 0 h 0 h 0Ä Ä Ä Ä

f(0 h 0) f(0 0)
h h 6h 12h

1 sin 6h 6h 6 cos 6h 6� ß � ß � � �ˆ ‰sin 6h
6h

#

  lim   0 (applying l'Hopital's rule twice)œ œ s
h 0Ä

�36 sin 6h
12

 (c) f (r )  lim    lim    lim   0) ß œ œ œ œ)
h 0 h 0 h 0Ä Ä Ä

f(r h) f(r )
h h h

0ß � � ß �) ) ˆ ‰ ˆ ‰sin 6r sin 6r
6r 6r

 7. (a) x y z r x y z  and rr i j k r i j kœ � � Ê œ œ � � œ � � œk k È # # #
� � � � � �

™
x z

x y z x y z x y z
y

rÈ È È# # # # # # # # #

r

 (b) r x y zn n
œ � �ˆ ‰È # # #

  r nx x y z ny x y z nz x y z nrÊ œ � � � � � � � � œ™ a b a b a b a bn n 2n 2 1 n 2 1 n 2 1# # # # # # # # #Ð Î Ñ� Ð Î Ñ� Ð Î Ñ� �i j k r

 (c) Let n 2 in part (b).  Then r   r   x y z  is the function.œ œ Ê œ Ê œ � �" " "
# # # #

# # # # #
™ ™a b a bˆ ‰r r r#

 (d) d dx dy dz   d x dx y dy z dz, and dr r  dx r  dy r  dz  dx  dy  dzr i j k r rœ � � Ê œ � � œ � � œ � �† x y z
x z
r r r

y

  r dr x dx y dy z dz dÊ œ � � œ r r†

 (e) a b c   ax by cz  ( ) a b cA i j k A r A r i j k Aœ � � Ê œ � � Ê œ � � œ† ™ †

 8. f(g(t) h(t)) c  0   , where  is the tangent vectorß œ Ê œ œ � œ � � �df f dx f f f dx dx
dt x dt y dt x y dt dt dt dt

dy dy dy` ` ` `
` ` ` `Š ‹ Š ‹i j i j i j†

  f is orthogonal to the tangent vectorÊ ™

 9. f(x y z) xz yz cos xy 1  f z y sin xy ( z x sin xy) (2xz y)   f(0 0 1)ß ß œ � � � Ê œ � � � � � � Ê ß ß œ �# #
™ ™a b i j k i j

  the tangent plane is x y 0; (ln t) (t ln t) t   (ln t 1) ; x y 0, z 1Ê � œ œ � � Ê œ � � � œ œ œr i j k r i j kw "ˆ ‰
t

  t 1  (1) .  Since ( ) ( ) r (1) f 0,  is parallel to the plane, andÊ œ Ê œ � � � � � œ œr i j k i j k i j rw w
† † ™

 (1) 0 0    is contained in the plane.r i j k rœ � � Ê
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878 Chapter 14 Partial Derivatives

10. Let f(x y z) x y z xyz f 3x yz 3y xz 3z xy f(0 1 1) 3 3ß ß œ � � � Ê œ � � � � � Ê ß� ß œ � �$ $ $ # # #
™ ™a b a b a bi j k i j k

 the tangent plane is x 3y 3z 0; 2 3 (cos (t 2))Ê � � œ œ � � � � �r i j kŠ ‹ ˆ ‰t 4
4 t

$

  (sin (t 2)) ; x 0, y 1, z 1  t 2  (2) 3 .  SinceÊ œ � � � œ œ � œ Ê œ Ê œ �r i j k r i jw wŠ ‹ ˆ ‰3t 4
4 t

#

#

 (2) f 0  is parallel to the plane, and (2)  is contained in the plane.r r r i k rw
† ™ œ Ê œ � � Ê

11. 3x 9y 0 and 3y 9x 0  y x  and 3 x 9x 0  x 9x 0` ` " " "
` `

# # # # %#z z
x y 3 3 3œ � œ œ � œ Ê œ � œ Ê � œˆ ‰

  x x 27 0  x 0 or x 3.  Now x 0  y 0 or ( 0) and x 3  y 3 or (3 3).  NextÊ � œ Ê œ œ œ Ê œ !ß œ Ê œ ßa b$

 6x, 6y, and 9.  For ( 0),  81  no extremum (a saddle point),` ` ` ` ` `
` ` ` ` ` ` ` `

#
# # # # # #

# # # #

z z z z z z
x y x y x y x yœ œ œ � !ß � œ � ÊŠ ‹

 and for (3 3),  243 0 and 18 0  a local minimum.ß � œ � œ � Ê` ` ` `
` ` ` ` `

#
# # # #

# # #

z z z z
x y x y xŠ ‹

12. f(x y) 6xye   f (x y) 6y(1 2x)e 0 and f (x y) 6x(1 3y)e 0  x 0 andß œ Ê ß œ � œ ß œ � œ Ê œ�Ð � Ñ �Ð � Ñ �Ð � Ñ2x 3y 2x 3y 2x 3y
x y

 y 0, or x  and y .  The value f(0 0) 0 is on the boundary, and f .  On the positive y-axis,œ œ œ ß œ ß œ" " " " "
# #3 3 e

ˆ ‰ 2

 f(0 y) 0, and on the positive x-axis, f(x 0) 0.  As x   or y   we see that f(x y)  0.  Thus the absoluteß œ ß œ Ä _ Ä _ ß Ä

 maximum of f in the closed first quadrant is  at the point ." " "
#e 32 ˆ ‰ß

13. Let f(x y z) 1  f   an equation of the plane tangent at the pointß ß œ � � � Ê œ � � Êx z 2x 2z
a b c a b c

y 2y# #

# # # # # #

#

™ i j k

 P (x y y ) is x y z 2 or x y z 1.! ! ! !ß ß � � œ � � œ � � œˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰2x 2z x z
a b c a b c a b c

2y y2x 2y 2z
! ! ! !

# # # # # # # # #

! !
# # #

! ! !

 The intercepts of the plane are 0 0 , 0 0  and .  The volume of the tetrahedron formed by theŠ ‹ Š ‹ Š ‹a b c
x y z

# # #

! ! !

ß ß ß ß !ß !ß

 plane and the coordinate planes is V   we need to maximize V(x y z) (xyz)œ Ê ß ß œˆ ‰ ˆ ‰ Š ‹Š ‹Š ‹" "
#

�"
3 x y z 6

a b c (abc)# # #

! ! !

#

 subject to the constraint f(x y z) 1.  Thus, ,  ,ß ß œ � � œ � œ � œx z 2x
a b c 6 x yz a 6 xy z b

y (abc) (abc) 2y# #

# # # # # # #

# # #’ “ Š ‹ ’ “ Š ‹" "- -

 and .  Multiply the first equation by a yz, the second by b xz, and the third by c xy. Then equate’ “ Š ‹� œ(abc)
6 xyz c

2z#

# #

" # # #-

 the first and second  a y b x y x, x 0; equate the first and third a z c x   z x, x 0;Ê œ Ê œ � Ê œ Ê œ �# # # # # # # #b c
a a

 substitute into f(x y z) 0 x   y   z   V abc.ß ß œ Ê œ Ê œ Ê œ Ê œa b c
3 3 3

3È È È
È
#

14. 2(x u) , 2(y v) , 2(x u) , and 2(y v) 2 v  x u v y, x u , and� œ � � œ � � œ � � œ � Ê � œ � � œ �- - . .
.

#

 y v v  x u v   v  or 0.� œ Ê � œ � œ � Ê œ œ. . .
.

# #
"

 CASE 1: 0  x u, y v, and 0; then y x 1  v u 1 and v u  v v 1. -œ Ê œ œ œ œ � Ê œ � œ Ê œ �# #

  v v 1 0  v   no real solution.Ê � � œ Ê œ Ê# „ �
#

1 1 4È

 CASE 2: v  and u v u ; x y and y x 1 x x 2x xœ œ Ê œ � œ � œ � Ê � œ � � Ê œ � Ê œ �" " " " " " " "
# # #

#
4 4 4 4 8

 y .  Then f 2   the minimum distance is 2.Ê œ � ß ß ß œ � � � � œ Ê7 7 7 3 3
8 8 8 4 8 4 8 8 8

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ È" " " " " "
# #

# # #

 (Notice that f has no maximum value.)

15. Let (x y ) be any point in R.  We  must show  lim   f(x y) f(x y ) or, equivalently that! ! ! !ß ß œ ß
Ð ß Ñ Ä Ð ß Ñx y x y! !

  lim   f(x h y k) f(x y ) 0.  Consider f(x h y k) f(x y )
Ð ß Ñ Ä Ð ß Ñh k 0 0

k k! ! ! ! ! ! ! !� ß � � ß œ � ß � � ß

 [f(x h y k) f(x y k)] [f(x y k) f(x y )].  Let F(x) f(x y k) and apply the Mean Valueœ � ß � � ß � � ß � � ß œ ß �! ! ! ! ! ! ! ! !

 Theorem:  there exists  with x x h such that F ( )h F(x h) F(x )  hf ( y k)0 0 0 0! ! ! ! !
w� � � œ � � Ê ß �x

 f(x h y k) f(x y k).  Similarly, k f (x ) f(x y k) f(x y ) for some  withœ � ß � � ß � ß œ ß � � ß! ! ! ! ! ! ! ! !y ( (

 y y k.  Then f(x h y k) f(x y ) hf ( y k) kf (x ) .  If M, N are positive real! ! ! ! ! ! ! !� � � � ß � � ß Ÿ ß � � ß( 0 (k k k k k kx y

 numbers such that f M and f N for all (x y) in the xy-plane, then f(x h y k) f(x y )k k k k k kx yŸ Ÿ ß � ß � � ß! ! ! !

 M h N k .  As (h k)  0, f(x h y k) f(x y )   0   lim   f(x h y k) f(x y )Ÿ � ß Ä � ß � � ß Ä Ê � ß � � ßk k k k k k k k! ! ! ! ! ! ! !
Ð ß Ñ Ä Ð ß Ñh k 0 0

 0  f is continuous at (x y ).œ Ê ß! !
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16. At extreme values, f and  are orthogonal because f 0 by the First Derivative Theorem for™ ™ †v œ œ œd df d
dt dt dt
r r

 Local Extreme Values.

17. 0  f(x y) h(y) is a function of y only.  Also, 0  g(x y) k(x) is a function of x only.` `
` ` `

`f f
x y x

gœ Ê ß œ œ œ Ê ß œ

 Moreover,   h (y) k (x) for all x and y.  This can happen only if h (y) k (x) c is a constant.`
` `

` w w w wf
y x

gœ Ê œ œ œ

 Integration gives h(y) cy c  and k(x) cx c , where c  and c  are constants.  Therefore f(x y) cy cœ � œ � ß œ �" # " # "

 and g(x y) cx c .  Then f(1 2) g(1 2) 5  5 2c c c c , and f(0 0) 4  c 4  cß œ � ß œ ß œ Ê œ � œ � ß œ Ê œ Ê œ# " # "
"
#

  c .  Thus, f(x y) y 4 and g(x y) x .Ê œ ß œ � ß œ �# # # # #
" "9 9

18. Let g(x y) D f(x y) f (x y)a f (x y)b.  Then D g(x y) g (x y)a g (x y)bß œ ß œ ß � ß ß œ ß � ßu ux y x y

 f (x y)a f (x y)ab f (x y)ba f (x y)b f (x y)a 2f (x y)ab f (x y)b .œ ß � ß � ß � ß œ ß � ß � ßxx yx xy yy xx xy yy
# # # #

19. Since the particle is heat-seeking, at each point (x y) it moves in the direction of maximal temperatureß

 increase, that is in the direction of T(x y) e  sin x 2e  cos x .  Since T(x y) is parallel to™ ™ß œ � ßa b a b� �2y 2yi j

 the particle's velocity vector, it is tangent to the path y f(x) of the particle  f (x) 2 cot x.œ Ê œ œw 2e  cos x
e  sin x

�

�

2y

2y

 Integration gives f(x) 2 ln sin x C and f 0  0 2 ln sin C  C 2 ln lnœ � œ Ê œ � Ê œ � œk k ˆ ‰ ¸ ¸ Š ‹1 1
4 4

2 2
2

È
È#

#

 ln 2.  Therefore, the path of the particle is the graph of y 2 ln sin x ln 2.œ œ �k k
20. The line of travel is x t, y t, z 30 5t, and the bullet hits the surface z 2x 3y  whenœ œ œ � œ �# #

 30 5t 2t 3t   t t 6 0  (t 3)(t 2) 0  t 2 (since t 0).  Thus the bullet hits the� œ � Ê � � œ Ê � � œ Ê œ �# # #

 surface at the point (2 2 20).  Now, the vector 4x 6y  is normal to the surface at any (x y z), so thatß ß � � ß ßi j k
 8 12  is normal to the surface at (2 2 20).  If 5 , then the velocity of the particlen i j k v i j kœ � � ß ß œ � �

 after the ricochet is 2 proj   ( 5 )w v v v n v n i j k i j kœ � œ � œ � œ � � � � �n Š ‹ ˆ ‰ ˆ ‰2 2 25 400 600 50
209 209 209 209

v n
n
† †

k k#
 .œ � � �191 391 995

209 209 209i j k

21. (a)  is a vector normal to z 10 x y  at the point ( 0 10).  So directions tangential to S at ( 0 10) willk œ � � !ß ß !ß ß# #

 be unit vectors a b .  Also, T(x y z) (2xy 4) x 2yz 14 y 1u i j i j kœ � ß ß œ � � � � � �™ a b a b# #

 T( 0 10) 4 14 .  We seek the unit vector a b  such that D T(0 0 10)Ê !ß ß œ � � œ � ß ß™ i j k u i j u

 (4 14 ) (a b ) (4 14 ) (a b ) is a maximum.  The maximum will occur when a bœ � � � œ � � �i j k i j i j i j i j† †

 has the same direction as 4 14 , or (2 7 ).i j u i j� œ �"È53

 (b) A vector normal to S at (1 1 8) is 2 2 .  Now, T(1 1 8) 6 31 2  and we seek the unitß ß œ � � ß ß œ � �n i j k i j k™

 vector  such that D T(1 1 8) T  has its largest value.  Now write T , where  is parallelu u v w vu ß ß œ œ �™ † ™

 to T and  is orthogonal to T.  Then D T T ( ) .  Thus™ ™ ™ † † † † †w u v w u v u w u w uu œ œ � œ � œ

 D T(1 1 8) is a maximum when  has the same direction as .  Now, Tu ß ß œ �u w w n™ Š ‹™ †T n
nk k#

 (6 31 2 ) (2 2 ) 6 31 2œ � � � � � œ � � � � �i j k i j k i j kˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰12 62 2 152 152 76
4 4 1 9 9 9
� �
� �

   (98 127 58 ).œ � � � Ê œ œ � � �98 127 58
9 9 9 29,097

i j k u i j kw
wk k È "

22. Suppose the surface (boundary) of the mineral deposit is the graph of z f(x y) (where the z-axis points up into the air).œ ß

 Then  is an outer normal to the mineral deposit at (x y) and  points in the direction of steepest� � � ß �` ` ` `
` ` ` `

f f f f
x y x yi j k i j

 ascent of the mineral deposit.  This is in the direction of the vector  at (0 0) (the location of the 1st borehole)` `
` `

f f
x yi j� ß

 that the geologists should drill their fourth borehole.  To approximate this vector we use the fact that (0 0 1000),ß ß �

 (0 100 950), and (100 1025) lie on the graph of z f(x y). The plane containing these three points is a goodß ß � ß !ß� œ ß

 approximation to the tangent plane to z f(x y) at the point (0 0 0).  A normal to this plane is 0 00 50
00 0 25

œ ß ß ß "

" �

â ââ ââ ââ ââ ââ â
i j k
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880 Chapter 14 Partial Derivatives

 2500 5000 10,000 , or 2 4 .  So at (0 0) the vector  is approximately 2 .  Thus theœ � � � � � � ß � � �i j k i j k i j i j` `
` `

f f
x y

 geologists should drill their fourth borehole in the direction of ( 2 ) from the first borehole."È5
� �i j

23. w e  sin x  w re  sin x and w e  cos x  w e  sin x; w w , where c  is theœ Ê œ œ Ê œ � œrt rt rt rt
t x xx xx tc1 1 1 1 1 1# #"

#

 positive constant determined by the material of the rod  e  sin x re  sin xÊ � œ1 1 1# "rt rt
c# a b

  r c e  sin x 0  r c   w e  sin xÊ � œ Ê œ � Ê œa b# # # # �1 1 1 1rt c t# #1

24. w e  sin kx  w re  sin kx and w ke  cos kx  w k e  sin kx; w wœ Ê œ œ Ê œ � œrt rt rt rt
t x xx xx tc

# "
#

  k e  sin kx re  sin kx   r c k e  sin kx 0  r c k   w e  sin kx.Ê � œ Ê � œ Ê œ � Ê œ# # # # # �"rt rt rt c k t
c#

# #a b a b
 Now, w(L t) 0  e  sin kL 0  kL n  for n an integer  k   w e  sin x .ß œ Ê œ Ê œ Ê œ Ê œ� � Îc k t c n t Ln n

L L
# # # # # #

1 1 11 ˆ ‰
 As t  , w  0 since sin x 1 and e   0.Ä _ Ä Ÿ Ä¸ ¸ˆ ‰n

L
c n t L1 1� Î# # # #
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CHAPTER 15  MULTIPLE INTEGRALS

15.1  DOUBLE AND ITERATED INTEGRALS OVER RECTANGLES

 1. 2xy dy dx x y  dx 16x dx 8 x  24' ' ' '
1 0 1 1

2 4 2 24 2

0 1œ œ œ œc d c d# #

 2. x y  dy dx xy y  dx 2x dx x  4' ' ' '
0 1 0 0

2 1 2 2 2

0
�

a b c d� ‘� œ � œ œ œ1
2

# #"

�"

 3. (x y 1) dx dy yx x  dy (2y 2) dy y 2y 1' ' ' '
� � � �1 1 1 1

0 1 0 0

� � œ � � œ � œ � œ’ “ c dx
2

#
"

�"
�"

# !

 4. 1  dx dy x dy dy y' ' ' '
0 0 0 0

1 1 1 1Š ‹ ’ “ Š ‹ ’ “� œ � � œ � œ � œx y x y y y
2 6 2 6 2 6 6 3

x 5 5 2# # # #� 3 3"

0 0

1

 5. 4 y  dy dx 4y  dx  dx x  16' ' ' '
0 0 0 0

3 2 3 3a b ’ “ � ‘� œ � œ œ œ# y
3 3 3

16 16$
#

!

3

0

 6. x y 2xy  dy dx xy  dx 4x 2x  dx 2x 0' ' ' '
0 2 0 0

3 0 3 3

�

a b a b’ “ ’ “# # # #� œ � œ � œ � œx y
2 3

2x# # $
!

�# !

3

 7.  dx dy ln 1 x y  dy ln 1 y dy y ln 1 y y ln 1 y 2 ln 2 1' ' ' '
0 0 0 0

1 1 1 1
y

1 x y 0�
"œ l � l œ l � l œ l � l � � l � l œ �c d c d 1

0

 8. y  dx dy x x y dy 4 4 y dy 4y y' ' ' '
1 0 1 1

4 4 4 44ˆ ‰ � ‘ ˆ ‰ � ‘È Èx 1 8 92
2 4 3 3

2 1/2 3/2� œ � œ � œ � œ
!

4

1

 9. e  dy dx e  dx 5e e  dx e e 5 e' ' ' '
0 1 0 0

ln 2 ln 5 ln 2 ln 2 ln 22x y 2x y 2x 2x 1 2x 2x 15 3
2 2

� � � �"
#œ œ � œ � œ �c d a b a b� ‘ln 5

0"

10. x y e  dy dx x y e  dx x e dx x e e  ' ' ' '
0 1 0 0

1 2 1 1
x 2 x x x x3 3 3 3

2 2 2 2œ œ œ � œ� ‘ � ‘"
#

2 1

0"

11. y sin x dx dy y cos x  dy y dy y' ' ' '
� � �

Î
Î

�1 0 1 1

2 2 2 2

0
2

1

21

1œ � œ œ œc d � ‘"
#

2 3
2

12. sin x cos y  dx dy cos x x cos y  dy 2 cos y dy 2y sin y  2' ' ' '
1 1 1

1 1 1 1

1 1

1

2 2 2

0 0
2a b c d a b c d� œ � � œ � œ � œ1 1 1

13.  6 y 2 x dA 6 y 2 x  dy dx 2 y 2 x y  dx 16 4 x dx 16 x 2 x  14' '
R

a b a b c d a b c d# #� œ � œ � œ � œ � œ' ' ' '
0 0 0 0

1 2 1 1

0 0

2 13 2

14.  dA  dy dx  dx x dx x  ' '
R

È È Èx x x
y y y 3 3

1 2 3 21 8
2 2œ œ � œ œ œ' ' ' '

0 1 0 0

4 2 4 4

1

2

0

4’ “ � ‘"
#

Î Î

15.  x y cos y dA  x y cos y dy dx x y sin y x cos y  dx 2x dx x  0' '
R

œ œ � œ � œ � œ' ' ' '
� � �

�1 0 1 1

1 1 1

0 1

11

1c d a b c d2

16.  y sin x y dA  y sin x y  dy dx y cos x y sin x y  dx' '
R

a b a b c da b a b� œ � œ � � � �' ' '
� �1 1

1

1

0 0

0 0

 sin x cos x sin x dx cos x sin x cos x  4œ � � � � œ � � � � � œ'
�

�

1
1

0
0a b c da b a b a b a b1 1 1 1 1 1
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17.  e dA e  dy dx e  dx e e dx e e' '
R

x y x y x y x x x x� � � � � "
#œ œ � œ � � œ � � œ' ' ' '

0 0 0 0

ln 2 ln 2 ln 2 ln 2

0 0
ln 2 ln 2 ln 2 ln 2c d a b c d

18.  x y e dA x y e  dy dx e dx e dx e x e 3' '
R

x y x y x y x x 22 2 2
œ œ œ � œ � œ �' ' ' '

0 0 0 0

2 1 2 2

0

1

0

2’ “ ˆ ‰ � ‘ a b" " " " " "
# # # # # #

19.  dA  dy dx dx dx 2 ln x 1 2 ln 2' '
R

x y x y x y
x 1 x 1 4 x 1 x 1

4 x 23 3 4

2 2 2 2� � � �œ œ œ œ l � l œ' ' ' '
0 0 0 0

1 2 1 1

0

2

0

1’ “ c da b

20.  dA  dx dy tan x y dy tan y dy y tan y ln 1 y ln 2' '
R

y y
x y 1 4x y 1

1 1 1 2
2 2 2� # #�

� � � " "œ œ œ œ � l � l œ �' ' ' '
0 0 0 0

1 1 1 1

0

1

0

1

a b c da b � ‘ 1

21.   dy dx (ln 2 ln 1) dx (ln 2)  dx (ln 2)' ' ' '
1 1 1 1

2 2 2 2
1

xy x xœ � œ œ" " #

22. y cos xy dx dy sin xy  dy sin y dy  cos y ( 1 1)' ' ' '
0 0 0 0

1 1 11

œ œ œ � œ � � � œc d � ‘1

1 1 1!
" ""

!
1 1

2

23. V  f x, y dA x y  dy dx x y y dx 2 x dx x xœ œ � œ � œ � œ � œ' '
R

a b a b � ‘ ˆ ‰ � ‘' ' ' '
� � � �1 1 1 1

1 1 1 1
2 2 2 3 2 31 2 2 2 8

3 3 3 3 31 1

" "

� �

24. V  f x, y dA 16 x y  dy dx 16 y x y y dx 2 x dx x xœ œ � � œ � � œ � œ �' '
R

a b a b � ‘ ˆ ‰ � ‘' ' ' '
0 0 0 0

2 2 2 2

0 0

2 22 2 2 3 2 31 88 88 2
3 3 3 3

 œ 160
3

25  V  f x, y dA 2 x y  dy dx 2 y x y y dx x dx x x 1Þ œ œ � � œ � � œ � œ � œ' '
R

a b a b � ‘ ˆ ‰ � ‘' ' ' '
0 0 0 0

1 1 1 1
" "
# #

"

! !

"2 23 3
2 2

26  V  f x, y dA  dy dx dx 1 dx x 4Þ œ œ œ œ œ œ' '
R

a b c d’ “' ' ' '
0 0 0 0

4 2 4 4

0

2

0
4y y

2 4

2

27  V  f x, y dA 2 sin x cos y dy dx 2 sin x sin y dx 2 sin x dx 2 cos xÞ œ œ œ œ œ �' '
R

a b c d Š ‹ ’ “È È' ' ' '
0 0 0 0

2 4 2 2

0
4

0

21 1 1 1

1

1Î Î Î Î
Î

Î

 2œ È

28. V  f x, y dA 4 y  dy dx 4 y y dx dx xœ œ � œ � œ œ œ' '
R

a b a b � ‘ ˆ ‰ � ‘' ' ' '
0 0 0 0

1 2 1 1

0

22 31 16 16 16
3 3 3 3

"

!

15.2  DOUBLE INTEGRALS OVER GENERAL REGIONS

 1.  2. 
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 3.  4. 

 5.  6. 

 7.  8. 

 9. (a) dy dx' '
!

#

x

8

3 (b) dx dy' '
!

8 y

0

1 3Î

10. (a) dy dx' '
!

3 2x

0
(b) dx dy' '

! Î

6 3

y 2

11. (a) dy dx' '
!

3 3x

x2 (b) dx dy' '
! Î

9 y

y 3

È

12. (a) dy dx' '
!

#

1

ex

(b) dx dy' '
1 ln y

e 22

13. (a) dy dx' '
!

9 x

0

È

 (b) dx dy' '
0 y

3 9

2
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14. (a) dy dx' '
!

Î1 4 1

tan x

 (b) dx dy' '
0 0

1 tan y�1

 

15. (a) dy dx' '
!

ln 3 1

e�x

 (b) dx dy' '
1 3 ln y

1 ln 3

Î �

 

16. (a) dy dx dy dx' ' ' '
!

1 1 e 1

0 1 ln x
�

 (b) dx dy' '
0 0

1 ey

 

17. (a) dy dx' '
!

�1 3 2x

x

 (b) dx dy dx dy' ' ' '
0 0 1 0

1 y 3 3 y 2
�

a b� Î

 

18. (a) dy dx' '
�

�

1 x

2 x 2

2

 (b) dx dy dx dy' ' ' '
0 y 1 y 2

1 y 3 y

� �È
È È

�

 

19. (x sin y) dy dx x cos y  dx' ' '
0 0 0

x
x

1 1

œ �c d !
 (x x cos x) dx (cos x x sin x)œ � œ � �'

0

1 ’ “x
2

#
1

!

 2œ �1
#

#

 

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



 Section 15.2 Double Integrals Over General Regions 885

20. y dy dx  dx  sin x dx' ' ' '
0 0 0 0

sin x sin x1 1 1

œ œ’ “y
2

#

!

"
#

#

  (1 cos 2x) dx x  sin 2xœ � œ � œ" " "
!4 4 2 4

'
0

1 � ‘1 1

 

21. e  dx dy e  dy ye e  dy' ' ' '
1 0 1 1

ln 8 ln y ln 8 ln 8
x y x y y yln y� �œ œ �c d a b!

 (y 1)e e 8(ln 8 1) 8 eœ � � œ � � �c dy y ln 8
1

 8 ln 8 16 eœ � �

 

22. dx dy y y  dy' ' '
1 y 1

2 y 2#

œ � œ �a b ’ “#
#

#

"

y y
3

$ #

 2œ � � � œ � œˆ ‰ ˆ ‰8 7 3 5
3 3 3 6

" "
# #

 

23. 3y e  dx dy 3y e  dy' ' '
0 0 0

1 1

0

y y
#

#

$ #xy xyœ c d
 3y e 3y  dy e y e 2œ � œ � œ �'

0

1Š ‹ ’ “# # $
"

!

y y$ $

 

24.   e  dy dx  x e  dx' ' '
1 0 1

4 x 4
y x y x x

0

È
È È3 3

2#
Î Îœ � ‘È È

 (e 1) x dx (e 1) x 7(e 1)œ � œ � œ �3 3 2
2 3#

$Î# %

"
'

1

4È � ‘ˆ ‰

 

25.   dy dx x ln y  dx (ln 2)  x dx  ln 2' ' ' '
1 x 1 1

2 2x 2 2
2x
x

x 3
y œ œ œc d #

26. x y  dy dx x y  dx x (1 x)  dx x x  dx' ' ' ' '
0 0 0 0 0

1 1 x 1 1 1x

0

�
"�a b ’ “ ’ “ ’ “# # # # # $� �� œ � œ � � œ � �y (1 x) (1 x)

3 3 3

$ $ $

 0 0 0œ � � œ � � � � � œ’ “ ˆ ‰ ˆ ‰x x
3 4 1 3 4 1 6

(1 x)$ % %�
# #

"

!

" " " "

27. v u  dv du v u  du u(1 u)  du' ' ' '
0 0 0 0

1 1 u 1 1u

0

�
"�ˆ ‰È È È’ “ ’ “� œ � œ � �v 1 2u u

2

# #� �
#

 u u u  du u uœ � � � � œ � � � � œ � � � � œ � � œ �'
0

1 Š ‹ ’ “" " " " " "
# # # # # #

"Î# $Î# $Î# &Î#
"

!

u u u u 2 2 2 2 2
2 6 3 5 6 3 5 5 10

# # $
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28. e  ln t ds dt e  ln t  dt (t ln t ln t) dt  ln t t ln t t' ' ' '
1 0 1 1

2 ln t 2 2
ln t
0

s s t t
2 4œ œ � œ � � �c d ’ “# #

#

"

 (2 ln 2 1 2 ln 2 2) 1œ � � � � � � œˆ ‰" "
4 4

29. 2 dp dv 2 p  dv 2 2v dv' ' ' '
� � �

�

2 v 2 2

0 v 0 0
v

vœ œ �c d�
 2 v 8œ � œc d# 0

2�

 

30. 8t dt ds 4t  ds' ' '
0 0 0

1 1 s 1 1 s

0

È È�

�

#
#

œ c d#
 4 1 s  ds 4 sœ � œ � œ'

0

1 a b ’ “#
"

!

s 8
3 3

$

 

31. 3 cos t du dt (3 cos t)u' ' '
� Î � Î

Î Î

1 1

1 1

3 0 3

3 sec t 3
sec t
0œ c d

 3 dt 2œ œ'
� Î

Î

1

1

3

3

1

 

32.  dv du  du' ' '
0 1 0

3 2 4 2u 3 2 4 2u

1

Î � Î �
 4 2u 2u 4

v v
� �
# œ � ‘

 3 2u  du 3u uœ � œ � œ'
0

3 2 2Î
Îa b c d# $

!
9
2

 

33. dx dy' '
2 0

4 4 y) 2Ð � Î

 

34. dy dx' '
�

�

2 0

0 x 2
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35. dy dx' '
0 x

1 x

#

 

36. dx dy' '
0 1 y

1 1 y

�

�

È

 

37. dx dy' '
1 ln y

e 1

 

38. dy dx' '
1 0

2 ln x

 

39. 16x dx dy' '
0 0

9 9 y1
2
È
�

 

40. y dy dx' '
0 0

4 4 xÈ
�
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41. 3y dy dx' '
�

�

1 0

1 1 xÈ #

 

42. 6x dx dy' '
�

�

2 0

2 4 yÈ #

 

43. x y dx dy' '
0 e

1 e

y

 

44. x y  dx dy' '
0 0

1 2 sin y
2

Î �1  

45. x y dy dx' '
1 ln x

e 33 a b�
 

46. x y dy dx' '
0 tan x

3 31Î È È  
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47.  dy dx  dx dy sin y dy 2' ' ' ' '
0 x 0 0 0

y1 1 1 1

sin y sin y
y yœ œ œ

 

48. 2y  sin xy dy dx 2y  sin xy dx dy' ' ' '
0 x 0 0

2 2 2 y
# #œ

 2y cos xy  dy 2y cos y 2y  dyœ � œ � �' '
0 0

2 2
y
0c d a b#

 sin y y 4 sin 4œ � � œ �c d# # #
!

 

49. x e  dx dy x e  dy dx xe  dx' ' ' ' '
0 y 0 0 0

1 1 1 x 1
xy xy xy x

0
# #œ œ c d

 xe x  dx eœ � œ � œ'
0

1
x xa b ’ “# " �

# #

"

!2
x e 2# #

 

50.  dy dx  dx dy' ' ' '
0 0 0 0

2 4 x 4 4 y� �

#

xe xe
4 y 4 y

2y 2y

� �œ
È

  dy  dyœ œ œ œ' '
0 0

4 44 y

0
’ “ ’ “x e e e e

(4 y) 4 4

# )2y 2y 2y

# � #

%

!

�"
È
�

 

51. e  dx dy e  dy dx' ' ' '
0 y/2 0 0

2 ln 3 ln 3 ln 3 2x
x x

È È È
#

œ
#

 2xe  dx e e 1 2œ œ œ � œ'
0

ln 3
x x ln 3ln 3

0

È È
# #c d

 

52.  e  dy dx  e  dx dy' ' ' '
0 x 3 0 0

3 1 1 3y
y y

È Î

$ $

#

œ

 3y e  dy e e 1œ œ œ �'
0

1
y y# "

!
$ $c d

 

53. cos 16 x  dx dy cos 16 x  dy dx' ' ' '
0 y 0 0

1 16 1 2 1 2 xÎ Î Î

"Î%

%a b a b1 1
& &œ

 x  cos 16 x  dxœ œ œ'
0

1 2Î
% &

"Î#

!

"a b ’ “1
sin 16 x

80 80
a b1

1 1

&
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54.   dy dx  dx dy' ' ' '
0 x 0 0

8 2 2 y

$

$

È
" "
� �y 1 y 1% %œ

  dy ln y 1œ œ � œ'
0

2
y

y 1 4 4
ln 17$

%�
" % #

!c da b

 

55.  y 2x  dA' '
R

a b� #

 y 2x  dy dx y 2x  dy dxœ � � �' ' ' '
� � � �

� �

1 x 1 0 x 1

0 x 1 1 1 xa b a b# #

 y 2x y dx y 2x y  dxœ � � �' '
�

�" �

� � �1 0

0 1x 1 x

x 1 x 1
� ‘ � ‘" "# # # #

2 2 

 (x 1) 2x (x 1) ( x 1) 2x ( x 1) dxœ � � � � � � � � �'
�1

0 � ‘" "
# #

# # # #

        (1 x) 2x (1 x) (x 1) 2x (x 1)  dx� � � � � � � �'
0

1� ‘" "
# #

# # # #

 4 x x  dx 4 x x  dxœ � � � �' '
�1 0

0 1a b a b$ # $ #
 

 4 4 4 4 8œ � � � � œ � � � œ � œ � œ �’ “ ’ “ ’ “ ˆ ‰ ˆ ‰x x x x 3 4 8 2
4 3 4 3 4 3 4 3 12 12 12 3

( 1) ( 1)% $ % $ % $0

1�

"

!

� � " "

56.  xy dA xy dy dx  xy dy dx' '
R

œ �' ' ' '
0 x 2 3 x

2 3 2x 1 2 xÎ �

Î

 xy dx xy  dxœ �' '
0 2 3

2 3 12x 2 x

x x

Î

Î

�� ‘ � ‘" "# #
2 2 

 2x x  dx x(2 x) x  dxœ � � � �' '
0 2 3

2 3 1Î

Î
ˆ ‰ � ‘$ $ # $" " "

# # #

 x  dx 2x x  dxœ � �' '
0 2 3

2 3 1Î

Î

3
#

$ #a b
 

 x x x 1œ � � œ � � � � œ � � � œ� ‘ � ‘ ˆ ‰ ˆ ‰ ˆ ‰ � ‘ ˆ ‰ˆ ‰ ˆ ‰3 2 3 16 2 4 2 8 6 27 36 16 13
8 3 8 81 3 9 3 27 81 81 81 81 81

% # $ "

#Î$

2 3

0

Î

57. V  x y  dy dx x y  dx 2x  dxœ � œ � œ � � œ � �' ' ' '
0 x 0 0

1 2 x 1 12 x

x

�
�a b ’ “ ’ “ ’ “# # # # � �

"

!

y (2 x) (2 x)
3 3 3 3 12 12

7x 2x 7x$ $ %$ $ %

 0 0œ � � � � � œˆ ‰ ˆ ‰2 7 16 4
3 12 12 12 3

"

58. V x  dy dx x y  dx 2x x x  dx x x xœ œ œ � � œ � �' ' ' '
� � �

�

�

2 x 2 2

1 2 x 1 12 x

x

#
#

# # # % $ $ & % "

�#
c d a b � ‘2 1 1

3 5 4

 œ � � � � � � œ � � � � � � œ œˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰2 16 32 16 40 12 15 320 384 240 189 63
3 5 4 3 5 4 60 60 60 60 60 60 60 20

" "

59. V (x 4) dy dx xy 4y  dx x 4 x 4 4 x 3x 12x  dxœ � œ � œ � � � � �' ' ' '
� � �

�

�

4 3x 4 4

1 4 x 1 1
4 x
3x

#

#c d c da b a b# # #

 x 7x 8x 16  dx x x 4x 16x 12 64œ � � � � œ � � � � œ � � � � � œ � œ'
�4

1 a b � ‘ ˆ ‰ ˆ ‰$ # % $ # "

�%
" "1 7 7 64 157 625

4 3 4 3 3 3 4 12

60. V  (3 y) dy dx 3y  dx 3 4 x  dxœ � œ � œ � �' ' ' '
0 0 0 0

2 4 x 2 24 x

0

È È
�

�

# #’ “ ’ “È Š ‹y
2

4 x# #
# �

#

 x 4 x 6 sin 2x 6 4 3œ � � � � œ � � œ � œ’ “È ˆ ‰ ˆ ‰3 x x 8 16 9 8
2 6 6 6 3

# �"
# #

#

!

�$
1 1

1

61. V 4 y  dx dy 4x y x  dy 12 3y  dy 12y y 24 8 16œ � œ � œ � œ � œ � œ' ' ' '
0 0 0 0

2 3 2 2a b c d a b c d# # # $$
! !

#
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62. V  4 x y  dy dx 4 x y  dx 4 x  dx 8 4x  dxœ � � œ � � œ � œ � �' ' ' ' '
0 0 0 0 0

2 4 x 2 2 24 x
�

�

!

# #a b a b a b’ “ Š ‹# # # #"
# #

#y
2

x# %

 8x x x 16œ � � œ � � œ œ� ‘4 32 32 480 320 96 128
3 10 3 10 30 15

$ &" � �#

!

63. V  12 3y  dy dx 12y y  dx 24 12x (2 x)  dx 24x 6x 20œ � œ � œ � � � œ � � œ' ' ' '
0 0 0 0

2 2 x 2 2� a b c d c d ’ “# $ $ ##�
!

�
#

!

x (2 x)
4

%

64. V  (3 3x) dy dx (3 3x) dy dx 6 1 x  dx 6 (1 x)  dx 4 2 6œ � � � œ � � � œ � œ' ' ' ' ' '
� � � � �

� �

1 x 1 0 x 1 1 0

0 x 1 1 1 x 0 1a b# #

65. V (x 1) dy dx xy y  dx 1 1 dx 2 1  dx 2 x ln xœ � œ � œ � � � � œ � œ �' ' ' ' '
1 1 x 1 1 1

2 1 x 2 2 2
1 x

1 x
� Î

Î
Î

� Î
c d c d� ‘ ˆ ‰ˆ ‰" " " #

"x x x

  2(1 ln 2)œ �

66. V 4 1 y  dy dx 4 y  dx 4 sec x  dxœ � œ � œ �' ' ' '
0 0 0 0

3 sec x 3 3sec x

0

1 1 1Î Î Îa b ’ “ Š ‹# y
3 3

sec x$ $

  7 ln sec x tan x sec x tan x 7 ln 2 3 2 3œ � � œ � �2 2
3 3c dk k ’ “Š ‹È È1Î$

!

67.  

68. 

 

69.  dy dx  dx  dx  lim    lim   1 1' ' ' '
1 e 1 1

1

e

b

1

_ _ _

�

�

x x

" � " "
"

x y x x x b
ln y x

$ $ $œ œ � œ � œ � � œ’ “ ˆ ‰ � ‘ ˆ ‰
b bÄ _ Ä _

70. (2y 1) dy dx y y  dx  dx 4  lim   sin x' ' ' '
� � � � �

�

�

� �

�1 1/ 1 x 1 1

1 1/ 1 x 1 11/ 1 x

1/ 1 x

b

È

È ˆ ‰

a b
#

#

# Î#

# Î#

� œ � œ œc d c dº# �"

� !

1

1

2
1 xÈ # b 1Ä

 4  lim   sin b 0 2œ � œ
b 1Ä

�

c d�"
1

71. -dx dy 2  lim   tan b tan 0  dy 2   lim    dy' ' ' '
�_ �_

_ _ _

" "
� � � �

�" �"
a b a bx 1 y 1 y 1 y 1

2
# # # #œ � œ

0 0

bŠ ‹Š ‹
b bÄ _ Ä _

1

 2  lim  tan b tan 0 (2 )œ � œ œ1 1 1Š ‹ ˆ ‰
b Ä _

�" �" #
#
1
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72. xe  dx dy e   lim   xe e  dy e   lim   be e 1  dy' ' ' '
0 0 0 0

x 2y 2y x x 2y b bb
0

_ _ _ _

�Ð � Ñ � � � � � �œ � � œ � � �
b bÄ _ Ä _

c d a b
 e  dy   lim   e 1œ œ � � œ'

0

2y 2b
_

� �" "
# #b Ä _

a b

73. f(x y) dA  f 0 f(0 0) f 0 0' '
R

ß ¸ � ß � ß � ß œ � � � œ �" " " " " " " " "
# #4 8 8 4 4 8 4 32

3ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰

74. f(x y) dA f f f f (29 31 33 35) 8' '
R

ß ¸ ß � ß � ß � ß œ � � � œ œ" "
4 4 4 4 4 4 4 4 4 16 16

7 11 9 11 7 13 9 13 128’ “ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰

75. The ray  meets the circle x y 4 at the point 3 1   the ray is represented by the line y .  Thus,) œ � œ ß Ê œ1

6
x

3
# # Š ‹È È

 f(x y) dA 4 x  dy dx 4 x 4 x  dx 4x' '
R

ß œ � œ � � � œ � � œ' ' '
0 x 3 0

3 4 x 3

3

3

0

È È

È

È

È

È

Î

� #È È’ “a b ” •# ## �x x
3 9

4 x

3 3
20 3$ # $Î#a b

È
È

76.  dy dx  dx  dx 6  ' ' ' ' '
2 0 2 2 2

2 2

0

_ _ _ _

"
� �

�
� � � �a b a bx x (y 1)

3(y 1)
x x x x x x x(x 1)

3 3 dx
# #Î$

"Î$

# # #œ œ � œ’ “ ˆ ‰
 6  lim    dx 6  lim   ln (x 1) ln x 6  lim   [ln (b 1) ln b ln 1 ln 2]œ � œ � � œ � � � �

b b bÄ _ Ä _ Ä _

'
2

b
b
2

ˆ ‰ c d" "
�x 1 x

 6  lim   ln 1 ln 2 6 ln 2œ � � œ’ “ˆ ‰
b Ä _

"
b

77. V x y  dy dx x y  dxœ � œ �' ' '
0 x 0

1 2 x 1 2 x

x

�
�a b ’ “# # # y

3

$

 2x  dxœ � � œ � �'
0

1’ “ ’ “# � �
"

!

7x 2x 7x
3 3 3 12 12

(2 x) (2 x)$ $ %$ %

 0 0œ � � � � � œˆ ‰ ˆ ‰2 7 16 4
3 12 1 12 3

"
#

 

78. tan x tan x  dx  dy dx   dx dy  dx dy' ' ' ' ' ' '
0 0 x 0 y 2 y

2 2 x 2 y 2 2a b�" �" " " "
� � �1 � œ œ �

1 1

1 11 y 1 y 1 y# # #
Î Î

  dy  dy ln 1 y 2 tan y  ln 1 yœ � œ � � � �' '
0 2

2 2 2

2

ˆ ‰ ˆ ‰1 y 2
1 y 1 y 2
� � #

� � #
�" "# �" #

!

"

# #

1 1

1
1

y ˆ ‰ � ‘c d a ba b1

1 1

  ln 5 2 tan 2  ln 1 4 2 tan 2  ln 5œ � � � � �ˆ ‰ a b1

1 1 1

� " "�" # �"
#

1
2 21 1

 2 tan 2 2 tan 2  ln 1 4œ � � � ��" �" #"
#1 12

ln 5
1

a b
79. To maximize the integral, we want the domain to include all points where the integrand is positive and to
 exclude all points where the integrand is negative.  These criteria are met by the points (x y) such thatß

 4 x 2y 0 or x 2y 4, which is the ellipse x 2y 4 together with its interior.� �   � Ÿ � œ# # # # # #

80. To minimize the integral, we want the domain to include all points where the integrand is negative and to
 exclude all points where the integrand is positive.  These criteria are met by the points (x y) such thatß

 x y 9 0 or x y 9, which is the closed disk of radius 3 centered at the origin.# # # #� � Ÿ � Ÿ

81. No, it is not possible.  By Fubini's theorem, the two orders of integration must give the same result.
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82. One way would be to partition R into two triangles with the
 line y 1.  The integral of f over R could then be writtenœ

 as a sum of integrals that could be evaluated by integrating
 first with respect to x and then with respect to y:

  f(x y) dA' '
R

ß

 f(x y) dx dy f(x y) dx dy.œ ß � ß' ' ' '
0 2 2y 1 y 1

1 2 y 2 2 2 y 2

� �

�Ð Î Ñ �Ð Î Ñ

 Partitioning R with the line x 1 would let us write theœ

 integral of f over R as a sum of iterated integrals with
 order dy dx.

 

83. e  dx dy e e  dx dy e e  dx  dy e  dx e  dy' ' ' ' ' ' ' '
� � � � � � � �

� � � � � � � �

b b b b b b b b

b b b b b b b b
x y y x y x x y# # # # # # # #

œ œ œŒ � Œ �Œ �
 e  dx 2 e  dx 4 e  dx ; taking limits as b   gives the stated result.œ œ œ Ä _Œ � Œ � Œ �' ' '

�

� � �

b 0 0

b b b
x x x# # #

# # #

84.  dy dx  dx dy   dy  ' ' ' ' ' '
0 0 0 0 0 0

1 3 3 1 3 3
x x x

(y 1) (y 1) (y 1) (y 1)3 3
dy# # $

#Î$ #Î$ #Î$ #Î$� � � �
" "

"

!
œ œ œ’ “

   lim    lim    lim   (y 1)  lim   (y 1)œ � œ � � �" "
� �

"Î$ "Î$
3 3

dy dy
(y 1) (y 1)b 1 b 1b 1 b 1Ä ÄÄ Ä

� �� �

' '
0 b

b 3 b 3

0 b#Î$ #Î$
� ‘ � ‘

  lim   (b 1) ( 1)  lim   (b 1) (2) (0 1) 0 2 1 2œ � � � � � � œ � � � œ �’ “ ’ “ Š ‹È È
b 1 b 1Ä Ä

� �

"Î$ "Î$ "Î$ "Î$ 3 3

85-88. Example CAS commands:
 :Maple
 f := (x,y) -> 1/x/y;
 q1 := Int( Int( f(x,y), y=1..x ), x=1..3 );
 evalf( q1 );
 value( q1 );
 evalf( value(q1) );

89-94. Example CAS commands:
 :Maple
 f := (x,y) -> exp(x^2);
 c,d := 0,1;
 g1 := y ->2*y;
 g2 := y -> 4;
 q5 := Int( Int( f(x,y), x=g1(y)..g2(y) ), y=c..d );
 value( q5 );
 plot3d( 0, x=g1(y)..g2(y), y=c..d, color=pink, style=patchnogrid, axes=boxed, orientation=[-90,0],

 scaling=constrained, title="#89 (Section 15.2)" );
 r5 := Int( Int( f(x,y), y=0..x/2 ), x=0..2 ) + Int( Int( f(x,y), y=0..1 ), x=2..4 );
 value( r5);
 value( q5-r5 );

85-94. Example CAS commands:
 : (functions and bounds will vary)Mathematica

 You can integrate using the built-in integral signs or with the command . In the  command, theIntegrate Integrate
 integration begins with the variable on the right. (In this case, y going from 1 to x).
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 Clear[x, y, f]
 f[x_, y_]:= 1 / (x y)
 Integrate[f[x, y], {x, 1, 3}, {y, 1, x}]
 To reverse the order of integration, it is best to first plot the region over which the integration extends. This can be done
 with ImplicitPlot and all bounds involving both x and y can be plotted. A graphics package must be loaded. Remember to
 use the double equal sign for the equations of the bounding curves.
 Clear[x, y, f]
 <<Graphics`ImplicitPlot`
 ImplicitPlot[{x==2y, x==4, y==0, y==1},{x, 0, 4.1}, {y, 0, 1.1}];

 f[x_, y_]:=Exp[x ]2

 Integrate[f[x, y], {x, 0, 2}, {y, 0, x/2}] Integrate[f[x, y], {x, 2, 4}, {y, 0, 1}]�

 To get a numerical value for the result, use the numerical integrator, . Verify that this equals the original.NIntegrate
 Integrate[f[x, y], {x, 0, 2}, {y, 0, x/2}] NIntegrate[f[x, y], {x, 2, 4}, {y, 0, 1}]�

 NIntegrate[f[x, y], {y, 0, 1},{x, 2y, 4}]
 Another way to show a region is with the FilledPlot command. This assumes that functions are given as y = f(x).
 Clear[x, y, f]
 <<Graphics`FilledPlot`

 FilledPlot[{x , 9},{x, 0,3}, AxesLabels {x, y}];2 Ä

 f[x_, y_]:= x Cos[y ]2

 Integrate[f[x, y], {y, 0, 9}, {x, 0, Sqrt[y]}]

85.  dy dx 0.603 86. e  dy dx 0.558' ' ' '
1 1 0 0

3 x 1 1
x y"

xy ¸ ¸� �ˆ ‰# #

87. tan xy dy dx 0.233 88. 3 1 x y  dy dx 3.142' ' ' '
0 0 1 0

1 1 1 1 x
�" # #¸ � � ¸

�

�

È # È

89. Evaluate the integrals:

 e  dx dy' '
0 2y

1 4
x#

 e  dy dx e  dy dxœ �' ' ' '
0 0 2 0

2 x/2 4 1
x x# #

 e 2  erfi 2 2  erfi 4œ � � � �" "
4 4

4ˆ ‰È Èa b a b1 1

 1.1494 10¸ ‚ 6

 The following graph was generated using
 Mathematica.
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90. Evaluate the integrals:

 x cos y dy dx x cos y dx dy' ' ' '
0 x 0 0

3 9 9 y
2 2

2
a b a bœ

È

 0.157472œ ¸ �sin 81
4
a b

 The following graph was generated using
 Mathematica.
 

91. Evaluate the integrals:

 x y xy dx dy x y xy dy dx' ' ' '
0 y 0 x /32

2 4 2y 8 x
2 2 2 2

3 2

3È Èa b a b� œ �

 97.4315œ ¸67,520
693

 The following graph was generated using
 Mathematica.
 

92. Evaluate the integrals:

 e  dx dy e  dy dx' ' ' '
0 0 0 0

2 4 y 4 4 x� �

#

xy xyœ
È

 20.5648¸

 The following graph was generated using
 Mathematica.
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93. Evaluate the integrals:

  dy dx' '
1 0

2 x#
1

x y�

  dx dy  dx dyœ �' ' ' '
0 1 1 y

1 2 4 2
1 1

x y x y� �È

 1 ln 0.909543� � ¸ˆ ‰27
4

 The following graph was generated using
 Mathematica.
 

94. Evaluate the integrals:

  dx dy  dy dx' ' ' '
1 y 1 1

2 8 8 x

3

3

1 1
x y x yÈ È2 2 2 2� �

œ
È

 0.866649¸

 The following graph was generated using
 Mathematica.
 

15.3  AREA BY DOUBLE INTEGRATION

 1. dy dx (2 x) dx 2x 2,' ' '
0 0 0

2 2 x 2�

œ � œ � œ’ “x
2

#
#

!

 or dx dy (2 y) dy 2' ' '
0 0 0

2 2 y 2�

œ � œ

 

 2. dy dx (4 2x) dx 4x x 4,' ' '
0 2x 0

2 4 2 2

0œ � œ � œc d#
 or dx dy  dy 4' ' '

0 0 0

4 y 2 4Î

œ œy
#

 

 3. dx dy y y 2  dy' ' '
� � �

�

2 y 2 2

1 y 1#

œ � � �a b#

 2yœ � � �’ “y y
3

$ #

#

"

�#

 2 2 4œ � � � � � � œˆ ‰ ˆ ‰" "
# #3 3

8 9
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 4. dx dy 2y y  dy y' ' '
0 y 0

2 y y 2

�

�

#

œ � œ �a b ’ “# #
#

!

y
3

$

 4œ � œ8 4
3 3

 

 5. dy dx e  dx e 2 1 1' ' '
0 0 0

ln 2 e ln 2
x x ln 2

0

x

œ œ œ � œc d

 

 6. dy dx ln x dx x ln x x' ' '
1 ln x 1

e 2 ln x e
e
1œ œ �c d

 (e e) (0 1) 1œ � � � œ

 

 7. dx dy 2y 2y  dy y y' ' '
0 y 0

1 2y y 1

#

#
�

œ � œ �a b � ‘# # $ "

!
2
3

 œ "
3

 

 8. dx dy y 1 2y 2  dy' ' '
� � �

�

1 2y 2 1

1 y 1 1

#

#

œ � � �a b# #

 1 y  dy yœ � œ � œ'
�1

1 a b ’ “#
"

�"

y
3 3

4$

 

 9. 1 dx dy  x dy' ' '
0 0

2 3 2 3y
yy

y

œ c d
 2y  dy y 4œ œ œ'

0

2
2

0
2a b c d

 

10. 1 dx dy  x dy' ' '
1 1 0

2 ln 2

1
ln

� �y

y

y
yœ c d

 ln y 1 y  dy y ln y 2yœ � � œ � �'
1

2
y
2 1

2a b ’ “2

 2 ln 2œ � 1
2
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11. 1 dy dx 1 dy dx' ' ' '
0 x 2 1 x 2

1 2x 2 3 x

Î Î

�
�

  y dx  y dxœ �' '
0 1

1 2

x 2 x 2
2x 3 xc d c dÎ Î

�

  x dx  3 x dxœ � �' '
0 1

1 2
3 3
2 2

ˆ ‰ ˆ ‰
 x 3x xœ � � œ� ‘ � ‘3 3 3

4 4 2
2 2

0 1

1 2

 

12. 1 dy dx 1 dy dx' ' ' '
0 x 1 x 2

1 x 4 x

� �

È È
�

  y dx  y dxœ �' '
0 1

1 4

x x 2
x xc d c d� �

È È

  x x dx  x x 2 dxœ � � � �' '
0 1

1 4ˆ ‰ ˆ ‰È È
 x x x x 2xœ � � � � œ� ‘ � ‘2 1 2 1 13

3 2 3 2 3
3 2 2 3 2 2

0 1

1 4Î Î

 

13. dx dy 2y  dy y' ' '
0 y 3 0

6 2y 6

#Î
œ � œ �Š ‹ ’ “y y

3 9

# $
#

'

!

 36 12œ � œ216
9

 

14. dy dx 3x x  dx x x' ' '
0 x 0

3 2x x 3

�

�

#

œ � œ �a b � ‘# # $" $

!
3
2 3

 9œ � œ27 9
# #

 

15. dy dx' '
0 sin x

4 cos x1Î

 (cos x sin x) dx sin x cos xœ � œ �'
0

4
4

0

1

1

Î
Îc d

 (0 1) 2 1œ � � � œ �Š ‹ ÈÈ È2 2
# #

 

16. dx dy y 2 y  dy 2y' ' '
� �

�

�
1 y 1

2 y 2 2 2

1
#

œ � � œ � �a b ’ “# y y
2 3

# $

 2 4 2 5œ � � � � � œ � œˆ ‰ ˆ ‰8 9
3 3

" " "
# # #
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17. dy dx dy dx' ' ' '
� � � Î

� �

1 2x 0 x 2

0 1 x 2 1 x

�

 (1 x) dx 1  dxœ � � �' '
�1 0

0 2ˆ ‰x
#

 x x 1 (2 1)œ � � � œ � � � � � œ’ “ ’ “ ˆ ‰x x 3
2 4

# #
0 2

1 0�

"
# #

 

18. dy dx dy dx' ' ' '
0 x 4 0 0

2 0 4 x

#
�

�
È

 4 x  dx x  dxœ � �' '
0 0

2 4a b# "Î#

 4x x 8œ � � œ � � œ’ “ � ‘ ˆ ‰x 2 8 16 32
3 3 3 3 3

$
2

0

4

0
$Î#

 

19. (a) average  sin (x y) dy dx  cos (x y)  dx  [ cos (x ) cos x] dxœ � œ � � œ � � �" " "
1 1 1
# # #
' ' ' '

0 0 0 00

1 1 1 1

1c d 1

 sin (x ) sin x [( sin 2 sin ) ( sin sin 0)] 0œ � � � œ � � � � � œ" "
1 1
# #c d1 1 1 1

1

0

 (b) average  sin (x y) dy dx  cos (x y)  dx  cos x cos x  dxœ � œ � � œ � � �" Î#
! #Š ‹1

#

#

# #
' ' ' '

0 0 0 0

21 1 1 1Î
2 2
1 1

1 1c d � ‘ˆ ‰
 sin x sin x sin sin sin sin 0œ � � � œ � � � � � œ2 2 3 4

1 1 1

1 1 1

# # #
� ‘ � ‘ˆ ‰ ˆ ‰ ˆ ‰

# # #

1

0
1

20. average value over the square xy dy dx  dx  dx 0.25;œ œ œ œ œ' ' ' '
0 0 0 0

1 1 1 1’ “xy
2 4

x#
"

! #
"

 average value over the quarter circle xy dy dx   dxœ œ"
ˆ ‰1

4

' ' '
0 0 0

1 1 x 1 1 x

0

È È
�

�

# #

 4 xy
21

’ “#

  x x  dx 0.159. The average value over the square is larger.œ � œ � œ ¸2 2 x x
2 41 1 1

'
0

1a b ’ “$
"

!

"
#

# 4

21. average height  x y  dy dx  x y  dx  2x  dxœ � œ � œ � œ � œ" " " "# # # #
# #

! !#4 4 3 4 3 3 3 3
y 8 x 4x 8' ' ' '

0 0 0 0

2 2 2 2a b ’ “ ’ “ˆ ‰$ $

22. average    dy dx   dxœ œ" " "
(ln 2) xy (ln 2) x

ln y
# #
' ' '

ln 2 ln 2 ln 2

2 ln 2 2 ln 2 2 ln 2 2 ln 2

ln 2
 ’ “

  (ln 2 ln ln 2 ln ln 2) dx ln xœ � � œ œ" " " "
#(ln 2) x ln 2 x ln 

dx
#
' '

ln 2 ln 2

2 ln 2 2 ln 2 2 ln 2

ln 2
ˆ ‰ ˆ ‰ c d

 (ln 2 ln ln 2 ln ln 2) 1œ � � œˆ ‰"
#ln 

23.  dy dx 10,000 1 e  10,000 1 e  ' ' ' ' '
� � � � !

!

5 2 5 5

5 0 5 5
10,000e

1 1

dx dx dx
1 1

y

� �

�# �#
� �k k k kx x x x

# #
# #

œ � œ � �a b a b ’ “
 10,000 1 e 2 ln 1 10,000 1 e 2 ln 1œ � � � � � �a b a b� ‘ � ‘ˆ ‰ ˆ ‰� �2 2x x

# #

! &

�& !

 10,000 1 e 2 ln 1 10,000 1 e 2 ln 1 40,000 1 e  ln 43,329œ � � � � � œ � ¸a b a b a b� ‘ � ‘ ˆ ‰ˆ ‰ ˆ ‰�# �# �#
# #
5 5 7

2

24. 100(y 1) dx dy 100(y 1)x  dy 100(y 1) 2y 2y  dy 200 y y  dy' ' ' ' '
0 y 0 0 0

1 2y y 1 1 1
2y y
y#

#

#

#

�

�� œ � œ � � œ �c d a b a b# $

 200 (200) 50œ � œ œ’ “ ˆ ‰y y
2 4 4

# % "

!

"
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25. Let (x y ) be the location of the weather station in county i for i 1 254.  The average temperaturei iß œ ßá ß

 in Texas at time t  is approximately , where T(x y ) is the temperature at time t  at the! !

ß!
254

i 1œ
 T(x y ) A

A i i

i i i?

ß

 weather station in county i, A is the area of county i, and A is the area of Texas.?i

26. Let y f x  be a nonnegative, continuous function on a, b , then A dA dy dx y  dx f x dxœ Ò Ó œ œ œ œa b c d a b' '
R

' ' ' '
a 0 a a

b f x b b

0
f x

a b
a b

15.4  DOUBLE INTEGRALS IN POLAR FORM

 1. x y 9 r 9 2 , 0 r 92 2 2
2� œ Ê œ Ê Ÿ Ÿ Ÿ Ÿ1 ) 1

 2. x y 1 r 1, x y 4 r 4 , 1 r 42 2 2 2 2 2
2 2� œ Ê œ � œ Ê œ Ê � Ÿ Ÿ Ÿ Ÿ1 1)

 3. y x , y x , y 1 r csc , 0 r cscœ Ê œ œ � Ê œ œ Ê œ Ê Ÿ Ÿ Ÿ Ÿ) ) ) ) )1 1 1 1
4 4 4 4

3 3

 4. x 1 r sec , y 3x 0 , 0 r secœ Ê œ œ Ê œ Ê Ÿ Ÿ Ÿ Ÿ) ) ) )È 1 1
3 3

 5. x y 1 r 1, x 2 3 r 2 3 sec , y 2 r 2 csc ; 2 3 sec 2 csc2 2 2
6� œ Ê œ œ Ê œ œ Ê œ œ Ê œÈ È È) ) ) ) ) 1

 0 , 1 r 2 3 sec ; , 1 r 2 3 cscÊ Ÿ Ÿ Ÿ Ÿ Ÿ Ÿ Ÿ Ÿ) ) ) )1 1 1
6 6 2

È È
 6. x y 2 r 2, x 1 r sec ; 2 sec  or , sec r 22 2 2

3 3 3 3� œ Ê œ œ Ê œ œ Ê œ œ � Ê � Ÿ Ÿ Ÿ Ÿ) ) ) ) ) )1 1 1 1

 7. x y 2x r 2 cos , 0 r 2 cos2 2
2 2� œ Ê œ Ê � Ÿ Ÿ Ÿ Ÿ) ) )1 1

 8. x y 2y r 2 sin 0 , 0 r 2 sin2 2� œ Ê œ Ê Ÿ Ÿ Ÿ Ÿ) ) 1 )

 9. dy dx r dr d  d' ' ' ' '
�

�

1 0 0 0 0

1 1 x 1È #

œ œ œ
1 1

) )"
# #

1

10.  x y  dx dy  r  dr d   d' ' ' ' '
0 0 0 0 0

1 1 y 2 1 2È
� Î Î# a b# # $ "� œ œ œ

1 1

) )4 8
1

11.  x y  dx dy r  dr d 4 d 2' ' ' ' '
0 0 0 0 0

2 4 y 2 2 2È
� Î Î# a b# # $� œ œ œ

1 1

) ) 1

12. dy dx r dr d  d a' ' ' ' '
� � �

�

a a x 0 0 0

a a x 2 a 2

È

È

# #

# #

œ œ œ
1 1

) ) 1a
2

# #

13. x dx dy r  cos  dr d 72 cot  csc  d 36 cot 36' ' ' ' '
0 0 4 0 4

6 y 2 6 csc 2 2

4œ œ œ � œ
1 1

1 ) 1
1

1Î Î

Î Î
Î

Î
# # #) ) ) ) ) )c d

14. y dy dx r  sin  dr d  tan  sec  d' ' ' ' '
0 0 0 0 0

2 x 4 2 sec 4

œ œ œ
1 ) 1Î Î

# #) ) ) ) )8 4
3 3

15.  dy dx r dr d sec csc d tan cot 2 3' ' ' ' '
1 1

3 3
3 1 3 1
2 2 2 2

2 2
È Èx 4  sec 4

6 csc 6

4

6
œ œ � œ � œ �

1 ) 1

1 ) 1
1

1Î Î

Î Î Î

Î
) ) ) ) ) )ˆ ‰ � ‘ È

16.  dy dx r dr d 2csc 2 d 2 cot 2' ' ' ' 'È È2 4 y

2 y 2
2 1

2 2� 2 œ œ � œ � � œ �
1 1

1 ) 1
1

1Î Î

Î Î Î

Î4 2 6

2 csc 4 2

4
) ) ) ) )a b � ‘ 1
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17.  dy dx  dr d 2 1  dr d 2  (1 ln 2) d' ' ' ' ' ' '
� � �

Î Î Î

1 1 x 0 0

0 0 3 2 1 3 2 1 3 2

È #

2 2r
1 x y 1 r 1 r� � � �

"È # #
œ œ � œ �

1 1 1

1 1 1

) ) )ˆ ‰
 (1 ln 2)œ � 1

18.   dy dx 4  dr d 4  d 2 d' ' ' ' ' '
� � �

� Î Î Î

1 1 x 0 0 0 0

1 1 x 2 1 2 2

È

È

#

#

2 2r
1 x y 1 r 1 ra b a b� � �

"
�

"

!# # ## # #œ œ � œ œ
1 1 1

) ) ) 1� ‘

19. e  dx dy re  dr d 2 ln 2 1  d 2 ln 2 1' ' ' ' '
0 0 0 0 0

ln 2 (ln 2) y 2 ln 2 2
r

È # #
� Î Î

  
Èx y# #� œ œ � œ �

1 1

) )a b a b1
#

20.  ln x y 1  dx dy 4 ln r 1  r dr d 2 ln 4 1  d ln 4 1' ' ' ' '
� � �

� Î Î

1 1 y 0 0 0

1 1 y 2 1 2

È

È

#

#

  a b a b a b a b# # #� � œ � œ � œ �
1 1

) ) 1

21.  x 2y  dy dx r cos 2r sin  r dr d cos sin d' ' ' ' '
0 x 4 0 4

1 2 x 2 2 2

0

2È � Î Î

Î Î

#

  a b a b ’ “� œ � œ �
1 1

1 1È È
) ) ) ) ) )r 2r

3 3

3 3

 cos sin d sin cosœ � œ � œ'
1

1

1

1

Î

Î

Î

Î

4

2
2 2 2 2

4

2 2Š ‹ ’ “2 4 2 4
3 3 3 3 3

2 1È È È È ˆ ‰È
) ) ) ) )

�

22.  dy dx r dr d d cos sec d' ' ' ' ' '
1 0 0 sec 0 0

2 2x x 4 2cos 4 4

sec

2cos
È � Î Î Î#

  1 1 1 1 1
x y r 2r 2 8

2 2a b# # #�
œ œ � œ œ �

1 ) 1 1

) )

)

4 2) ) ) ) )� ‘ ˆ ‰
 sin2 tanœ � � œ� ‘1 1 1

4 8 8 16) ) )
0

41Î 1

23. x y dy dx or' '
0 0

1 1 xÈ � #

 

 x y dx dy' '
0 0

1 1 yÈ � #

 

 

24. x dx dy or' '
1 2 1 y

1 3y

Î �È

È

#
 

 x dy dx x dy dx' ' ' '
0 1 x 3 2 3

3 2 1 3 1È È

È È È

Î

� Î#
  �

xÎ

 

25. y x y dy dx or' '
0 0

2 x
 2 2 2a b�

 y x y dx dy' '
0 y

2 2
 2 2 2a b�
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26. x y dy dx or' '
0 0

3 4
 a b2 2 3

�

 x y dx dy' '
0 0

4 3
 a b2 2 3

�

 

27.  r dr d 2 (2 sin 2 ) d 2( 1)' ' '
0 0 0

2 2 2 sin 2 21 ) 1Î � ÎÈ

 ) ) ) 1œ � œ �

28. A 2 r dr d 2 cos cos  dœ œ � œ' ' '
0 1 0

2 1 cos 21 ) 1Î � Î

 ) ) ) )a b# �8
4
1

29. A 2 r dr d 144 cos 3  d 12œ œ œ' ' '
0 0 0

6 12 cos 3 61 ) 1Î Î

) ) ) 1#

30. A r dr d   dœ œ œ' ' '
0 0 0

2 4 3 21 ) 1Î

 ) ) )8 64
9 27

# 1$

31. A r dr d  2 sin  d 1œ œ � � œ �' ' '
0 0 0

2 1 sin 21 ) 1Î � Î

) ) )1 3 cos 2 3
2 8

ˆ ‰
# #

) 1

32. A 4 r dr d 2 2 cos  d 4œ œ � � œ �' ' '
0 0 0

2 1 cos 21 ) 1Î � Î

 ) ) )ˆ ‰3 cos 2 3
2# #

) 1

33. average  r a r  dr d  a  dœ � œ œ4 4 2a
a 3 a 31 1# #
' ' '

0 0 0

2 a 21 1Î Î

 È # # $) )

34. average  r  dr d  a  dœ œ œ4 4 2a
a 3 a 31 1# #
' ' '

0 0 0

2 a 21 1Î Î
# $) )

35. average   x y  dy dx r  dr d  dœ � œ œ œ" "# # #
1 1 1a a 3 3

a 2a
# #
' ' ' ' '
� � �

�

a a x 0 0 0

a a x 2 a 2

È

È

# #

# # È 1 1

) )

36. average  (1 x) y  dy dx  (1 r cos ) r  sin  r dr dœ � � œ � �" "# # # # #
1 1
' '

R
c d c d' '

0 0

2 11

) ) )

  r 2r  cos r  dr d   dœ � � œ � œ � œ" " "$ #
#1 1 1

) )' ' '
0 0 0

2 1 2 2

0

1 1
1a b ˆ ‰ � ‘) ) ) )3 2 cos 3 2 sin 3

4 3 4 3

37.  r dr d 2 ln r dr d 2 r ln r r  d 2 e 1 1  d 2 2 e' ' ' ' ' '
0 1 0 1 0 0

2 e 2 e 2 2
e
1

1 1 1 1È ÈŠ ‹ c d È È� ‘ ˆ ‰ˆ ‰ln r
r

#

) ) ) ) 1œ œ � œ � � œ �
"Î# "

#

38.  dr d  dr d (ln r)  d d 2' ' ' ' ' '
0 1 0 1 0 0

2 e 2 e 2 2e

1

1 1 1 1Š ‹ ˆ ‰ c dln r 2 ln r
r r

#

) ) ) ) 1œ œ œ œ#

39. V 2 r  cos  dr d  3 cos 3 cos cos  dœ œ � �' ' '
0 1 0

2 1 cos 21 ) 1Î � Î
# # $ %) ) ) ) ) )2

3 a b
 sin 2 3 sin sinœ � � � � œ �2 5 sin 4 4 5

3 8 32 3 8
� ‘" $) ) 1) ) )

1Î2

0

40. V 4  r 2 r  dr d  (2 2 cos 2 ) 2  dœ � œ � � �' ' '
0 0 0

4 2 cos 2 41 ) 1Î ÎÈ È � ‘# $Î# $Î#) ) )4
3

  1 cos  sin  d cos œ � � œ � � œ2 2 2 2 6 2 40 2 64
3 3 3 3 3 9

32 32 cos1 1 1)È È È È'
0

4 4

0

1 1Î Îa b ’ “# � �) ) ) )
$
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41. (a) I e  dx dy e  r dr d  lim   re  dr  d# � �œ œ œ' ' ' ' ' '
0 0 0 0 0 0

2 2 b_ _ Î _ Î
� �a bx y# #

1 1Š ‹ ” •r r# #

) )
b Ä _

   lim   e 1  d  d   Iœ � � œ œ Ê œ" "
# # #

�' '
0 0

2 21 1Î Î

b Ä _
Š ‹b

4
#

) ) 1 1È

 (b)  lim    dt  e  dt 1, from part (a)x Ä _

' '
0 0

x
2e 2 2t�

#
#t

È È È
È

1 1 1

1
œ œ œ

_
�

#Š ‹Š ‹
42.  dx dy  dr d   lim    dr   lim   ' ' ' ' '

0 0 0 0 0

2 b b

0

_ _ Î _
" "

� � � �# �a b a b a b1 x y 1 r 1 r
r r

4 1 r# # # ## # # #œ œ œ �
1

) 1 1

b bÄ _ Ä _

� ‘
   lim   1œ � œ1 1

4 1 b 4b Ä _

ˆ ‰"
� #

43. Over the disk x y :   dA  dr d  ln 1 r  d# # #" "
� � �� Ÿ œ œ � �3 r

4 1 x y 1 r 2
' '

R
 # # #

' ' '
0 0 0

2 3 2 2 3 2

0

1 1
È ÈÎ Î

) )� ‘a b
  ln  d (ln 2) d  ln 4œ � œ œ' '

0 0

2 21 1ˆ ‰" "
# 4 ) ) 1

 Over the disk x y 1:   dA  dr d  lim    dr  d# # "
� � � �� Ÿ œ œ' '

R a 11 x y 1 r 1 r
r r

# # # #
' ' ' '

0 0 0 0

2 1 2 a1 1

) )’ “
Ä

�

  lim    ln 1 a  d 2  lim    ln 1 a 2 , so the integral does not exist overœ � � œ � � œ _'
0

21

a 1 a 1Ä Ä
� �

� ‘ � ‘a b a b" "
# #

# #) 1 1† †

 x y 1# #� Ÿ

44. The area in polar coordinates is given by A r dr d  d  f ( ) d  r  d ,œ œ œ œ' ' ' ' '
! ! ! !

" ) " " ")

0

f f

0

Ð Ñ Ð Ñ

) ) ) ) )’ “r
2

# " "
# #

# #

 where r f( )œ )

45. average  (r cos h) r  sin  r dr d  r 2r h cos rh  dr dœ � � œ � �" "# # # $ # #
1 1a a# #
' ' ' '

0 0 0 0

2 a 2 a1 1c d a b) ) ) ) )

   d   dœ � � œ � � œ � �" " "
# # #1 1 1

) ) ) ) )
a 4 3 4 3 4 3

a 2a h cos a h a 2ah cos h a 2ah sin h
#

% $ # # # # # #' '
0 0

2 2 2

0

1 1 1Š ‹ Š ‹ ’ “) )

 a 2hœ �"
#

# #a b
46. A r dr d  4 sin csc  dœ œ �' ' '

1 ) 1

1 ) 1

Î Î

Î Î

4 csc 4

3 4 2 sin 3 4

) ) ) )"
#

# #a b
 2 sin 2 cot œ � � œ"

# #c d) ) )
3 4

4
1

1

Î

Î
1

 

47-50. Example CAS commands:
 :Maple
 f := (x,y) -> y/(x^2+y^2);
 a,b := 0,1;
 f1 := x -> x;
 f2 := x -> 1;
 plot3d( f(x,y), y=f1(x)..f2(x), x=a..b, axes=boxed, style=patchnogrid, shading=zhue, orientation=[0,180], title="#47(a)
                         (Section 15.4)" );                                                                                                 # (a)
 q1 := eval( x=a, [x=r*cos(theta),y=r*sin(theta)] );                                    # (b)
 q2 := eval( x=b, [x=r*cos(theta),y=r*sin(theta)] );
 q3 := eval( y=f1(x), [x=r*cos(theta),y=r*sin(theta)] );
 q4 := eval( y=f2(x), [x=r*cos(theta),y=r*sin(theta)] );
 theta1 := solve( q3, theta );
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 theta2 := solve( q1, theta );
 r1 := 0;
 r2 := solve( q4, r );
 plot3d(0,r=r1..r2, theta=theta1..theta2, axes=boxed, style=patchnogrid, shading=zhue, orientation=[-90,0],
                         title="#47(c) (Section 15.4)" );
 fP := simplify(eval( f(x,y), [x=r*cos(theta),y=r*sin(theta)] ));                 # (d)
 q5 := Int( Int( fP*r, r=r1..r2 ), theta=theta1..theta2 );
 value( q5 );
 : (functions and bounds will vary)Mathematica

 For 47 and 48, begin by drawing the region of integration with the  command.FilledPlot
 Clear[x, y, r, t]
 <<Graphics`FilledPlot`
 FilledPlot[{x, 1}, {x, 0, 1}, AspectRatio 1, AxesLabel {x,y}];Ä Ä

 The picture demonstrates that r goes from 0 to the line y=1 or r = 1/ Sin[t], while t goes from /4 to /2.1 1

 f:= y / (x y )2 2�

 topolar={x r Cos[t], y r Sin[t]};Ä Ä

 fp= f/.topolar //Simplify
 Integrate[r fp, {t, /4, /2}, {r, 0, 1/Sin[t]}]1 1

 For 49 and 50, drawing the region of integration with the ImplicitPlot command.
 Clear[x, y]
 <<Graphics`ImplicitPlot`
 ImplicitPlot[{x==y, x==2 y, y==0, y==1}, {x, 0, 2.1}, {y, 0, 1.1}];�

 The picture shows that as t goes from 0 to /4, r goes from 0 to the line x=2 y.  will find  the bound for r.1 � Solve
 bdr=Solve[r Cos[t]==2 r Sin[t], r]//Simplify�

 f:=Sqrt[x y]�

 topolar={x r Cos[t], y  r Sin[t]};Ä Ä

 fp= f/.topolar //Simplify
 Integrate[r fp, {t, 0, /4}, {r, 0, bdr[[1, 1, 2]]}]1

15.5  TRIPLE INTEGRALS IN RECTANGULAR COORDINATES

 1. F x, y, z  dy dz dx  dy dz dx 1 x z dz dx' ' ' ' ' ' ' '
0 0 x z 0 0 x z 0 0

1 1 x 1 1 1 x 1 1 1 x� � �

� �
a b a bœ œ � �

 1 x x 1 x dx dxœ � � � � œ œ œ�' '
0 0

1 1’ “ ’ “a b a b a b a b a b1 x 1 x
2 2 6

1 x
6 0

1� � �
"2 2 3

 2. dz dy dx 3 dy dx 6 dx 6, dz dx dy, dx dy dz, dx dz dy,' ' ' ' ' ' ' ' ' ' ' ' ' ' '
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1 2 3 1 2 1 2 1 3 3 2 1 2 3 1

  œ œ œ

 dy dx dz, dy dz dx' ' ' ' ' '
0 0 0 0 0 0

3 1 2 1 3 2

 3. dz dy dx' ' '
0 0 0

1 2 2x 3 3x 3y 2� � � Î

 3 3x y  dy dxœ � �' '
0 0

1 2 2x� ˆ ‰3
2

 3(1 x) 2(1 x) 4(1 x)  dxœ � � � �'
0

1� ‘† †
3
4

#

 3 (1 x)  dx (1 x) 1,œ � œ � � œ'
0

1
# $ "

!c d
 dz dx dy, dy dz dx,' ' ' ' ' '

0 0 0 0 0 0

2 1 y 2 3 3x 3y 2 1 3 3x 2 2x 2z 3� Î � � Î � � � Î
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 dy dx dz, dx dz dy,  dx dy dz' ' ' ' ' ' ' ' '
0 0 0 0 0 0 0 0 0

3 1 z 3 2 2x 2z 3 2 3 3y 2 1 y 2 z 3 3 2 2z 3 1 y 2 z 3� Î � � Î � Î � Î � Î � Î � Î � Î

 4. dz dy dx 4 x  dy dx 3 4 x  dx x 4 x 4 sin  6 sin 1 3 ,' ' ' ' ' '
0 0 0 0 0 0

2 3 4 x 2 3 2 2

0

È � #

œ � œ � œ � � œ œÈ È È’ “# # #
# #

�" �"3 x 1

  dz dx dy, dy dz dx, dy dx dz,  dx dy dz,  dx dz dy' ' ' ' ' ' ' ' ' ' ' ' ' ' '
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

3 2 4 x 2 4 x 3 2 4 z 3 2 3 4 z 3 2 4 zÈ È È È È
� � � � �

# # # # #

 5. dz dy dx 4  dz dy dx' ' ' ' ' '
� � � � �

� � � � � �

2 4 x x y 0 0 x y

2 4 x 8 x y 2 4 x 8 x y

È

È È

# # # # #

# ## # # #

œ

 4 8 2 x y  dy dxœ � �' '
0 0

2 4 xÈ
�

#c da b# #

 8 4 x y  dy dxœ � �' '
0 0

2 4 xÈ
�

#a b# #

 8 4 r  r dr d 8 2r  dœ � œ �' ' '
0 0 0

2 2 21 1Î Îa b ’ “# #
#

!
) )r

4

%

 32 d 32 16 ,œ œ œ'
0

21Î

) 1ˆ ‰1
#

 dz dx dy,' ' '
� � � �

� � �

2 4 y x y

2 4 y 8 x y

È

È

# # #

# # #

  dx dz dy  dx dz dy,' ' ' ' ' '
� � � � � � �

� � � �

2 y z y 2 4 8 z y

2 4 z y 2 8 y 8 z y

 
# # #

# ##

È È

È È

�
 

  dx dy dz  dx dy dz,   dy dz dx  dy dz' ' ' ' ' ' ' ' ' ' ' '
0 z z y 4 8 z 8 z y 2 x z x 2 4 8 z x

4 z z y 8 8 z 8 z y 2 4 z x 2 8 x 8 z x

� � � � � � � � � � � � � � �

� � � � � � � �

È

È

È È

È È

È

È

È

È

È

È

# # # # #

# # # ##

� � dx,

  dy dx dz dy dx dz' ' ' ' ' '
0 z z x 4 8 z 8 z x

4 z z x 8 8 z 8 z x

� � � � � � � �

� � � �

È

È

È

È

È

È

È

È

# #

# #

�

 6. The projection of D onto the xy-plane has the boundary
 x y 2y  x (y 1) 1, which is a circle.# # # #� œ Ê � � œ

 Therefore the two integrals are:

 dz dx dy and  dz dy dx' ' ' ' ' '
0 2y y x y 1 1 1 x x y

2 2y y 2y 1 1 1 x 2y

� � � � � � �

� � �

È

È

È

È

# # # # # #

# #

 

 7.  x y z  dz dy dx  x y  dy dx x  dx 1' ' ' ' ' '
0 0 0 0 0 0

1 1 1 1 1 1a b ˆ ‰ ˆ ‰# # # # # #"� � œ � � œ � œ3 3
2

 8. dz dx dy 8 2x 4y  dx dy 8x x 4xy  dy' ' ' ' ' '
0 0 x 3y 0 0 0

2 3y 8 x y 2 3y 2 3y

0

È È È

# #

# #

�

� �

œ � � œ � �a b � ‘# # $ #2
3

 24y 18y 12y  dy 12y y 24 30 6œ � � œ � œ � œ �'
0

2 2

0

È Èa b � ‘$ $ # %"5
2

 9.  dx dy dz  dy dz  dy dz  dz  dz 6' ' ' ' ' ' ' ' '
1 1 1 1 1 1 1 1 1

e e e e e e e e ee e

1 1

2 3 2 23 2

"
xyz yz yz z z

ln x 3 6ln yœ œ œ œ œ’ “ ’ “
10.  dz dy dx (3 3x y) dy dx (3 3x) (3 3x)  dx (1 x)  dx' ' ' ' ' ' '

0 0 0 0 0 0 0

1 3 3x 3 3x y 1 3 3x 1 1� � � �

œ � � œ � � � œ �� ‘# # #"
# #

9

 (1 x)œ � � œ3 3
# #

$ "
!c d
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906 Chapter 15 Multiple Integrals

11.  y sin z dx dy dz 5y sin z dy dz  sin z dz' ' ' ' ' '
0 0 0 0 0

6 1 3 6 1 61 1 1Î Î Î

�#
œ œ œ5 5 2 3

4#

�Š ‹È

12. x y z  dy dx dz xy y zy  dx dz 2x 2 2z  dx dz' ' ' ' ' ' '
� � �1 0 0 1 0 1 0

1 1 2 1 1 1 1

0

2a b a b� ‘� � œ œ � � œ � �" #
2

 x 2x 2zx  dz 3 2z  dz 3z z 6œ � � œ � œ � œ' '
� �

�1 1

1 1

1

1c d a b c d# #"
0

13. dz dy dx 9 x  dy dx 9 x  dx 9x 18' ' ' ' ' '
0 0 0 0 0 0

3 9 x 9 x 3 9 x 3È È È
� � �

# # #

œ � œ � œ � œÈ a b ’ “# #
$

!

x
3

$

14.  dz dx dy (2x y) dx dy x xy  dy 4 y (2y) dy' ' ' ' ' ' '
0 4 y 0 0 4 y 0 0

2 4 y 2x y 2 4 y 2 24 y

4 y� � � �

� � � �

� �È È

È È È

È# #

# # #

#
œ � œ � œ �c d a b# # "Î#

  4 y (4)œ � � œ œ’ “a b2 2 16
3 3 3

# $Î#$Î# #

!

15. dz dy dx (2 x y) dy dx (2 x) (2 x)  dx  (2 x)  dx' ' ' ' ' ' '
0 0 0 0 0 0 0

1 2 x 2 x y 1 2 x 1 1� � � �

œ � � œ � � � œ �� ‘# # #" "
# #

 (2 x)œ � � œ � � œ� ‘" "$ "

!6 6 6 6
8 7

16. x dz dy dx x 1 x y  dy dx x 1 x 1 x  dx x 1 x  dx' ' ' ' ' ' '
0 0 3 0 0 0 0

1 1 x 4 x y 1 1 x 1 1� � � �

# # #

œ � � œ � � � œ �a b a b a b a b’ “# # # ## #" "
# #

 1 xœ � � œ’ “a b" "# $ "

!12 12

17. cos (u v w) du dv dw [sin (w v ) sin (w v)] dv dw' ' ' ' '
0 0 0 0 0

1 1 1 1 1

� � œ � � � �1

 [( cos (w 2 ) cos (w )) (cos (w ) cos w)] dwœ � � � � � � �'
0

1

1 1 1

 sin (w 2 ) sin (w ) sin w sin (w ) 0œ � � � � � � � œc d1 1 1
1
!

18. s e ln r  dt dr ds s e ln r ln t  dr ds ln r dr ds r ln r r  ds' ' ' ' ' ' ' '
0 1 1 0 1 0 1 0

1 e e 1 e 1 e 1e

1

e

1

È È Èa b Ès sln t 3
t 3 3 3

1 s e s e
2 s s

œ œ œ �a b a b c d’ “
 s e ds s e eœ œ � œ

2 e 2 e 2 e
6 6 6

s s s� � �È È È'
0

1
1
0c d

19. e  dx dt dv   lim   e e  dt dv e  dt dv e  dv' ' ' ' ' ' ' '
0 0 0 0 0 0 0

4 ln sec v 2t 4 ln sec v 4 ln sec v 4
x 2t b 2t 2 ln sec v

1 1 1 1Î Î Î Î

�_

œ � œ œ �
b Ä �_

a b ˆ ‰" "
# #

  dvœ � œ � œ �'
0

41Î Š ‹ � ‘sec v tan v v
2 2 8

#

# # #
" "Î%

!

1 1

20.  dp dq dr  dq dr 4 q  dr   dr 8 ln 2' ' ' ' ' ' '
0 0 0 0 0 0 0

7 2 4 q 7 2 7 7È
�

#

q
r 1 r 1 3(r 1) 3 r 1 3

q 4 q 8 8 ln 8
� � � �

� " "# $Î# #

!
œ œ � � œ œ œ

È # ’ “a b

21. (a) dy dz dx (b)  dy dx dz (c)  dx dy dz' ' ' ' ' ' ' ' '
� � � �

� � � � �

1 0 x 0 1 z x 0 0 y

1 1 x 1 z 1 1 z 1 z 1 1 z y#

# #È

È

È

È

 

 (d)   dx dz dy (e)  dz dx dy' ' ' ' ' '
0 0 y 0 y 0

1 1 y y 1 y 1 y� �

� �
È È

È È

22. (a)  dy dz dx (b)  dy dx dz (c)  dx dy dz' ' ' ' ' ' ' ' '
0 0 1 0 0 1 0 1 0

1 1 z 1 1 z 1 z 1

� � �

� � �

È È È

 

 (d)  dx dz dy (e)  dz dx dy' ' ' ' ' '
� �1 0 0 1 0 0

0 y 1 0 1 y# #

23. V dz dy dx y  dy dx  dxœ œ œ œ' ' ' ' ' '
0 1 0 0 1 0

1 1 y 1 1 1

� �

#

# 2 2
3 3
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 Section 15.5 Triple Integrals in Rectangular Coordinates 907

24. V  dy dz dx (2 2z) dz dx 2z z  dx 1 x  dx xœ œ � œ � œ � œ � œ' ' ' ' ' ' '
0 0 0 0 0 0 0

1 1 x 2 2z 1 1 x 1 11 x

0

� � �

�c d a b ’ “# #
"

!

x 2
3 3

$

25. V  dz dy dx  (2 y) dy dx 2 4 x  dxœ œ � œ � �' ' ' ' ' '
0 0 0 0 0 0

4 4 x 2 y 4 4 x 4È È
� � � ’ “È ˆ ‰4 x�

#

 (4 x) (4 x) (4) (16) 4œ � � � � œ � œ � œ� ‘4 4 32 20
3 4 3 4 3 3

$Î# # $Î#" "%

!

26. V 2  dz dy dx 2  y dy dx 1 x  dxœ œ � œ � œ' ' ' ' ' '
0 1 x 0 0 1 x 0

1 0 y 1 0 1

� � � �

�

È È# #
 a b# 2

3

27. V dz dy dx 3 3x y  dy dx 6(1 x) 4(1 x)  dxœ œ � � œ � � �' ' ' ' ' '
0 0 0 0 0 0

1 2 2x 3 3x 3y 2 1 2 2x 1� � � Î � ˆ ‰ � ‘3 3
4#

# #
†

 3(1 x)  dx (1 x) 1œ � œ � � œ'
0

1
# $ "

!c d
28. V  dz dy dx cos  dy dx cos (1 x) dxœ œ œ �' ' ' ' ' '

0 0 0 0 0 0

1 1 x cos x 2 1 1 x 1� Ð Î Ñ �1 ˆ ‰ ˆ ‰1 1x x
# #

 cos  dx x cos  dx  sin  u cos u du cos u u sin uœ � œ � œ � �' ' '
0 0 0

1 1 2
2

0
ˆ ‰ ˆ ‰ � ‘ c d1 1 1

1 1 1 1
x x 2 x 4 2 4
# # #

"

! # #

1

1

Î
Î

 1œ � � œ2 4 4
1 1 1

1
# #
ˆ ‰
#

29. V 8 dz dy dx 8 1 x  dy dx 8 1 x  dxœ œ � œ � œ' ' ' ' ' '
0 0 0 0 0 0

1 1 x 1 x 1 1 x 1È È È
� � �

# # #

 È a b# # 16
3

30. V dz dy dx 4 x y  dy dx 4 x 4 x  dxœ œ � � œ � � �' ' ' ' ' '
0 0 0 0 0 0

2 4 x 4 x y 2 4 x 2� � � �

# # #a b a b a b’ “# # ## #"
#

  4 x  dx 8 4x  dxœ � œ � � œ"
# #

# ##' '
0 0

2 2a b Š ‹x 128
15

%

31. V dx dz dy (4 y) dz dy (4 y) dyœ œ � œ �' ' ' ' ' '
0 0 0 0 0 0

4 16 y 2 4 y 4 16 y 2 4ˆ ‰ ˆ ‰È È
� Î � � Î# # È16 y�

#

#

 2 16 y  dy y 16 y  dy y 16 y 16 sin  16 yœ � � � œ � � � �' '
0 0

4 4È È È� ‘ ’ “a b# # #" "
#

�" #%

!

$Î# %

!

y
4 6

 16 (16) 8œ � œ �ˆ ‰1
#

" $Î#
6 3

321

32. V dz dy dx (3 x) dy dx 2 (3 x) 4 x  dxœ œ � œ � �' ' ' ' ' '
� � � � � � �

� � �

2 4 x 0 2 4 x 2

2 4 x 3 x 2 4 x 2

È È

È È

# #

# # È #

 3 2 4 x  dx 2 x 4 x  dx 3 x 4 x 4 sin  4 xœ � � � œ � � � �' '
� �2 2

2 2È È È’ “ ’ “a b# # # �" #
# #

�# �#

$Î#x 2
2 3

 12 sin 1 12 sin ( 1) 12 12 12œ � � œ � � œ�" �"
# #

ˆ ‰ ˆ ‰1 1 1

33. dz dy dx 3  dy dx' ' ' ' '
0 0 2 x y 2 0 0

2 2 x 4 2x 2y 2 2 x� � � �

Ð � � ÑÎ
œ � �ˆ ‰3x 3y

# #

 3 1 (2 x) (2 x)  dxœ � � � �'
0

2� ‘ˆ ‰x 3
4#

#

 6 6x  dxœ � � �'
0

2’ “3x 3(2 x)
4

# #

#
�

 6x 3x (12 12 4 0) 2œ � � � œ � � � � œ’ “# �
#

!

x 2
2 4 4

(2 x)$ $$
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908 Chapter 15 Multiple Integrals

34. V dx dy dz (8 2z) dy dz (8 2z)( z) dz 64 24z 2z  dzœ œ � œ � ) � œ � �' ' ' ' ' ' '
0 z z 0 z 0 0

4 8 8 z 4 8 4 4� a b#
 64z 12z zœ � � œ� ‘# $ %

!
2 320
3 3

35. V 2  dz dy dx 2 (x 2) dy dx (x 2) 4 x  dxœ œ � œ � �' ' ' ' ' '
� � �

� Î � � Î

2 0 0 2 0 2

2 4 x 2 x 2 2 4 x 2 2È È# # È #

 2 4 x  dx x 4 x  dx x 4 x 4 sin  4 xœ � � � œ � � � � �' '
� �2 2

2 2È È È’ “ ’ “a b# # # �" #
#

# #

�# �#

" $Î#x
3

 4 4 4œ � � œˆ ‰ ˆ ‰1 1
# # 1

36. V 2 dz dx dy 2 x y  dx dy 2 xy  dyœ œ � œ �' ' ' ' ' '
0 0 0 0 0 0

1 1 y x y 1 1 y 1 1 y

0

� � � �# # # # #a b ’ “# # #x
3

$

 2 1 y 1 y y  dy 2 1 y y y  dy 1 y  dyœ � � � œ � � � œ �' ' '
0 0 0

1 1 1a b a b a b a b’ “ ˆ ‰# # # # # % '" " " "#

3 3 3 3 3
2

 yœ � œ œ2 2 6 4
3 7 3 7 7

y’ “ ˆ ‰ ˆ ‰( "

!

37. average   x 9  dz dy dx  2x 18  dy dx 4x 36  dxœ � œ � œ � œ" " "# # #
8 8 8 3

31' ' ' ' ' '
0 0 0 0 0 0

2 2 2 2 2 2a b a b a b
38. average  (x y z) dz dy dx (2x 2y 2) dy dx (2x 1) dx 0œ � � œ � � œ � œ" " "

2 2 2
' ' ' ' ' '

0 0 0 0 0 0

1 1 2 1 1 1

39. average x y z  dz dy dx x y  dy dx x  dx 1œ � � œ � � œ � œ' ' ' ' ' '
0 0 0 0 0 0

1 1 1 1 1 1a b ˆ ‰ ˆ ‰# # # # # #"
3 3

2

40. average   xyz dz dy dx  xy dy dx x dx 1œ œ œ œ" " "
8 4 2
' ' ' ' ' '

0 0 0 0 0 0

2 2 2 2 2 2

41.  dx dy dz  dy dx dz  dx dz z  dz' ' ' ' ' ' ' ' '
0 0 2y 0 0 0 0 0 0

4 1 2 4 2 x 2 4 2 44 cos x 4 cos x x cos x
2 z 2 z z

sin 4a b a b a bÈ È È
# # #

œ œ œ
Î ˆ ‰

#
�"Î#

 (sin 4)z 2 sin 4œ œ� ‘"Î# %

!

42. 12xz e  dy dx dz  12xz e  dx dy dz 6yz e  dy dz 3e  dz' ' ' ' ' ' ' ' '
0 0 x 0 0 0 0 0 0

1 1 1 1 1 y 1 1 1

#

zy zy zy zy# # # #

œ œ œ
È ’ “ "

!

 3 e z  dz 3 e 1 3e 6œ � œ � œ �'
0

1
z za b c d "!

43.   dx dy dz  dy dz  dz dy' ' ' ' ' ' '
0 z 0 0 z 0 0

1 1 ln 3 1 1 1 y

$ $

$

È È

1 1 1 1 1 1e  sin y 4  sin y 4  sin y
y y y

2x a b a b a b# # #

# # #œ œ  

 4 y sin y  dy 2 cos y 2( 1) 2(1) 4œ œ � œ � � � œ'
0

1

1 1 1a b c da b# # "
!

44.  dy dz dx  dz dx x dx dz (4 z) dz' ' ' ' ' ' ' '
0 0 0 0 0 0 0 0

2 4 x x 2 4 x 4 4 z 4� � �

# #

  sin 2z x sin 2z sin 2z sin 2z
4 z 4 z 4 z 4 z� � � � #

"œ œ œ �
È ˆ ‰ ˆ ‰

  cos 2z  sin zœ � œ � � œ� ‘ � ‘" " "% %

! # #
#

!4 4
sin 4#

45. dz dy dx   4 x y a  dy dx' ' ' ' '
0 0 a 0 0

1 4 a x 4 x y 1 4 a x� � � � � �

# # #

œ Ê � � � œ4 4
15 15a b#

  4 a x 4 a x  dx  4 a x  dx (4 a) 2x (4 a) x  dxÊ � � � � � œ Ê � � œ Ê � � � �' ' '
0 0 0

1 1 1’ “a b a b a b c d# # # # # %# # #" "
# #

4 4
15 15

  (4 a) x x (4 a)   (4 a) (4 a)   15(4 a) 10(4 a) 5 0œ Ê � � � � œ Ê � � � � œ Ê � � � � œ8 2 x 8 2 8
15 3 5 15 3 5 15’ “# $ # #

"

!

"&

  3(4 a) 2(4 a) 1 0  [3(4 a) 1][(4 a) 1] 0  4 a  or 4 a 1 a  or a 3Ê � � � � œ Ê � � � � œ Ê � œ � � œ Ê œ œ# "
3 3

13
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 Section 15.6 Moments and Centers of Mass 909

46. The volume of the ellipsoid 1 is  so that 8 c 3.x z 4abc
a b c 3 3

y 4(1)(2)(c)# #

# # #

#

� � œ œ Ê œ1 1 1

47. To minimize the integral, we want the domain to include all points where the integrand is negative and to exclude all
 points where it is positive.  These criteria are met by the points (x y z) such that 4x 4y z 4 0 orß ß � � � Ÿ# # #

 4x 4y z 4, which is a solid ellipsoid centered at the origin.# # #� � Ÿ

48. To maximize the integral, we want the domain to include all points where the integrand is positive and to exclude all
 points where it is negative.  These criteria are met by the points (x y z) such that 1 x y z 0 orß ß � � �  # # #

 x y z 1, which is a solid sphere of radius 1 centered at the origin.# # #� � Ÿ

49-52. Example CAS commands:
 :Maple
 F := (x,y,z) -> x^2*y^2*z;
 q1 := Int( Int( Int( F(x,y,z), y=-sqrt(1-x^2)..sqrt(1-x^2) ), x=-1..1 ), z=0..1 );
 value( q1 );
 : (functions and bounds will vary)Mathematica
 Clear[f, x, y, z];

 f:= x  y  z2 2

 Integrate[f, {x, 1,1}, {y, Sqrt[1 x ], Sqrt[1 x ]}, {z, 0, 1}]� � � �2 2

 N[%]
 topolar={x r Cos[t], y r Sin[t]};Ä Ä

 fp= f/.topolar //Simplify
 Integrate[r fp, {t, 0, 2 }, {r, 0, 1},{z, 0, 1}]1

 N[%]

15.6  MOMENTS AND CENTERS OF MASS

 1. M 3 dy dx 3 2 x x  dx ; M  3x dy dx 3 xy  dxœ œ � � œ œ œ' ' ' ' ' '
0 x 0 0 x 0

1 2 x 1 1 2 x 1

y
2 x
x

� �

�

# #

#a b c d#
#
7

 3 2x x x  dx ; M  3y dy dx  y  dx  4 5x x  dxœ � � œ œ œ œ � � œ' ' ' ' '
0 0 x 0 0

1 1 2 x 1 1

x
2 x

xa b c d a b$ # # # %
# #

5 3 3 19
4 5

�

�

#
#

  x  and yÊ œ œ5 38
14 35

 2. M   dy dx  3 dx 9 ; I  y  dy dx  dx 27 ;œ œ œ œ œ œ$ $ $ $ $ $' ' ' ' ' '
0 0 0 0 0 0

3 3 3 3 3 3

x

3

0

# ’ “y
3

$

 I  x  dy dx x y  dx  3x  dx 27y 0 0 0 0

3 3 3 3

œ œ œ œ$ $ $ $' ' ' '# # #$
!c d

 3. M dx dy 4 y  dy ; M  x dx dy x  dyœ œ � � œ œ œ' ' ' ' ' '
0 y 2 0 0 y 2 0

2 4 y 2 2 4 y 2

y
4 y

y 2# #
#

Î Î

� �
�

ÎŠ ‹ c dy 14
3

#

# #
" #

  16 8y y  dy ; M y dx dy 4y y  dyœ � � � œ œ œ � � œ"
# #

# #' ' ' '
0 0 y 2 0

2 2 4 y 2

xŠ ‹ Š ‹y y
4 15 3

128 10% $

 
#Î

�

  x  and yÊ œ œ64 5
35 7

 4. M dy dx (3 x) dx ; M x dy dx xy  dx 3x x  dxœ œ � œ œ œ œ � œ' ' ' ' ' ' '
0 0 0 0 0 0 0

3 3 x 3 3 3 x 3 3

y
3 x
0

� �
�9 9

# #
# c d a b

  x 1 and y 1, by symmetryÊ œ œ

 5. M  dy dx ; M x dy dx xy  dx x a x  dxœ œ œ œ œ � œ' ' ' ' ' '
0 0 0 0 0 0

a a x a a x a a

y
a x

0

È È
È

# # # #

# #
� �

�1a a
4 3

# $c d È # #

  x y , by symmetryÊ œ œ 4a
31
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 6. M dy dx sin x dx 2; M y dy dx  y  dx  sin x dxœ œ œ œ œ œ' ' ' ' ' ' '
0 0 0 0 0 0 0

sin x sin x

x
sin x

0

1 1 1 1 1

" "
# #

# #c d
  (1 cos 2x) dx   x  and yœ � œ Ê œ œ"

#4 4 8
'

0

1

1 1 1

 7. I   y  dy dx  dx  4 x  dx 4 ; I 4 , by symmetry;x y2 4 x 2 2

2 4 x 2 24 x

4 x
œ œ œ � œ œ' ' ' '

� � � � �

�
�

� �

È

È È

È#

# #

#

# # $Î#’ “ a by
3 3

2$

1 1

 I I I 8o x yœ � œ 1

 8. I x  dy dx sin x 0  dx  (1 cos 2x) dxy

2 sin x x 2 2

0
œ œ � œ � œ' ' ' '

1 1 1

1 1 1ˆ ‰# #Î
# # "

# #a b 1

 9. M dy dx e  dx  lim   e  dx 1  lim   e 1; M x dy dx xe  dxœ œ œ œ � œ œ œ' ' ' ' ' ' '
�_ �_ �_ �_

0 e 0 0 0 e 0

0 b 0

x x b x
y

x x

b bÄ �_ Ä �_

  lim   xe  dx  lim   xe e 1  lim   be e 1; M y dy dxœ œ � œ � � � œ � œ
b b bÄ �_ Ä �_ Ä �_

' ' '
b 0

0 0 e
x x x b b0

b xc d a b
�_

x

  e  dx   lim   e  dx   x 1 and yœ œ œ Ê œ � œ" " " "
# #
' '
�_

0 0
2x 2x

bb Ä �_
4 4

10. M x dy dx  lim   xe  dx  lim   1 1y 0 0 0

e b
x 2 b

0
œ œ œ � � œ' ' '_

� Î

� Î#

#

#Î

x 2

x 2b bÄ _ Ä _

� ‘"
e

11. M (x y) dx dy xy  dy 2y 2y  dy ;œ � œ � œ � � œ � � œ' ' ' '
0 y 0 0

2 y y 2 2y y

y�

�
�

�

# #’ “ Š ‹ ’ “x 8
2 2 10 3 15

y y y 2y# % & % $
$ #

#

#

!

 I y (x y) dx dy xy  dy 2y 2y  dy ;x 0 y 0 0

2 y y 2 2y y

y
œ � œ � œ � � œ' ' ' '

�

�
�

�

# #

# $ & %’ “ Š ‹x y y
2 2 105

64# # '

12. M 5x dx dy 5  dy  12 4y 16y  dy 23 3œ œ œ � � œ' ' ' '
� Î � Î � Î

Î � Î Î�

È È È

È È ÈÈ È

3 2 4y 3 2 3 2

3 2 12 4y 3 2 3 212 4y

4y
#

# #

#

’ “ a b Èx 5
2

#

#
# %

13. M (6x 3y 3) dy dx 6xy y 3y  dx 12 12x  dx 8;œ � � œ � � œ � œ' ' ' '
0 x 0 0

1 2 x 1 12 x

x

�

�� ‘ a b3
#

# #

 M x(6x 3y 3) dy dx 12x 12x  dx 3; M y(6x 3y 3) dy dxy x0 x 0 0 x

1 2 x 1 1 2 x

œ � � œ � œ œ � �' ' ' ' '� �a b$
 14 6x 6x 2x  dx   x  and yœ � � � œ Ê œ œ'

0

1a b# $
#

17 3 17
8 16

14. M (y 1) dx dy 2y 2y  dy ; M y(y 1) dx dy 2y 2y  dy ;œ � œ � œ œ � œ � œ' ' ' ' ' '
0 y 0 0 y 0

1 2y y 1 1 2y y 1

x
# #

# #
� �a b a b$ # %"

#
4

15

 M  x(y 1) dx dy 2y 2y  dy   x  and y ; I y (y 1) dx dyy 0 y 0 0 y

1 2y y 1 1 2y y

œ � œ � œ Ê œ œ œ �' ' ' ' '
# #

# #
� �a b# % #4 8 8

15 15 15 x

 2 y y  dyœ � œ'
0

1a b$ & "
6

15. M (x y 1) dx dy (6y 24) dy 27; M y(x y 1) dx dy y(6y 24) dy 14;œ � � œ � œ œ � � œ � œ' ' ' ' ' '
0 0 0 0 0 0

1 6 1 1 6 1

x

 M x(x y 1) dx dy (18y 90) dy 99  x  and y ; I x (x y 1) dx dyy y0 0 0 0 0

1 6 1 1 6

œ � � œ � œ Ê œ œ œ � �' ' ' ' '11 14
3 27

#

 216  dy 432œ � œ'
0

1ˆ ‰y
3 6

11

16. M  (y 1) dy dx x  dx ; M  y(y 1) dy dx  dxœ � œ � � � œ œ � œ � �' ' ' ' ' '
� � � �1 x 1 1 x 1

1 1 1 1 1 1

x
# #

Š ‹ Š ‹x 3 32 5 x x
15 6 3

% ' %

# # #
#

 ; M  x(y 1) dy dx x  dx 0  x 0 and y ; I  x (y 1) dy dxœ œ � œ � � œ Ê œ œ œ �48 3x x 9
35 14y y1 x 1 1 x

1 1 1 1 1' ' ' ' '
� � �

# #
Š ‹# #

$ #&

 x  dxœ � � œ'
�1

1 Š ‹3x x 16
2 2 35

# ' %
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17. M (7y 1) dy dx x  dx ; M  y(7y 1) dy dx  dx ;œ � œ � œ œ � œ � œ' ' ' ' ' '
� � � �1 0 1 1 0 1

1 x 1 1 x 1

x

# #Š ‹ Š ‹7x 31 7x x 13
15 3 2 15

% ' %

#
#

 M  x(7y 1) dy dx x  dx 0  x 0 and y ; I x (7y 1) dy dxy y1 0 1 1 0

1 x 1 1 x

œ � œ � œ Ê œ œ œ �' ' ' ' '
� � �

# #Š ‹7x 13
31

&

#
$ #

 x  dxœ � œ'
�1

1 Š ‹7x 7
5

'

#
%

18. M 1  dy dx 2  dx 60; M  y 1  dy dx 1  dx 0;œ � œ � œ œ � œ � œ' ' ' ' ' '
0 1 0 0 1 0

20 1 20 20 1 20

x
� �

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰’ “Š ‹x x x x
20 10 20 0

y
# #

"

�"

#

 M  x 1  dy dx 2x  dx   x  and y 0; I  y 1  dy dxy x0 1 0 0 1

20 1 20 20 1

œ � œ � œ Ê œ œ œ �' ' ' ' '
� �

ˆ ‰ ˆ ‰Š ‹x x 2000 100 x
20 10 3 9 20

# #

 1  dx 20œ � œ2 x
3 20
'

0

20ˆ ‰

19. M  (y 1) dx dy 2y 2y  dy ; M  y(y 1) dx dy 2  y y  dy ;œ � œ � œ œ � œ � œ' ' ' ' '
0 y 0 0 y

1 y 1 1 y

x

1

0
� �

a b a b'# $ #5 7
3 6

 M  x(y 1) dx dy 0 dy 0  x 0 and y ; I  y (y 1) dx dy 2y 2y  dyy x0 y 0 0 y 0

1 y 1 1 y 1

œ � œ œ Ê œ œ œ � œ �' ' ' ' ' '
� �

7
10

# % $a b
 ; I  x (y 1) dx dy 2y 2y  dy   I I Iœ œ � œ � œ Ê œ � œ9 3 6

10 3 10 5y o x y0 y 0

1 y 1' ' '
�

# % $" a b
20. M  3x 1  dx dy 2y 2y  dy ; M  y 3x 1  dx dy 2y 2y  dy ;œ � œ � œ œ � œ � œ' ' ' ' ' '

0 y 0 0 y 0

1 y 1 1 y 1

x
� �

a b a b a b a b# $ # % #
#
3 16

15

 M  x 3x 1  dx dy 0  x 0 and y ; I  y 3x 1  dx dy 2y 2y  dy ;y x0 y 0 y 0

1 y 1 y 1

œ � œ Ê œ œ œ � œ � œ' ' ' ' '
� �

a b a b a b# # # & $32 5
45 6

 I  x 3x 1  dx dy 2 y y  dy  I I Iy o x y0 y 0

1 y 1

œ � œ � œ Ê œ � œ' ' '
�

# # & $"a b ˆ ‰3 11 6
5 3 30 5

21. I y z  dz dy dx cy  dy dx  dxx 0 0 0 0 0 0

a b c a b a

œ � œ � œ � œ' ' ' ' ' 'a b Š ‹ Š ‹# # # �c cb c b
3 3 3 3

abc b c$ $ $ # #a b

 b c  where M abc; I a c  and I a b , by symmetryœ � œ œ � œ �M M M
3 3 3a b a b a b# # # # # #

y z

22. The plane z  is the top of the wedge  I y z  dz dy dxœ Ê œ �4 2y
3
� # #

x 3 2 4 3

3 4 4 2y 3' ' '
� � � Î

Ð � ÑÎ a b
  dy dx  dx 208; I x z  dz dy dxœ � � � œ œ œ �' ' ' ' ' '

� � � � � � Î

Ð � ÑÎ

3 2 3 3 2 4 3

3 4 3 3 4 4 2y 3

y’ “ a b8y 2y 8(2 y)
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64 104# $ $� # #

  dy dx 12x  dx 280;œ � � � œ � œ' ' '
� � �3 2 3

3 4 3’ “ ˆ ‰(4 2y) x (4 2y)
81 3 3 81 3

4x 64 32� � #
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 I x y  dz dy dx x y  dy dx 12 x 2  dx 360z 3 2 4 3 3 2 3

3 4 4 2y 3 3 4 3

œ � œ � � œ � œ' ' ' ' ' '
� � � Î � � �

Ð � ÑÎ a b a b a bˆ ‰# # # # #8
3 3

2y

23. M 4 dz dy dx 4 4 4y  dy dx 16  dx ; M 4 z dz dy dxœ œ � œ œ œ' ' ' ' ' ' ' ' '
0 0 4y 0 0 0 0 0 4y

1 1 4 1 1 1 1 1 4

xy
# #

a b# 2 32
3 3

 2 16 16y  dy dx dx   z , and x y 0, by symmetry;œ � œ œ Ê œ œ œ' ' '
0 0 0

1 1 1a b% 128 128 12
5 5 5

 I 4 y z  dz dy dx 4 4y 4y  dy dx 4  dx ;x 0 0 4y 0 0 0

1 1 4 1 1 1

œ � œ � � � œ œ' ' ' ' ' '
#
a b ’ “ˆ ‰ Š ‹# # # %64 1976 7904

3 3 105 105
64y'

 I 4 x z  dz dy dx 4 4x 4x y  dy dx 4 x  dxy 0 0 4y 0 0 0

1 1 4 1 1 1

œ � œ � � � œ �' ' ' ' ' '
#
a b ’ “ˆ ‰ ˆ ‰Š ‹# # # # # #64 8 128

3 3 3 7
64y'

 ; I 4 x y  dz dy dx 16 x x y y y  dy dxœ œ � œ � � �4832
63 z 0 0 4y 0 0

1 1 4 1 1' ' ' ' '
#
a b a b# # # # # # %

 16  dxœ � œ'
0

1Š ‹2x 2 256
3 15 45

#

24. (a) M dz dy dx  (2 x) dy dx (2 x) 4 x  dx 4 ;œ œ � œ � � œ' ' ' ' ' '
� � � Î � � � Î �

� Î � � Î

2 4 x 2 0 2 4 x 2 2

2 4 x 2 2 x 2 4 x 2 2

Š ‹ Š ‹È È
Š ‹ Š ‹È È
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# # Š ‹È # 1

 M x dz dy dx  x(2 x) dy dx  x(2 x) 4 x  dx 2 ;yz 2 4 x 2 0 2 4 x 2 2

2 4 x 2 2 x 2 4 x 2 2
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� � � Î � � � Î �
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Š ‹ Š ‹È È
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 M y dz dy dx  y(2 x) dy dxxz 2 4 x 2 0 2 4 x 2
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� � � Î � � � Î
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25. (a) M 4 dz dy dx 4 r dz dr d 4 4r r  dr d 4 4 d 8 ;œ œ œ � œ œ' ' ' ' ' ' ' ' '
0 0 x y 0 0 r 0 0 0
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 (b) M 8   4 r dz dr d cr r  dr d  d   c 8  c 2 2,œ Ê œ œ � œ œ Ê œ Ê œ1 1 ) ) )' ' ' ' ' '
0 0 r 0 0 0

2 c c 2 c 21 1 1È È
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26. M 8; M z dz dy dx  dy dx 0; M x dz dy dxœ œ œ œ œxy yz1 3 1 1 3 1 3 1
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� � � � �
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 2 x dy dx 4  x dx 0; M y dz dy dx 2  y dy dx 16  dx 32œ œ œ œ œ œ œ' ' ' ' ' ' ' ' '
� � � � � �1 3 1 1 3 1 1 3 1

1 5 1 1 5 1 1 5 1
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  x 0, y 4, z 0; I y z  dz dy dx 2y  dy dx  100 dx ;Ê œ œ œ œ � œ � œ œx 1 3 1 1 3 1
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� � � �
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 I x z  dz dy dx 2x  dy dx  3x 1  dx ;y 1 3 1 1 3 1
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� � � �
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0 0 0 0 0 0

2 2 x 2 x y 2 2 x 2� � � � a b a b# $ # 4
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œ œ � � œ � œ' ' ' ' ' '� � � �

# # # #a b 16
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30. (a) M kxy dz dy dx k xy 4 x  dy dx  4x x  dxœ œ � œ � œ' ' ' ' ' '
0 0 0 0 0 0

2 x 4 x 2 x 2È È
�

# a b a b# # %
#
k 32k
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 (b) M kx y dz dy dx k  x y 4 x  dy dx  4x x  dxyz 0 0 0 0 0 0

2 x 4 x 2 x 2

œ œ � œ � œ' ' ' ' ' 'È È
�

#

# # # $ &
#a b a bk 8k

3

  x ; M kxy  dz dy dx k xy 4 x  dy dx  4x x  dxÊ œ œ œ � œ �5 k
4 3xz 0 0 0 0 0 0

2 x 4 x 2 x 2' ' ' ' ' 'È È
�

#
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È È
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�
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  16x 8x x  dx   zœ � � œ Ê œk 256k 8
4 105 7
'

0
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31. (a) M  (x y z 1) dz dy dx  x y  dy dx (x 2) dxœ � � � œ � � œ � œ' ' ' ' ' '
0 0 0 0 0 0
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 (b) M z(x y z 1) dz dy dx   x y  dy dx  x  dxxy 0 0 0 0 0 0
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� � � � �
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� � � � �
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� � � � �
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y

33. M (2y 5) dy dx dz z 5 z  dx dz 2 z 5 z (1 z) dzœ � œ � œ � �' ' ' ' ' '
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34. M x y  dz dy dx x y 16 4 x y  dy dxœ � œ � � �' ' ' ' '
� � � � � � �

� � � �
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35. (a) x 0   x (x y z) dx dy dz 0  M 0œ œ Ê ß ß œ Ê œM
M
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$ yz

 (b) I  h  dm  (x h) y  dm  x 2xh h y  dmL œ � œ � � œ � � �' ' ' ' ' ' ' ' '
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Þ Þ
�
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 ; Rœ � œ œ œabc a b abc a b abc a b
3 4 1 M 12c m
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# #� � �
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�É Éc m

 (b) I I abc 2bL c m
a b
4 12 4 1

abc a b abc a 9b abc 4a 28bœ � � � œ � œÞ Þ # #

#
#

� � �Œ �É ˆ ‰# # # # # # #a b a b a b

 ; Rœ œ œabc a 7b
3 M 3L

I a 7ba b# # # #� �É ÉL

38. M dz dy dx (4 y) dy dx 4y  dx 12 dx 72;œ œ � œ � œ œ' ' ' ' ' ' '
� � � Î � � � �

Ð � ÑÎ

3 2 4 3 3 2 3 3

3 4 4 2y 3 3 4 3 3
2 2
3 3 2

y’ “# %

�#

 x y z 0 from Exercise 22  I I 72 0 0 I   I I 72 16œ œ œ Ê œ � � œ Ê œ � �x c m L
16
9c m c mÞ Þ Þ ÞŠ ‹ Š ‹È É# #

#

Þ Þ

#

 208 72 1488œ � œˆ ‰160
9
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914 Chapter 15 Multiple Integrals

15.7  TRIPLE INTEGRALS IN CYLINDRICAL AND SPHERICAL COORDINATES

 1. dz r dr d r 2 r r  dr d 2 r  d' ' ' ' ' '
0 0 r 0 0 0

2 1 2 r 2 1 21 1 1
È
�

#

) ) )œ � � œ � � �’ “ ’ “a b a b# # #"Î# $Î#"
"

!3 3
r$

  dœ � œ'
0

21Š ‹2 2
3 3 3

4 2$Î#

)
1 Š ‹È �"

 2. dz r dr d r 18 r  dr d 18 r  d' ' ' ' ' '
0 0 r 3 0 0 0

2 3 18 r 2 3 21 1 1

#

#

Î

�È

) ) )œ � � œ � � �’ “ ’ “a b a b# #"Î# $Î#"
$

!

r r
3 3 12

$ %

  œ
9 8 2 7

2

1 Š ‹È �

 3.  dz r dr d 3r 24r  dr d r 6r  d   d' ' ' ' ' ' '
0 0 0 0 0 0 0

2 2 3 24r 2 2 2 221 ) 1 1 ) 1 1 1
) 1

Î � Î Î

!

#

) ) ) )œ � œ � œ �a b � ‘ Š ‹$ # %
#

3 3 4
2 4 16

) )
1 1

# %

# %

 œ � œ3 17
12 520# ’ “) ) 1

1 1

$ &

# %

21

!

 4.  z dz r dr d 9 4 r 4 r r dr d 4 4r r  dr d' ' ' ' ' ' '
0 0 4 r 0 0 0 0

3 4 r1 ) 1 1 ) 1 1 ) 1Î � Î Î

� �È

È

#

#

) ) )œ � � � œ �"
#

# # $c d a ba b a b
 4 2r 4  dœ � œ � œ' '

0 0

1 1’ “ Š ‹#
Î

!

r 2 37
4 154

% # %

# %

) 1
) ) 1
1 1

)

 5. 3 dz r dr d 3 r 2 r r  dr d 3 2 r  d' ' ' ' ' '
0 0 r 0 0 0

2 1 2 r 2 1 21 1 1ˆ ‰
�

# �"Î#

) ) )œ � � œ � � �’ “ ’ “a b a b# # #�"Î# "Î# "

!

r
3

$

 3 2  d 6 2 8œ � œ �'
0

21Š ‹ Š ‹È È4
3 ) 1

 6.  r  sin z  dz r dr d r  sin  dr d  d' ' ' ' ' '
0 0 1 2 0 0 0

2 1 1 2 2 1 21 1 1

� Î

Î a b ˆ ‰ Š ‹# # # $ # ") ) ) ) )� œ � œ � œr sin
12 4 24 3

# ) 1

 7.  r  dr dz d  dz d  d' ' ' ' ' '
0 0 0 0 0 0

2 3 z 3 2 3 21 1 1Î
$ ) ) )œ œ œz 3 3

324 20 10

% 1

 8. 4r dr d dz 2(1 cos )  d dz 6  d 12' ' ' ' ' '
� � �

�

1 0 0 1 0 1

1 2 1 cos 1 2 11 ) 1

) ) ) 1 ) 1œ � œ œ#

 9. r  cos z  r d dr dz z  r dr dz r 2 rz  dr dz' ' ' ' ' ' '
0 0 0 0 0 0 0

1 z 2 1 z 1 zÈ È È1 a b a b’ “# # # # $ #
#

!
) ) ) 1 1� œ � � œ �r r  sin 2

2 4

# #) )
1

 r z  dz z  dzœ � œ � œ � œ' '
0 0

1 1z’ “ Š ‹ ’ “1 1 1 1 1r z z z
4 4 12 4 3

% # $ %

1 1# # $
"

!

È

!

10. (r sin 1) r d dz dr 2 r dz dr 2 r 4 r r 2r  dr' ' ' ' ' '
0 r 2 0 0 r 2 0

2 4 r 2 2 4 r 2

� �

� �

È È# #
1

) ) 1 1� œ œ � � �’ “a b# #"Î#

 2 4 r r 2 4 (4) 8œ � � � � œ � � � œ1 1 1’ “a b � ‘" "# # $Î#$Î# #

!3 3 3 3
r 8$
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11. (a) dz r dr d' ' '
0 0 0

2 1 4 r1
È
�

#

)

 (b) r dr dz d  r dr dz d' ' ' ' ' '
0 0 0 0 3 0

2 3 1 2 2 4 z1 1
È

È

È

) )�
�

#

 

 (c)  r d dz dr' ' '
0 0 0

1 4 r 2È
�

#
1

)

 

12. (a) dz r dr d' ' '
0 0 r

2 1 2 r1 �

#

)

 (b) r dr dz d r dr dz d' ' ' ' ' '
0 0 0 0 1 0

2 1 z 2 2 2 z1 1

) )�
È
�

 (c) r d dz dr' ' '
0 r 0

1 2 r 2�

#
1

)

 

13. f(r z) dz r dr d' ' '
� Î

Î

1

1 )

2 0 0

2 cos 3r#

ß ß) )

14. r  dz dr d r  cos  dr d  cos  d' ' ' ' ' '
� Î � Î � Î

Î Î Î

1 1 1

1 ) 1 1

2 0 0 2 0 2

2 1 r cos 2 1 2
$ % ") ) ) ) )œ œ œ5 5

2

15. f(r z) dz r dr d  16. f(r z) dz r dr d' ' ' ' ' '
0 0 0 2 0 0

2 sin 4 r sin 2 3 cos 5 r cos 1 ) ) 1 ) )

1

� Î �

� Î
ß ß ß ß) ) ) )

17. f(r z) dz r dr d  18. f(r z) dz r dr d' ' ' ' ' '
� Î � Î

Î � Î �

1 1 )

1 ) 1 ) )

2 1 0 2 cos 0

2 1 cos 4 2 2 cos 3 r sin 

 ß ß ß ß) ) ) )

19. f(r z) dz r dr d  20. f(r z) dz r dr d' ' ' ' ' '
0 0 0 4 0 0

4 sec 2 r sin 2 csc 2 r sin 1 ) ) 1 ) )

1

Î � Î �

Î
ß ß ß ß) ) ) )

21.   sin  d d d  sin  d  d  sin  d  d' ' ' ' ' ' '
0 0 0 0 0 0 0

2 sin 1 1 9 1 1 1 1

3 9 3 9 ) 9 9 ) 9 9 )# % #

!
œ œ � �8 8 3

3 3 4 4
sin  cos Š ‹’ “$ 9 9

1

 2 sin  d d  d  dœ œ � œ œ' ' ' '
0 0 0 0

1 1 1 1

# #
# !

9 9 ) ) ) 1 ) 1� ‘sin 2) 1

22. (  cos )  sin  d d d 4 cos  sin  d  d 2 sin  d d 2' ' ' ' ' ' '
0 0 0 0 0 0 0

2 4 2 2 4 2 21 1 1 1 1 1Î Î

 3 9 3 9 3 9 ) 9 9 9 ) 9 ) ) 1# # Î%
!œ œ œ œc d 1

23.   sin  d d d  (1 cos )  sin  d  d  (1 cos )  d' ' ' ' ' '
0 0 0 0 0 0

2 1 cos 2 2 21 1 9 1 1 1Ð � ÑÎ

3 9 3 9 ) 9 9 9 ) 9 )# $ %" "
!œ � œ �24 96 c d 1

  2 0  d  d (2 )œ � œ œ œ" "%
96 96 6 3

16' '
0 0

2 21 1a b ) ) 1 1

24.  5  sin  d d  d  sin  d d   sin  d  d' ' ' ' ' ' '
0 0 0 0 0 0 0

3 2 1 3 2 3 21 1 1 1 1 1Î Î Î

3 9 3 9 ) 9 9 ) 9 9 )$ $ $

!
œ œ � �5 5 2

4 4 3 3
sin  cos Š ‹’ “# 9 9

1

  cos  d  dœ � œ œ5 5 5
6 3
' '

0 0

3 2 3 21 1Î Îc d9 ) )
1 1
! #
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916 Chapter 15 Multiple Integrals

25.  3  sin  d d  d 8 sec  sin  d d 8 cos  sec  d' ' ' ' ' '
0 0 sec 0 0 0

2 3 2 2 3 21 1 1 1 1

9

Î Î

3 9 3 9 ) 9 9 9 ) 9 9 )# $ #" Î$

!
œ � œ � �a b � ‘

2
1

 ( 4 2) 8  d  d 5œ � � � � � œ œ' '
0 0

2 21 1� ‘ˆ ‰"
# #) ) 15

26.  sin  cos  d d d  tan  sec  d d   tan  d  d' ' ' ' ' ' '
0 0 0 0 0 0 0

2 4 sec 2 4 2 21 1 9 1 1 1 1Î Î

3 9 9 3 9 ) 9 9 9 ) 9 ) )$ # #" " " "Î%

!
œ œ œ œ4 4 2 8 4

� ‘1 1

27.  sin 2  d d d  d d  d d  d 2' ' ' ' ' ' ' '
0 4 0 0 0

2 0 2 2 0 2 0 2

� Î � �

Î

1 1 1 1

1

3 9 9 ) 3 3 ) 3 ) 3 3 1$ $ Î#

Î% # #

#

!
œ � œ œ œ œ� ‘ ’ “cos 2

2 8
9 1

1

3 3 1 13$ $ %

28.  sin  d d d 2   sin  d d   sin  d  ' ' ' ' ' ' '
1 9 1 9 1 1

1 9 1 1 9 1 1
9

9Î Î Î Î

Î Î Î

6 csc 0 6 csc 6 6

3 2 csc 2 3 2 csc 3 2 csc 

csc 3 9 ) 3 9 1 3 9 3 9 3 9 9# # $œ œ œ2 14
3 3
1 1c d Î3

csc  d# 9 9 œ 28
3 3

1È

29. 12  sin  d d d 12 8  sin  d  d d' ' ' ' ' '
0 0 0 0 0 0

1 4 1 41 1 1 1Î Î

3 9 9 ) 3 3 3 9 9 ) 3$ �
Î%

!
œ �Œ �’ “sin  cos 

3

# 9 9
1

 8 cos  d d 8  d d 8  d 4œ � � œ � œ � œ �' ' ' ' '
0 0 0 0 0

1 1 11 1Š ‹ Š ‹ Š ‹ ’ “c d2 10 10 5
2 2 2 2
3 3 3 31È È È È3 9 ) 3 3 ) 3 1 3 3 1 3

Î%
!

#
"

!

#

 œ
Š ‹È

È
4 2 5  

2

� 1

30. 5  sin  d d d 32 csc  sin  d d 32 sin csc  d d' ' ' ' ' ' '
1 1 9 1 1 1 1

1 1 1 1 1 1

Î � Î Î � Î Î � Î

Î Î Î Î Î Î

6 2 csc 6 2 6 2

2 2 2 2 2 2 2

3 9 3 ) 9 9 9 ) 9 9 9 ) 9% $ & $ $ #œ � œ �a b a b
  32 sin csc  d    sin  d cot œ � œ � � �1 9 9 9 1 9 9 1 9' '

1 1

1 1

Î Î

Î Î

6 6

2 2a b c d’ “$ #
Î#

Î'

Î#
Î'

32 sin  cos 
3 3

64# 9 9
1

1

1 1

1

 cos 3 11 3œ � � œ � œ œ1 9 1 1 1Š ‹ Š ‹ Š ‹c d È Èˆ ‰32 3 3 3 33 3
24 3 3 3 3

64 64È È È È1 11

1
1Î#

Î' #

31. (a) x y 1   sin 1, and  sin 1  csc ; thus# # # #� œ Ê œ œ Ê œ3 9 3 9 3 9

  sin  d d d  sin  d d d' ' ' ' ' '
0 0 0 0 6 0

2 6 2 2 2 csc 1 1 1 1 9

1

Î Î

Î
3 9 3 9 ) 3 9 3 9 )# #�

 (b)  sin  d d d  sin  d d d' ' ' ' ' '
0 1 6 0 0 0

2 2 sin 1 2 2 61 3 1 1

1Î

Ð Î Ñ Î�"

3 9 9 3 ) 3 9 9 3 )# #�

32. (a)  sin  d d d' ' '
0 0 0

2 4 sec 1 1 9Î

3 9 3 9 )#

 (b)  sin  d d d' ' '
0 0 0

2 1 41 1Î

3 9 9 3 )#

  sin  d d d� ' ' '
0 1 cos

2 2 41 1

3

È

�" Ð"Î Ñ

Î

3 9 9 3 )#

 

33. V  sin  d d d  8 cos  sin  d dœ œ �' ' ' ' '
0 0 cos 0 0

2 2 2 2 21 1 1 1

9

Î Î

3 9 3 9 ) 9 9 9 )# $"
3 a b

  8 cos  d  8  d (2 )œ � � œ � œ œ" " "
Î#

!3 4 3 4 12 6
cos 31 31' '

0 0

2 21 1’ “ ˆ ‰ ˆ ‰9 ) ) 1
% 9

1
1

34. V  sin  d d d  3 cos 3 cos cos  sin  d dœ œ � �' ' ' ' '
0 0 1 0 0

2 2 1 cos 2 21 1 9 1 1Î � Î

3 9 3 9 ) 9 9 9 9 9 )# # $"
3 a b

   cos cos cos  d  1  d  d (2 )œ � � � œ � � œ œ œ" " "
#

# $ % Î#

!3 4 3 2 4 12 12 6
3 1 3 11 11 11' ' '

0 0 0

2 2 21 1 1� ‘ ˆ ‰ ˆ ‰9 9 9 ) ) ) 1
1 1

35. V  sin  d d d  (1 cos )  sin  d d   dœ œ � œ' ' ' ' ' '
0 0 0 0 0 0

2 1 cos 2 21 1 9 1 1 1�

3 9 3 9 ) 9 9 9 ) )# $" " "�

!3 3 4
( cos )’ “9

1%

 (2)  d (2 )œ œ œ" %
12 3 3

4 8'
0

21

) 1 1
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36. V   sin  d d d  (1 cos )  sin  d d   dœ œ � œ' ' ' ' ' '
0 0 0 0 0 0

2 2 1 cos 2 2 21 1 9 1 1 1Î � Î

3 9 3 9 ) 9 9 9 ) )# $" " "�
Î#

!3 3 4
( cos )’ “9

1%

  d (2 )œ œ œ" "
12 12 6
'

0

21

) 1 1

37. V   sin  d d d  cos  sin  d d  dœ œ œ �' ' ' ' ' '
0 4 0 0 4 0

2 2 2 cos 2 2 21 1 9 1 1 1

1 1Î Î

Î Î

3 9 3 9 ) 9 9 9 ) )# $
Î#

Î%

8 8
3 3 4

cos’ “% 9
1

1

  d (2 )œ œ œˆ ‰ ˆ ‰8
3 16 6 3

" "'
0

21

) 1 1

38. V  sin  d d d  sin  d d  cos  d  dœ œ œ � œ œ' ' ' ' ' ' '
0 3 0 0 3 0 0

2 2 2 2 2 2 21 1 1 1 1 1

1 1Î Î

Î Î

3 9 3 9 ) 9 9 ) 9 ) )# Î#
Î$

8 8 4 8
3 3 3 3c d 1

1
1

39. (a) 8  sin  d d d  (b) 8 dz r dr d' ' ' ' ' '
0 0 0 0 0 0

2 2 2 2 2 4 r1 1 1Î Î Î �

3 9 3 9 ) )#
È #

 (c) 8 dz dy dx' ' '
0 0 0

2 4 x 4 x yÈ È
� � �

# # #

40. (a) dz r dr d  (b)  sin  d d d' ' ' ' ' '
0 0 r 0 0 0

2 3 2 9 r 2 4 31 1 1Î Î � Î ÎÈ È #

) 3 9 3 9 )#

 (c)  sin  d d d 9 sin  d d 9 1  d' ' ' ' ' '
0 0 0 0 0 0

2 4 3 2 4 21 1 1 1 1Î Î Î Î Î

3 9 3 9 ) 9 9 ) )# "
�

œ œ � � œŠ ‹È
Š ‹È

2

9 2 2

4

1

41. (a) V  sin  d d d  (b) V dz r dr dœ œ' ' ' ' ' '
0 0 sec 0 0 1

2 3 2 2 3 4 r1 1 1

9

Î �

3 9 3 9 ) )#
È È #

 

 (c) V dz dy dxœ ' ' '
� � �

� � �

È

È

È

È È

3 3 x 1

3 3 x 4 x y

#

# # #

 (d) V r 4 r r  dr d  d  dœ � � œ � � œ � � �' ' ' '
0 0 0 0

2 3 2 21 1 1
È ’ “ Š ‹a b ” •# "Î# �

# #

$

!

") ) )
a b

È
4 r

3 3 3
r 3 4# $Î# # $Î#

  dœ œ5 5
6 3
'

0

21

) 1

42. (a) I r  dz r dr dz 0 0 0

2 1 1 r

œ ' ' '1
È
�

#

# )

 (b) I  sin  sin  d d d , since r x y  sin  cos  sin  sin  sinz 0 0 0

2 2 1

œ œ � œ � œ' ' '1 1Î a b a b3 9 3 9 3 9 ) 3 9 ) 3 9 ) 3 9# # # # # # # # # # # # # #

 (c) I  sin  d d   sin  d  d  cos  dz 0 0 0 0 0

2 2 2 2 2

œ œ � � œ �' ' ' ' '1 1 1 1 1Î Î
" "$

Î#

!

Î#
!5 5 3 3 15

sin  cos 2 29 9 ) 9 9 ) 9 )Œ �’ “ c d# 9 9
1

1

 (2 )œ œ2 4
15 151 1

43. V 4 dz r dr d 4 5r 4r r  dr d 4 1  d 4  dœ œ � � œ � � œ œ' ' ' ' ' ' '
0 0 r 1 0 0 0 0

2 1 4 4r 2 1 2 21 1 1 1Î � Î Î Î

�%

#

) ) ) )a b ˆ ‰$ &
#

"5 8
6 3

1

44. V 4 dz r dr d 4 r r r 1 r  dr d 4 1 r  dœ œ � � � œ � � �' ' ' ' ' '
0 0 1 r 0 0 0

2 1 1 r 2 1 21 1 1Î � Î Î

� �È #
) ) )Š ‹ ’ “È a b# ## " $Î# "

!

r r
2 3 3

# $

 4  d 2 d 2œ � � œ œ œ' '
0 0

2 21 1Î Îˆ ‰ ˆ ‰" " "
# #3 3 ) ) 11

45. V dz r dr d r  sin  dr d 9 cos (sin ) d  cosœ œ � œ � œ' ' ' ' ' '
3 2 0 0 3 2 0 3 2

2 3 cos r sin 2 3 cos 2

1 1 1

1 ) ) 1 ) 1

Î Î Î

�

) ) ) ) ) ) )# $ % #

$ Î#
a b � ‘9

4
1

1

 0œ � œ9 9
4 4

46. V 2  dz r dr d 2 r  dr d  27 cos  dœ œ œ �' ' ' ' ' '
1 1 1

1 ) 1 ) 1

Î Î Î

� �

2 0 0 2 0 2

3 cos r 3 cos 

) ) ) )# $2
3

 18  cos  d 12 sin 12œ � � œ � œŒ �’ “ c dcos  sin 2
3 3

# ) )
1

1

1
1

Î#
Î#

'
1

1

Î2
) ) )
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47. V dz r dr d r 1 r  dr d 1 r  dœ œ � œ � �' ' ' ' ' '
0 0 0 0 0 0

2 sin 1 r 2 sin 2 sin 1 ) 1 ) 1 )Î � Î Î

!

È #

) ) )È ’ “a b# " # $Î#

3

  1 sin 1  d  cos 1  d  cos  dœ � � � œ � � œ � � �" " "# $$Î# Î#

!

Î#

!3 3 3 3 3 3
cos  sin 2' ' '

0 0 0

2 2 21 1 1Î Î Î’ “ ’ “a b a b Œ � � ‘) ) ) ) ) )
# ) ) )

1 1

 sin œ � � œ2 4 3
9 6 18c d) 1 1 1Î#

!
� �

48. V  dz r dr d 3r 1 r  dr d 1 r  dœ œ � œ � �' ' ' ' ' '
0 0 0 0 0 0

2 cos 1 r 2 cos 2 cos 1 ) 1 ) 1 )Î � Î Î

!

3È #

) ) ) È ’ “a b# # $Î#

 1 cos 1  d 1 sin  d  sin  dœ � � � œ � œ � �' ' '
0 0 0

2 2 21 1 1Î Î Î’ “ ’ “a b a b# $$Î# Î#

!
) ) ) ) ) ) )sin  cos 2

3 3

# ) )
1

 cos œ � œ � œ1 1 11

# #
Î#

!
�2 2 3 4

3 3 6c d)
49. V  sin  d d d   sin  d d  cos  d  dœ œ œ � œ � œ' ' ' ' ' ' '

0 3 0 0 3 0 0

2 2 3 a 2 2 3 2 21 1 1 1 1 1

1 1Î Î

Î Î

3 9 3 9 ) 9 9 ) 9 ) )# # Î$
Î$

" "
# #

a a a 2 a
3 3 3 3

$ $ $ $c d ˆ ‰1

1
1

50. V  sin  d d d  sin  d d  dœ œ œ œ' ' ' ' ' '
0 0 0 0 0 0

6 2 a 6 2 61 1 1 1 1Î Î Î Î Î

3 9 3 9 ) 9 9 ) )# a a a
3 3 18

$ $ $1

51. V  sin  d d dœ ' ' '
0 0 sec 

2 3 21 1

9

Î

 3 9 3 9 )#

  8 sin tan  sec  d dœ �" #
3
' '

0 0

2 31 1Î a b9 9 9 9 )

  8 cos  tan  dœ � �" " # Î$

!3 2
'

0

21� ‘9 9 )
1

  4 (3) 8  d   d (2 )œ � � � œ œ œ" " "
# #3 3 6 3

5 5 5' '
0 0

2 21 1� ‘ ) ) 1 1

 

52. V 4  sin  d d d   8 sec sec sin  d dœ œ �' ' ' ' '
0 0 sec 0 0

2 4 2 sec 2 41 1 9 1 1

9

Î Î Î Î

3 9 3 9 ) 9 9 9 9 )# $ $4
3 a b

  sec  sin  d d  tan  sec  d d   tan  d  dœ œ œ œ œ28 28 28 14 7
3 3 3 2 3 3
' ' ' ' ' '

0 0 0 0 0 0

2 4 2 4 2 21 1 1 1 1 1Î Î Î Î Î Î
$ # #" Î%

!
9 9 9 ) 9 9 9 ) 9 ) )� ‘1 1

53. V 4 dz r dr d 4 r  dr d dœ œ œ œ' ' ' ' ' '
0 0 0 0 0 0

2 1 r 2 1 21 1 1Î Î Î#

) ) )$
#
1

54. V 4 dz r dr d 4 r dr d 2 dœ œ œ œ' ' ' ' ' '
0 0 r 0 0 0

2 1 r 1 2 1 21 1 1Î � Î Î

#

#

) ) ) 1

55. V 8  dz r dr d 8 r  dr d 8  dœ œ œ œ' ' ' ' ' '
0 1 0 0 1 0

2 2 r 2 2 21 1 1Î Î ÎÈ È

) ) )# �" �"Š ‹2 2
3 3

4 2 2È Š ‹È1

56. V 8  dz r dr d 8 r 2 r  dr d 8 2 r  d  dœ œ � œ � � œ œ' ' ' ' ' ' '
0 1 0 0 1 0 0

2 2 2 r 2 2 2 21 1 1 1Î � Î Î ÎÈ ÈÈ #

) ) ) )È ’ “a b# " # $Î# #

3 3 31

8 4
È

1

57. V dz r dr d 4r r  sin  dr d 8 1  d 16œ œ � œ � œ' ' ' ' ' '
0 0 0 0 0 0

2 2 4 r sin 2 2 21 ) 1 1�

) ) ) ) 1a b ˆ ‰# sin 
3
)

58. V dz r dr d 4r r (cos sin )  dr d  (3 cos sin ) d 16œ œ � � œ � � œ' ' ' ' ' '
0 0 0 0 0 0

2 2 4 r cos r sin 2 2 21 ) ) 1 1� �

) ) ) ) ) ) ) 1c d# 8
3

59. The paraboloids intersect when 4x 4y 5 x y   x y 1 and z 4# # # # # #� œ � � Ê � œ œ

  V 4 dz r dr d 4 5r 5r  dr d 20  d 5 dÊ œ œ � œ � œ œ' ' ' ' ' ' '
0 0 4r 0 0 0 0

2 1 5 r 2 1 2 21 1 1 1Î � Î Î Î

#

#

) ) ) )a b ’ “$
"

! #
r r 5
2 4

# % 1
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60. The paraboloid intersects the xy-plane when 9 x y 0  x y 9  V 4 dz r dr d� � œ Ê � œ Ê œ# # # # ' ' '
0 1 0

2 3 9 r1Î � #

)

 4 9r r  dr d 4  d 4  d 64 d 32œ � œ � œ � œ œ' ' ' ' '
0 1 0 0 0

2 3 2 2 21 1 1 1Î Î Î Îa b ’ “ ˆ ‰$
$

"
) ) ) ) 19r r 81 17

2 4 4 4

# %

61. V 8 dz r dr d 8 r 4 r  dr d 8 4 r  dœ œ � œ � �' ' ' ' ' '
0 0 0 0 0 0

2 1 4 r 2 1 21 1 1
È
�

#

) ) )a b a b’ “# #"Î# $Î#"
"

!3

  3 8  dœ � � œ8
3 3

4 8 3 3'
0

21ˆ ‰$Î#
�

)
1 Š ‹È

62. The sphere and paraboloid intersect when x y z 2 and z x y   z z 2 0# # # # # #� � œ œ � Ê � � œ

  (z 2)(z 1) 0  z 1 or z 2  z 1 since z 0.  Thus, x y 1 and the volume isÊ � � œ Ê œ œ � Ê œ   � œ# #

 given by the triple integral V 4 dz r dr d 4 r 2 r r  dr dœ œ � �' ' ' ' '
0 0 r 0 0

2 1 2 r 2 11 1Î � Î

#

#È

) )’ “a b# $"Î#

 4 2 r  d 4  dœ � � � œ � œ' '
0 0

2 21 1Î Î’ “ Š ‹a b" # $Î# "

!

�

3 4 3 12 6
r 72 2 8 2 7%

) )
È Š ‹È1

63. average   r  dz dr d  2r  dr d  dœ œ œ œ" " "
# #

# #
1 1 1
' ' ' ' ' '

0 0 1 0 0 0

2 1 1 2 1 21 1 1

�

) ) )3 3
2

64. average   r  dz dr d  2r 1 r  dr dœ œ �" # # #ˆ ‰4
3
1

' ' ' ' '
0 0 1 r 0 0

2 1 1 r 2 11 1

� �

�

È

È

#

#

) )3
41

È
   sin r r 1 r 1 2r  d  0  d  d (2 )œ � � � œ � œ œ œ3 3 3 3 3

2 8 8 16 32 32 161 1
1 1' ' '

0 0 0

2 2 21 1 1’ “È a b ˆ ‰ ˆ ‰" "�" ##
"

! #) ) ) 1

65. average   sin  d d d  sin  d d  dœ œ œ œ" $ˆ ‰4
3
1

' ' ' ' ' '
0 0 0 0 0 0

2 1 2 21 1 1 1 1

 3 9 3 9 ) 9 9 ) )3 3 3
16 8 41 1

66. average   cos  sin  d d d   cos  sin  d d   dœ œ œ" $
Î#

!
ˆ ‰2

3
1

' ' ' ' ' '
0 0 0 0 0 0

2 2 1 2 2 21 1 1 1 1Î Î

3 9 9 3 9 ) 9 9 9 ) )3 3
8 8 2

sin
1 1

9
1’ “#

  d (2 )œ œ œ3 3 3
16 16 81 1

'
0

21

) 1ˆ ‰
67. M 4 dz r dr d 4 r  dr d  d ; M z dz r dr dœ œ œ œ œ' ' ' ' ' ' ' ' '

0 0 0 0 0 0 0 0 0

2 1 r 2 1 2 2 1 r

xy

1 1 1 1Î Î Î

) ) ) )# 4 2
3 3

1

  r  dr d  d   z , and x y 0, by symmetryœ œ œ Ê œ œ œ œ œ"
#

$' ' '
0 0 0

2 1 21 1

) )1 3 3
8 4 M 4 2 8

M1 1
1

xy ˆ ‰ ˆ ‰
68. M dz r dr d r  dr d  d ; M  x dz r dr dœ œ œ œ œ' ' ' ' ' ' ' ' '

0 0 0 0 0 0 0 0 0

2 2 r 2 2 2 2 2 r

yz

1 1 1 1Î Î Î Î

) ) ) )# 8 4
3 3

1

 r  cos  dr d 4 cos  d 4; M  y dz r dr d   r  sin  dr dœ œ œ œ œ' ' ' ' ' ' ' '
0 0 0 0 0 0 0 0

2 2 2 2 2 r 2 2

xz

1 1 1 1Î Î Î Î

 $ $) ) ) ) ) ) )

 4 sin  d 4; M  z dz r dr d    r  dr d  2 d   x ,œ œ œ œ œ œ Ê œ œ' ' ' ' ' ' '
0 0 0 0 0 0 0

2 2 2 r 2 2 2

xy

1 1 1 1Î Î Î Î

) ) ) ) ) 1"
#

$ M
M

3yz

1

 y , and zœ œ œ œM
M M 4

3 3Mxz xy

1

69. M ; M z  sin  d d d  cos  sin  d d d 4  cos  sin  d  dœ œ œ œ8
3
1

xy 0 3 0 0 3 0 0 3

2 2 2 2 2 2 2 2' ' ' ' ' ' ' '1 1 1 1 1 1

1 1 1Î Î Î

Î Î Î

3 9 3 9 ) 3 9 9 3 9 ) 9 9 9 )# $

 4  d 4  d  d   z ( ) , and x y 0, by symmetryœ œ � œ œ Ê œ œ œ œ œ' ' '
0 0 0

2 2 21 1 1’ “ ˆ ‰ ˆ ‰sin
2 8 M 8 8

3 3 3M# 9
1

1
1

Î#

Î$

" "
# #) ) ) 1 1xy

70. M  sin  d d d sin  d d   d ;œ œ œ œ' ' ' ' ' '
0 0 0 0 0 0

2 4 a 2 4 21 1 1 1 1Î Î

3 9 3 9 ) 9 9 ) )# �
#

�a a
3 3 3

2 2 a 2 2$ $
$È Š ‹È1

 M  sin  cos  d d d  sin  cos  d d  dxy 0 0 0 0 0 0

2 4 a 2 4 2

œ œ œ œ' ' ' ' ' '1 1 1 1 1Î Î

3 9 9 3 9 ) 9 9 9 ) )$ a a a
4 16 8

% % %

 1
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  z , and x y 0, by symmetryÊ œ œ œ œ œ œ
M
M 8 8 16

a 3 3a

a 2 2

2 2 3 2 2 a
xy Š ‹ Š ‹– — ˆ ‰1

1

%

$ Š ‹È
È Š ‹È

�

�
#

�

71. M dz r dr d r  dr d  d ; M z dz r dr dœ œ œ œ œ' ' ' ' ' ' ' ' '
0 0 0 0 0 0 0 0 0

2 4 r 2 4 2 2 4 r

xy

1 1 1 1È È

) ) ) )$Î# 64 128
5 5

1

  r  dr d  d   z , and x y 0, by symmetryœ œ œ Ê œ œ œ œ"
#

#' ' '
0 0 0

2 4 21 1

) )32 64 5
3 3 M 6

M1 xy

72. M dz r dr d 2r 1 r  dr d 1 r  dœ œ � œ � �' ' ' ' ' '
� Î � � � Î � Î

Î � Î Î

1 1 1

1 1 1

3 0 1 r 3 0 3

3 1 1 r 3 1 3

È

È

#

#

) ) )È ’ “a b# # $Î# "

!

2
3

  d ; M r  cos  dz dr d 2 r 1 r  cos  dr dœ œ œ œ œ �2 2 2 4
3 3 3 9
' ' ' ' ' '
� Î � Î � � � Î

Î Î � Î

1 1 1

1 1 1

3 3 0 1 r 3 0

3 3 1 1 r 3 1

yz) ) ) ) )ˆ ‰ ˆ ‰ È1 1
È

È

#

#

# # #

 2  sin r r 1 r 1 2r  cos  d  cos  d sin 2œ � � � œ œ œ œ' '
� Î � Î

Î Î
Î

� Î
1 1

1 1

1

13 3

3 3
3

3’ “ Š ‹È a b c d ˆ ‰1
8 8 8 8 8 8

3 3�" #" #
"

! #) ) ) ) )1 1 1 1
†
È È

  x , and y z 0, by symmetryÊ œ œ œ œ
M
M 32

9 3yz È

73. We orient the cone with its vertex at the origin and axis along the z-axis  .  We use the the x-axisÊ œ9 1
4

 which is through the vertex and parallel to the base of the cone  I r  sin z  dz r dr dÊ œ �x 0 0 r

2 1 1' ' '1 a b# # #) )

 r  sin r  sin  dr d  dœ � � � œ � œ � � œ � œ' ' '
0 0 0

2 1 21 1Š ‹ Š ‹ � ‘$ # % # " #

! #) ) ) )r r sin sin 2
3 3 20 10 40 80 10 0 5 4

% # ) ) ) ) 1 1 11

74. I  r  dz dr d 2r a r  dr d 2 a r  d 2 a  dz 0 0 0 0 0 0

2 a 2 a 2 2a r

a r

a

œ œ � œ � � � œ' ' ' ' ' '1 1 1 1' È ’ “Š ‹ a bÈ

È

# #

# #

�

� �

$ $ # # &# # $Î#

!
) ) ) )r 2a 2

5 15 15

# #

 œ 8 a
15
1 &

75. I x y  dz r dr d   r  dz dr d  hr  dr d  h  dz 0 0 r 0 0 0 0 0

2 a h 2 a h 2 a 2h a

œ � œ œ � œ �' ' ' ' ' ' ' ' '1 1 1 1

ˆ ‰h hr
a ahr

a

a b ' Š ‹ ’ “# # $ $

!
) ) ) )hr r r

a 4 5a

% % &

 h  d  dœ � œ œ' '
0 0

2 21 1Š ‹a a ha ha
4 5a 20 10

% & % %

) ) 1

76. (a) M z dz r dr d r  dr d  d ; M   z  dz r dr dœ œ œ œ œ' ' ' ' ' ' ' ' '
0 0 0 0 0 0 0 0 0

2 1 r 2 1 2 2 1 r

xy

1 1 1 1
# #

) ) ) )" "
#

& #
12 6

1

  r  dr d  d   z , and x y 0, by symmetry; I zr  dz dr dœ œ œ Ê œ œ œ œ" " "( $
#3 24 12

' ' ' ' ' '
0 0 0 0 0 0

2 1 2 2 1 r

z

1 1 1

) ) )1
#

   r  dr d  dœ œ œ" "
#

(' ' '
0 0 0

2 1 21 1

) )16 8
1

 (b) M  r  dz dr d r  dr d  d ; M  zr  dz dr dœ œ œ œ œ' ' ' ' ' ' ' ' '
0 0 0 0 0 0 0 0 0

2 1 r 2 1 2 2 1 r

xy

1 1 1 1
# #

# % #") ) ) )5 5
21

  r  dr d  d   z , and x y 0, by symmetry; I r  dz dr dœ œ œ Ê œ œ œ œ" "' %
2 14 7 14

5' ' ' ' ' '
0 0 0 0 0 0

2 1 2 2 1 r

z

1 1 1

) ) )1
#

 r  dr d  dœ œ œ' ' '
0 0 0

2 1 21 1

' ") )7 7
21

77. (a) M z dz r dr d  r r  dr d  d ; M  z  dz r dr dœ œ � œ œ œ' ' ' ' ' ' ' ' '
0 0 r 0 0 0 0 0 r

2 1 1 2 1 2 2 1 1

xy

1 1 1 1

) ) ) )" "
#

$ #a b 8 4
1

  r r  dr d  d   z , and x y 0, by symmetry; I  zr  dz dr dœ � œ œ Ê œ œ œ œ" "% $
3 10 5 5

4' ' ' ' ' '
0 0 0 0 0 r

2 1 2 2 1 1

z

1 1 1a b ) ) )1

  r r  dr d  dœ � œ œ" "
#

$ &' ' '
0 0 0

2 1 21 1a b ) )24 12
1

 (b) M z  dz r dr d  from part (a); M  z  dz r dr d   r r  dr dœ œ œ œ �' ' ' ' ' ' ' '
0 0 r 0 0 r 0 0

2 1 1 2 1 1 2 1

xy

1 1 1

# $ &") ) )1
5 4 a b

  d   z , and x y 0, by symmetry; I   z r  dz dr d  r r  dr dœ œ Ê œ œ œ œ œ �" "# $ $ '
12 6 6 3

5' ' ' ' ' '
0 0 0 r 0 0

2 2 1 1 2 1

z

1 1 1

) ) )1 a b
  dœ œ"

28 14
'

0

21

) 1
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78. (a) M  sin  d d d  sin  d d d ; I   sin  d d dœ œ œ œ œ' ' ' ' ' ' ' ' '
0 0 0 0 0 0 0 0 0

2 a 2 2 2 a

z

1 1 1 1 1 1 1

3 9 3 9 ) 9 9 ) ) 3 9 3 9 )% ' $a 2a 4 a
5 5 5

& & &1

  1 cos  sin  d d  cos  d  dœ � œ � � œ œa a 4a 8a
7 7 3 1 21

cos( ( ( ($' ' ' '
0 0 0 0

2 2 21 1 1 1a b ’ “#

! #9 9 9 ) 9 ) )9
1

1

 (b) M   sin  d d d  d d d ;œ œ œ œ' ' ' ' ' '
0 0 0 0 0 0

2 a 2 21 1 1 1 1

3 9 3 9 ) 9 ) )$ # �
#

a a a
4 8 4

(1 cos 2 )% % # %9 1 1

 I   sin  d d d  sin  d dz 0 0 0 0 0

2 a 2

œ œ' ' ' ' '1 1 1 1

3 9 3 9 ) 9 9 )& % %a
6

'

    sin  d  d  d  dœ � œ � œ œa 3 a a a
6 4 4 8 4 16 8

sin  cos sin 2' ' ' ' #$' ' ' '
0 0 0 0

2 2 21 1 1 1Š ‹’ “ � ‘�

!

#
# !

9 9 9 9
1 1 1 19 9 ) ) )

79. M  dz r dr d  r a r  dr d  a r  dœ œ � œ � �' ' ' ' ' '
0 0 0 0 0 0

2 a  a r 2 a 21 1 1
h
a
È # #

�

) ) )h h
a a 3

aÈ ’ “a b# # " # # $Î#

!

   d ; M   z dz r dr d  a r r  dr dœ œ œ œ �h a 2ha h
a 3 3 2a
' ' ' ' ' '

0 0 0 0 0 0

2 2 a  a r 2 a

xy

1 1 1
$ # #

#) ) )1
h
a
È # #

� a b# $

   d   z h, and x y 0, by symmetryœ � œ Ê œ œ œ œh a a a h a h 3 3
2a 4 4 4 2ha 8

# % % # # # #

# #
'

0

21Š ‹ Š ‹ ˆ ‰
# ) 1 1

1

80. Let the base radius of the cone be a and the height h, and place the cone's axis of symmetry along the z-axis

 with the vertex at the origin.  Then M  and M  z dz r dr d  h r r  dr dœ œ œ �1a h h
3 a

# #

#xy 0 0 r 0 0

2 a h 2 a' ' ' ' '1 1

ˆ ‰h
a

) )"
#

# $ Š ‹
   d  d d   z h, andœ � œ � œ œ Ê œ œ œh r r h a a h a h a h a 3 3

2 4a 4 8 4 M 4 a h 4

a M# # % # # # # # # # # #

# ## # #!

' ' '
0 0 0

2 2 21 1 1’ “ Š ‹ Š ‹ ˆ ‰) ) ) 1 1
1

xy

 x y 0, by symmetry  the centroid is one fourth of the way from the base to the vertexœ œ Ê

81. The density distribution function is linear so it has the form ( ) k C, where  is the distance from the$ 3 3 3œ �

 center of the planet.  Now, (R) 0  kR C 0, and ( ) k kR.  It remains to determine the constant$ $ 3 3œ Ê � œ œ �

 k:  M (k kR)  sin  d d d k kR  sin  d dœ � œ �' ' ' ' '
0 0 0 0 0

2 R 2 R1 1 1 1

3 3 9 3 9 ) 9 9 )# ’ “3 3% $

4 3
!

 k  sin  d d R cos  d R  d   kœ � œ � � œ � œ � Ê œ �' ' ' '
0 0 0 0

2 2 21 1 1 1Š ‹ c dR R k k k R 3M
4 3 1 6 3 R

% % %

%9 9 ) 9 ) )#
% %

!
1 1

1

  ( ) R .  At the center of the planet 0  (0) R .Ê œ � � œ Ê œ œ$ 3 3 3 $3M 3M 3M 3M
R R R R1 1 1 1% % % $

ˆ ‰
82. The mass of the plant's atmosphere to an altitude h above the surface of the planet is the triple integral

 M(h) e  sin  d d d  e  sin  d d dœ œ' ' ' ' ' '
0 0 R R 0 0

2 h h 21 1 1 1

. 3 9 3 9 ) . 3 9 9 ) 3! !
� Ð � Ñ # � Ð � Ñ #c R c R3 3

 e ( cos )  d d 2 e e  d d 4 e  e  dœ � œ œ' ' ' ' '
R 0 R 0 R

h 2 h 2 h1 1� ‘. 3 9 ) 3 . 3 ) 3 1. 3 3! ! !
� Ð � Ñ # � # � #

!
c R cR c cR c3 3 31

 4 e     (by parts)œ � � �1.!
cR e 2 e

c c c
2e

h

R
’ “3 3# � �

# $

�c c c3 3 3

 4 e .œ � � � � � �1.!
cR h e 2he 2e R e 2Re 2e

c c c c c cŠ ‹# � � � # � � �

# $ # $

ch ch ch cR cR cR

 The mass of the planet's atmosphere is therefore M  lim   M(h) 4 .œ œ � �
h Ä _

1.! Š ‹R 2R 2
c c c

#

# $

83. (a) A plane perpendicular to the x-axis has the form x a in rectangular coordinates r cos a rœ Ê œ Ê œ) a
cos )

 r a sec , in cylindrical coordinates.Ê œ )

 (b) A plane perpendicular to the y-axis has the form y b in rectangular coordinates r sin b rœ Ê œ Ê œ) b
sin )

 r b csc , in cylindrical coordinates.Ê œ )

84. ax by c a r cos b r sin c r a cos b sin c r .� œ Ê � œ Ê � œ Ê œa b a b a b) ) ) ) c
a cos b sin ) )�
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922 Chapter 15 Multiple Integrals

85. The equation r f z  implies that the point r, , zœ a b a b)

 f z , , z  will lie on the surface for all . In particularœ a ba b ) )

 f z , , z  lies on the surface whenever f z , , z  doesa b a ba b a b) 1 )�

 the surface is symmetric with respect to the z-axis.Ê

 

86. The equation f  implies that the point , , f , ,  lies on the surface for all . In particular, if3 9 3 9 ) 9 9 ) )œ œa b a b a ba b
 f , ,  lies on the surface, then f , ,  lies on the surface, so the surface is symmetric wiith respect to thea b a ba b a b9 9 ) 9 9 ) 1�

 z-axis.

15.8  SUBSTITUTIONS IN MULTIPLE INTEGRALS

 1. (a) x y u and 2x y v  3x u v and y x u  x (u v) and y ( 2u v);� œ � œ Ê œ � œ � Ê œ � œ � �" "
3 3

 
  ` ß

` ß

" "

"
" "(x y)

(u v) 9 9 3
3 3
2
3 3

2œ œ � œ
�» »

 (b) The line segment y x from ( 0) to (1 1) is x y 0œ !ß ß � œ

 u 0; the line segment y 2x from (0 0) toÊ œ œ � ß

 (1 2) is 2x y 0  v 0; the line segment x 1ß � � œ Ê œ œ

 from (1 1) to ( 2) is (x y) (2x y) 3ß "ß� � � � œ

 u v 3. The transformed region is sketched at theÊ � œ

 right.  

 2. (a) x 2y u and x y v  3y u v and x v y  y (u v) and x (u 2v);� œ � œ Ê œ � œ � Ê œ � œ �" "
3 3

 
  ` ß

` ß

"

"
" "(x y)

(u v) 9 9 3
3 3

2

1
3 3

2œ œ � � œ �
�» »

 (b) The triangular region in the xy-plane has vertices (0 0),ß

 (2 0), and .  The line segment y x from (0 0)ß ß œ ßˆ ‰2 2
3 3

 to  is x y 0  v 0; the line segmentˆ ‰2 2
3 3ß � œ Ê œ

 y 0 from (0 0) to ( 0)  u v; the line segmentœ ß #ß Ê œ

 x 2y 2 from  to (2 0)  u 2.  The� œ ß ß Ê œˆ ‰2 2
3 3

 transformed region is sketched at the right.  

 3. (a) 3x 2y u and x 4y v  5x 2u v and y (u 3x)  x (2u v) and y (3v u);� œ � œ Ê � œ � � œ � Ê œ � œ �" " "
# 5 10

 
  

  
` ß
` ß

"(x y)
(u v) 50 50 10

2 1
5 5
1 3

10 10

6 1œ œ � œ
�

�» »
 (b) The x-axis y 0  u 3v; the y-axis x 0œ Ê œ œ

  v 2u; the line x y 1Ê œ � œ

  (2u v) (3v u) 1Ê � � � œ" "
5 10

  2(2u v) (3v u) 10  3u v 10.  TheÊ � � � œ Ê � œ

 transformed region is sketched at the right.
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 4. (a) 2x 3y u and x y v  x u 3v and y v x  x u 3v and y u 2v;� œ � � œ Ê � œ � œ � Ê œ � � œ � �

 2 3 1
3

1 2
` ß
` ß

(x y)
(u v) œ œ � œ �

�" �
� �º º

 (b) The line x 3  u 3v 3 or u 3v 3;œ � Ê � � œ � � œ

 x 0  u 3v 0; y x  v 0; y x 1œ Ê � œ œ Ê œ œ �

  v 1.  The transformed region is the parallelogramÊ œ

 sketched at the right.

 

 5. x  dx dy  dy  1 1 y y  dy' ' ' '
0 y 2 0 0

4 y 2 1 4 4

Î

Ð Î Ñ� �"ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰’ “ ’ “� œ � œ � � � � �y xy y y y yx
2# # # # # # #

" # ##

y
2

y
2

  (y 1 y) dy  dy (4) 2œ � � œ œ œ" " "
# # #
' '

0 0

4 4

 6. 2x xy y  dx dy (x y)(2x y) dx dy' ' ' '
R R

a b# #� � œ � �

 uv  du dv  uv du dv;œ œ' ' ' '
G G

¹ ¹` ß
` ß

"(x y)
(u v) 3

 We find the boundaries of G from the boundaries of R,
 shown in the accompanying figure:

 

 xy-equations for     Corresponding uv-equations    Simplified

   the boundary of R   for the boundary of G  uv-equations 

y 2x 4œ � � "
3 ( 2u v) (u v) 4 v 4

y 2x 7 ( 2u v) (u v) 7 v 7

y x 2 ( 2u v) (u v) 2 u 2

y x 1 ( 2u v) (u v) 1 u 1

� � œ � � � œ

œ � � � � œ � � � œ

œ � � � œ � � œ

œ � � � œ � � œ �

2
3

3 3
2

3 3
1

3 3
1

"

"

"

   uv du dv  uv dv du  u  du u du (4 1)Ê œ œ œ œ œ � œ" " "
( #

% �"# #3 3 3 2 2 4 4
v 11 11 u 11 33' '

G

' ' ' '
� � �1 4 1 1

2 7 2 2’ “ ’ “ˆ ‰ ˆ ‰# #

 7. 3x 14xy 8y  dx dy' '
R

a b# #� �

 (3x 2y)(x 4y) dx dyœ � �' '
R

 uv  du dv  uv du dv;œ œ' ' ' '
G G

¹ ¹` ß
` ß

"(x y)
(u v) 10

 We find the boundaries of G from the boundaries of R,
 shown in the accompanying figure:

 

 xy-equations for     Corresponding uv-equations    Simplified

   the boundary of R   for the boundary of G  uv-equations 

y x 1œ � �3
#

"
10 10

3

3 3
10 10

4 10 20
1

4 10 20
1

(3v u) (2u v) 1 u 2

y x 3 (3v u) (2u v) 3 u 6

y x (3v u) (2u v) v 0

y x 1 (3v u) (2u v) 1 v 4

� œ � � � œ

œ � � � œ � � � œ

œ � � œ � � œ

œ � � � œ � � � œ

#
"

" "

" "
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   uv du dv  uv dv du  u  du u du (18 2)Ê œ œ œ œ œ � œ" " "
% '

! #10 10 10 2 5 5 2 5 5
v 4 4 u 4 64' '

G

' ' ' '
2 0 2 2

6 4 6 6’ “ ’ “ˆ ‰ ˆ ‰# #

 8. 2(x y) dx dy 2v  du dv 2v du dv; the region G is sketched in Exercise 4' ' ' ' ' '
R G G

� œ � œ �¹ ¹` ß
` ß

(x y)
(u v)

  2v du dv 2v du dv 2v(3 3v 3v) dv 6v dv 3v 3Ê � œ � œ � � � œ � œ � œ �' '
G

 ' ' ' '
0 3v 0 0

1 3 3v 1 1

�

� c d# "
!

 9. x  and y uv  v  and xy u ; J(u v) v u v u ;
v uv
v u

œ œ Ê œ œ œ ß œ œ � œ
�u 2u

v x (u v) v
y (x y)# # �" �"` ß

` ß

�" �#º º
 y x  uv   v 1, and y 4x  v 2; xy 1  u 1, and xy 9  u 3; thusœ Ê œ Ê œ œ Ê œ œ Ê œ œ Ê œu

v

 xy  dx dy (v u)  dv du 2u  dv du 2uv 2u  ln v  du' '
R

Š ‹ Š ‹É È ˆ ‰ c dy
x v v

2u 2u� œ � œ � œ �' ' ' ' '
1 1 1 1 1

3 2 3 2 3
# # #

"

 2u 2u  ln 2  du u u  ln 2 8 (26)(ln 2) 8 (ln 2)œ � œ � œ � œ �'
1

3a b � ‘# # # $

"
2 2 52
3 3 3

10. (a) J(u v) u, and
0

v u
` ß
` ß

(x y)
(u v) œ ß œ œ

"º º
 the region G is sketched at the right

 

 (b) x 1  u 1, and x 2  u 2; y 1  uv 1  v , and y 2  uv 2  v ; thus,œ Ê œ œ Ê œ œ Ê œ Ê œ œ Ê œ Ê œ"
u u

2

  dy dx u dv du uv dv du u  du u  du' ' ' ' ' ' ' '
1 1 1 1 u 1 1 u 1 1

2 2 2 2 u 2 2 u 2 22 u

1 u

y
x u 2 u 2u

uv v 2œ œ œ œ �
Î Î

Î Î Î

Î

ˆ ‰ ˆ ‰’ “# # #

"

  u  du ln u  ln 2;  dy dx  dx ln x  ln 2œ œ œ œ † œ œ œ3 3 3 1 3 dx 3 3
u x x 2 x

y y
# # # # # #

" # #
" "

' ' ' ' '
1 1 1 1 1

2 2 2 2 22

1

ˆ ‰ c d c d’ “#

2

11. x ar cos  and y ar sin   J(r ) abr cos abr sin abr;
a cos ar sin 
b sin   br cos 

œ œ Ê œ ß œ œ � œ
�

) ) ) ) )
) )

) )
` ß
` ß

# #(x y)
(r )) º º

 I x y  dA r a  cos b  sin  J(r )  dr d abr a  cos b  sin  dr d!
# # # # # # # $ # # # #œ � œ � ß œ �' '

R
a b a b k k a b' ' ' '

0 0 0 0

2 1 2 11 1

) ) ) ) ) ) )

  a  cos b  sin  dœ � œ � � � œab ab a a  sin 2 b b  sin 2
4 4 2 4 2 4 4

ab a b'
0

2 21 1a b ’ “# # # #

!

�
) ) )

# # # # # #
) ) ) ) 1 a b

12. J(u v) ab; A dy dx ab du dv   ab dv du
a 0
0 b

` ß
` ß

(x y)
(u v) œ ß œ œ œ œ œº º ' ' ' '

R G

' '
� � �

�

1 1 u

1 1 u

È

È

#

#

 2ab 1 u  du 2ab 1 u  sin u ab sin 1 sin ( 1) ab abœ � œ � � œ � � œ � � œ'
�1

1 È È’ “ c d � ‘ˆ ‰# # "
# # #

�" �" �"
"

�"

u
2

1 1 1
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13. The region of integration R in the xy-plane is
 sketched in the figure at the right.  The
 boundaries of the image G are obtained as
 follows, with G sketched at the right:

 

 xy-equations for     Corresponding uv-equations    Simplified

   the boundary of R   for the boundary of G  uv-equations 

x y (u 2œ �"
3 v) (u v) v 0

x 2 2y (u 2v) 2 (u v) u 2

y 0 0 (u v) v u

œ � œ

œ � � œ � � œ

œ œ � œ

1
3

3 3
2

1
3

"

 Also, from Exercise 2, J(u v)   (x 2y) e  dx dy ue   dv du` ß
` ß

" "(x y)
(u v) 3 3œ ß œ � Ê � œ �' ' ' '

0 y 0 0

2 3 2 2y 2 u
y x v

Î �
Ð � Ñ � ¸ ¸

  u e  du  u 1 e  du u u e e 2 2 e 2 e 1œ � œ � œ � � � œ � � � �" " " "
#

#

!3 3 3 3
u' '

0 0

2 2
v u u u 2 2uc d a b a b c d’ “ a b� � � � � �

!

#

 3e 1 0.4687œ � ¸"
3 a b�2

14. x u  and y v  2x y (2u v) v 2u andœ � œ Ê � œ � � œv
#

 J(u v) 1; next, u x
0

` ß
` ß #

"
#(x y)

(u v)
vœ ß œ œ œ �

"

"
º º

 x  and v y, so the boundaries of the region ofœ � œy
#

 integration R in the xy-plane are transformed to the
 boundaries of G:  

 xy-equations for     Corresponding uv-equations    Simplified

   the boundary of R   for the boundary of G  uv-equations 

x uœ � œy v
# #

v

y v v

#

# # #

u 0

x 2 u 2 u 2

y 0 v 0 v 0

y 2 v 2 v 2

œ

œ � � œ � œ

œ œ œ

œ œ œ

 y (2x y) e  dx dy v (2u) e  du dv v e  dv  v e 1  dvÊ � œ œ œ �' ' ' ' ' '
0 y 2 0 0 0 0

2 y 2 2 2 2 2 2
16

Î

Ð Î Ñ�
$ Ð � Ñ $ $ $" "

#

!

2x y 4u 4u
4 4

# # #’ “ a b
 e 1 e 1œ � œ �"

#

!4 4
va b ’ “16 16%

15. x  and y uv  v  and xy u ; J(u v) v u v u ;
v uv
v u

œ œ Ê œ œ œ ß œ œ � œ
�u 2u

v x (u v) v
y (x y)# # �" �"` ß

` ß

�" �#º º
 y x  uv   v 1, and y 4x  v 2; xy 1  u 1, and xy 4  u 2; thusœ Ê œ Ê œ œ Ê œ œ Ê œ œ Ê œu

v

 x y  dx dy x y  dx dy u v  du dv 2u v  du dv' ' ' ' ' ' ' '
1 1 y 2 y 4

2 y 4 4 y

1 1 1 1

2 2 2 2

Î Î

Îa b a b Š ‹ Š ‹ˆ ‰2 2 2 2 2 2 3u 2u 2u
v v v� � � œ � œ �

2 3

2 3
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 u v  dv  dvœ � œ � œ � � œ' '
1 1

2 2’ “ ’ “ˆ ‰u 1 15 15v 15 15v 225
2v 2 2v 2 4v 4 16

4
24 2

3 3 2

#

" "

16. x u v  and y 2uv; J(u v) 4u 4v 4 u v ;
2u 2v
2v 2u

œ � œ œ ß œ œ � œ �
�2 2 2 2 2 2(x y)

(u v)
` ß
` ß º º a b

 y 2 1 x y 4 1 x   2uv 4 1 u v u 1; y 0 2uv 0 u 0 or v 0;œ � Ê œ � Ê œ � � Ê œ „ œ Ê œ Ê œ œÈ a b a b a ba b2 2 22

 x 0 u v 0 u v or u v; This gives us four triangular regions, but only the one in the quadrant whereœ Ê � œ Ê œ œ �2 2

 both u, v are positive maps into the region R in the xy-plane.

 x y  dx dy u v 2uv 4 u v  dv du 4 u v  dv du' ' ' ' ' '
0

1

0 0 0 0

1 u 1 u

0

2 1 x
2 2 2 2 2 2 2 2 2 2 2

È � È Éa b a b a b a b� œ � � † � œ �

 4 u v u v v  du u  du uœ � � œ œ œ' '
1 1

2 2

0
� ‘ � ‘4 2 3 5 5 62 1 112 112 1 56

3 5 15 15 6 45
u 2

"

17. (a) x u cos v and y u sin v  u cos v u sin v u
cos v u sin v
sin v   u cos v

œ œ Ê œ œ � œ
�` ß

` ß
# #(x y)

(u v) º º
 (b) x u sin v and y u cos v  u sin v u cos v u

sin v   u cos v
cos v u sin v

œ œ Ê œ œ � � œ �
�

` ß
` ß

# #(x y)
(u v) º º

18. (a) x u cos v, y u sin v, z w  u cos v u sin v u
cos v u sin v 0
sin v   u cos v 0

0 0
œ œ œ Ê œ œ � œ

�

"

` ß ß
` ß ß

# #(x y z)
(u v w)

â ââ ââ ââ ââ ââ â
 (b) x 2u 1, y 3v 4, z (w 4)  (2)(3) 3

2 0 0
0 3 0
0 0

œ � œ � œ � Ê œ œ œ" "
# ` ß ß #

` ß ß

"
#

(x y z)
(u v w)

â ââ ââ ââ ââ ââ â ˆ ‰

19. 
sin  cos  cos  cos  sin  sin 
sin  sin  cos  sin  sin  cos 

cos  sin 0

â ââ ââ ââ ââ ââ â
9 ) 3 9 ) 3 9 )

9 ) 3 9 ) 3 9 )

9 3 9

�

�

 (cos ) (  sin ) 
 cos  cos  sin  sin sin  cos  sin  sin 
 cos  sin  sin  cos sin  sin  sin  cos 

œ �
� �

9 3 9
3 9 ) 3 9 ) 9 ) 3 9 )

3 9 ) 3 9 ) 9 ) 3 9 )º º º º
  cos sin  cos  cos sin  cos  sin  sin sin  cos sin  sinœ � � �a b a b a b a b3 9 9 9 ) 9 9 ) 3 9 9 ) 9 )# # # # # # # #

  sin  cos  sin  sin cos sin  sin œ � œ � œ3 9 9 3 9 3 9 9 9 3 9# # # $ # # # #a b a b
20. Let u g x   J x g x  f u  du f g x g x  dx in accordance with Theorem 7  inœ Ê œ œ Ê œa b a b a b a b a b a ba bdu

dx
w w' '

a g a

b g b

a b

a b

 Section 5.6.  Note that g x  represents the Jacobian of the transformation u g x  or x g u .w �"a b a b a bœ œ

21.  dx dy dz  dy dz (y 1)  dy dz' ' ' ' ' ' '
0 0 y 2 0 0 0 0

3 4 1 y 2 3 4 3 4y 2

y 2Î

�Ð Î Ñ Î Ñ

Î

ˆ ‰ � ‘’ “2x y xy yz x xz z
3 2 3 3

�
# # # #

"�Ð
"� œ � � œ � � �

#

 

  dz  dz 2  dz 2z 12œ � � œ � � œ � œ � œ' ' '
0 0 0

3 3 3’ “ ’ “ˆ ‰ ˆ ‰(y 1) y yz
4 4 3 4 3 4 3 3

9 4z 4z 2z�
% $

! !

"# # #

22. J(u v w) abc; the transformation takes the ellipsoid region 1 in xyz-space
a 0 0
0 b 0
0 0 c

ß ß œ œ � � Ÿ

â ââ ââ ââ ââ ââ â
x z
a b c

y# #

# # #

#

 into the spherical region u v w 1 in uvw-space which has volume V# # #� � Ÿ œˆ ‰4
3 1

  V  dx dy dz abc du dv dwÊ œ œ œ' ' ' ' ' '
R G

4 abc
3
1
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23. J(u v w) abc; for R and G as in Exercise 22,  xyz  dx dy dz
a 0 0
0 b 0
0 0 c

ß ß œ œ

â ââ ââ ââ ââ ââ â k k' ' '
R

 a b c uvw dw dv du 8a b c  (  sin  cos )(  sin  sin )(  cos )  sin  d d dœ œ' ' '
G

# # # # # # #' ' '
0 0 0

2 2 11 1Î Î

3 9 ) 3 9 ) 3 9 3 9 3 9 )a b
   sin  cos  sin  cos  d d  sin  cos  dœ œ œ4a b c a b c a b c

3 3 6

# # # # # # # # #' ' '
0 0 0

2 2 21 1 1Î Î Î

) ) 9 9 9 ) ) ) )$

24. u x, v xy, and w 3z  x u, y , and z w  J(u v w) ;

1 0 0
0

0 0
œ œ œ Ê œ œ œ Ê ß ß œ œ�v

u 3 3u
v
u u

3

" ""

"

â ââ ââ ââ ââ ââ â#

 x y 3xyz  dx dy dz u 3u  J(u v w)  du dv dw   v  du dv dw' ' ' ' ' '
D G

a b k k� ‘ ˆ ‰ˆ ‰ ˆ ‰ ˆ ‰# # "� œ � ß ß œ �v v w vw
u u 3 3 u

' ' '
0 0 1

3 2 2

  (v vw ln 2) dv dw  (1 w ln 2)  dw  (1 w ln 2) dw w  ln 2œ � œ � œ � œ �" "
# $

! !3 3 2 3 3 2
v 2 2 w' ' ' '

0 0 0 0

3 2 3 3’ “ ’ “# #

 3  ln 2 2 3 ln 2 2 ln 8œ � œ � œ �2 9
3
ˆ ‰

#

25. The first moment about the xy-coordinate plane for the semi-ellipsoid, 1 using thex z
a b c

y# #

# # #

#

� � œ

 transformation in Exercise 23 is, M z dz dy dx cw J(u v w)  du dv dwxy œ œ ß ß' ' ' ' ' '
D G

k k
 abc  w du dv dw abc M  of the hemisphere x y z 1, z 0 ;œ œ � � œ   œ# # # # #' ' '

G
a b a b† xy

abc
4

#1

 the mass of the semi-ellipsoid is   z c2abc abc 3 3
3 4 2abc 8
1 1

1
Ê œ œŠ ‹ ˆ ‰#

26. A solid of revolution is symmetric about the axis of revolution, therefore, the height of the solid is solely a function of r.
 That is, y f x f r . Using cylindrical coordinates with x r cos , y y and z r sin , we haveœ œ œ œ œa b a b ) )

 V r dy d dr  r dy d dr  d dr  r f r  d dr  drr y r f rœ œ œ œ œ' ' '
G

) ) ) ) )' ' ' ' ' ' ' '
a 0 0 a 0 a 0 a

b 2 b 2 b 2 b
2

1 1 1

1

f r

0 0
f ra b a bc d a b c da b

 rf r dr. In the last integral, r is a dummy or stand-in variable and as such it can be replaced by any variable name.'
a

b

21 a b
 Choosing x instead of r we have V xf x dx, which is the same result obtained using the shell method.œ '

a

b

21 a b
CHAPTER 15 PRACTICE EXERCISES

 1. ye  dx dy e  dy' ' '
1 0 1

10 1 y 10
y

Î
Î

!
xy xyœ c d "

 (e 1) dy 9e 9œ � œ �'
1

10

 

 2. e  dy dx x e  dx' ' '
0 0 0

1 x 1 x
$

$

y x y xÎ Îœ � ‘
!

 xe x  dx eœ � œ � œ'
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1Š ‹ ’ “x x
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# #
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 3. t ds dt ts  dt' ' '
0 9 4t 0

3 2 9 4t 3 2 9 4t

9 4t

Î � Î

� �

�

� �È

È È

È#

#
#

#
  œ c d

 2t 9 4t  dt 9 4tœ � œ � �'
0

3 2Î È ’ “a b# " # $Î# $Î#

!6

 0 9œ � � œ œ" $Î# $Î#
#6 6

27 9ˆ ‰
 

 4. xy dx dy y   dy' ' '
0 y 0

1 2 y 1 2 y

yÈ

È È

È

�
�

œ ’ “x
2

#

  y 4 4 y y y  dyœ � � �"
#
'

0

1 ˆ ‰È
 2y 2y  dy yœ � œ � œ'

0

1ˆ ‰ ’ “$Î# #
"

!

"4y
5 5

&Î#

 

 5.  dy dx x 2x  dx' ' '
� � �

�

2 2x 4 2

0 4 x 0#

œ � �a b#

 x 4œ � � œ � � œ’ “ ˆ ‰x 8 4
3 3 3

$ #
!

�#

  dx dy dy' ' '
0 4 y 0

4 y 4)/2 4
y 4

2
� �

�

�

È

(
œ ˆ ‰� �È4 y

 4 8 42y 4 yœ œ � � †� � �’ “a by 3/2
2 3

2 3/2
4

0
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2

 4œ � � œ16 4
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 6. x dx dy x  dy' ' '
0 y 0
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y

È È
 È � ‘œ 2

3
$Î#

 y y  dy y yœ � œ �2 2 4 2
3 3 7 5
'
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!

 œ � œ2 4 2 4
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ˆ ‰
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 x xœ � œ � œ� ‘2 2 2 2 4
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0
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 7. y dy dx dx' ' '
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Ð Î Ñ � Î Ñ �
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2

#
Ð

 

 9 x  dxœ � œ �'
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3
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$
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 9. 4 cos x  dx dy  4 cos x  dy dx 2x cos x  dx sin x sin 4' ' ' ' '
0 2y 0 0 0

1 2 2 x/2 2a b a b a b c da b# # # # #
!œ œ œ œ

10. e  dx dy e  dy dx 2xe  dx e e 1' ' ' ' '
0 y 2 0 0 0

2 1 1 2x 1
x x x x

Î
 

# # # #

œ œ œ œ �c d "!
11.   dy dx  dx dy   dy' ' ' ' '

0 x 0 0 0

8 2 2 y 2

$

$

È
" " "
� � �y 1 y 1 y 14 4

4y ln 17
% % %

$

œ œ œ

12.  dx dy  dy dx 2 x sin x  dx cos x ( 1) ( 1) 2' ' ' ' '
0 y 0 0 0

1 1 1 x 1

$

$

È
 
2  sin x 2  sin x

x x
1 1 1 1a b a b# #

# #œ œ œ � œ � � � � œ1 1 1a b c da b# # "
!

13. A dy dx x 2x  dx  14. A  dx dy y 2 y  dyœ œ � � œ œ œ � � œ' ' ' ' ' '
� � � �

�

2 2x 4 2 1 2 y 1

0 4 x 0 4 y 4# a b ˆ ‰È# 4 37
3 6

È

15. V x y  dy dx x y  dx 2x  dxœ � œ � œ � � œ � �' ' ' '
0 x 0 0

1 2 x 1 12 x

x

�
�

 a b ’ “ ’ “ ’ “# # # # � �
"

!

y (2 x) (2 x)
3 3 3 3 12 12
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16. V x  dy dx x y  dx 6x x x  dxœ œ œ � � œ' ' ' '
� � �

�

�

3 x 3 3

2 6 x 2 26 x

x

#
#

# # # % $c d a b 125
4

17. average value  xy dy dx  dx  dxœ œ œ œ' ' ' '
0 0 0 0

1 1 1 1’ “xy
2 2 4

x#
"

!

"

18. average value xy dy dx   dx  x x  dxœ œ œ � œ" "$
#ˆ ‰1

4

' ' ' '
0 0 0 0

1 1 x 1 11 xÈ È
�

�

!

# #

 4 2xy
21 1 1

’ “ a b#

19.  dy dx  dr d  d  d' ' ' ' ' '
� � �

�

1 1 x 0 0 0 0

1 1 x 2 1 2 2

È

È

#

#

 2 2r
1 x y 1 r 1 ra b a b� � �

" "
� #

"

!# # # # #2 œ œ � œ œ
1 1 1

) ) ) 1� ‘

20.  ln x y 1  dx dy r ln r 1  dr d  ln u du d u ln u u  d' ' ' ' ' ' '
� � �

�

1 1 y 0 0 0 1 0

1 1 y 2 1 2 2 2

È

È

#

# a b a b c d# # # " "
# #

#
"� � œ � œ œ �

1 1 1

) ) ) 

  (2 ln 2 1) d [ln (4) 1]œ � œ �"
#
'

0

21

) 1

21. x y x y 0  r r  cos 2 0  r cos 2  so the integral is  dr da b a b# # # # % # ##

�
� � � œ Ê � œ Ê œ) ) )' '

� Î

Î

1

1 )

4 0

4 cos 2È
r

1 ra b# #

 1  d  1  dœ � � œ �' ' '
� Î � Î � Î

Î Î Î

!

"
#

1 1 1

1 1 1)

4 4 4

4 4 4cos 2’ “ ˆ ‰ ˆ ‰" " " "
� � # #2 1 r 1 cos 2  cosa b

È
# # d  ) œ

) )
) )

  1  dœ � œ � œ" " �
# # #
'
� Î

Î Î

� Î1

1
1

14

4 4

4
Š ‹ � ‘sec tan 2

2 4

# ) ) 1) )

22. (a)   dx dy  dr d  d' '
R

 " "
� � � � !a b a b a b1 x y 1 r

r
2 1 r# # ## # #œ œ �' ' '

0 0 0

3 sec 3 sec 1 ) 1 )Î Î

) )’ “
  d   d ;    

u tan 
du sec  d

œ � œ Ä
œ

œ
' ' '

0 0 0

3 3 31 1Î Î’ “ ” •" " " "
# # � # � # �#a b1 sec 1 sec 2 u

sec du
# # #

#

) )
)) )

)

) )

È

   tan   tan  œ œ" "
# #

�" �"
$

!
’ “ ÉÈ È

È È
2 2

u 32
4

 (b)   dx dy   dr d  lim     d' '
R b

" "
� � � �a b a b a b1 x y 1 r

r
2 1 r 0

b

# # ## # #œ œ �' ' '
0 0 0

2 21 1Î _ Î

) )
Ä _

’ “
  lim   d  dœ � œ œ' '

0 0

2 21 1Î Î

b Ä _
’ “" " "
# # � #a b1 b 4# ) ) 1
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23.  cos (x y z) dx dy dz [sin (z y ) sin (z y)] dy dz' ' ' ' '
0 0 0 0 0

1 1 1 1 1

� � œ � � � �1

 [ cos (z 2 ) cos (z ) cos z cos (z )] dz 0œ � � � � � � � œ'
0

1

1 1 1

24.  e  dz dy dx e  dy dx e  dx 1' ' ' ' ' '
ln 6 0 ln 4 ln 6 0 ln 6

ln 7 ln 2 ln 5 ln 7 ln 2 ln 7
Ð � � Ñ Ð � Ñx y z x y xœ œ œ

25. (2x y z) dz dy dx  dy dx  dx' ' ' ' ' '
0 0 0 0 0 0

1 x x y 1 x 1# #
�

� � œ � œ � œŠ ‹ Š ‹3x 3x x 83y
35

# % '#

# # # #

26.  dy dz dx  dz dx ln x dx x ln x x 1' ' ' ' ' '
1 1 0 1 1 1

e x z e x e
e
1

2y
z z$ œ œ œ � œ" c d

27. V 2 dz dx dy 2 2x dx dy 2 cos y dy 2œ œ � œ œ � œ' ' ' ' ' '
0 cos y 0 0 cos y 0

2 0 2x 2 0 2 21 1 1 1Î � Î Î

� �

Î

!
  #

#’ “y sin 2y
2 4

1

28. V 4 dz dy dx 4 4 x  dy dx 4 4 x  dxœ œ � œ �' ' ' ' ' '
0 0 0 0 0 0

2 4 x 4 x 2 4 x 2È È
� � �

# ## a b a b# # $Î#

 x 4 x 6x 4 x 24 sin 24 sin 1 12œ � � � � œ œ’ “a b È# �" �"$Î# #
#

!

x
2 1

29. average    30xz x y dz dy dx  15x x y dy dx   15x x y dx dyœ � œ � œ �" " "# # #
3 3 3
' ' ' ' ' ' '

0 0 0 0 0 0 0

1 3 1 1 3 3 1È È È
  5 x y  dy  5(1 y) 5y  dy  2(1 y) 2y 2(4) 2(3) 2œ � œ � � œ � � œ � �" " " "# $Î# $Î# &Î# &Î# &Î# &Î#$Î# "

!

$

!3 3 3 3
' '

0 0

3 3’ “a b � ‘ � ‘ � ‘
 2 31 3œ �" &Î#

3
� ‘ˆ ‰

30. average    sin  d d d  sin  d d  dœ œ œ œ3 3a 3a 3a
4 a 16 8 41 1 1$

' ' ' ' ' '
0 0 0 0 0 0

2 a 2 21 1 1 1 1

3 9 3 9 ) 9 9 ) )$

31. (a) 3 dz dx dy' ' '
� � � �

� � �

È

È

È È

È È

2 2 y x y

2 2 y 4 x y

# # #

# # #

 (b) 3  sin  d d d' ' '
0 0 0

2 4 21 1Î

3 9 3 9 )#

 (c)  3 dz r dr d 3 r 4 r r  dr d 3 4 r  d' ' ' ' ' '
0 0 r 0 0 0

2 2 4 r 2 2 21 1 1
È ÈÈ

�

#

) ) )œ � � œ � � �’ “ ’ “a b a b# # #"Î# $Î#"
#

!3 3
r$

È

 2 2 4  d 8 4 2 d 2 8 4 2œ � � � œ � œ �' '
0 0

2 21 1ˆ ‰ Š ‹ Š ‹È È$Î# $Î# $Î# ) ) 1

32. (a) 21(r cos )(r sin )  dz r dr d  21r  cos  sin  dz r dr d' ' ' ' ' '
� Î � � Î �

Î Î

1 1

1 1

2 0 r 2 0 r

2 1 r 2 1 r

# #

# #

) ) ) ) ) )# $ #œ

 (b) 21r  cos  sin  dz r dr d 84 r  sin  cos  dr d 12 sin  cos  d 4' ' ' ' ' '
� Î �

Î Î Î

1

1 1 1

2 0 r 0 0 0

2 1 r 2 1 2

#

#

$ # ' # #) ) ) ) ) ) ) ) )œ œ œ

33. (a)  sin  d d d' ' '
0 0 0

2 4 sec 1 1 9Î

3 9 3 9 )#

 (b)  sin  d d d  (sec )(sec  tan ) d d   tan  d d' ' ' ' ' ' '
0 0 0 0 0 0 0

2 4 sec 2 4 2 241 1 9 1 1 1 1Î Î

!
3 9 3 9 ) 9 9 9 9 ) 9 ) )# #" " " "Î

œ œ œ œ3 3 2 6 3
� ‘1 1

34. (a) (6 4y) dz dy dx (b) (6 4r sin ) dz r dr d' ' ' ' ' '
0 0 0 0 0 0

1 1 x x y 2 1 rÈ È
� � Î# # #

� �
1

) )

 (c) (6 4  sin  sin )  sin  d d d' ' '
0 4 0

2 2 csc 1 1 9

1

Î Î

Î
� 3 9 ) 3 9 3 9 )a b#

 (d) (6 4r sin ) dz r dr d 6r 4r  sin  dr d 2r r  sin  d' ' ' ' ' '
0 0 0 0 0 0

2 1 r 2 1 21 1 1Î Î Î

� œ � œ �) ) ) ) ) )a b c d# $ $ % "
!

 (2 sin ) d 2 cos 1œ � œ � œ �'
0

21Î

) ) ) ) 1c d 1Î#!
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35. z yx dz dy dx z yx dz dy dx' ' ' ' ' '
0 1 x 1 1 0 1

1 3 x 4 x y 3 3 x 4 x y

È

È ÈÈ ÈÈ

�

� � � � � �

#

# # # # # #

# #�

36. (a) Bounded on the top and bottom by the sphere x y z 4, on the right by the right circular# # #� � œ

 cylinder (x 1) y 1, on the left by the plane y 0� � œ œ# #

 (b) dz r dr d' ' '
0 0 4 r

2 2 cos 4 r1 )Î �

� �È

È

#

#

)

37. (a) V dz r dr d r 8 r 2r  dr d 8 r r  dœ œ � � œ � � �' ' ' ' ' '
0 0 2 0 0 0

2 2 8 r 2 2 21 1 1
È
�

#

) ) )Š ‹ ’ “È a b# " # #$Î# #

!3

 (4) 4 (8)  d 2 3 2 8  d 4 2 5  dœ � � � œ � � � œ � œ' ' '
0 0 0

2 2 21 1 1� ‘ Š ‹ Š ‹È È" "$Î# $Î#
�

3 3 3 3 3
4 4 8 4 2 5

) ) )
1 Š ‹È

 (b) V   sin  d d d  2 2 sin sec  sin  d dœ œ �' ' ' ' '
0 0 2 sec 0 0

2 4 8 2 41 1 1 1

9

Î ÎÈ

3 9 3 9 ) 9 9 9 9 )# $8
3 Š ‹È

  2 2 sin tan  sec  d d  2 2 cos  tan  dœ � œ � �8 8
3 3
' ' '

0 0 0

2 4 21 1 1Î Š ‹ ’ “È È9 9 9 9 ) 9 9 )# #"
#

Î%

!

1

  2 2 2  d  dœ � � � œ œ8 8
3 3 3

5 4 2 8 4 2 5' '
0 0

2 21 1Š ‹ Š ‹È"
# #

� � �
) )

È Š ‹È1

38. I (  sin )  sin  d d d  sin  d d dz 0 0 0 0 0 0

2 3 2 2 3 2

œ œ' ' ' ' ' '1 1 1 1Î Î

3 9 3 9 3 9 ) 3 9 3 9 )# # % $a b
  sin cos  sin  d d cos  dœ � œ � � œ32 32 8

5 5 3 3
cos' ' '

0 0 0

2 3 21 1 1Î a b ’ “9 9 9 9 ) 9 )#
Î$

!

$ 9
1

1

39. With the centers of the spheres at the origin, I (  sin )   sin  d d dz 0 0 a

2 b

œ ' ' '1 1

$ 3 9 3 9 3 9 )# #a b
  sin  d d  sin cos  sin  d dœ œ �$ $a b a bb a b a

5 5

& & & &� �$ #' ' ' '
0 0 0 0

2 21 1 1 1

9 9 ) 9 9 9 9 )a b
 cos  d  dœ � � œ œ$ $ 1$9

1a b a b a bb a 4 b a 8 b a
5 3 15 15

cos& & & & & &$� � �

!

' '
0 0

2 21 1’ “9 ) )

40. I (  sin )  sin  d d d   sin  d d dz 0 0 0 0 0 0

2 1 cos 2 1 cos 

œ œ' ' ' ' ' '1 1 ) 1 1 )� �

3 9 3 9 3 9 ) 3 9 3 9 )# # % $a b
  (1 cos )  sin  d d (1 cos ) (1 cos ) sin  d d ;œ � œ � �" & $ '

5
' ' ' '

0 0 0 0

2 21 1 1 1

9 9 9 ) 9 9 9 9 )

    u (2 u) du d   d  2  d
u 1 cos 
du sin  d” • ’ “ ˆ ‰œ �

œ
Ä � œ � œ �

9

9 9
) ) )" " " " "' )

#

!5 5 7 8 5 7 8
2u u' ' ' '

0 0 0 0

2 2 2 21 1 1
( )

  d  dœ œ œ"
5 56 35 35

2 2 32 64' '
0 0

2 21 1
$ &
† ) ) 1

41. M dy dx 2  dx 2 ln 4; M x dy dx x 2  dx 1;œ œ � œ � œ œ � œ' ' ' ' ' '
1 2 x 1 1 2 x 1

2 2 2 2 2 2

y
Î Î

ˆ ‰ ˆ ‰2 2
x x 

 M  y dy dx 2  dx 1  x yx 1 2 x 1

2 2 2

œ œ � œ Ê œ œ' ' '
Î

ˆ ‰2
x ln 4#

"
#�

42. M dx dy 4y y  dy ; M y dx dy 4y y  dy ;œ œ � œ œ œ � œ � œ' ' ' ' ' '
0 2y 0 0 2y 0

4 2y y 4 4 2y y 4

x
� �

� �

# #a b a b ’ “# # $
%

!

32 64
3 3 4 3

4y y$ %

 M x dx dy 2y  dy   x  and y 2y 0 2y 0

4 2y y 4

œ œ � œ � œ � Ê œ œ � œ œ' ' '
�

�

# ’ “ ’ “a b2y y y y
10 2 5 M 5 M

128 12M M�
#

#
%

!

# # & %
y x

43. I x y (3) dy dx 3 4x  dx 104o 0 2x 0

2 4 2

œ � œ � � œ' ' 'a b Š ‹# # # 64 14x
3 3

$

44. (a) I x y  dy dx 2x  dxo
2 40
3 3œ � œ � œ' ' '

� � �2 1 2

2 1 2a b ˆ ‰# # #
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 (b) I  y  dy dx   dx ; I  x  dx dy   dy    I I Ix y o x y
2b 4ab 2a 4a b
3 3 3 3œ œ œ œ œ œ Ê œ �' ' ' ' ' '

� � � � � �a b a b a b

a b a b a b
# #$ $ $ $

 œ � œ4ab 4a b
3 3 3

4ab b a$ $ # #a b�

45. M  dy dx   dx 3 ; I  y  dy dx  x  dx 2œ œ œ œ œ œ œ$ $ $ $ $' ' ' ' ' '
0 0 0 0 0 0

3 2x 3 3 3 2x 3 3Î Î
2x 8 8 3
3 81 81 4x

# $$ $ˆ ‰ Š ‹%

46. M (x 1) dy dx x x  dx ; M y(x 1) dy dx  x x x x  dx ;œ � œ � œ œ � œ � � � œ' ' ' ' ' '
0 x 0 0 x 0

1 x 1 1 x 1

# #
a b a b$ $ & # %" " "

#4 120x
3

 M x(x 1) dy dx x x  dx   x  and y ; I  y (x 1) dy dxy x
2 8 13

15 15 30œ � œ � œ Ê œ œ œ �' ' ' ' '
0 x 0 0 x

1 x 1 1 x

# #
a b# % #

  x x x x  dx   R ; I  x (x 1) dy dx x x  dxœ � � � œ Ê œ œ œ � œ � œ" % ( $ ' # $ &
3 280 M 70 12

17 17 1
x y

I' ' ' '
0 0 x 0

1 1 x 1a b a bÉ Éx
#

47. M  x y  dy dx 2x  dx 4; M  y x y  dy dx 0 dx 0;œ � � œ � œ œ � � œ œ' ' ' ' ' '
� � � � � �1 1 1 1 1 1

1 1 1 1 1 1ˆ ‰ ˆ ‰ ˆ ‰# # # # #" "
3 3 3

4
x

 M  x x y  dy dx 2x x  dx 0y 3 3
4œ � � œ � œ' ' '

� � �1 1 1

1 1 1ˆ ‰ ˆ ‰# # $"

48. Place the ABC with its vertices at A(0 0), B(b 0) and C(a h).  The line through the points A and C is? ß ß ß

 y x; the line through the points C and B is y (x b).  Thus, M  dx dyœ œ � œh h
a a b�

' '
0 ay h

h a b y h b

Î

Ð � Ñ Î �

$

 b  1  dy ; I y  dx dy b  y  dyœ � œ œ œ � œ$ $ $' ' ' '
0 0 ay h 0

h h a b y h b h

xˆ ‰ Š ‹y y
h h 1

bh bh$ $
# #

# #
Î

Ð � Ñ Î � $ $

49. M r dr d  d 3 ; M r  cos  dr d 9 cos  d 9 3  x ,œ œ œ œ œ œ Ê œ' ' ' ' ' '
� Î � Î � Î � Î

Î Î Î Î

1 1 1 1

1 1 1 1

3 0 3 3 0 3

3 3 3 3 3 3

y) ) 1 ) ) ) )9 3 3
#

# È È
1

 and y 0 by symmetryœ

50. M r dr d 4 d 2 ; M  r  cos  dr d  cos  d   x , andœ œ œ œ œ œ Ê œ' ' ' ' ' '
0 1 0 0 1 0

2 3 2 2 3 2

y

1 1 1 1Î Î Î Î

) ) 1 ) ) ) )# 26 26 13
3 3 31

 y  by symmetryœ 13
31

51. (a) M 2 r dr d  œ ' '
0 1

2 1 cos 1 )Î �

)

 2 cos  d ;œ � œ'
0

21Î ˆ ‰) )1 cos 2 8
4

� �
#

) 1

 M  (r cos ) r dr dy 2 1

2 1 cos 

œ ' '
� Î

Î �

1

1 )

 ) )

 cos cos  dœ � �'
� Î

Î

1

1

2

2 Š ‹# $) ) )cos
3

% )

   x , andœ Ê œ32 15 15 32
24 6 48
� �

�
1 1

1

 y 0 by symmetryœ

 (b) 

52. (a) M  r dr d   d a ; M  (r cos ) r dr d  dœ œ œ œ œ œ' ' ' ' ' '
� � � �! ! ! !

! ! ! !

0 0

a a

y) ) ! ) ) )a a  cos 2a  sin 
3 3

# $ $

#
# ) !

  x , and y 0 by symmetry;  lim   x  lim   0Ê œ œ œ œ2a sin 2a sin 
3 3

! !
! !! 1 ! 1Ä Ä

� �

 (b) x  and y 0œ œ2a
51
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53. x u y and y v  x u v and y vœ � œ Ê œ � œ

  J(u v) 1; the boundary of the
0

Ê ß œ œ
" "

"º º
 image G is obtained from the boundary of R as
 follows:

 

 xy-equations for     Corresponding uv-equations    Simplified

   the boundary of R   for the boundary of G  uv-equations 

y x v u v uœ œ � œ

œ œ œ

0

y 0 v 0 v 0

  e f(x y y) dy dx  e f(u v) du dvÊ � ß œ ß' ' ' '
0 0 0 0

x_ _ _

� � Ð � Ñsx s u v

54. If s x y and t x y where ( ) ac b , then x , y ,œ � œ � � œ � œ œ! " # $ !$ "# # # �
� �

� �$ "
!$ "# !$ "#

# !s t s t

 and J(s t)    e   ds dtß œ œ Ê
�

�
" " "
� �

� �

�( )
s t

ac b!$ "# !$ "##

# #

#º º$ "

# !
' '
�_ �_

_ _ a b È

  re  dr d  d .  Therefore, 1  ac b .œ œ œ œ Ê � œ" "

� # � � �

� # #È È È Èac b ac b ac b ac b
r

# # # #

#' ' '
0 0 0

2 21 1_

) ) 11 1

CHAPTER 15 ADDITIONAL AND ADVANCED EXERCISES

 1. (a) V x  dy dx (b) V dz dy dxœ œ' ' ' ' '
� �

� �

3 x 3 x 0

2 6 x 2 6 x x# # #

#

 (c) V  x  dy dx 6x x x  dx 2xœ œ � � œ � � œ' ' ' '
� �

� �

3 x 3 x

2 6 x 2 6 x# #

# # % $ $
#

�$
a b ’ “x x 125

5 4 4

& %

 2. Place the sphere's center at the origin with the surface of the water at z 3.  Thenœ �

 9 25 x y   x y 16 is the projection of the volume of water onto the xy-planeœ � � Ê � œ# # # #

  V dz r dr d r 25 r 3r  dr d 25 r r  dÊ œ œ � � œ � � �' ' ' ' ' '
0 0 25 r 0 0 0

2 4 3 2 4 21 1 1

� �

�

È #
) ) )Š ‹ ’ “È a b# " # #$Î#

#

%

!3
3

 (9) 24 (25)  d  dœ � � � œ œ' '
0 0

2 21 1� ‘" "$Î# $Î#
3 3 3 3

26 52) ) 1

 3. Using cylindrical coordinates, V dz r dr d 2r r  cos r  sin  dr dœ œ � �' ' ' ' '
0 0 0 0 0

2 1 2 r cos sin 2 11 ) ) 1� Ð � Ñ

) ) ) )a b# #

 1  cos  sin  d  sin  cos 2œ � � œ � � œ'
0

21ˆ ‰ � ‘" " " " #

!3 3 3 3) ) ) ) ) ) 1
1

 4. V 4 dz r dr d 4 r 2 r r  dr d 4 2 r  dœ œ � � œ � � �' ' ' ' ' '
0 0 r 0 0 0

2 1 2 r 2 1 21 1 1Î � Î Î

#

#È

) ) )Š ‹ ’ “È a b# $ #" $Î# "

!3 4
r%

 4  d dœ � � � œ œ' '
0 0

2 21 1Î ÎŠ ‹ Š ‹" " � �

3 4 3 3 6
2 2 8 2 7 8 2 7È È Š ‹È

) )
1
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 5. The surfaces intersect when 3 x y 2x 2y   x y 1.  Thus the volume is� � œ � Ê � œ# # # # # #

 V 4 dz dy dx 4  dz r dr d 4 3r 3r  dr d 3 dœ œ œ � œ œ' ' ' ' ' ' ' ' '
0 0 2x 2y 0 0 2r 0 0 0

1 1 x 3 x y 2 1 3 r 2 1 2È
� � � Î � Î Î

�

#

# # #

# # #

 
1 1 1

) ) )a b$ #
31

 6. V 8  sin  d d d  sin  d dœ œ' ' ' ' '
0 0 0 0 0

2 2 2 sin 2 21 1 9 1 1Î Î Î Î

3 9 3 9 ) 9 9 )# %64
3

   sin   d  d 16  d 4  d 2œ � � œ � œ œ64 3
3 4 4 2 4

sin  cos sin 2' ' ' '
0 0 0 0

2 2 2 21 1 1 1Î Î Î Î” •¹ � ‘$ 9 9 9 9
1 1Î#

!

# #Î#

!
9 9 ) ) 1 ) 1

 7. (a) The radius of the hole is 1, and the
 radius of the sphere is 2.

 

 (b) V 2  r dr dz d 3 z  dz d 2 3 d 4 3œ œ � œ œ' ' ' ' ' '
0 0 1 0 0 0

2 3 4 z 2 3 21 1 1
È ÈÈ

�

#

) ) ) 1a b È È#

 8. V  dz r dr d r 9 r  dr d 9 r  dœ œ � œ � �' ' ' ' ' '
0 0 0 0 0 0

3 sin 9 r 3 sin 3 sin 1 ) 1 ) 1 )È
�

!

#

) ) )È ’ “a b# " # $Î#

3

 9 9 sin (9)  d 9 1 1 sin  d 9 1 cos  dœ � � � œ � � œ �' ' '
0 0 0

1 1 1’ “ ’ “a b a b a b" "# $Î# # $$Î# $Î#

3 3) ) ) ) ) )

 1 cos sin  cos  d 9 sin 9œ � � œ � � œ'
0

1a b ’ “) ) ) ) ) ) 1#

!

sin
3

$ )
1

 9. The surfaces intersect when x y   x y 1.  Thus the volume in cylindrical coordinates is# # # #� �
#� œ Ê � œx y 1# #

 V 4 dz r dr d 4  dr d 4  d dœ œ � œ � œ œ' ' ' ' ' ' '
0 0 r 0 0 0 0

2 1 r 1 2 2 1 2 21 1 1 1Î � Î Î Î Î

#

#ˆ ‰

) ) ) )Š ‹ ’ “r r r r
4 8 4# # #

"

!

"$ # % 1

10. V dz r dr d r  sin  cos  dr d  sin  cos  dœ œ œ' ' ' ' ' '
0 1 0 0 1 0

2 2 r  sin  cos 2 2 21 ) ) 1 1Î Î Î#

) ) ) ) ) ) )$
#

"
’ “r

4

%

  sin  cos  dœ œ œ15 15 sin 15
4 4 2 8
'

0

21Î

) ) ) ’ “# )
1Î#

!

11.  dx e  dy dx e  dx dy  lim   e  dx  dy' ' ' ' ' ' '
0 0 a a 0 a 0

b b b t_ _ _

e e
x

xy xy xy� �ax bx� � � �œ œ œ Š ‹
t Ä _

  lim    dy  lim    dy  dy ln y lnœ � œ � œ œ œ' ' '
a a a

b b bt
b
at tÄ _ Ä _

’ “ Š ‹ c d ˆ ‰e e b
y y y y a

� �xy yt

!

" "

12. (a) The region of integration is sketched at the right

 ln x y  dx dyÊ �' '
0 y cot 

a sin a y"

"

È # #
� a b# #

 r ln r  dr d ;œ ' '
0 0

a" a b# )

    ln u du d
u r

du 2r dr” •œ
œ

Ä
#

"
#
' '

0 0

a" #

)

  [u ln u u]  dœ �"
#
'

0

a
"

#

!
)

 

  2a  ln a a  lim   t ln t  d  (2 ln a 1) d a ln aœ � � œ � œ �" "
# # #

# # #' '
0 0

" "’ “ ˆ ‰
t 0Ä

) ) "a#

 (b) ln x y  dy dx ln x y  dy dx' ' ' '
0 0 a cos 0

a cos (tan )x a a x" "

"
a b a b# # # #� � �

È # #
�
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13. e f(t) dt du e f(t) du dt (x t)e f(t) dt; also' ' ' ' '
0 0 0 t 0

x u x x x
m x t m x t m x tÐ � Ñ Ð � Ñ Ð � Ñœ œ �

 e f(t) dt du dv e f(t) du dv dt (v t)e f(t) dv dt' ' ' ' ' ' ' '
0 0 0 0 t t 0 t

x v u x x v x x
m x t m x t m x tÐ � Ñ Ð � Ñ Ð � Ñœ œ �

 (v t) e f(t)  dt  e f(t) dtœ � œ' '
0 0

x xx

t
� ‘" # Ð � Ñ Ð � Ñ�

#2
m x t m x t(x t)#

14. f(x) g(x y)f(y) dy  dx  g(x y)f(x)f(y) dy dx' ' ' '
0 0 0 0

1 x 1 xŠ ‹� œ �

 g(x y)f(x)f(y) dx dy f(y) g(x y)f(x) dx  dy;œ � œ �' ' ' '
0 y 0 y

1 1 1 1Œ �
  g x y f(x)f(y) dx dy  g(x y)f(x)f(y) dy dx g(y x)f(x)f(y) dy dx' ' ' ' ' '

0 0 0 0 0 x

1 1 1 x 1 1a bk k� œ � � �

 g(x y)f(x)f(y) dx dy g(y x)f(x)f(y) dy dxœ � � �' ' ' '
0 y 0 x

1 1 1 1

 g(x y)f(x)f(y) dx dy g(x y)f(y)f(x) dx dyœ � � �' ' ' '
0 y 0 y

1 1 1 1ðóóóóóóóóóóóóñóóóóóóóóóóóóò
 simply interchange x and y
 variable names

 2 g(x y)f(x)f(y) dx dy, and the statement now follows.œ �' '
0 y

1 1

15. I (a) x y  dy dx x y  dx  dxo 0 0 0 0

a x a a ax a a

œ � œ � œ � œ �' ' ' 'Î Î

!

# #a b ’ “ Š ‹ ’ “# # #

!

y
3 a 3a 4a 12a

x x x x$ $ $ % %

# ' # '

 a ; I (a) a a 0  a   a .  Since I (a) a 0, theœ � œ � œ Ê œ Ê œ œ œ � �a
4 1 6 3 3 3

#

%

" " " " " " " "
# # # #

�# w �$ % ww �%%
o oÉ È

 value of a does provide a  for the polar moment of inertia I (a).minimum o

16. I x y (3) dy dx 3 4x  dx 104o 0 2x 0

2 4 2

œ � œ � � œ' ' 'a b Š ‹# # # 14x 64
3 3

$

17. M r dr d  sec  dœ œ �' ' '
� �) ) )

) )

b sec 

a

 ) ) )Š ‹a b# #

# #
#

 a b  tan a  cos bœ � œ �# # # �" # �) ) ˆ ‰ Š ‹b
a b

a bÈ # #

 a  cos b a b ; I r  dr dœ � � œ# �" $# #ˆ ‰ Èb
a o b sec 

a' '
�) )

)

 )

  a b  sec  dœ �" % % %
4
'
�)

) a b) )

 a b 1 tan sec  dœ � �" % % # #
4
'
�)

) c da b a b) ) )

 a b  tan œ � �" % %

�4 3
b  tan’ “) )
% $ )

)

)

 œ � �a b  tan b  tan
6

% % % $) ) )
# #

 

 a  cos b a b b a bœ � � � �" " "
# #

% �" $ $ # ## # $Î#ˆ ‰ È a bb
a 6

18. M dx dy 1  dy y ; M x dx dyœ œ � œ � œ œ' ' ' ' '
� � Î � � � Î

� Î � Î

2 1 y 4 2 2 1 y 4

2 2 y 2 2 2 2 y 2

ya b a b

ˆ ‰ ˆ ‰

# #

# #Š ‹ ’ “y y
4 12 3

8# $
#

�#

  dy 4 y  dy  16 8y y  dy 16yœ œ � œ � � œ � �' ' '
� � �

� Î

� Î2 2 2

2 2 22 y 2

1 y 4
’ “ ’ “a b a bx 3 3 3

2 32 32 16 3 5
8y y# $ &

ˆ ‰

a b

#

#

# # %
#

!

 32   x , and y 0 by symmetryœ � � œ œ Ê œ œ œ œ3 64 32 3 32 8 48 48 3 6
16 3 5 16 15 15 M 15 8 5

Mˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰† y

19. e  dy dx e  dy dx e  dx dy' ' ' ' ' '
0 0 0 0 0 0

a b a bx a b ay b
max b x a y b x a ya b# # # # # # # #ß œ �

Î Î
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 x e  dx y e  dy e e e 1 e 1œ � œ � œ � � �' '
0 0

a b a bˆ ‰ ˆ ‰ ’ “ ’ “ Š ‹ Š ‹b a
a b 2ab 2ba ab ab

b x a y b x a y b a a b# # # # # # # # # # # #" " " "

! ! # #

 e 1œ �"
ab

a bŠ ‹# #

20.  dx dy  dy  dx F(x y) F(x y)' ' ' '
y x y y

y x y yx

x

y
y

! ! ! !

" " " ""

!

"

!

` ß ` ß ` ß ` ß
` ` ` ` ` " !
#

" !F(x y) F(x y) F(x y) F(x y)
x y y y yœ œ � œ ß � ß’ “ ’ “ c d

 F(x y ) F(x y ) F(x y ) F(x y )œ ß � ß � ß � ß" " ! " " ! ! !

21. (a) (i) Fubini's Theorem
 (ii) Treating G(y) as a constant
 (iii) Algebraic rearrangement
 (iv) The definite integral is a constant number

 (b) e  cos y dy dx e  dx cos y dy e e sin sin 0 (1)(1) 1' ' ' '
0 0 0 0

ln 2 2 ln 2 2
x x ln 2 0

1 1Î Î

œ œ � � œ œŒ �Œ � a b ˆ ‰1
#

 (c)  dx dy  dy  x dx 1 0' ' ' '
1 1 1 1

2 1 2 1

� �

x x
y y y 2# #

#

œ œ � œ � � � œŒ �Œ � ’ “ ’ “ ˆ ‰ ˆ ‰" " " " "
# "

" �" # # #

22. (a) f x y   D f u x u y; the area of the region of integration is ™ œ � Ê œ �i j u " #
"
#

  average 2 (u x u y) dy dx 2 u x(1 x) u (1 x)  dxÊ œ � œ � � �' ' '
0 0 0

1 1 x 1�

" # " #
"
#

#� ‘
 2 u u  2 u u (u u )œ � � œ � œ �’ “Š ‹ ˆ ‰ ˆ ‰" # " # " #

" " " "
#

�
"

!

x x
2 3 3 6 6 3

(1 x)# $ $

 (b) average  (u x u y) dA  x dA  y dA u u u x u yœ � œ � œ � œ �"
" # " # " #area area area M M

u u M M' ' ' ' ' '
R R R

" # Š ‹ ˆ ‰y x

23. (a) I  e  dx dy e  r dr d  lim   re  dr  d# œ œ œ' ' ' ' ' '
0 0 0 0 0 0

x y r r
2 2 b_ _ Î _ Î

� � � �ˆ ‰# # # #
1 1a b ” •) )

b Ä _

   lim   e 1  d  d   Iœ � � œ œ Ê œ" "
# # #
' '

0 0

2 2
b

1 1Î Î
�

b Ä _
a b#

) ) 1 1

4

È

 (b) t e  dt y e (2y) dy 2 e  dy 2 , where y t> 1ˆ ‰ Èa b Š ‹ È"
# #

�"Î# � # � ��"Î#
œ œ œ œ œ œ' ' '

0 0 0

_ _ _

t y y# # È1

24. Q kr (1 sin ) dr d  (1 sin ) d cos œ � œ � œ � œ' ' '
0 0 0

2 R 21 1

# #
!) ) ) ) ) )kR kR 2 kR

3 3 3

$ $ $c d 1 1

25. For a height h in the bowl the volume of water is V    dz dy dxœ ' ' '
� � � �

�

È

È

È

È

h h x x y

h h x h

# # #

#

  h x y  dy dx h r  r dr d  d  d .œ � � œ � œ � œ œ' ' ' ' ' '
� � �

�

È

È È

È

È

h h x 0 0 0 0

h h x 2 h 2 2h

#

# a b a b ’ “# # #

! #

1 1 1

) ) )hr r h h
2 4 4

# % # #
È

1

 Since the top of the bowl has area 10 , then we calibrate the bowl by comparing it to a right circular cylinder1

 whose cross sectional area is 10  from z 0 to z 10.  If such a cylinder contains  cubic inches of water1 œ œ h#1
#

 to a depth w then we have 10 w   w .  So for 1 inch of rain, w 1 and h 20; for 3 inches of1 œ Ê œ œ œh h
20

# #1
#

È
 rain, w 3 and h 60.œ œ È

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



 Chapter 15 Additional and Advanced Exercises 937

26. (a) An equation for the satellite dish in standard position

 is z x y .  Since the axis is tilted 30°, a unitœ �" "
# #

# #

 vector 0 a b  normal to the plane of thev i j kœ � �

 water level satisfies b cosœ œ œv k† ˆ ‰1
6

3È
#

  a 1 b   Ê œ � � œ � Ê œ � �È # " "
# # #v j k

È3

  (y 1) z 0Ê � � � � œ" "
# # #

È3 ˆ ‰
  z yÊ œ � �" " "

#È È3 3
Š ‹

 is an equation of the plane of the water level.  Therefore 

 the volume of water is V dz dy dx, where R is the interior of the ellipseœ ' ' '
R

1 1
2 2

1 1 1
3 32

x y

y

# #�

� �È È

 x y y 1 0.  When x 0, then y  or y , where # #
� � �

#� � � � œ œ œ œ œ2 2
3 3

4 1

È È
Ê Š ‹

! " !

2 4 2
3 33È È

 and   V   1 dz dx dy" œ Ê œ
2 4 2

3 33È È� � �

#

Ê Š ‹4 1 ' ' '
!

"

� � � � �

� � � � �

Š ‹

Š ‹

2 2 1 1
3 2 23

2 2 1 1 1
3 23 3 3

y 1 y x y

y 1 y y

È

È È È

# # #
"Î#

#
"Î#

 (b) x 0  z y  and y; y 1  1  the tangent line has slope 1 or a 45° slantœ Ê œ œ œ Ê œ Ê"
#

# dz dz
dy dy

  at 45° and thereafter, the dish will not hold water.Ê

27. The cylinder is given by x y 1 from z 1 to   z r z  dV# # # # �&Î#
� œ œ _ Ê �' ' '

D
a b

  dz r dr d  lim    dz dr dœ œ' ' ' ' ' '
0 0 1 0 0 1

2 1 2 1 a1 1_

z rz
r z r za b a b# # # #&Î# &Î#� �

) )
a Ä _

  lim     dr d  lim      dr dœ � œ � �
a aÄ _ Ä _

' ' ' '
0 0 0 0

2 1 2 1a

1

1 1’ “ ’ “ˆ ‰ ˆ ‰ ˆ ‰" " "

� � �3 3 3
r r r

r z r a r 1a b a b a b# # # # #$Î# $Î# $Î#) )

  lim   r a r 1  d  lim   1 a 2 a  dœ � � � œ � � � �
a aÄ _ Ä _

' '
0 0

2 21 1’ “ ’ “a b a b a b a bˆ ‰" " " " " "# # # # �"Î# #�"Î# �"Î# �"Î# �"Î#"

!3 3 3 3 3 3) )

  lim   2 1 a 2  .œ � � � � œ �
a Ä _

1 1’ “ ’ “a b Š ‹ ˆ ‰ ˆ ‰" " " " " " "# �"Î#

# #3 3 3 a 3 3 3
2 2È È

28. Let's see?

 The length of the "unit" line segment is: L 2  dx 2.œ œ'
0

1

 The area of the unit circle is: A 4  dy dx .œ œ' '
0 0

1 1 xÈ
�

2

1

 The volume of the unit sphere is: V 8  dz dy dx .œ œ' ' '
0 0 0

1 1 x 1 x yÈ È
� � �

2 2 2

4
31

 Therefore, the hypervolume of the unit 4-sphere should be:

V  16  dw dz dy dx.hyper œ ' ' ' '
0 0 0 0

1 1 x 1 x y 1 x y zÈ È È
� � � � � �

2 2 2 2 2 2

 Mathematica is able to handle this integral, but we'll use the brute force approach.

 V  16  dw dz dy dx 16  dz dy dxhyper œ œ' ' ' ' ' ' '
0 0 0 0 0 0 0

1 1 x 1 x y 1 x y z 1 1 x 1 x y
2 2 2

È ÈÈ È È
� � � � � � � � �

2 2 2 2 2 2 2 2 2

È1 x y z� � �

 16  dz dy dx
cos 

dz 1 x y  sin  d
œ œ

œ

œ � � �
' ' '

0 0 0

1 1 x 1 x y
2 2 z

1 x y

È È
� � �

� �

2 2 2
2

2 2
È É1 x y 1� � � – —È

z
1 x y

2 2

È � �2 2 )

) )

 16 1 x y 1 cos  sin  d  dy dx 16 1 x y sin  d  dy dxœ � � � � œ � � �' ' ' ' ' '
0 0 /2 0 0 /2

1 1 x 0 1 1 x 0È È
� �

2 2a b a bÈ2 2 2 2 22
1 1

) ) ) ) )

 16 1 x y  dy dx 4 1 x x 1 x 1 x  dxœ � � œ � � � � �' ' '
0 0 0

1 1 x 1È
�

2

1
4 3

2 2 2 22 2 3/2a b a bŠ ‹È È1 "

 4 1 x  dx 1 x  dx  sin d1 x
x cos 

dx sin  d
œ � œ � œ œ �� �

œ
œ �

1 1 1 ) )
)

) )
' ' '

0 0 /2

1 1 0È � ‘a b a b ” •2 2 1 x 8 8
3 3

2 43/2�
$

3

1

  d  1 2 cos 2 cos 2 d  2 cos 2 dœ � œ � � � œ � � � œ8 1 cos 2 2 2 3 cos 4
3 2 3 3 2 2

2 21 ) 1 ) ) ) 1 ) )' ' '
1 1 1/2 /2 /2

0 0 0ˆ ‰ ˆ ‰a b�
#

) ) 12
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CHAPTER 16  INTEGRATION IN VECTOR FIELDS

16.1  LINE INTEGRALS

 1. t t   x t and y 1 t  y 1 x (c)r i jœ � " � Ê œ œ � Ê œ � Êa b
 2. t   x 1, y 1, and z t  (e)r i j kœ � � Ê œ œ œ Ê

 3. 2 cos t 2 sin t   x 2 cos t and y 2 sin t  x y 4 (g)r i jœ � Ê œ œ Ê � œ Êa b a b # #

 4. t   x t, y 0, and z 0 (a)r iœ Ê œ œ œ Ê

 5. t t t   x t, y t, and z t (d)r i j kœ � � Ê œ œ œ Ê

 6. t 2 2t   y t and z 2 2t  z 2 2y (b)r j kœ � � Ê œ œ � Ê œ � Êa b
 7. t 1 2t   y t 1 and z 2t  y 1 (f)r j kœ � � Ê œ � œ Ê œ � Êa b# # z

4

#

 8. 2 cos t 2 sin t   x 2 cos t and z 2 sin t  x z 4 (h)r i kœ � Ê œ œ Ê � œ Êa b a b # #

 9. t t 1 t , 0 t 1    2 ; x t and y 1 t  x y t ( t) 1r i j i j ja b œ � � Ÿ Ÿ Ê œ � Ê œ œ œ � Ê � œ � " � œa b ¸ ¸ Èd d
dt dt
r r

  f x y z  ds f t 1 t 0   dt (1) 2  dt 2 t 2Ê ß ß œ ß � ß œ œ œ' ' '
C 0 0

1 1a b a b ¸ ¸ Š ‹ ’ “È È Èd
dt
r

"

!

10. (t) t (1 t) , 0 t 1    2; x t, y 1 t, and z 1  x y z 2r i j k i jœ � � � Ÿ Ÿ Ê œ � Ê œ œ œ � œ Ê � � �d d
dt dt
r r¸ ¸ È

 t (1 t) 1 2 2t 2   f(x y z) ds (2t 2) 2 dt 2 t 2t 2œ � � � � œ � Ê ß ß œ � œ � œ �' '
C 0

1 È È Èc d# "
!

11. (t) 2t t (2 2t) , 0 t 1  2 2   4 1 4 3; xy y zr i j k i j kœ � � � Ÿ Ÿ Ê œ � � Ê œ � � œ � �d d
dt dt
r r¸ ¸ È

 (2t)t t (2 2t)  f(x y z) ds 2t t 2  3 dt 3 t t 2t 3 2œ � � � Ê ß ß œ � � œ � � œ � � œ' '
C 0

1a b � ‘ ˆ ‰# $ #" "
# # #

"

!
2 2 13
3 3

12. (t) (4 cos t) (4 sin t) 3t , 2 t 2   ( 4 sin t) (4 cos t) 3r i j k i j kœ � � � Ÿ Ÿ Ê œ � � �1 1 d
dt
r

  16 sin t 16 cos t 9 5; x y 16 cos t 16 sin t 4   f(x y z) ds (4)(5) dtÊ œ � � œ � œ � œ Ê ß ß œ¸ ¸ È ÈÈd
dt
r # # # # # # ' '

C 2

2

� 1

1

 20t 80œ œc d #�#
1
1 1

13. (t) ( 2 3 ) t( 3 2 ) (1 t) (2 3t) (3 2t) , 0 t 1  3 2r i j k i j k i j k i j kœ � � � � � � œ � � � � � Ÿ Ÿ Ê œ � � �d
dt
r

  1 9 4 14 ; x y z (1 t) (2 3t) (3 2t) 6 6t   f(x y z) dsÊ œ � � œ � � œ � � � � � œ � Ê ß ß¸ ¸ È Èd
dt
r '

C

 (6 6t) 14 dt 6 14 t 6 14 3 14œ � œ � œ œ'
0

1 È È È È’ “ Š ‹ ˆ ‰t
2

#
"

!

"
#

14. (t) t t t , 1 t     3 ; r i j k i j kœ � � Ÿ Ÿ _ Ê œ � � Ê œ œ œd d
dt dt x y z t t t 3t

3 3 3r r¸ ¸ È È È È
# # # # # # #� � � �

  f(x y z) ds 3 dt  lim  1 1Ê ß ß œ œ � œ � � œ' '
C 1

_Š ‹È � ‘ ˆ ‰È3
3t t b

1
#

_

"
"

b Ä _
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15. C :  (t) t t , 0 t 1  2t   1 4t ; x y z t t 0 t t 2t"
# ## #r i j i jœ � Ÿ Ÿ Ê œ � Ê œ � � � œ � � œ � œd d

dt dt
r r¸ ¸ È È È k k

 since t 0  f(x y z) ds 2t 1 4t  dt 4t (5) 5 5 1 ;  Ê ß ß œ � œ " � œ � œ �' '
C 0

1

"

È ’ “ Š ‹a b È# " " " "# $Î#$Î# "

!6 6 6 6

 C :  (t) t , 0 t 1    1; x y z 1 1 t 2 t#
# # #r i j k kœ � � Ÿ Ÿ Ê œ Ê œ � � œ � � œ �d d

dt dt
r r¸ ¸ È È

  f(x y z) ds 2 t (1) dt 2t t 2 ; therefore  f(x y z) dsÊ ß ß œ � œ � œ � œ ß ß' ' '
C 0 C

1

#

a b � ‘# $" ""

!3 3 3
5

  f(x y z) ds  f(x y z) ds 5œ ß ß � ß ß œ �' '
C C" #

5 3
6
È

#

16. C :  (t) t , 0 t 1    1; x y z 0 0 t t"
# # #r k kœ Ÿ Ÿ Ê œ Ê œ � � œ � � œ �d d

dt dt
r r¸ ¸ È È

  f(x y z) ds t (1) dt ;Ê ß ß œ � œ � œ �' '
C 0

1

"

a b ’ “#
"

!

"t
3 3

$

 C :  (t) t , 0 t 1    1; x y z 0 t 1 t 1#
#r j k jœ � Ÿ Ÿ Ê œ Ê œ � � œ � � œ �d d

dt dt
r r¸ ¸ È È È

  f(x y z) ds t 1 (1) dt t t 1 ;Ê ß ß œ � œ � œ � œ �' '
C 0

1

#

ˆ ‰ � ‘È 2 2
3 3 3

$Î# "

!
"

 C :  (t) t , 0 t 1    1; x y z t 1 1 t$
#r i j k iœ � � Ÿ Ÿ Ê œ Ê œ � � œ � � œd d

dt dt
r r¸ ¸ È È

  f(x y z) ds (t)(1) dt    f(x y z) ds  f ds  f ds  f dsÊ ß ß œ œ œ Ê ß ß œ � � œ � � � �' ' ' ' ' '
C 0 C C C C

1

$ " # $

’ “ ˆ ‰t
2 3 3

#
"

!

" " " "
# #

 œ � "
6

17. (t) t t t , 0 a t b    3 ; r i j k i j kœ � � � Ÿ Ÿ Ê œ � � Ê œ œ œd d t t t 1
dt dt x y z t t t t

x y zr r¸ ¸ È � �
� � � �

� �
# # # # # #

   f(x y z) ds 3 dt 3 ln t  3 ln , since 0 a bÊ ß ß œ œ œ � Ÿ' '
C a

b b

a

ˆ ‰ ˆ ‰È È È’ “k k1 b
t a

18. (t) a cos t a sin t , 0 t 2   ( a sin t) (a cos t)   a  sin t a  cos t a ;r j k j kœ � Ÿ Ÿ Ê œ � � Ê œ � œa b a b k k¸ ¸ È1 d d
dt dt
r r # # # #

 x z 0 a  sin t   f(x y z) ds  a  sin t dt a  sin t dt
 a  sin t,  0 t   

  a  sin t,  t 2
� � œ � � œ Ê ß ß œ � �

� Ÿ Ÿ
Ÿ Ÿ

È È œ k kk k k k k k# # # # # #1

1 1
' ' '

C 0

21 1

1

 a  cos t a  cos t a ( 1) a a a ( 1) 4aœ � œ � � � � � œ �c d c d c d c d# # # # # # #
!

#1 1

1

19. (a) t t t , 0 t 4     x ds t dt t dt t 4 5r i j i ja b œ � Ÿ Ÿ Ê œ � Ê œ Ê œ œ œ œ" "
# # !

d d
dt dt 2 2 2 4

5 5 5 5 2
4

r r¸ ¸ ’ “ ÈÈ È È È' ' '
C 0 0

4 4

 (b) t t t , 0 t 2  2t   1 4t  x ds t 1 4t dtr i j i ja b œ � Ÿ Ÿ Ê œ � Ê œ � Ê œ �2 d d
dt dt

2 2r r¸ ¸ È È' '
C 0

2

 1 4tœ � œ’ “a b1
12 12

2 3 2 2
17 17Î

!

�"È

20. (a) t t 4t , 0 t 1  4   17  x 2y ds t 2 4t 17 dtr i j i ja b œ � Ÿ Ÿ Ê œ � Ê œ Ê � œ �d d
dt dt
r r¸ ¸ È ÈÈ È a b' '

C 0

1

 17 9t dt 3 17 t dt 2 17 t 2 17œ œ œ œÈ È È È ÈÈ ’ “' '
0 0

1 1
2 3

1
Î

!

 (b) C :  t t , 0 t 1   1; C :  t t , 0 t 1   1" r i i r i j ja b a bœ Ÿ Ÿ Ê œ Ê œ œ � Ÿ Ÿ Ê œ Ê œd d d d
dt dt dt dt2
r r r r¸ ¸ ¸ ¸

  x 2y ds  x 2y ds  x 2y ds t 2 0 dt 1 2 t dt' ' ' ' '
C C C 0 0

1 2È È È È Èa b a b� œ � � � œ � � �
1 2

 t dt 1 2t dt  t  1 2tœ � � œ � � œ � � œ' '
0 0

1 2È È � ‘ ’ “ Š ‹a b2 1 2 1
3 3 3 3 3 3

2 3 1 2 3
2

5 5 5 5 1Î
!

Î

!

�È È

21. t 4t 3t , 1 t 2 4 3 5  y e  ds 3t e 5dtr i j i ja b œ � � Ÿ Ÿ Ê œ � Ê œ Ê œ � †d d
dt dt

x 4tr r¸ ¸ a b' '
C 1

22 2

�

a b

 15 t e dt e e e e eœ � œ � œ � � œ �'
�

�

1

2

1

16t 16t 64 16 16 6415 15 15 15
32 32 32 32

22 2’ “ a b
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22. t cos t sin t , 0 t 2 sin t cos t sin t cos t 1  x y 3  dsr i j i ja b œ � Ÿ Ÿ Ê œ � � Ê œ � œ Ê � �a b a b a b a b a b¸ ¸ È1 d d
dt dt

2 2r r '
C

 cos t sin t 3 1 dt sin t cos t 3t 6œ � � † œ � � œ'
0

21 a b c d 2
0
1

1

23. t t t , 1 t 2 2t 3t 2t 3t t 4 9t   dsr i j i ja b œ � Ÿ Ÿ Ê œ � Ê œ � œ � Ê2 3 2d d x
dt dt

2 2 22
y

r r¸ ¸ Éa b a b È '
C

2

4 3Î

 t 4 9t  dt t 4 9t  dt 4 9tœ † � œ � œ � œ' '
1 1

2 2ˆ ‰ È È
a b

t

t
2 2 1

27 27
2 3 2 80 10 13 132 2

3 4 3Î
È È ’ “a b Î �

2

1

24. t t t , t 1 3t 4t 3t 4t t 9 16t   dsr i j i ja b œ � Ÿ Ÿ Ê œ � Ê œ � œ � Ê3 4 2 3 21 d d
2 dt dt x

2 3 22 2 yr r¸ ¸ Éa b a b È '
C

È

 t 9 16t  dt t 9 16t  dt 9 16tœ † � œ � œ � œ' '
1 2 1 2

1 1

1 2

1

Î Î Î

È Èt
t 48 48

2 22 2 1 3 2 125 13 134

3
È È ’ “a b Î �

25. C :  t t t , 0 t 1 2t 1 4t ; C :  t 1 t 1 t , 0 t 1" r i j i j r i ja b a bœ � Ÿ Ÿ Ê œ � Ê œ � œ � � � Ÿ Ÿ2 d d
dt dt

2
2

r r¸ ¸ È a b a b
   2  x y ds  x y ds  x y dsÊ œ � � Ê œ Ê � œ � � �d d

dt dt
r ri j ¸ ¸ ˆ ‰ ˆ ‰ ˆ ‰È È È È' ' '

C C C1 2

 t t 1 4t dt 1 t 1 t 2dt 2t 1 4t dt 1 t 1 t 2dtœ � � � � � � œ � � � � �' ' ' '
0 0 0 0

1 1 1 1Š ‹ Š ‹ Š ‹È È Èa b È ÈÈ È2 2 2

 1 4t 2 t t 1 tœ � � � � � œ � œ’ “ ’ “a b a bÈ1 2
6 3 6 6 6

2 23 2 3 2 5 5 1 5 5 7 2 17 2Î "
#

Î � � �
1 1

0 0

È È È È

26. C :  t t , 0 t 1 1; C :  t t , 0 t 1 1;" r i i r i j ja b a bœ Ÿ Ÿ Ê œ Ê œ œ � Ÿ Ÿ Ê œ Ê œd d d d
dt dt dt dt2
r r r r¸ ¸ ¸ ¸

 C :  t 1 t , 0 t 1  1; C :  t 1 t , 0 t 1  1;3 4
d d d d
dt dt dt dtr i j i r j ja b a bœ � � Ÿ Ÿ Ê œ � Ê œ œ � Ÿ Ÿ Ê œ � Ê œa b a b¸ ¸ ¸ ¸r r r r

  ds  ds  ds  ds  dsÊ œ � � �' ' ' ' '
C C C C C

1 1 1 1 1
x y 1 x y 1 x y 1 x y 1 x y 12 2 2 2 2 2 2 2 2 2� � � � � � � � � �1 2 3 4

 œ � � �' ' ' '
0 0 0 0

1 1 1 1
dt dt dt dt

t 1 t 2 1 t 2 1 t 12 2 2 2� � � � � �a b a b
 tan t tan tan tan 1 t tanœ � � � � � œ �c d c d’ “ ’ “ Š ‹Š ‹ Š ‹ a b� � � � ��1 1 1 1 11 t 1 t 1 2 1

2 2 2 2 2 22
1 1
0 0

1 1

0 0
È È È È È È1

27. (x) x y x , 0 x 2  x   1 x ; f(x y) f x 2x  f dsr i j i j i jœ � œ � Ÿ Ÿ Ê œ � Ê œ � ß œ ß œ œ Êx d d x x
dx dx

# # $

# #
#r r¸ ¸ È Š ‹ Š ‹x#

#

'
C

 (2x) 1 x  dx 1 x 5 1œ � œ � œ � œ'
0

2 È ’ “a b ˆ ‰# # $Î#$Î# #

!

�2 2
3 3 3

10 5 2È

28. (t) 1 t 1 t , 0 t 1  1 1 t ; f(x y) f 1 t 1 tr i jœ � � � Ÿ Ÿ Ê œ � � ß œ � ß � œa b a b a b a b a b¸ ¸ É Š ‹1 d 12 2
dt

1 t 1 t

1 1 t# #
# � � �

� �

r a b a b
É a b

1
4

4

#

   f ds 1 1 t  dt 1 t 1 t  dt 1 t 1 tÊ œ � � œ � � � œ � � � �' ' '
C 0 0

1 1a b a b
É a b

1 t 1 t

1 1 t

1 1
4 20

4 2 5� � �

� �

# "
#

"

!

1
4

4

#

É a b a b a b a b a bŠ ‹ ’ “
 0œ � � � œˆ ‰" "

# # #0 0
11

29. (t) (2 cos t) (2 sin t) , 0 t   ( 2 sin t) (2 cos t)   2; f(x y) f(2 cos t 2 sin t)r i j i jœ � Ÿ Ÿ Ê œ � � Ê œ ß œ ß1
#

d d
dt dt
r r¸ ¸

 2 cos t 2 sin t  f ds (2 cos t 2 sin t)(2) dt 4 sin t 4 cos t 4 ( 4) 8œ � Ê œ � œ � œ � � œ' '
C 0

21Î c d 1Î#!

30. (t) (2 sin t) (2 cos t) , 0 t   (2 cos t) ( 2 sin t)   2; f(x y) f(2 sin t 2 cos t)r i j i jœ � Ÿ Ÿ Ê œ � � Ê œ ß œ ß1
4 dt dt

d dr r¸ ¸
 4 sin t 2 cos t   f ds 4 sin t 2 cos t (2) dt 4t 2 sin 2t 4 sin t 2 1 2œ � Ê œ � œ � � œ � �# # Î%' '

C 0

4

0

1Î a b c d Š ‹È1
1

31. y x , 0 x 2 t t t , 0 t 2 2t 1 4t A  f x, y  dsœ Ÿ Ÿ Ê œ � Ÿ Ÿ Ê œ � Ê œ � Ê œ2 2 d d
dt dt

2r i j i ja b r r¸ ¸ È a b'
C

  x y ds t t 1 4t dt 2t 1 4t dt 1 4tœ � œ � � œ � œ � œ' ' '
C 0 0

2 2ˆ ‰È Š ‹ ’ “È È È a b2 2 2 1
6 6

2 3 2 17 17 1Î �
2

0

È
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942 Chapter 16 Integration in Vector Fields

32. 2x 3y 6, 0 x 6 t t 2 t , 0 t 6 A  f x, y  ds� œ Ÿ Ÿ Ê œ � � Ÿ Ÿ Ê œ � Ê œ Ê œr i j i ja b ˆ ‰ ¸ ¸ a b2 d 2 d
3 dt 3 dt 3

13r r È '
C

  4 3x 2y ds 4 3t 2 2 t dt 8 t dt 8t t 26 13œ � � œ � � � œ � œ � œ' ' '
C 0 0

6 6a b ˆ ‰ ˆ ‰ � ‘ˆ ‰ È2 5 5
3 3 3 3 3 6

13 13 13 2È È È 6

0

33. (t) t 1 2t , 0 t 1  2t 2 2 t 1; M  (x y z) ds (t) 2 t 1  dtr j k j kœ � � Ÿ Ÿ Ê œ � Ê œ � œ ß ß œ �a b ¸ ¸ È ÈŠ ‹# # #d d
dt dt
r r ' '

C 0

1

$ $

 t 2 t 1  dt t 1 2 1 2 2 1œ � œ � œ � œ �'
0

1ˆ ‰ Š ‹ ’ “È Èa b3 3/2
#

# # $Î#
"

!

34. (t) t 1 2t , 1 t 1  2t 2r j k j kœ � � � Ÿ Ÿ Ê œ �a b# d
dt
r

  2 t 1; M  (x y z) dsÊ œ � œ ß ß¸ ¸ È 'd
dt
r #

C

$

 15 t 1 2 2 t 1  dtœ � � �'
�1

1 ˆ ‰Èa b Š ‹È# #

 30 t 1  dt 30 t 60 1 80;œ � œ � œ � œ'
�1

1 a b ’ “Š ‹ ˆ ‰#
"

�"

"t
3 3

$

 M  y (x y z) ds t 1 30 t 1  dtxz C 1

1

œ ß ß œ � �' '$
�

a b c da b# #

 30 t 1  dt 30 t 60 1œ � œ � œ �'
�1

1 a b ’ “Š ‹ ˆ ‰%
"

�"

"t
5 5

&

 

 48  y ; M  x (x y z) ds  0  ds 0  x 0; z 0 by symmetry (since  isœ � Ê œ œ � œ � œ ß ß œ œ Ê œ œM
M 80 5

48 3
yz

xz ' '
C C

$ $ $

 independent of z)  (x y z) 0Ê ß ß œ !ß� ßˆ ‰3
5

35. (t) 2t 2t 4 t , 0 t 1  2 2 2t   2 2 4t 2 1 t ;r i j k i j kœ � � � Ÿ Ÿ Ê œ � � Ê œ � � œ �È È È È È Èa b ¸ ¸# # #d d
dt dt
r r

 (a) M   ds (3t) 2 1 t  dt 2 1 t 2 2 1 4 2 2œ œ � œ � œ � œ �' '
C 0

1

$ Š ‹ ’ “È Èa b ˆ ‰# # $Î#$Î# "

!

 (b) M   ds 1 2 1 t  dt t 1 t ln t 1 t 2 ln 1 2 0 ln 1œ œ � œ � � � � œ � � � �' '
C 0

1

$ a b a bŠ ‹ ’ “ ’ “È È È È ÈŠ ‹ Š ‹# # #
"

!

 2 ln 1 2œ � �È ÈŠ ‹
36. (t) t 2t t , 0 t 2  2 t   1 4 t 5 t;r i j k i j kœ � � Ÿ Ÿ Ê œ � � Ê œ � � œ �2 d d

3 dt dt
$Î# "Î#r r¸ ¸ È È

 M   ds 3 5 t 5 t  dt 3(5 t) dt (5 t) 7 5 (24) 36;œ œ � � œ � œ � œ � œ œ' ' '
C 0 0

2 2

$ ˆ ‰ ˆ ‰ � ‘È È a b3 3 3
2

# # ##

! # #

 M  x  ds t[3(5 t)] dt 15t 3t  dt t t 30 8 38;yz
5

2œ œ � œ � œ � œ � œ' ' '
C 0 0

2 2

$ a b � ‘# # $" #

!

 M  y  ds 2t[3(5 t)] dt 2 15t 3t  dt 76; M   z  ds t [3(5 t)] dtxz xy
2
3œ œ � œ � œ œ œ �' ' ' ' '

C 0 0 C 0

2 2 2

$ $a b# $Î#

 10t 2t  dt 4t t 4(2) (2) 16 2 2 2  xœ � œ � œ � œ � œ Ê œ'
0

2ˆ ‰ � ‘ È È È$Î# &Î# &Î# (Î# &Î# (Î##

!
4 4 32 144
7 7 7 7 M

Myz

 , y , and z 2œ œ œ œ œ œ œ œ38 19 76 19 4
36 18 M 36 9 M 7 36 7

M M 144 2xz xy È
†

È
37. Let x a cos t and y a sin t, 0 t 2 .  Then a sin t, a cos t, 0œ œ Ÿ Ÿ œ � œ œ1 dx dz

dt dt dt
dy

   dt a dt; I  x y  ds a  sin t a  cos t a  dtÊ � � œ œ � œ �Êˆ ‰ ˆ ‰Š ‹ a b a bdx dz
dt dt dt

dy
z

# ##
# # # # # #' '

C 0

2

$ $
1

 a  dt 2 a .œ œ'
0

21
$ $$ 1$

38. (t) t (2 2t) , 0 t 1  2   5; M   ds 5 dt 5;r j k j kœ � � Ÿ Ÿ Ê œ � Ê œ œ œ œd d
dt dt
r r¸ ¸ È È È' '

C 0

1

$ $ $

 I  y z  ds t (2 2t) 5 dt 5t 8t 4 5 dt 5 t 4t 4t 5 ;x
5 5
3 3œ � œ � � œ � � œ � � œ' ' '

C 0 0

1 1a b c d a bÈ È È È� ‘# # # # # $ # "

!
$ $ $ $ $
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 I  x z  ds 0 (2 2t) 5 dt 4t 8t 4 5 dt 5 t 4t 4t 5 ;y
4 4
3 3œ � œ � � œ � � œ � � œ' ' '

C 0 0

1 1a b c d a bÈ È È È� ‘# # # # # $ # "

!
$ $ $ $ $

 I  x y  ds 0 t 5 dt 5 5z C 0

1

œ � œ � œ œ' 'a b a b È È È’ “# # # #
"

!

"$ $ $ $t
3 3

$

39. (t) (cos t) (sin t) t , 0 t 2   ( sin t) (cos t)   sin t cos t 1 2;r i j k i j kœ � � Ÿ Ÿ Ê œ � � � Ê œ � � œ1 d d
dt dt
r r¸ ¸ È È# #

 (a) I  x y  ds cos t sin t 2 dt 2 2z C 0

2

œ � œ � œ' 'a b a b È È# # # #$ $ 1$
1

 (b) I  x y  ds 2 dt 4 2z C 0

4

œ � œ œ' 'a b È È# # $ $ 1$
1

40. (t) (t cos t) (t sin t) t , 0 t 1  (cos t t sin t) (sin t t cos t) 2t r i j k i j kœ � � Ÿ Ÿ Ê œ � � � �2 2
3 dt

dÈ $Î# r È
  (t 1) t 1 for 0 t 1; M   ds (t 1) dt (t 1) 2 1 ;Ê œ � œ � Ÿ Ÿ œ œ � œ � œ � œ¸ ¸ � ‘È a bd 3

dt 2
r # " "# # #"

! # #
' '

C 0

1

$

 M  z  ds t (t 1) dt t t  dt t txy
2 2 2 2 2 2

3 3 3 7 5
2 2œ œ � œ � œ �' ' '

C 0 0

1 1

$ Š ‹ ˆ ‰ � ‘È È È$Î# &Î# $Î# (Î# &Î# "

!

   z ; I  x y  dsœ � œ œ Ê œ œ œ œ �2 2 2 2 16 2 16 2 32 2
3 7 5 3 35 35 M 35 3 105

2 2 24 2M
z

È È È È Èˆ ‰ ˆ ‰ ˆ ‰Š ‹ a bxy '
C

# # $

 t  cos t t  sin t (t 1) dt t t  dtœ � � œ � œ � œ � œ' '
0 0

1 1a b a b ’ “# # # # $ #
"

!

" "t t 7
4 3 4 3 12

% $

41. (x y z) 2 z and (t) (cos t) (sin t) , 0 t   M 2 2 as found in Example 3 of the text;$ 1 1ß ß œ � œ � Ÿ Ÿ Ê œ �r j k

 also 1; I  y z  ds cos t sin t (2 sin t) dt (2 sin t) dt 2 2¸ ¸ a b a bd
dt x
r œ œ � œ � � œ � œ �' ' '

C 0 0

# # # #$ 1
1 1

42. (t) t t , 0 t 2  2 t t   1 2t t (1 t) 1 t forr i j k i j kœ � � Ÿ Ÿ Ê œ � � Ê œ � � œ � œ �2 2
3 dt dt

t d dÈ $Î# "Î#
#

# #
# r rÈ È¸ ¸ È

 0 t 2; M   ds (1 t) dt dt 2; M  x  ds t (1 t) dt 2;Ÿ Ÿ œ œ � œ œ œ œ � œ œ' ' ' ' '
C 0 0 C 0

2 2 2

yz$ $ˆ ‰ ˆ ‰ ’ “" "
� �

#

!t 1 t 1 2
t#

 M  y  ds t  dt t ; M  z  ds  dt   x 1,xz
2 2 4 2

3 15 15 6 3 M
32 t t M

œ œ œ œ œ œ œ œ Ê œ œ' ' ' '
C 0 C 0

2 2

xy$ $
È È$Î# &Î#

# #

! !#
%’ “ ’ “# $ yz

 y , and z ; I  y z  ds t t  dt t ;œ œ œ œ œ � œ � œ � œ � œM
M 15 M 3 9 4 9 20 9 20 45

16 8 2 t 32 32 232M
x

xz xy # "# # $ % %
#

!

' '
C 0

2a b ˆ ‰ ’ “$
&

 I x z  ds t t  dt ; I x y  dsy zC 0 C

2

œ � œ � œ � œ � œ œ �' ' 'a b a bˆ ‰ ’ “# # # % # #"
#

!
$ $4 3 20 3 20 15

t t 8 32 64$ &

 t t  dt tœ � œ � œ � œ'
0

2ˆ ‰ ’ “# $ %
#

!

8 t 2 8 32 56
9 3 9 3 9 9

$

43-46. Example CAS commands:
 :Maple
 f := (x,y,z) -> sqrt(1+30*x^2+10*y);
 g := t -> t;
 h := t -> t^2;
 k := t -> 3*t^2;
 a,b := 0,2;
 ds := ( D(g)^2 + D(h)^2 + D(k)^2 )^(1/2):                            # (a)
 'ds' = ds(t)*'dt';
 F := f(g,h,k):                                                                            # (b)
 'F(t)' = F(t);
 Int( f, s=C..NULL ) = Int( simplify(F(t)*ds(t)), t=a..b );    # (c)
 `` = value(rhs(%));
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 : (functions and domains may vary)Mathematica
 Clear[x, y, z, r, t, f]

 f[x_,y_,z_]:= Sqrt[1 30x 10y]� �2

 {a,b}= {0, 2};
 x[t_]:= t

 y[t_]:= t2

 z[t_]:= 3t2

 r[t_]:= {x[t], y[t], z[t]}
 v[t_]:= D[r[t], t]
 mag[vector_]:=Sqrt[vector.vector]
 Integrate[f[x[t],y[t],z[t]] mag[v[t]], {t, a, b}]
 N[%]

16.2  VECTOR FIELDS, WORK, CIRCULATION, AND FLUX

 1. f(x y z) x y z   x y z (2x) x x y z ; similarly,ß ß œ � � Ê œ � � � œ � � �a b a b a b# # # # # # # # #�"Î# �$Î# �$Î#` "
` #

f
x

 y x y z  and z x y z   f` `
` `

# # # # # #�$Î# �$Î# � � �

� �

f f
y z

x y z

x y z
œ � � � œ � � � Ê œa b a b ™

i j k
a b# # # $Î#

 2. f(x y z) ln x y z  ln x y z   (2x) ;ß ß œ � � œ � � Ê œ œÈ a b Š ‹# # # " ` " "
# ` # � � � �

# # # f x
x x y z x y z# # # # # #

 similarly,  and   f` `
` � � ` � � � �

� �f f z
y x y z z x y z x y z

y x y zœ œ Ê œ# # # # # # # # #™
i j k

 3. g(x y z) e ln x y   ,  and eß ß œ � � Ê œ � œ � œz zg g 2y g
x x y y x y z

2xa b# # ` ` `
` � ` � `# # # #

  g eÊ œ � �™ Š ‹ Š ‹�
� �
2x

x y x y
2y

# # # #i j kz

 4. g(x y z) xy yz xz  y z, x z, and y x  g (y z) ( z) (x y)ß ß œ � � Ê œ � œ � œ � Ê œ � � B � � �` ` `
` ` `

g g g
x y z ™ i j k

 5.  inversely proportional to the square of the distance from (x y) to the origin  (M(x y)) (N(x y))k k ÈF ß Ê ß � ß# #

 , k 0;  points toward the origin   is in the direction of œ � Ê œ �k x
x y x y x y

y
# # # # # #�

�
� �

F F n i jÈ È
  a , for some constant a 0.  Then M(x y)  and N(x y)Ê œ � ß œ ß œF n �

� �

�ax
x y x y

ayÈ È# # # #

  (M(x y)) (N(x y)) a  a   , for any constant k 0Ê ß � ß œ Ê œ Ê œ � �È # #
�

�

� �

k kx
x y x y x y

ky
# #

# # # #$Î# $Î#F i ja b a b

 6. Given x y a b , let x a b  cos t and y a b  sin t.  Then# # # # # # # #� œ � œ � œ � �È È
 a b  cos t a b  sin t  traces the circle in a clockwise direction as t goes from 0 to 2r i jœ � � �Š ‹ Š ‹È È# # # # 1

  a b  sin t a b  cos t  is tangent to the circle in a clockwise direction.  Thus, letÊ œ � � � �v i jŠ ‹ Š ‹È È# # # #

   y x  and (0 0) .F v F i j F 0œ Ê œ � ß œ

 7. Substitute the parametric representations for (t) x(t) y(t) z(t)  representing each path into the vectorr i j kœ � �

 field , and calculate   .F F'
C

† d
dt
r

 (a) 3t 2t 4t  and   9t  9t dtF i j k i j k Fœ � � œ � � Ê œ Ê œd d 9
dt dt
r r† '

0

1

#

 (b) 3t 2t 4t  and 2t 4t   7t 16t   7t 16t  dt t 2tF i j k i j k Fœ � � œ � � Ê œ � Ê � œ �# % $ # ( # ( $ ) "

!
d d 7
dt dt 3
r r† '

0

1a b � ‘
 2œ � œ7 13

3 3

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



 Section 16.2 Vector Fields, Work, Circulation, and Flux 945

 (c) t t  and t ; 3t 2t  and   5t  5t dt ;r i j r i j k F i j i j F" # " " #œ � œ � � œ � œ � Ê œ Ê œd d
dt dt

5r r" "† '
0

1

 3 2 4t  and   4t  4t dt 2  2F i j k k F# # # #œ � � œ Ê œ Ê œ Ê � œd d
dt dt

5 9r r# #† '
0

1

 8. Substitute the parametric representation for (t) x(t) y(t) z(t)  representing each path into the vectorr i j kœ � �

 field , and calculate   .F F'
C

† d
dt
r

 (a)  and  dt tan tF j i j k Fœ œ � � Ê œ Ê œ œˆ ‰ c d" " "
� � �

�" "
!t 1 dt dt t 1 t 1 4

d d
# # #

r r† '
0

1
1

 (b)  and 2t 4t  dt ln t 1 ln 2F j i j k Fœ œ � � Ê œ Ê œ � œˆ ‰ c da b"
� � �

$ # "
!t 1 dt dt t 1 t 1

d d 2t 2t
# # #

r r† '
0

1

 (c) t t  and t ;  and ;  and r i j r i j k F j i j F F j k" # " " #
" " "
� � #œ � œ � � œ œ � Ê œ œ œˆ ‰

t 1 dt dt t 1 dt
d d d

# #

" " #r r r
†

  0  dtÊ œ Ê œF#
"
�†

d
dt t 1 4
r#

#
'

0

1
1

 9. Substitute the parametric representation for (t) x(t) y(t) z(t)  representing each path into the vectorr i j kœ � �

 field , and calculate   .F F'
C

† d
dt
r

 (a) t 2t t  and   2 t 2t  2 t 2t dt t tF i j k i j k Fœ � � œ � � Ê œ � Ê � œ � œÈ È È Èˆ ‰ � ‘d d 4
dt dt 3 3
r r† '

0

1
$Î# # "

!
"

 (b) t 2t t  and 2t 4t   4t 3t   4t 3t  dt t tF i j k i j k Fœ � � œ � � Ê œ � Ê � œ � œ �# $ % # % # & $ "

!
"d d 4

dt dt 5 5
r r† '

0

1a b � ‘
 (c) t t  and t ; 2t t  and   2t  2t dt 1;r i j r i j k F j k i j F" # " "œ � œ � � œ � � œ � Ê œ � Ê � œ �È d d

dt dt
r r" "† '

0

1

 t 2  and   1  dt 1  1 1 0F i j k k F# #œ � � œ Ê œ Ê œ Ê � � œÈ d d
dt dt
r r# #† '

0

1

10. Substitute the parametric representation for (t) x(t) y(t) z(t)  representing each path into the vectorr i j kœ � �

 field , and calculate   .F F'
C

† d
dt
r

 (a) t t t  and   3t  3t  dt 1F i j k i j k Fœ � � œ � � Ê œ Ê œ# # # # #d d
dt dt
r r† '

0

1

 (b) t t t  and 2t 4t   t 2t 4t  t 2t 4t  dtF i j k i j k Fœ � � œ � � Ê œ � � Ê � �$ ' & $ $ ( ) $ ( )d d
dt dt
r r† '

0

1a b
 tœ � � œ’ “t t 4 17

4 4 9 18

% ) *
"

!

 (c) t t  and t ; t  and   t  t  dt ;r i j r i j k F i i j F" # " "
# # # "œ � œ � � œ œ � Ê œ Ê œd d

dt dt 3
r r" "† '

0

1

 t t  and   t t dt   F i j k k F# #
" " "
# #œ � � œ Ê œ Ê œ Ê � œd d

dt dt 3 6
5r r# #† '

0

1

11. Substitute the parametric representation for (t) x(t) y(t) z(t)  representing each path into the vectorr i j kœ � �

 field , and calculate  .F F'
C

† d
dt
r

 (a) 3t 3t 3t  and   3t 1  3t 1  dt t t 2F i j k i j k Fœ � � � œ � � Ê œ � Ê � œ � œa b a b c d# # # $ "
!

d d
dt dt
r r† '

0

1

 (b) 3t 3t 3t  and 2t 4t   6t 4t 3t 3tF i j k i j k Fœ � � � œ � � Ê œ � � �a b# % $ & $ #d d
dt dt
r r†

  6t 4t 3t 3t  dt t t t tÊ � � � œ � � � œ'
0

1a b � ‘& $ # ' % $ #
# #

"

!
3 3

 (c) t t  and t ; 3t 3t  and   3t 3tr i j r i j k F i k i j F" # " "
# #œ � œ � � œ � � œ � Ê œ �a b d d

dt dt
r r" "†

  3t 3t  dt t t ; 3t  and   1  dt 1Ê � œ � œ � œ � œ Ê œ Ê œ' '
0 0

1 1a b � ‘# $ # "

!
"
# # #

3
2 dt dt

d dF j k k Fr r# #†

 1Ê � � œ"
#

1
2

12. Substitute the parametric representation for (t) x(t) y(t) z(t)  representing each path into the vectorr i j kœ � �

 field , and calculate   .F F'
C

† d
dt
r

 (a) 2t 2t 2t  and   6t  6t dt 3t 3F i j k i j k Fœ � � œ � � Ê œ Ê œ œd d
dt dt
r r† '

0

1 c d# "
!
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 (b) t t t t t t  and 2t 4t   6t 5t 3tF i j k i j k Fœ � � � � � œ � � Ê œ � �a b a b a b# % % # $ & % #d d
dt dt
r r†

 6t 5t 3t  dt t t t 3Ê � � œ � � œ'
0

1a b c d& % # ' & $ "
!

 (c) t t  and t ; t t 2t  and   2t 2t dt ;r i j r i j k F i j k i j F" # " "œ � œ � � œ � � œ � Ê œ Ê œ "d d
dt dt
r r" "† '

0

1

  (1 t) (t 1) 2  and   2 2 dt 2  2 3F i j k k F# #œ � � � � œ Ê œ Ê œ Ê "� œd d
dt dt
r r# #† '

0

1

13. x t, y 2t 1, 0 t 3 dx dt  x y  dx t 2t 1  dt t 1  dt t tœ œ � Ÿ Ÿ Ê œ Ê � œ � � œ � � œ � � œ �' ' '
C 0 0

3 3a b a b a ba b � ‘"
# !

2 3 15
2

14. x t, y t , 1 t 2 dy 2t dt   dy 2t dt 2 dt 2t 2œ œ Ÿ Ÿ Ê œ Ê œ œ œ œ2 x t
y t

' ' '
C 1 1

2 2

1
2

2 a b c d
15. C : x t, y 0, 0 t 3 dy 0; C : x 3, y t, 0 t 3 dy dt  x y  dy1 2

2 2œ œ Ÿ Ÿ Ê œ œ œ Ÿ Ÿ Ê œ Ê �'
C
a b

 x y  dx x y  dx t 0 0 3 t dt 9 t dt 9t t 36œ � � � œ � † � � œ � œ � œ' ' ' ' '
C C 0 0 0

3 3 3

1 2
a b a b a b a b a b � ‘2 2 2 2 2 2 2 2 2 31

3
3

!

16. C : x t, y 3t, 0 t 1 dx dt; C : x 1 t, y 3, 0 t 1 dx dt; C : x 0, y 3 t, 0 t 31 2 3œ œ Ÿ Ÿ Ê œ œ � œ Ÿ Ÿ Ê œ � œ œ � Ÿ Ÿ

 dx 0  x y dx  x y dx  x y dx  x y dxÊ œ Ê � œ � � � � �' ' ' '
C C C C
È È È È

1 2 3

 t 3t dt 1 t 3 1 dt 0 3 t 0 2 t dt 4 t dtœ � � � � � � � � † œ � �' ' ' ' '
0 0 0 0 0

1 1 3 1 1È È Èa b a b a b È È
 t 4 t 2 3 2 3 4œ � � œ � � œ �� ‘ ’ “ Š ‹a b È È4 2 4 16

3 3 3 3
2 3 1 2 3

1
Î

!
Î

!

17. t t t , 0 t 1 dx dt, dy 0, dz 2t dtr i j ka b œ � � Ÿ Ÿ Ê œ œ œ2

 (a)  x y z  dx t 1 t dt t t t' '
C
a b a b � ‘� � œ � � œ � � œ �

0

1 12 2 31 1 5
2 3 6!

 (b)  x y z  dy t 1 t 0 0' '
C
a b a b� � œ � � † œ

0

1
2

 (c)  x y z  dz t 1 t 2t dt 2t 2t 2t dt t t t' ' '
C
a b a b a b � ‘� � œ � � œ � � œ œ � � œ �

0 0

1 1 12 2 3 3 2 42 1 5
3 2 6!

18. t cos t sin t cos t , 0 t dx sin t dt, dy cos t dt, dz sin t dtr i j ka b œ � Ÿ Ÿ Ê œ � œ œa b a b a b� 1

 (a)  x z dx cos t cos t sin t dt cos t sin tdt cos t' ' '
C

œ � � œ œ � œ
0 0

1 1 1a b a ba b a b’ “2 1 2
3 3

3

!

 (b)  x z dy cos t cos t cos t dt cos t dt 1 sin t cos t dt sin t sin t 0' ' ' '
C

œ � œ � œ � � œ � œ
0 0 0

1 1 1 1a b a ba b a b a b’ “3 2 1
3

3

!

 (c)  x y z dz cos t sin t cos t sin t dt cos t sin t dt sin 2t dt dt' ' ' ' '
C

œ � œ � œ � œ �
0 0 0 0

1 1 1 1a ba b a ba b 2 2 21 1 1 cos 4t
4 4 2

�

 1 cos 4t dt t sin 4tœ � � œ � � œ �1 1 1
8 8 32 8
'

0

1
1a b � ‘
!

1

19. t t t , 0 t 1, and xy y yz   t t t  and 2tr i j k F i j k F i j k i j kœ � � Ÿ Ÿ œ � � Ê œ � � œ � �# $ # $ d
dt
r

  2t    work 2t  dtÊ œ Ê œ œF † d
dt
r $ $ "

#
'

0

1

20. (cos t) (sin t) , 0 t 2 , and 2y 3x (x y)r i j k F i j kœ � � Ÿ Ÿ œ � � �t
6 1

  (2 sin t) (3 cos t) (cos t sin t)  and (  sin t) (cos t)   Ê œ � � � œ � � � ÊF i j k i j k Fd d
dt 6 dt
r r" †

 3 cos t 2sin  t  cos t  sin t  work 3 cos t 2 sin  t  cos t  sin t  dtœ � � � Ê œ � � �# #" " " "2 2
6 6 6 6

'
0

21ˆ ‰
 t  sin 2t t  sin t  cos tœ � � � � � œ� ‘3 3 sin 2t

2 4 2 6 6
" " #

!

1
1
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21. (sin t) (cos t) t , 0 t 2 , and z x y    t (sin t) (cos t)  andr i j k F i j k F i j kœ � � Ÿ Ÿ œ � � Ê œ � �1

 (cos t) (sin t)    t cos t sin t cos t  work t cos t sin t cos t  dtd d
dt dt
r rœ � � Ê œ � � Ê œ � �i j k F † # #'

0

21a b
 cos t t sin t sin tœ � � � � œ �� ‘t sin 2t

2 4
#

!

1
1

22. (sin t) (cos t) , 0 t 2 , and 6z y 12x    t cos t (12 sin t)  andr i j k F i j k F i j kœ � � Ÿ Ÿ œ � � Ê œ � �t
6 1 # #a b

 (cos t) (sin t)    t cos t sin t cos t 2 sin td d
dt 6 dt
r rœ � � Ê œ � �i j k F" #†

 work t cos t sin t cos t 2 sin t  dt cos t t sin t  cos t 2 cos t 0Ê œ � � œ � � � œ'
0

21a b � ‘# $ #

!
1
3

1

23. x t and y x t   t t , 1 t 2, and xy (x y)   t t t  andœ œ œ Ê œ � � Ÿ Ÿ œ � � Ê œ � �# # # $ #r i j F i j F i ja b
 2t   t 2t 2t 3t 2t  xy dx (x y) dy   dt 3t 2t  dtd d d

dt dt dt
r r rœ � Ê œ � � œ � Ê � � œ œ �i j F F† †$ # $ $ # $ #a b a b' ' '

C C �"

#

 t t 12œ � œ � � � œ � œ� ‘ ˆ ‰ ˆ ‰3 2 16 3 2 45 18 69
4 3 3 4 3 4 3 4

% $ #

�"

24. Along (0 0) to (1 0):  t , 0 t 1, and (x y) (x y)   t t  and   t;ß ß œ Ÿ Ÿ œ � � � Ê œ � œ Ê œr i F i j F i j i Fd d
dt dt
r r†

 Along (1 0) to (0 1):  (1 t) t , 0 t 1, and (x y) (x y)   (1 2t)  andß ß œ � � Ÿ Ÿ œ � � � Ê œ � �r i j F i j F i j

   2t;d d
dt dt
r rœ � � Ê œi j F †

 Along (0 1) to (0 0):  (1 t) , 0 t 1, and (x y) (x y)   (t 1) (1 t)  andß ß œ � Ÿ Ÿ œ � � � Ê œ � � �r j F i j F i j

 t 1  (x y) dx (x y) dy t dt 2t dt (t 1) dt (4t 1) dtd d
dt dt
r rœ � Ê œ � Ê � � � œ � � � œ �j F † ' ' ' ' '

C 0 0 0 0

1 1 1 1

 2t t 2 1 1œ � œ � œc d# "
!

25. x y y y , 2 y 1, and x y y y   2y  and 2y yr i j i j F i j i j i j Fœ � œ �     � œ � œ � Ê œ � œ �# # % &d d
dy dy

r r†

    ds  dy 2y y  dy y yÊ œ œ � œ � œ � � � œ � œ �' ' '
C 2 2

1 1

F T F† †
� �

d 64 4 3 63 39
dy 3 3 3 3

r a b � ‘ ˆ ‰ ˆ ‰& ' #" " " "
# # # # #

�"

#

26. (cos t) (sin t) , 0 t , and y x   (sin t) (cos t)  and ( sin t) (cos t)r i j F i j F i j i jœ � Ÿ Ÿ œ � Ê œ � œ � �1
#

d
dt
r

 F F rÊ † †d
dt
r œ � � œ � Ê œ � œ �sin t cos t 1   d ( 1) dt# #

#
' '

C 0

21Î
1

27. ( ) t( 2 ) (1 t) (1 2t) , 0 t 1, and xy (y x)   1 3t 2t t  andr i j i j i j F i j F i jœ � � � œ � � � Ÿ Ÿ œ � � Ê œ � � �a b#
 2   1 5t 2t   work   dt 1 5t 2t  dt t t td d d 5 2 25

dt dt dt 2 3 6
r r rœ � Ê œ � � Ê œ œ � � œ � � œi j F F† †# # # $ "

!
' '

C 0

1a b � ‘
28. (2 cos t) (2 sin t) , 0 t 2 , and f 2(x y) 2(x y)r i j F i jœ � Ÿ Ÿ œ œ � � �1 ™

  4(cos t sin t) 4(cos t sin t)  and ( 2 sin t) (2 cos t)   Ê œ � � � œ � � ÊF i j i j Fd d
dt dt
r r†

 8 sin t cos t sin t 8 cos t cos t sin t 8 cos t sin t 8 cos 2t  work  f dœ � � � � œ � œ Ê œa b a b a b# # # # '
C
™ † r

   dt 8 cos 2t dt 4 sin 2t 0œ œ œ œ' '
C 0

2

F † d
dt
r

1 c d #!1
29. (a) (cos t) (sin t) , 0 t 2 , x y , and y x   ( sin t) (cos t) ,r i j F i j F i j i jœ � Ÿ Ÿ œ � œ � � Ê œ � �1 " #

d
dt
r

 (cos t) (sin t) , and ( sin t) (cos t)   0 and sin t cos t 1F i j F i j F F" # " #
# #œ � œ � � Ê œ œ � œ† †d d

dt dt
r r

  Circ 0 dt 0 and Circ dt 2 ; (cos t) (sin t)   cos t sin t 1 andÊ œ œ œ œ œ � Ê œ � œ" # "
# #' '

0 0

2 21 1

1 n i j F n†

 0  Flux dt 2  and Flux 0 dt 0F n# " #† œ Ê œ œ œ œ' '
0 0

2 21 1

1

 (b) (cos t) (4 sin t) , 0 t 2   ( sin t) (4 cos t) , (cos t) (4 sin t) , andr i j i j F i jœ � Ÿ Ÿ Ê œ � � œ �1 d
dt
r

"

 ( 4 sin t) (cos t)   15 sin t cos t and 4  Circ 15 sin t cos t dtF i j F F# " # "œ � � Ê œ œ Ê œ† †d d
dt dt
r r '

0

21

  sin t 0 and Circ 4 dt 8 ;  cos t  sin t   œ œ œ œ œ � Ê� ‘ Š ‹ Š ‹" "# #

! # "
5 4

2 17 17

1 '
0

21

1 n i j F nÈ È †
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  cos t  sin t and  sin t cos t  Flux ( )  dt 17 dtœ � œ � Ê œ œ4 4 15 4
17 17 17 17È È È È# #

# " "F n F n v† †' '
0 0

2 21 1k k Š ‹È
 8  and Flux ( )  dt  sin t cos t  17 dt  sin t 0œ œ œ � œ � œ1 # #

# #

!
' '

0 0

2 21 1

F n v† k k Š ‹ È � ‘15 15
17 2È

1

30. (a cos t) (a sin t) , 0 t 2 , 2x 3y , and 2x (x y)   ( a sin t) (a cos t) ,r i j F i j F i j i jœ � Ÿ Ÿ œ � œ � � Ê œ � �1 " #
d
dt
r

 (2a cos t) (3a sin t) , and (2a cos t) (a cos t a sin t)    (a cos t) (a sin t) ,F i j F i j n v i j" #œ � œ � � Ê œ �k k
  2a  cos t 3a  sin t, and  2a  cos t a  sin t cos t a  sin tF n v F n v" #

# # # # # # # # #† †k k k kœ � œ � �

  Flux 2a  cos t 3a  sin t  dt 2a 3a a , andÊ œ � œ � � � œ �"
# # # # # # ## #

! !
'

0

21a b � ‘ � ‘t sin 2t t sin 2t
2 4 2 4

1 1
1

 Flux 2a  cos t a  sin t cos t a  sin t  dt 2a sin t a a#
# # # # # # # # ## #

! !#

#
!œ � � œ � � � � œ'

0

21a b c d� ‘ � ‘t sin 2t a t sin 2t
2 4 2 4

1 11#

1

31. (a cos t) (a sin t) , ( a sin t) (a cos t)   0  Circ 0; M a cos t,F i j i j F" " " "œ � œ � � Ê œ Ê œ œd d
dt dt
r r" "†

 N a sin t, dx a sin t dt, dy a cos t dt  Flux  M  dy N  dx a  cos t a  sin t  dt" " " "
# # # #œ œ � œ Ê œ � œ �' '

C 0

1a b
 a  dt a ;œ œ'

0

1

# #1

 t ,   t  Circ t dt 0; M t, N 0, dx dt, dy 0  FluxF i i F# # # # # #œ œ Ê œ Ê œ œ œ œ œ œ Êd d
dt dt
r r# #† '

�a

a

  M  dy N  dx 0 dt 0; therefore, Circ Circ Circ 0 and Flux Flux Flux aœ � œ œ œ � œ œ � œ' '
C a

a

# # " # " #
#

�

1

32. a  cos t a  sin t , ( a sin t) (a cos t)   a  sin t cos t a  cos t sin tF i j i j F" "
# # # # $ # $ #œ � œ � � Ê œ � �a b a b d d

dt dt
r r" "†

  Circ a  sin t cos t a  cos t sin t  dt ; M a  cos t, N a  sin t, dy a cos t dt,Ê œ � � œ � œ œ œ" " "
$ # $ # # # # #'

0

1a b 2a
3

$

 dx a sin t dt  Flux  M  dy N  dx a  cos t a  sin t  dt a ;œ � Ê œ � œ � œ" " "
$ $ $ $ $' '

C 0

1a b 4
3

 t ,   t   Circ t  dt ; M t , N 0, dy 0, dx dtF i i F# # # # #
# # # #œ œ Ê œ Ê œ œ œ œ œ œd d

dt dt 3
2ar r# #

$

† '
�a

a

  Flux  M  dy N  dx 0; therefore, Circ Circ Circ 0 and Flux Flux Flux aÊ œ � œ œ � œ œ � œ# # # " # " #
$'

C

4
3

33. ( a sin t) (a cos t) , ( a sin t) (a cos t)   a  sin t a  cos t aF i j i j F" "
# # # # #œ � � œ � � Ê œ � œd d

dt dt
r r" "†

  Circ a  dt a ; M a sin t, N a cos t, dx a sin t dt, dy a cos t dtÊ œ œ œ � œ œ � œ" " "
# #'

0

1

1

  Flux  M  dy N  dx a  sin t cos t a  sin t cos t  dt 0; t ,   0Ê œ � œ � � œ œ œ Ê œ" " " # #
# #' '

C 0

1a b F j i Fd d
dt dt
r r# #†

  Circ 0; M 0, N t, dx dt, dy 0  Flux  M  dy N  dx t dt 0; therefore,Ê œ œ œ œ œ Ê œ � œ � œ# # # # # #
' '

C a

a

�

 Circ Circ Circ a  and Flux Flux Flux 0œ � œ œ � œ" # " #
#1

34. a  sin t a  cos t , ( a sin t) (a cos t)   a  sin t a  cos tF i j i j F" "
# # # # $ $ $ $œ � � œ � � Ê œ �a b a b d d

dt dt
r r" "†

  Circ a  sin t a  cos t  dt a ; M a  sin t, N a  cos t, dy a cos t dt, dx a sin t dtÊ œ � œ œ � œ œ œ �" " "
$ $ $ $ $ # # # #'

0

1a b 4
3

  Flux  M  dy N  dx a  cos t sin t a  sin t cos t  dt a ; t ,   0Ê œ � œ � � œ œ œ Ê œ" " " # #
$ # $ # $ #' '

C 0

1a b 2
3 dt dt

d dF j i Fr r# #†

  Circ 0; M 0, N t , dy 0, dx dt  Flux  M  dy N  dx t  dt a ; therefore,Ê œ œ œ œ œ Ê œ � œ � œ �# # # # # #
# # $' '

C a

a

�

2
3

 Circ Circ Circ a  and Flux Flux Flux 0œ � œ œ � œ" # " #
$4

3

35. (a) (cos t) (sin t) , 0 t , and (x y) x y   ( sin t) (cos t)  andr i j F i j i jœ � Ÿ Ÿ œ � � � Ê œ � �1 a b# # d
dt
r

 (cos t sin t) cos t sin t   sin t cos t sin t cos t   dsF i j F F Tœ � � � Ê œ � � � Êa b# # #† †d
dt
r '

C

 sin t cos t sin t cos t  dt  sin t sin tœ � � � œ � � � � œ �'
0

1a b � ‘# #"
# #!2 4
t sin 2t 1 1

 (b) (1 2t) , 0 t 1, and (x y) x y   2  and (1 2t) (1 2t)  r i F i j i F i jœ � Ÿ Ÿ œ � � � Ê œ � œ � � � Êa b# # #d
dt
r

 4t 2   ds (4t 2) dt 2t 2t 0F F T† †d
dt
r œ � Ê œ � œ � œ' '

C 0

1 c d# "
!
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 (c) (1 t) t , 0 t 1, and (x y) x y    and (1 2t) 1 2t 2tr i j F i j i j F i j"
# # #œ � � Ÿ Ÿ œ � � � Ê œ � � œ � � � �a b a bd

dt
r"

  (2t 1) 1 2t 2t 2t   Flow 2t  dt ; t (t 1) ,Ê œ � � � � œ Ê œ œ œ œ � � �F F r i j† †
d d
dt dt 3

2r r" a b# # #
" #

' '
C 0

1

"

"

 0 t 1, and (x y) x y    and t t 2t 1Ÿ Ÿ œ � � � Ê œ � � œ � � � � �F i j i j F i ja b a b# # # #d
dt
r#

 2t 2t 1   1 2t 2t 1 2t 2t   Flow 2t 2t  dtœ � � � � Ê œ � � � œ � Ê œ œ �i j F Fa b a b a b# # # #
#† †

d d
dt dt
r r# #' '

C 0

1

#

 t t   Flow Flow Flow 1œ � œ Ê œ � œ � œ� ‘# $ "

!
" "

" #
2 2
3 3 3 3

36. From (1 0) to (0 1):  (1 t) t , 0 t 1, and (x y) x y   ,ß ß œ � � Ÿ Ÿ œ � � � Ê œ � �r i j F i j i j"
# #a b d

dt
r"

 1 2t 2t , and     2t 2t   Flux 2t 2t  dtF i j n v i j F n vœ � � � œ � Ê œ � Ê œ �a b k k k k a b# # #
" " " "† "

'
0

1

 t t  ;œ � œ� ‘# $ "

!
"2

3 3

 From (0 1) to ( 1 0):  t (1 t) , 0 t 1, and (x y) x y   ,ß � ß œ � � � Ÿ Ÿ œ � � � Ê œ � �r i j F i j i j#
# #a b d

dt
r#

 (1 2t) 1 2t 2t , and     (2t 1) 1 2t 2t 2 4t 2tF i j n v i j F n vœ � � � � œ � � Ê œ � � � � � œ � � �a b k k k k a b# # #
# # # #†

  Flux 2 4t 2t  dt 2t 2t t  ;Ê œ � � � œ � � � œ �#
# # $ "

!
'

0

1a b � ‘2 2
3 3

 From ( 1 0) to (1 0):  ( 1 2t) , 0 t 1, and (x y) x y   2 ,� ß ß œ � � Ÿ Ÿ œ � � � Ê œr i F i j i$
# #a b d

dt
r$

 ( 1 2t) 1 4t 4t , and  2    2 1 4t 4tF i j n v j F n vœ � � � � � œ � Ê œ � �a b k k k k a b# #
$ $ $ $†

  Flux 2 1 4t 4t  dt 2 t 2t t   Flux Flux Flux FluxÊ œ � � œ � � œ Ê œ � � œ � � œ$ " # $
# # $ "

!
" "'

0

1a b � ‘4 2 2 2
3 3 3 3 3 3

37. (a) y 2x, 0 x 2 t t 2t , 0 t 2 2t 2t 2 t 2t 2œ Ÿ Ÿ Ê œ Ÿ Ÿ Ê œ Ê œ �r i j i j F i j i ja b � � † † �d d
dt dt

2r r Š ‹a b a ba b a b
 4t 8t 12t  Flow   dt 12t  dt 4t 32œ � œ Ê œ œ œ œ2 2 2 2 3d

dt
2' '

C 0

2

F † r c d !
 (b) y x , 0 x 2 t t t , 0 t 2 2t t 2 t t 2tœ Ÿ Ÿ Ê œ Ÿ Ÿ Ê œ Ê œ �2 2 2 2d d

dt dt
2r i j i j F i j i ja b � � † † �r r Š ‹a b a ba b a b

 t 4t 5t  Flow   dt 5t  dt t 32œ � œ Ê œ œ œ œ4 4 4 4 5d
dt

2' '
C 0

2

F † r c d !
 (c) answers will vary, one possible path is y x , 0 x 2 t t t , 0 t 2 3tœ Ÿ Ÿ Ê œ Ÿ Ÿ Ê œ1 d

2 dt
3 3 2r i j i ja b � �"

#

r

 t 2 t t 3t t t t  Flow   dt t  dt tÊ œ � œ � œ Ê œ œ œF i j i j F† † � †d 1 3 7 d 7 1
dt 4 2 4 dt 4 4

3 3 2 6 6 6 6 72 2r rŠ ‹ˆ ‰ ˆ ‰ � ‘a b a b" "

# #
' '

C 0

2

!

 32œ

38. (a) C : t 1 t , 0 t 2 1 1 t 2 1 1;1
d d
dt dtr i j i F i j ia b œ � Ÿ Ÿ Ê œ � Ê œ � � � † � œ �a b a b a ba b a ba b a b� †r r

 C : t 1 t , 0 t 2 1 t 1 2 1 t 2t 1;2
d d
dt dtr i j j F i j ja b œ � � Ÿ Ÿ Ê œ � Ê œ � � � � � † � œ �� †a b a b a ba b a ba b a br r

 C : t t 1 , 0 t 2 1 t 1 2 1 1;3
d d
dt dtr i j i F i j ia b œ � Ÿ Ÿ Ê œ Ê œ � � � � � † œ �a b a b a ba b a ba b a b� †r r

 C : t t 1 , 0 t 2 t 1 1 2 t 1 2t 1;4
d d
dt dtr i j j F i j ja b œ � Ÿ Ÿ Ê œ Ê œ � � � � † œ �� †a b a b a ba b a ba b a br r

 Flow   dt   dt   dt   dt   dtÊ œ œ � � �' ' ' ' '
C C C C C

F F F F F† † † † †d d d d d
dt dt dt dt dt
r r r r r

1 2 3 4

 1  dt 2t 1  dt 1  dt 2t 1  dt t t t t t tœ � � � � � � � œ � � � � � � �' ' ' '
0 0 0 0

2 2 2 2a b a b a b a b c d c d c d c d2 22 22 2
! ! ! !

 2 2 2 2 0œ � � � � œ

 (b) x y 4 t 2cos t 2sin t , 0 t 2 2sin t 2cos t2 2 d
dt� œ Ê œ � Ÿ Ÿ Ê œ �r i j i ja b a b a b a b a b1 r �

 2sin t 2cos t 2 2sin t 2sin t 2cos t 4sin t 4cos t 8sin t cos tÊ œ � � † � œ � � �F i j i j† �d
dt

2 2r a b a ba b a b a b a ba b
 4cos 2t 4sin 2t Flow   dt 4cos 2t 4sin 2t  dt 2sin 2t 2cos 2t 0œ � Ê œ œ � œ � œ' '

C 0

2

F † d
dt

2r
1a b c d 1

!

 (c) answers will vary, one possible path is:

 C : t t , 0 t 1 0 t 2 1 0;1
d d
dt dtr i i F i j ia b œ Ÿ Ÿ Ê œ Ê œ � � † œr r† a b a ba b a ba b

 C : t 1 t t , 0 t 1 t 1 t 2t 1;2
d d
dt dtr i j i j F i j i ja b œ � Ÿ Ÿ Ê œ � � Ê œ � � � † � � œa b a b a ba ba b� †r r

 C : t 1 t , 0 t 1 1 t 0 2 1 t 2t 1;3
d d
dt dtr j j F i j ja b œ � Ÿ Ÿ Ê œ � Ê œ � � � � † � œ �a b a b a ba b a ba br r†
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 Flow   dt   dt   dt   dt 0  dt 1  dt 2t 1  dtÊ œ œ � � œ � � �' ' ' ' ' ' '
C C C C 0 0 0

1 1 1

F F F F† † † †d d d d
dt dt dt dt
r r r r

1 2 3
a b a b a b

 0 t t t 1 1 0œ � � � œ � � œc d c d a b1 2 1
! !

39.  on x y 4;F i jœ � � � œy
x y x y

xÈ È# # # #� �
# #

 at (2 0), ; at (0 2), ; at ( 2 0),ß œ ß œ � � ßF j F i

 ; at ( 2), ; at 2 2 , ;F j F i F i jœ � !ß� œ ß œ � �Š ‹È È È3
# #

"

 at 2 2 , ; at 2 2 ,Š ‹ Š ‹È È È Èß � œ � � ßF i j
È3
# #

"

 ; at 2 2 , F i j F i jœ � � � ß� œ �
È È3 3
# # # #

" "Š ‹È È
 

40. x y  on x y 1; at (1 0), ;F i j F iœ � � œ ß œ# #

 at ( 1 0), ; at (0 1), ; at (0 1),� ß œ � ß œ ß�F i F j

 ; at , ;F j F i jœ � ß œ �Š ‹" "
# # # #

È È3 3

 at , ;Š ‹� ß œ � �" "
# # # #

È È3 3F i j

 at , ;Š ‹" "
# # # #ß � œ �

È È3 3F i j

 at ,  .Š ‹� ß� œ � �" "
# # # #

È È3 3F i j

 

41. (a) P(x y) Q(x y)  is to have a magnitude a b  and to be tangent to x y a b  in aG i jœ ß � ß � � œ �È # # # # # #

 counterclockwise direction.  Thus x y a b   2x 2yy 0  y  is the slope of the tangent# # # # w w� œ � Ê � œ Ê œ � x
y

 line at any point on the circle  y  at (a b).  Let b a   a b , with  in aÊ œ � ß œ � � Ê œ �w # #a
b v i j v vk k È

 counterclockwise direction and tangent to the circle.  Then let P(x y) y and Q(x y) xß œ � ß œ

  y x   for (a b) on x y a b  we have b a  and a b .Ê œ � � Ê ß � œ � œ � � œ �G i j G i j G# # # # # #k k È
 (b) x y a b .G F Fœ � œ �ˆ ‰È Š ‹È# # # #

42. (a) From Exercise 41, part a, y x  is a vector tangent to the circle and pointing in a counterclockwise� �i j

 direction  y x  is a vector tangent to the circle pointing in a clockwise direction  Ê � Ê œi j G y  x
x   y
i j�

�È # #

 is a unit vector tangent to the circle and pointing in a clockwise direction.

 (b) G Fœ �

43. The slope of the line through (x y) and the origin is   x y  is a vector parallel to that line andß Ê œ �y
x v i j

 pointing away from the origin   is the unit vector pointing toward the origin.Ê œ �F x  y
x   y
i j�

�È # #

44. (a) From Exercise 43,  is a unit vector through (x y) pointing toward the origin and we want� ßx  y
x   y
i j�

�È # #

  to have magnitude x y   x y x y .k k È È Š ‹F F i j# # # # �

�
� Ê œ � � œ � �x  y

x   y
i jÈ # #

 (b) We want   where C 0 is a constant  C .k k Š ‹ Š ‹F Fœ Á Ê œ � œ �C C
x   y x   y x   y

x  y x  y
x   yÈ È È# # # # # # # #� � �

� �
�

i j i j
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45. Yes.  The work and area have the same numerical value because work  d   y dœ œ' '
C C

F r i r† †

 [f(t) ]  dt [On the path, y equals f(t)]œ �'
b

a

i i j† � ‘df
dt

 f(t) dt Area under the curve [because f(t) 0]œ œ �'
a

b

46. x y x f(x)   f (x) ; (x y ) has constant magnitude k and points awayr i j i j i j F i jœ � œ � Ê œ � œ �d k
dx x   y

r w
�È # #

 from the origin  k x [f(x)] , by the chain ruleÊ œ � œ œ �F † d kx d
dx dxx   y x   y x   [f(x)]

k y f (x) kx  k f(x) f (x)r È È È# # # # # #

w w

� � �

† † � † † # #È
     ds    dx k x [f(x)]  dx k x [f(x)]Ê œ œ � œ �' ' '

C C a

b b

a
F T F† † d d

dx dx
r È È� ‘# # # #

 k b [f(b)] a [f(a)] , as claimed.œ � � �ˆ ‰È È# # # #

47. 4t 8t 2  and 2t   12t   Flow 12t  dt 3t 48F i j k i j Fœ � � � œ � Ê œ Ê œ œ œ$ # $ $ % #
!

d d
dt dt
r r† '

0

2 c d
48. 12t 9t  and 3 4   72t   Flow 72t  dt 24t 24F j k j k Fœ � œ � Ê œ Ê œ œ œ# # # # $ "

!
d d
dt dt
r r† '

0

1 c d
49. (cos t sin t) (cos t)  and ( sin t) (cos t)   sin t cos t 1F i k i k Fœ � � œ � � Ê œ � �d d

dt dt
r r†

  Flow ( sin t cos t 1) dt  cos t t 0Ê œ � � œ � œ � � � œ'
0

1 � ‘ ˆ ‰ ˆ ‰" " "#
! # #2
1

1 1

50. ( 2 sin t) (2 cos t) 2  and (2 sin t) (2 cos t) 2   4 sin t 4 cos t 4 0F i j k i j k Fœ � � � œ � � Ê œ � � � œd d
dt dt
r r† # #

  Flow 0Ê œ

51. C :  (cos t) (sin t) t , 0 t   (2 cos t) 2t (2 sin t)  and ( sin t) (cos t)" #r i j k F i j k i j kœ � � Ÿ Ÿ Ê œ � � œ � � �1 d
dt
r

  2 cos t sin t 2t cos t 2 sin t sin 2t 2t cos t 2 sin tÊ œ � � � œ � � �F † d
dt
r

  Flow ( sin 2t 2t cos t 2 sin t) dt  cos 2t 2t sin t 2 cos t 2 cos t 1 ;Ê œ � � � œ � � � œ � �"
" Î#

!
'

0

21Î � ‘
2

1
1

 C :  (1 t) , 0 t 1  (1 t) 2  and   # # #r j k F j k k Fœ � � Ÿ Ÿ Ê œ � � œ � Ê œ �1 11 1d d
dt dt
r r†

  Flow  dt t ;Ê œ � œ � œ �#
"
!

'
0

1

1 1 1c d
 C :  t (1 t) , 0 t 1  2t 2(1 t)  and   2t$ r i j F i k i j Fœ � � Ÿ Ÿ Ê œ � � œ � Ê œd d

dt dt
r r†

  Flow 2t dt t 1  Circulation ( 1 ) 1 0Ê œ œ œ Ê œ � � � � œ$
# "

!
'

0

1 c d 1 1

52. x y z    , where f(x y z) x y x   f tF F r† †d dx dz f dx f f dz d d
dt dt dt dt x dt y dt z dt dt dt

dy dyr rœ � � œ � � ß ß œ � � Ê œ` ` ` "
` ` ` #

# # #a b a ba ba b
 by the chain rule  Circulation   dt f t  dt f b f a . Since C is an entire ellipse,Ê œ œ œ �' '

C a

b

F r r r† d d
dt dt
r a b a b a ba b a b a ba b

 b a , thus the Circulation 0.r ra b a bœ œ

53. Let x t be the parameter  y x t  and z x t  t t t , 0 t 1 from (0 0 0) to (1 1 1)œ Ê œ œ œ œ Ê œ � � Ÿ Ÿ ß ß ß ß# # #r i j k

  2t  and xy y yz t t t   t 2t t 2t   Flow 2t  dtÊ œ � � œ � � œ � � Ê œ � � œ Ê œd d
dt dt
r ri j k F i j k i j k F$ # $ $ $ $ $ $† '

0

1

 œ "
#

54. (a) xy z      , where f(x y z) xy z    dtF F Fœ Ê œ � � œ ß ß œ Ê™ † †a b# $ # $` ` `
` ` `

d f dx f z dz df d
dt x dt y dt z dt dt dt

dyr r)
C

 f t  dt f b f a 0 since C is an entire ellipse.œ œ � œ'
a

b
d
dt a b a b a ba b a b a ba br r r

 (b)  xy z  dt xy z (2)(1) ( 1) (1)(1) (1) 2 1 3' '
C 1 1 1

2 1 1

F † d d
dt dt
r œ œ œ � � œ � � œ �

Ð ß ß Ñ

Ð ß ß� Ñ a b c d# $ # $ # $ # $Ð#ß"ß�"Ñ
Ð"ß"ß"Ñ
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55-60. Example CAS commands:
 :Maple
 with( LinearAlgebra );#55
 F := r -> < r[1]*r[2]^6 | 3*r[1]*(r[1]*r[2]^5+2) >;
 r := t -> < 2*cos(t) | sin(t) >;
 a,b := 0,2*Pi;
 dr := map(diff,r(t),t);                                                        # (a)
 F(r(t));                                                                               # (b)
 q1 := simplify( F(r(t)) . dr ) assuming t::real;               # (c)
 q2 := Int( q1, t=a..b );
 value( q2 );
 : (functions and bounds will vary):Mathematica
 Exercises 55 and 56 use vectors in 2 dimensions
 Clear[x, y, t, f, r, v]

 f[x_, y_]:= {x y , 3x (x y 2)}6 5 �

 {a, b}={0, 2 };1

 x[t_]:= 2 Cos[t]
 y[t_]:= Sin[t]
 r[t_]:={x[t], y[t]}
 v[t_]:= r'[t]
 integrand= f[x[t], y[t]] . v[t] //Simplify
 Integrate[integrand,{t, a, b}]
 N[%]
 If the integration takes too long or cannot be done, use NIntegrate to integrate numerically. This is suggested for exercises
 57 - 60 that use vectors in 3 dimensions. Be certain to leave spaces between variables to be multiplied.
 Clear[x, y, z, t, f, r, v]

 f[x_, y_, z_]:= {y y z Cos[x y z], x x z Cos[x y z], z x y Cos[x y z]}� � �2

 {a, b}={0, 2 };1

 x[t_]:= 2 Cos[t]
 y[t_]:= 3 Sin[t]
 z[t_]:= 1
 r[t_]:={x[t], y[t], z[t]}
 v[t_]:= r'[t]
 integrand= f[x[t], y[t],z[t]] . v[t] //Simplify
 NIntegrate[integrand,{t, a, b}]

16.3  PATH INDEPENDENCE, POTENTIAL FUNCTIONS, AND CONSERVATIVE FIELDS

 1. x , y , z   Conservative` ` ` ` ` `
` ` ` ` ` `

P N M P N M
y z z x x yœ œ œ œ œ œ Ê

 2. x cos z , y cos z , sin z   Conservative` ` ` ` ` `
` ` ` ` ` `

P N M P N M
y z z x x yœ œ œ œ œ œ Ê

 3. 1 1  Not Conservative  4. 1 1  Not Conservative` ` ` `
` ` ` `

P N N M
y z x yœ � Á œ Ê œ Á � œ Ê

 5. 0 1  Not Conservative` `
` `

N M
x yœ Á œ Ê

 6. 0 , 0 , e  sin y   Conservative` ` ` ` ` `
` ` ` ` ` `

P N M P N M
y z z x x y

xœ œ œ œ œ � œ Ê
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 7. 2x  f(x y z) x g(y z)  3y  g(y z) h(z)  f(x y z) x h(z)` `
` ` ` # #

# #`f f
x y y

g 3y 3yœ Ê ß ß œ � ß Ê œ œ Ê ß œ � Ê ß ß œ � �
# #

  h (z) 4z  h(z) 2z C  f(x y z) x 2z CÊ œ œ Ê œ � Ê ß ß œ � � �`
` #

w # # #f
z

3y#

 8. y z  f(x y z) (y z)x g(y z)  x x z  z  g(y z) zy h(z)` `
` ` ` `

` `f f
x y y y

g gœ � Ê ß ß œ � � ß Ê œ � œ � Ê œ Ê ß œ �

  f(x y z) (y z)x zy h(z)  x y h (z) x y  h (z) 0  h(z) C  f(x y z)Ê ß ß œ � � � Ê œ � � œ � Ê œ Ê œ Ê ß ß`
`

w wf
z

 (y z)x zy Cœ � � �

 9. e   f(x y z) xe g(y z)  xe xe   0  f(x y z)` `
` ` ` `

� � � �` `f f
x y y y

y 2z y 2z y 2z y 2zg gœ Ê ß ß œ � ß Ê œ � œ Ê œ Ê ß ß

 xe h(z)  2xe h (z) 2xe   h (z) 0  h(z) C  f(x y z) xe Cœ � Ê œ � œ Ê œ Ê œ Ê ß ß œ �y 2z y 2z y 2z y 2zf
z

� � w � w �`
`

10. y sin z  f(x y z) xy sin z g(y z)  x sin z x sin z  0  g(y z) h(z)` `
` ` ` `

` `f f
x y y y

g gœ Ê ß ß œ � ß Ê œ � œ Ê œ Ê ß œ

  f(x y z) xy sin z h(z)  xy cos z h (z) xy cos z  h (z) 0  h(z) C  f(x y z)Ê ß ß œ � Ê œ � œ Ê œ Ê œ Ê ß ß`
`

w wf
z

 xy sin z Cœ �

11.   f(x y z)  ln y z g(x y)  ln x sec (x y)  g(x y)` " `
` � # ` `

# # #`f z f
z y z x x

gœ Ê ß ß œ � � ß Ê œ œ � � Ê ß# # a b
 (x ln x x) tan (x y) h(y)  f(x y z)  ln y z (x ln x x) tan (x y) h(y)œ � � � � Ê ß ß œ � � � � � �"

#
# #a b

  sec (x y) h (y) sec (x y)   h (y) 0  h(y) C  f(x y z)Ê œ � � � œ � � Ê œ Ê œ Ê ß ß`
` � �

# w # wf
y y z y z

y y
# # # #

  ln y z (x ln x x) tan (x y) Cœ � � � � � �"
#

# #a b
12.   f(x y z) tan (xy) g(y z)  ` `

` � ` � ` �
�" `

�
f f x x z
x 1 x y y 1 x y y 1 x y

y g
1 y z

œ Ê ß ß œ � ß Ê œ � œ �# # # # # # # #È
    g(y z) sin (yz) h(z)  f(x y z) tan (xy) sin (yz) h(z)Ê œ Ê ß œ � Ê ß ß œ � �`

` �
�" �" �"g

y
z

1 y zÈ # #

   h (z)   h (z)   h(z) ln z CÊÊ œ � œ � Ê œ Ê œ �` " "
` � �

w wf
z z z

y y
1 y z 1 y zÈ È# # # #

k k
  f(x y z) tan (xy) sin (yz) ln z CÊ ß ß œ � � ��" �" k k
13. Let (x y z) 2x 2y 2z   0 , 0 , 0   M dx N dy P dz isF i j kß ß œ � � Ê œ œ œ œ œ œ Ê � �` ` ` ` ` `

` ` ` ` ` `
P N M P N M
y z z x x y

 exact; 2x  f(x y z) x g(y z)  2y  g(y z) y h(z)  f(x y z) x y h(z)` `
` ` `

# # # #`f f
x y y

gœ Ê ß ß œ � ß Ê œ œ Ê ß œ � Ê ß ß œ � œ

  h (z) 2z  h(z) z C  f(x y z) x y z C  2x dx 2y dy 2z dzÊ œ œ Ê œ � Ê ß ß œ � � � Ê � �`
`

w # # # #f
z

'
Ð ß ß Ñ

Ð ß ß� Ñ

0 0 0

2 3 6

 f(2 3 6) f( ) 2 3 ( 6) 49œ ß ß� � !ß !ß ! œ � � � œ# # #

14. Let (x y z) yz xz xy   x , y , z   M dx N dy P dz isF i j kß ß œ � � Ê œ œ œ œ œ œ Ê � �` ` ` ` ` `
` ` ` ` ` `

P N M P N M
y z z x x y

 exact; yz  f(x y z) xyz g(y z)  xz xz  0  g(y z) h(z)  f(x y z)` `
` ` ` `

` `f f
x y y y

g gœ Ê ß ß œ � ß Ê œ � œ Ê œ Ê ß œ Ê ß ß

 xyz h(z)  xy h (z) xy  h (z) 0  h(z) C  f(x y z) xyz Cœ � Ê œ � œ Ê œ Ê œ Ê ß ß œ �`
`

w wf
z

  yz dx xz dy xy dz f(3 5 0) f(1 1 2) 0 2 2Ê � � œ ß ß � ß ß œ � œ �'
Ð ß ß Ñ

Ð ß ß Ñ

1 1 2

3 5 0

15. Let (x y z) 2xy x z 2yz   2z , 0 , 2xF i j kß ß œ � � � Ê œ � œ œ œ œ œa b# # ` ` ` ` ` `
` ` ` ` ` `

P N M P N M
y z z x x y

  M dx N dy P dz is exact; 2xy  f(x y z) x y g(y z)  x x z   zÊ � � œ Ê ß ß œ � ß Ê œ � œ � Ê œ �` `
` ` ` `

# # # # #` `f f
x y y y

g g

  g(y z) yz h(z)  f(x y z) x y yz h(z)  2yz h (z) 2yz  h (z) 0  h(z) CÊ ß œ � � Ê ß ß œ � � Ê œ � � œ � Ê œ Ê œ# # # w w`
`

f
z

   f(x y z) x y yz C 2xy dx x z  dy 2yz dz f( ) f( ) 2 2(3) 16Ê ß ß œ � � Ê � � � œ "ß #ß $ � !ß !ß ! œ � œ �# # # # #'
Ð ß ß Ñ

Ð ß ß Ñ

0 0 0

1 2 3 a b
16. Let (x y z) 2x y   0 , 0 , 0F i j kß ß œ � � Ê œ œ œ œ œ œ#

� ` ` ` ` ` `
` ` ` ` ` `ˆ ‰4 P N M P N M

1 z y z z x x y#

  M dx N dy P dz is exact; 2x  f(x y z) x g(y z)  y   g(y z) h(z)Ê � � œ Ê ß ß œ � ß Ê œ œ � Ê ß œ � �` `
` ` `

# #`f f
x y y 3

g y$
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  f(x y z) x h(z)  h (z)   h(z) 4 tan z C  f(x y z)Ê ß ß œ � � Ê œ œ � Ê œ � � Ê ß ß# w �"`
` �

y
3 z 1 z

f 4$

#

 x 4 tan z C 2x dx y  dy  dz f(3 3 1) f( )œ � � � Ê � � œ ß ß � !ß !ß !# �" #
�

y
3 1 z

4$

#
'

Ð ß ß Ñ

Ð ß ß Ñ

0 0 0

3 3 1

 9 4 ( 0)œ � � � ! � ! � œ �ˆ ‰27
3 4† 1 1

17. Let (x y z) (sin y cos x) (cos y sin x)   0 , 0 , cos y cos xF i j kß ß œ � � Ê œ œ œ œ œ œ` ` ` ` ` `
` ` ` ` ` `

P N M P N M
y z z x x y

  M dx N dy P dz is exact; sin y cos x  f(x y z) sin y sin x g(y z)  cos y sin xÊ � � œ Ê ß ß œ � ß Ê œ �` `
` ` `

`f f
x y y

g

 cos y sin x  0  g(y z) h(z)  f(x y z) sin y sin x h(z)  h (z) 1  h(z) z Cœ Ê œ Ê ß œ Ê ß ß œ � Ê œ œ Ê œ �`
` `

` wg
y z

f

 f(x y z) sin y sin x z C sin y cos x dx cos y sin x dy dz f(0 1 1) f(1 )Ê ß ß œ � � Ê � � œ ß ß � ß !ß !'
Ð ß ß Ñ

Ð ß ß Ñ

1 0 0

0 1 1

 (0 1) (0 0) 1œ � � � œ

18. Let (x y z) (2 cos y) 2x sin y   0 , 0 , 2 sin yF i j kß ß œ � � � Ê œ œ œ œ œ � œŠ ‹ ˆ ‰" " ` ` ` ` ` `
` ` ` ` ` `y z y z z x x y

P N M P N M

  M dx N dy P dz is exact; 2 cos y  f(x y z) 2x cos y g(y z)  2x sin yÊ � � œ Ê ß ß œ � ß Ê œ � �` `
` ` `

`f f
x y y

g

 2x sin y    g(y z) ln y h(z)  f(x y z) 2x cos y ln y h(z)  h (z)œ � Ê œ Ê ß œ � Ê ß ß œ � � Ê œ œ" " ` "`
` `

w
y y y z z

g fk k k k
 h(z) ln z C  f(x y z) 2x cos y ln y ln z CÊ œ � Ê ß ß œ � � �k k k k k k
 2 cos y dx 2x sin y  dy  dz f 1 2 f( )Ê � � � œ ß ß � !ß #ß "'

Ð ß ß Ñ

Ð ß Î ß Ñ

0 2 1

1 2 21 Š ‹ ˆ ‰" "
#y z
1

 2 0 ln ln 2 (0 cos 2 ln 2 ln 1) ln œ � � � � � œˆ ‰† †1 1
# #

19. Let (x y z) 3x (2z ln y)   , 0 , 0F i j kß ß œ � � Ê œ œ œ œ œ œ# ` ` ` ` ` `
` ` ` ` ` `Š ‹z P 2z N M P N M

y y y z z x x y

#

  M dx N dy P dz is exact; 3x   f(x y z) x g(y z)    g(y z) z  ln y h(z)Ê � � œ Ê ß ß œ � ß Ê œ œ Ê ß œ �` `
` ` `

# $ #`f f z
x y y y

g #

  f(x y z) x z  ln y h(z)  2z ln y h (z) 2z ln y  h (z) 0  h(z) C  f(x y z)Ê ß ß œ � � Ê œ � œ Ê œ Ê œ Ê ß ß$ # w w`
`

f
z

 x z  ln y C 3x  dx  dy 2z ln y dz f(1 2 3) f( )œ � � Ê � � œ ß ß � "ß "ß "$ # #'
Ð ß ß Ñ

Ð ß ß Ñ

1 1 1

1 2 3
z
y

#

 (1 9 ln 2 C) (1 0 C) 9 ln 2œ � � � � � œ

20. Let (x y z) (2x ln y yz) xz (xy)   x , y , zF i j kß ß œ � � � � Ê œ � œ œ � œ œ � œŠ ‹x P N M P N 2x M
y y z z x x y y

# ` ` ` ` ` `
` ` ` ` ` `

  M dx N dy P dz is exact; 2x ln y yz  f(x y z) x  ln y xyz g(y z)  xzÊ � � œ � Ê ß ß œ � � ß Ê œ � �` `
` ` `

# `f f x
x y y y

g#

 xz 0 g(y z) h(z)  f(x y z) x  ln y xyz h(z)  xy h (z) xy  h (z) 0œ � Ê œ Ê ß œ Ê ß ß œ � � Ê œ � � œ � Ê œx f
y y z

g# `
` `

# w w`

  h(z) C  f(x y z) x  ln y xyz C (2x ln y yz) dx xz  dy xy dzÊ œ Ê ß ß œ � � Ê � � � �# '
Ð ß ß Ñ

Ð ß ß Ñ

1 2 1

2 1 1 Š ‹x
y

#

 f(2 1 1) f( 2 1) (4 ln 1 2 C) (ln 2 2 C) ln 2œ ß ß � "ß ß œ � � � � � œ �

21. Let (x y z)   , 0 , F i j kß ß œ � � � Ê œ � œ œ œ œ � œŠ ‹ Š ‹ ˆ ‰" ` " ` ` ` ` `
` ` ` ` ` `y z y z y z z z x x y y

1 x P N M P N 1 My
# # # #

  M dx N dy P dz is exact;   f(x y z) g(y z)  Ê � � œ Ê ß ß œ � ß Ê œ � � œ �` " ` "
` ` `

`f x f x x
x y y y y y z y

g
# #

  g(y z) h(z) f(x y z) h(z)  h (z)   h (z) 0  h(z) CÊ œ Ê ß œ � Ê ß ß œ � � Ê œ � � œ � Ê œ Ê œ`
` `

" ` w wg y y y y
y z z y z z z z

x f
# #

  f(x y z) C  dx  dy  dz f(2 2 2) f( 1 1) C CÊ ß ß œ � � Ê � � � œ ß ß � "ß ß œ � � � � �x 1 x 2 2
y z y z y z 1 1

y y'
Ð ß ß Ñ

Ð ß ß Ñ

1 1 1

2 2 2
" " "

# #Š ‹ ˆ ‰ ˆ ‰
# #

 0œ

22. Let (x y z)  and let x y z   , , F ß ß œ œ � � Ê œ œ œ2x 2y 2z y
x y z x y z

x zi j k� �
� � ` ` `

# # # # ` ` `
# # # Š ‹3 3 3 3

3 3 3

  , ,   M dx N dy P dz is exact;Ê œ � œ œ � œ œ � œ Ê � �` ` ` ` ` `
` ` ` ` ` `

P N M 4xz P N M
y z z x x y

4yz 4xy
3 3 3% % %

   f(x y z) ln x y z g(y z)  ` `
` � � ` � � ` � �

# # # `f 2x f
x x y z y x y z y x y z

2y g 2yœ Ê ß ß œ � � � ß Ê œ � œ# # # # # # # # #a b
Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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  0  g(y z) h(z)  f(x y z) ln x y z h(z)  h (z)Ê œ Ê ß œ Ê ß ß œ � � � Ê œ �`
` ` � �

# # # w`g
y z x y z

f 2za b # # #

   h (z) 0  h(z) C  f(x y z) ln x y z Cœ Ê œ Ê œ Ê ß ß œ � � �2z
x y z# # #� �

w # # #a b
  f(2 2 2) f( 1 1) ln 12 ln 3 ln 4Ê œ ß ß � �"ß� ß� œ � œ'

Ð� ß� ß� Ñ

Ð ß ß Ñ

1 1 1

2 2 2
2x dx 2y dy 2z dz

x y z
� �
� �# # #

23. ( ) t( 2 2 ) (1 t) (1 2t) (1 2t) , 0 t 1  dx dt, dy 2 dt, dz 2 dtr i j k i j k i j kœ � � � � � œ � � � � � Ÿ Ÿ Ê œ œ œ �

 y dx x dy 4 dz (2t 1) dt (t 1)(2 dt) 4( 2) dt (4t 5) dt 2t 5t 3Ê � � œ � � � � � œ � œ � œ �' ' '
Ð ß ß Ñ

Ð ß ß� Ñ

1 1 1 0 0

2 3 1 1 1 c d# "
!

24. t(3 4 ), 0 t 1  dx 0, dy 3 dt, dz 4 dt  x  dx yz dy  dzr j kœ � Ÿ Ÿ Ê œ œ œ Ê � �'
Ð ß ß Ñ

Ð ß ß Ñ

0 0 0

0 3 4
#

#Š ‹y#

 12t (3 dt) (4 dt) 54t  dt 18t 18œ � œ œ œ' '
0 0

1 1a b c dŠ ‹# # #
#

"
!

9t#

25. 0 , 2z , 0   M dx N dy P dz is exact   is conservative` ` ` ` ` `
` ` ` ` ` `

P N M P N M
y z z x x yœ œ œ œ œ œ Ê � � Ê F

  path independenceÊ

26. , , ` ` ` ` ` `
` ` ` ` ` `� � � � � �

P N M xz P N M
y z z x x y

yz xy

x y z x y z x y z
œ � œ œ � œ œ � œˆ ‰ ˆ ‰ ˆ ‰È È È# # # # # # # # #

$ $ $

  M dx N dy P dz is exact   is conservative  path independenceÊ � � Ê ÊF

27. 0 , 0 ,    is conservative  there exists an f so that f;` ` ` ` ` `
` ` ` ` ` `

P N M P N 2x M
y z z x x y yœ œ œ œ œ � œ Ê Ê œ# F F ™

   f(x y) g(y)  g (y)   g (y)   g(y) C` ` � " "
` `

w wf 2x x f x 1 x
x y y y y y y yœ Ê ß œ � Ê œ � � œ Ê œ Ê œ � �

# # #

# # #

  f(x y) C  Ê ß œ � � Ê œx x 1
y y y

# #" �F ™ Š ‹
28. cos z , 0 ,    is conservative  there exists an f so that f;` ` ` ` ` `

` ` ` ` ` `
P N M P N e M
y z z x x y yœ œ œ œ œ œ Ê Ê œ

x
F F ™

 e  ln y  f(x y z) e  ln y g(y z)  sin z  sin z  g(y z)` `
` ` ` `

` `f f e e
x y y y y y

x x g gœ Ê ß ß œ � ß Ê œ � œ � Ê œ Ê ß
x x

 y sin z h(z)  f(x y z) e  ln y y sin z h(z)  y cos z h (z) y cos z  h (z) 0œ � Ê ß ß œ � � Ê œ � œ Ê œx f
z

`
`

w w

  h(z) C  f(x y z) e  ln y y sin z C  e  ln y y sin zÊ œ Ê ß ß œ � � Ê œ �x xF ™ a b
29. 0 , 0 , 1    is conservative  there exists an f so that f;` ` ` ` ` `

` ` ` ` ` `
P N M P N M
y z z x x yœ œ œ œ œ œ Ê Ê œF F ™

 x y  f(x y z) x xy g(y z)  x y x  y   g(y z) y h(z)` " ` "
` ` ` `

# $ # # $` `f f
x 3 y y y 3

g gœ � Ê ß ß œ � � ß Ê œ � œ � Ê œ Ê ß œ �

  f(x y z) x xy y h(z)  h (z) ze   h(z) ze e C  f(x y z)Ê ß ß œ � � � Ê œ œ Ê œ � � Ê ß ß" " `$ $ w
`3 3 z

f z z z

 x xy y ze e C  x xy y ze eœ � � � � � Ê œ � � � �" " " "$ $ $ $
3 3 3 3

z z z zF ™ ˆ ‰
 (a) work   dt  d x xy y ze e 0 0 e e 0 0 1œ œ œ � � � � œ � � � � � � � �' '

A A

B B

F F r† †d
dt 3 3 3 3

z zr � ‘ ˆ ‰ ˆ ‰" " " "$ $ Ð"ß!ß"Ñ

Ð"ß!ß!Ñ

 1œ

 (b) work  d x xy y ze e 1œ œ � � � � œ'
A

B

F r† � ‘" "$ $ Ð"ß!ß"Ñ

Ð"ß!ß!Ñ3 3
z z

 (c) work  d x xy y ze e 1œ œ � � � � œ'
A

B

F r† � ‘" "$ $ Ð"ß!ß"Ñ

Ð"ß!ß!Ñ3 3
z z

 :  Since  is conservative,  d  is independent of the path from (1 0 0) to (1 0 1).Note F F r'
A

B

† ß ß ß ß

30. xe xyze cos y , ye , ze    is conservative  there exists an f so` ` ` ` ` `
` ` ` ` ` `

P N M P N M
y z z x x y

yz yz yz yzœ � � œ œ œ œ œ Ê ÊF

 that f; e   f(x y z) xe g(y z)  xze xze z cos y  z cos yF œ œ Ê ß ß œ � ß Ê œ � œ � Ê œ™ ` `
` ` ` `

` `f f
x y y y

yz yz yz yzg g

  g(y z) z sin y h(z)  f(x y z) xe z sin y h(z)  xye sin y h (z) xye sin yÊ ß œ � Ê ß ß œ � � Ê œ � � œ �yz yz yzf
z

`
`

w

  h (z) 0  h(z) C  f(x y z) xe z sin y C  xe z sin yÊ œ Ê œ Ê ß ß œ � � Ê œ �w yz yzF ™ a b
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 (a) work  d xe z sin y (1 0) (1 0) 0œ œ � œ � � � œ'
A

B

F r† c dyz Ð"ß Î#ß!Ñ
Ð"ß!ß"Ñ

1

 (b) work  d xe z sin y 0œ œ � œ'
A

B

F r† c dyz Ð"ß Î#ß!Ñ
Ð"ß!ß"Ñ

1

 (c) work  d xe z sin y 0œ œ � œ'
A

B

F r† c dyz Ð"ß Î#ß!Ñ
Ð"ß!ß"Ñ

1

 :  Since  is conservative, d  is independent of the path from (1 0 1) to 1 0 .Note F F r'
A

B

† ß ß ß ßˆ ‰1
#

31. (a) x y   3x y 2x y ; let C  be the path from ( 1 1) to (0 0)  x t 1 andF F i jœ Ê œ � � ß ß Ê œ �™ a b$ # # # $
"

 y t 1, 0 t 1  3(t 1) ( t 1) 2(t 1) ( t 1) 3(t 1) 2(t 1)œ � � Ÿ Ÿ Ê œ � � � � � � � œ � � �F i j i j# # $ % %

 and (t 1) ( t 1)   d dt dt    d 3(t 1) 2(t 1)  dtr i j r i j F r" " "
% %œ � � � � Ê œ � Ê œ � � �' '

C 0

1

"

† c d
 5(t 1)  dt (t 1) 1; let C  be the path from (0 0) to (1 1)  x t and y t,œ � œ � œ ß ß Ê œ œ'

0

1
% & "

! #c d
 0 t 1  3t 2t  and t t   d dt dt   d 3t 2t  dtŸ Ÿ Ê œ � œ � Ê œ � Ê œ �F i j r i j r i j F r% % % %

# # #
' '

C 0

1

#

† a b
 5t  dt 1  d d  d 2œ œ Ê œ � œ' ' ' '

0 C C C

1
%

" #F r F r F r† † †
" #

 (b) Since f(x y) x y  is a potential function for , d f(1 1) f( 1 1) 2ß œ œ ß � � ß œ$ # F F r'
Ð� ß Ñ

Ð ß Ñ

1 1

1 1

†

32. 0 , 0 , 2x sin y    is conservative  there exists an f so that f;` ` ` ` ` `
` ` ` ` ` `

P N M P N M
y z z x x yœ œ œ œ œ � œ Ê Ê œF F ™

 2x cos y  f(x y z) x  cos y g(y z)  x  sin y x  sin y  0  g(y z) h(z)` `
` ` ` `

# # #` `f f
x y y y

g gœ Ê ß ß œ � ß Ê œ � � œ � Ê œ Ê ß œ

   f(x y z) x  cos y h(z)  h (z) 0  h(z) C  f(x y z) x  cos y C  x  cos yÊ ß ß œ � Ê œ œ Ê œ Ê ß ß œ � Ê œ# w # #`
`

f
z F ™ a b

 (a)  2x cos y dx x  sin y dy x  cos y 0 1 1'
C

� œ œ � œ �# # Ð!ß"Ñ
Ð"ß!Ñc d

 (b)  2x cos y dx x  sin y dy x  cos y 1 ( 1) 2'
C

� œ œ � � œ# # Ð"ß!Ñ
Ð�"ß Ñc d 1

 (c)  2x cos y dx x  sin y dy x  cos y 1 1 0'
C

� œ œ � œ# # Ð"ß!Ñ
Ð�"ß!Ñc d

 (d)  2x cos y dx x  sin y dy x  cos y 1 1 0'
C

� œ œ � œ# # Ð"ß!Ñ
Ð"ß!Ñc d

33. (a) If the differential form is exact, then   2ay cy for all y  2a c,   2cx 2cx for` ` ` `
` ` ` `

P N M P
y z z xœ Ê œ Ê œ œ Ê œ

 all x, and   by 2ay for all y  b 2a and c 2a` `
` `

N M
x yœ Ê œ Ê œ œ

 (b) f  the differential form with a 1 in part (a) is exact  b 2 and c 2F œ Ê œ Ê œ œ™

34. f  g(x y z)  d f d f(x y z) f(0 0 0)  0, 0, andF F r rœ Ê ß ß œ œ œ ß ß � ß ß Ê œ � œ �™ † ™ †' '
Ð ß ß Ñ Ð ß ß Ñ

Ð ß ß Ñ Ð ß ß Ñ

0 0 0 0 0 0

x y z x y z
` `
` ` ` `

` `g g
x x y y

f f

 0  g f , as claimed`
` `

`g
z z

fœ � Ê œ œ™ ™ F

35. The path will not matter; the work along any path will be the same because the field is conservative.

36. The field is not conservative, for otherwise the work would be the same along C  and C ." #

37. Let the coordinates of points A and B be x , y , z  and x , y , z , respectively. The force a b c  isa b a bA A A B B B F i j kœ � �

 conservative because all the partial derivatives of M, N, and P are zero. Therefore, the potential function is
 f x, y, z ax by cz C, and the work done by the force in moving a particle along any path from A to B isa b œ � � �

 f B f A f x , y , z f x , y , z ax by cz C ax by cz Ca b a b a b a b a b a b� œ � œ � � � � � � �B B B A A A B B B A A A

 a x x b y y c z z BAœ � � � � � œ †
Äa b a b a bB A B A B A F
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38. (a) Let GmM C  C� œ Ê œ � �F i j k’ “x z
x y z x y z x y z

y

a b a b a b# # # # # # # # #$Î# $Î# $Î#� � � � � �

  , ,   f  forÊ œ œ œ œ œ œ Ê œ` ` ` � ` ` `
` ` ` ` ` `

� �

� � � � � �

P N M 3xzC P N M
y z z x x y

3yzC 3xyC

x y z x y z x y za b a b a b# # # # # # # # #&Î# &Î# &Î# F ™

 some f;   f(x y z) g(y z)  ` `
` ` `� � � � � �

`f xC C f
x y yx y z x y z x y z

yC gœ Ê ß ß œ � � ß Ê œ �a b a b a b# # # # # # # # #$Î# "Î# $Î#

   0  g(y z) h(z)  h (z)œ Ê œ Ê ß œ Ê œ � œyC g

x y z x y z x y zy z
f zC zC

a b a b a b# # # # # # # # #$Î# $Î# $Î#� � � � � �

`
` `

` w

  h(z) C   f(x y z) C .  Let C 0  f(x y z)  is a potentialÊ œ Ê ß ß œ � � œ Ê ß ß œ" " "
� � � �

C GmM
x y z x y za b a b# # # # # #"Î# "Î#

 function for .F

 (b) If s is the distance of (x y z) from the origin, then s x y z .  The work done by the gravitational fieldß ß œ � �È # # #

   is work d GmM , as claimed.F F rœ œ œ � œ �'
P

P

"

#

† ’ “ Š ‹GmM GmM GmM
x y zÈ # # #

#

"
# #" "� �

T

T

" "
s s s s

16.4  GREEN'S THEOREM IN THE PLANE

 1. M y a sin t, N x a cos t, dx a sin t dt, dy a cos t dt  0, 1, 1, andœ � œ � œ œ œ � œ Ê œ œ � œ` ` `
` ` `
M M N
x y x

 0;`
`

N
y œ

 Equation (3):   M dy N dx [( a sin t)(a cos t) (a cos t)( a sin t)] dt 0 dt 0;) ' '
C 0 0

2 2

� œ � � � œ œ
1 1

   dx dy 0 dx dy 0, Flux' ' ' '
R R

Š ‹` `
` `
M N
x y� œ œ

 Equation (4):   M dx N dy [( a sin t)( a sin t) (a cos t)(a cos t)] dt a  dt 2 a ;) ' '
C 0 0

2 2

� œ � � � œ œ
1 1

# #1

   dx dy 2 dy dx 4 a x  dx 4 a x  sin  ' '
R

Š ‹ ’ “È È` `
` ` #

# # # # �"N M x a x
x y 2 a� œ œ � œ � �' ' '

� � �

�

�

a c a

a a x a a

a

È # #

#

 2a 2a , Circulationœ � œ# #
# #

ˆ ‰1 1 1

 2. M y a sin t, N 0, dx a sin t dt, dy a cos t dt  0, 1, 0, and 0;œ œ œ œ � œ Ê œ œ œ œ` ` ` `
` ` ` `
M M N N
x y x y

 Equation (3):   M dy N dx a  sin t cos t dt a  sin t 0;  0 dx dy 0, Flux) '
C 0

2

� œ œ œ œ
1

# # #" #

!
� ‘

2
1 ' '

R

 Equation (4):  M dx N dy a  sin t  dt a a ;  dx dy) '
C 0

2

� œ � œ � � œ � �
1a b � ‘ Š ‹# # # ##

!
` `
` `

t sin 2t N M
2 4 x y

1
1 ' '

R

  1 dx dy  r dr d  d a , Circulationœ � œ � œ � œ �' '
R

' ' '
0 0 0

2 a 21 1

) ) 1a#

#
#

 3. M 2x 2a cos t, N 3y 3a sin t, dx a sin t dt, dy a cos t dt  2, 0, 0, andœ œ œ � œ � œ � œ Ê œ œ œ` ` `
` ` `
M M N
x y x

 3;`
`

N
y œ �

 Equation (3):   M dy N dx [(2a cos t)(a cos t) (3a sin t)( a sin t)] dt) '
C 0

2

� œ � �
1

 2a  cos t 3a  sin t  dt 2a 3a 2 a 3 a a ;œ � œ � � � œ � œ �'
0

21a b � ‘ � ‘# # # # # # # # ## #

! !
t sin 2t t sin 2t
2 4 2 4

1 1
1 1 1

 1 dx dy r dr d   d a , Flux' ' ' '
R R

Š ‹` `
` ` #

#M N a
x y� œ � œ � œ � œ �' ' '

0 0 0

2 a 21 1

) ) 1
#

 Equation (4):   M dx N dy [(2a cos t)( a sin t) ( 3a sin t)(a cos t)] dt) '
C 0

2

� œ � � �
1

 2a  sin t cos t 3a  sin t cos t  dt 5a  sin t 0;  0 dx dy 0, Circulationœ � � œ � œ œ'
0

21a b � ‘# # # # #

!
1
2

1 ' '
R

 4. M x y a  cos t, N xy a  cos t sin t, dx a sin t dt, dy a cos t dtœ � œ � œ œ œ � œ# $ # # $ #

  2xy, x , y ,  and 2xy;Ê œ � œ � œ œ` ` ` `
` ` ` `

#M M N N
x y x y

2

 Equation (3):   M dy N dx a  cos t sin t a  cos t sin t  cos t  sin t 0;) '
C 0

2

� œ � � œ � œ
1a b ’ “% $ % $ % %

#

!

a a
4 4

% %
1
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  dx dy ( 2xy 2xy) dx dy 0, Flux' ' ' '
R R

Š ‹` `
` `
M N
x y� œ � � œ

 Equation (4):   M dx N dy a  cos t sin t a  cos t sin t  dt 2a  cos t sin t  dt) ' '
C 0 0

2 2

� œ � œ
1 1a b a b% # # % # # % # #

 a  sin 2t dt  sin u du ;  dx dy y x  dx dyœ œ œ � œ � œ �' ' ' '
0 0

2 41 1

" ` `
# # ` `

% # # # #%

!
a a u sin 2u a N M
4 4 2 4 x y

% % %� ‘ Š ‹ a b1 1 ' '
R R

 r r dr d  d , Circulationœ œ œ' ' '
0 0 0

2 a 21 1

#
#† ) )a a

4

% %1

 5. M x y, N y x  1, 1, 1, 1  Flux 2 dx dy 2 dx dy 2;œ � œ � Ê œ œ � œ � œ Ê œ œ œ` ` ` `
` ` ` `
M M N N
x y x y

' ' ' '
R

0 0

1 1

 Circ [ 1 ( 1)] dx dy 0œ � � � œ' '
R

 6. M x 4y, N x y   2x, 4, 1, 2y  Flux (2x 2y) dx dyœ � œ � Ê œ œ œ œ Ê œ �# # ` ` ` `
` ` ` `
M M N N
x y x y

' '
R

 (2x 2y) dx dy x 2xy  dy (1 2y) dy y y 2; Circ (1 4) dx dyœ � œ � œ � œ � œ œ �' ' ' ' ' '
0 0 0 0

1 1 1 1c d c d# #" "
! !

R

 3 dx dy 3œ � œ �' '
0 0

1 1

 7. M y x , N x y   2x, 2y, 2x, 2y  Flux ( 2x 2y) dx dyœ � œ � Ê œ � œ œ œ Ê œ � �# # # # ` ` ` `
` ` ` `
M M N N
x y x y

' '
R

 ( 2x 2y) dy dx 2x x  dx x 9; Circ (2x 2y) dx dyœ � � œ � � œ � œ � œ �' ' ' ' '
0 0 0

3 x 3a b � ‘# # $" $

!3
R

 (2x 2y) dy dx x  dx 9œ � œ œ' ' '
0 0 0

3 x 3
#

 8. M x y, N x y   1, 1, 2x, 2y  Flux (1 2y) dx dyœ � œ � � Ê œ œ œ � œ � Ê œ �a b# # ` ` ` `
` ` ` `
M M N N
x y x y

' '
R

 (1 2y) dy dx x x  dx ; Circ ( 2x 1) dx dy ( 2x 1) dy dxœ � œ � œ œ � � œ � �' ' ' ' ' ' '
0 0 0 0 0

1 x 1 1 xa b# "
6

R

 2x x  dxœ � � œ �'
0

1a b# 7
6

 9. M xy y , N x y  y, x 2y, 1, 1  Flux y 1  dy dxœ � œ � Ê œ œ � œ œ � Ê œ � �2 M M N N
x y x y

` ` ` `
` ` ` `

' '
R

a ba b
 y 1  dy dx x x x x  dx ; Circ 1 x 2y  dy dxœ � œ � � � œ � œ � �' ' ' ' '

0 0

1 1

x

x

2

È a b a bˆ ‰È a b" "
# #

#4 11
60

R

 1 x 2y  dy dx x x x x x x  dxœ � � œ � � � � � œ �' ' '
0 0

1 1

x

x

2

È a b ˆ ‰È 3 2 3 4 7
60

Î #

10. M x 3y, N 2x y  1, 3, 2, 1  Flux 1 1  dy dx 0œ � œ � Ê œ œ œ œ � Ê œ � � œ` ` ` `
` ` ` `
M M N N
x y x y

' '
R

a ba b
 Circ 2 3  dy dx  1  dy dx 2 x  dx 2œ � œ � œ � � œ �' ' ' ' '

R
a b a b È È

� �� Î

� Î

È È

È È

Èa b

Èa b

2 2

2 2

2 x 2

2 x 2

� 2

2

2
2

2È 1

11. M x y , N x y  3x y , 2x y, 2x y, x  Flux 3x y x  dy dxœ œ Ê œ œ œ œ Ê œ �3 2 4 2 2 3 3 4 2 2 4M M N N
x y x y

" ` ` ` ` " "
# ` ` ` ` # #

' '
R

ˆ ‰
 3x y x  dy dx 3x x 3x x  dx ; Circ 2x y 2x y  dy dx 0œ � œ � � � œ œ � œ' ' ' ' '

0 0

2 2

x x

x

2 �
ˆ ‰ ˆ ‰ a b2 2 4 5 6 7 8 3 37 64

2 9
"
#

R
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12. M , N tan y  , , 0,   Flux  dx dyœ œ Ê œ œ œ œ Ê œ �x M 1 M N N 1 1 1
1 y x 1 y y x y 1 y 1 y 1 y

1 2x y
1 y� ` � ` ` ` � � �

� ` ` ` `�

�2 2 2 2 2 22a b ' '
R

Š ‹
    dx dy  dx 4 2 4 ; Circ 0  dy dxœ œ œ � œ �' ' ' ' '

� �1 1

1 1

� � �
� �

�È
È È

a b1 y

1 y

�

�

2

2

2
1 y 1 y

4 1 y 2x y
1 y2 2 2

2

2
1 1È Š ‹Š ‹

R

    dy dx 0  dx 0œ œ œ' ' '
� �1 1

1 1

� �È
È

a b1 y

1 y

�

�

2

2 Š ‹ a b2x y
1 y2 2

13. M x e  sin y, N x e  cos y  1 e  sin y, e  cos y, 1 e  cos y, e  sin yœ � œ � Ê œ � œ œ � œ �x x x x x xM M N N
x y x y

` ` ` `
` ` ` `

  Flux dx dy r dr d  cos 2  d  sin 2 ;Ê œ œ œ œ œ' '
R

' ' '
� Î � Î

Î Î

1 1

1 ) 1

4 0 4

4 cos 2 4È

) ) ) )ˆ ‰ � ‘" " "
# #

Î%

� Î%4
1

1

 Circ 1 e  cos y e  cos y  dx dy dx dy r dr d  cos 2  dœ � � œ œ œ œ' ' ' '
R R

a b ˆ ‰x x ' ' '
� Î � Î

Î Î

1 1

1 ) 1

4 0 4

4 cos 2 4È

) ) )" "
# #

14. M tan  , N ln x y   , , , œ œ � Ê œ œ œ œ�" # # ` ` ` `
` � ` � ` � ` �

�y y 2y
x x x y y x y x x y y x y

M M x N 2x Na b # # # # # # # #

  Flux  dx dy  r dr d sin  d 2;Ê œ � œ œ œ' '
R

Š ‹ ˆ ‰�
� �

y 2y
x y x y r

r sin 
# # # # #

' ' '
0 1 0

21 1

) ) ) )

 Circ  dx dy r dr d cos  d 0œ � œ œ œ' '
R

Š ‹ ˆ ‰2x x r cos 
x y x y r# # # # #� �

' ' '
0 1 0

21 1

) ) ) )

15. M xy, N y   y, x, 0, 2y  Flux (y 2y) dy dx 3y dy dxœ œ Ê œ œ œ œ Ê œ � œ# ` ` ` `
` ` ` `
M M N N
x y x y

' '
R

 ' '
0 x

1 x

#

  dx ; Circ x dy dx x dy dx x x  dxœ � œ œ � œ � œ � � œ �' ' ' '
0 0 x 0

1 1 x 1Š ‹ a b3x 3x
5 1

# %

# # #
" "# $' '

R
 

#

16. M sin y, N x cos y  0, cos y, cos y, x sin yœ � œ Ê œ œ � œ œ �` ` ` `
` ` ` `
M M N N
x y x y

  Flux ( x sin y) dx dy ( x sin y) dx dy  sin y  dy ;Ê œ � œ � œ � œ �' '
R

' ' '
0 0 0

2 2 21 1 1Î Î Î Š ‹1 1# #

8 8

 Circ [cos y ( cos y)] dx dy  2 cos y dx dy  cos y dy  sin yœ � � œ œ œ œ' '
R

' ' '
0 0 0

2 2 21 1 1Î Î Î

1 1 1c d 1Î#!

17. M 3xy , N e tan y  3y , œ � œ � Ê œ � œx M N
1 y x 1 y y 1 y

x
� ` � ` �

�" ` " ` "
# # #

  Flux 3y   dx dy 3y dx dy (3r sin ) r dr dÊ œ � � œ œ' ' ' '
R R

 Š ‹" "
� �1 y 1 y# #

' '
0 0

2 a 1 cos1 )Ð � Ñ

) )

 a (1 cos ) (sin ) d (1 cos ) 4a 4a 0œ � œ � � œ � � � œ'
0

21
$ $ % $ $

#

!
) ) ) )’ “ a ba

4

$
1

18. M y e  ln y, N   1 ,   Circ 1  dx dy ( 1) dx dyœ � œ Ê œ � œ Ê œ � � œ �x e M e N e e e
y y y x y y y

x x x x x` `
` `

' ' ' '
R R

’ “Š ‹
   dy dx  3 x x 1  dx x x 2  dxœ � œ � � � � œ � � œ �' ' ' '

� � � �

�

1 x 1 1 1

1 3 x 1 1

%

# c d a ba b a b# % % # 44
15

19. M 2xy , N 4x y   6xy , 8xy   work  2xy  dx 4x y  dy 8xy 6xy  dx dyœ œ Ê œ œ Ê œ � œ �$ # # # # $ # # # #` `
` `
M N
y x

)
C

' '
R

a b
 2xy  dy dx x  dxœ œ œ' ' '

0 0 0

1 x 1$

# "!2 2
3 33

20. M 4x 2y, N 2x 4y  2, 2  work  (4x 2y) dx (2x 4y) dyœ � œ � Ê œ � œ Ê œ � � �` `
` `
M N
y x

)
C

 [2 ( 2)] dx dy 4 dx dy 4(Area of the circle) 4( 4) 16œ � � œ œ œ œ' ' ' '
R R

1 1†
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21. M y , N x   2y, 2x  y  dx x  dy (2x 2y) dy dxœ œ Ê œ œ Ê � œ �# # # #` `
` `
M N
y x

)
C

' '
R

  (2x 2y) dy dx 3x 4x 1  dx x 2x x 1 2 1 0œ � œ � � � œ � � � œ � � � œ' ' '
0 0 0

1 1 x 1� a b c d# $ # "
!

22. M 3y, N 2x  3, 2  3y dx 2x dy 2 3  dx dy 1 dy dxœ œ Ê œ œ Ê � œ � œ �` `
` `
M N
y x

) ' '
C 0 0

sin x
' '

R
a b a b1

 sin x dx 2œ � œ �'
0

1

23. M 6y x, N y 2x  6, 2  (6y x) dx (y 2x) dy (2 6) dy dxœ � œ � Ê œ œ Ê � � � œ �` `
` `
M N
y x

)
C

' '
R

 4(Area of the circle) 16œ � œ � 1

24. M 2x y , N 2xy 3y  2y, 2y   2x y  dx (2xy 3y) dy (2y 2y) dx dy 0œ � œ � Ê œ œ Ê � � � œ � œ# #` `
` `
M N
y x

)
C
a b ' '

R

25. M x a cos t, N y a sin t  dx a sin t dt, dy a cos t dt  Area   x dy y dxœ œ œ œ Ê œ � œ Ê œ �"
#
)

C

  a  cos t a  sin t  dt  a  dt aœ � œ œ" "
# #

# # # # # #' '
0 0

2 21 1a b 1

26. M x a cos t, N y b sin t  dx a sin t dt, dy b cos t dt  Area   x dy y dxœ œ œ œ Ê œ � œ Ê œ �"
#
)

C

  ab cos t ab sin t  dt  ab dt abœ � œ œ" "
# #

# #' '
0 0

2 21 1a b 1

27. M x cos t, N y sin t  dx 3 cos t sin t dt, dy 3 sin t cos t dt  Area  x dy y dxœ œ œ œ Ê œ � œ Ê œ �$ $ # # "
#
)

C

  3 sin t cos t cos t sin t  dt  3 sin t cos t  dt  sin 2t dt  sin u duœ � œ œ œ" "
# #

# # # # # # # #' ' ' '
0 0 0 0

2 2 2 41 1 1 1a b a b a b 3 3
8 16

 œ � œ3 u sin 2u 3
16 2 4 8
� ‘ %

!

1
1

28. C : M x t, N y 0 dx dt, dy 0; C : M x 2 t sin 2 t 2 t sin t, N y1 2œ œ œ œ Ê œ œ œ œ � � � œ � � œa b a b1 1 1

 1 cos 2 t 1 cos t dx cos t 1 dt,  dy sin t dtœ � � œ � Ê œ � œa b a b1

 Area  x dy y dx  x dy y dx  x dy y dxÊ œ � œ � � �" " "
# # #
) ) )

C C C" 2

 0 dt 2 t sin t sin t 1 cos t cos t 1  dt 2 cos t t sin t 2 2 sin t  dtœ � � � � � � œ � � � �" " "
# # #
' ' '

0 0 0

2 2 21 1 1a b c d a ba ba b a b a b1 1

 3 sin t t cos t 2t 2 cos t 3œ � � � � œ1
2

2c d1 10
1

29. (a) M f(x), N g(y)  0, 0  f(x) dx g(y) dy  dx dy 0 dx dy 0œ œ Ê œ œ Ê � œ � œ œ` ` ` `
` ` ` `
M N N M
y x x y

)
C

' ' ' '
R R

Š ‹
 (b) M ky, N hx  k, h  ky dx hx dy  dx dyœ œ Ê œ œ Ê � œ �` ` ` `

` ` ` `
M N N M
y x x y

)
C

' '
R

Š ‹
 (h k) dx dy (h k)(Area of the region)œ � œ �' '

R

30. M xy , N x y 2x  2xy, 2xy 2  xy  dx x y 2x  dy  dx dyœ œ � Ê œ œ � Ê � � œ �# # # #` ` ` `
` ` ` `
M N N M
y x x y

)
C

a b Š ‹' '
R

 (2xy 2 2xy) dx dy 2 dx dy 2 times the area of the squareœ � � œ œ' ' ' '
R R
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31. The integral is 0 for any simple closed plane curve C.  The reasoning:  By the tangential form of Green's

 Theorem, with M 4x y and N x , 4x y dx x  dy x 4x y  dx dyœ œ � œ �$ % $ % % $` `
` `

)
C

' '
R

’ “a b a bx y

 4x 4x  dx dy 0.œ � œ' '
R

ðóóñóóòa b$ $

 0

32.  The integral is 0 for any simple closed curve C.  The reasoning:  By the normal form of Green's theorem, with

 M x  and N y ,  y  dy x  dx y x  dx dy 0.œ œ � � � œ � � œ$ $ $ $ $ $` `
` `

)
C

' '
R

” •ðñòa b a bïx y

 0 0

33. Let M x and N 0  1 and 0  M dy N dx  dx dy  x dyœ œ Ê œ œ Ê � œ � Ê` ` ` `
` ` ` `
M N M N
x y x y

) )
C C

' '
R

Š ‹
 (1 0) dx dy  Area of R dx dy  x dy; similarly, M y and N 0  1 andœ � Ê œ œ œ œ Ê œ' ' ' '

R R

)
C

`
`
M
y

 0  M dx N dy  dy dx  y dx (0 1) dy dx    y dx` ` `
` ` `

N N M
x x yœ Ê � œ � Ê œ � Ê �) ) )

C C C
' ' ' '

R R
Š ‹

 dx dy Area of Rœ œ' '
R

34. f(x) dx Area of R  y dx, from Exercise 33' )
a C

b

œ œ �

35. Let (x y) 1  x   Ax x dA (x 0) dx dy$ ß œ Ê œ œ œ œ Ê œ œ �M
M A

x (x y) dA x dA x dA

(x y) dA dA
y

' ' ' ' ' '

' ' ' '
R R R

R R

$

$

ß

ß
' ' ' '

R R

   dy, Ax x dA (0 x) dx dy   xy dx, and Ax x dA x x  dx dyœ œ œ � œ � œ œ �)
C

C

x 2
3 3

#

#
"' ' ' ' ' '

R R R R
) ' ' ˆ ‰

  x  dy xy dx   x  dy  xy dx   x  dy xy dx Axœ � Ê œ � œ � œ) ) ) )
C C C C

" " " "# # #
#3 3 3

36. If (x y) 1, then I x (x y) dA x  dA x 0  dy dx   x  dy,$ $ß œ œ ß œ œ � œy C
' ' ' ' ' '

R R R

# # # $"a b 3
)

 x  dA 0 x  dy dx   x y dx, and x  dA x x  dy dx' ' ' ' ' ' ' '
R R R R

# # # # # #"œ � œ � œ �a b ˆ ‰)
C

3
4 4

  x  dy x y dx   x  dy x y dx    x  dy   x y dx   x  dy x y dx Iœ � œ � Ê œ � œ � œ) ) ) ) )
C C C C C y

" " " " "$ # $ # $ # $ #
4 4 4 3 4

37. M , N   ,    dx  dy  dx dy 0 for such curves Cœ œ � Ê œ œ � Ê � œ � � œ` ` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` `

f f M f N f f f f f
y x y y x x y x x y

# # # #

# # # #
)

C
' '

R
Š ‹

38. M x y y , N x  x y , 1  Curl 1 x y 0 in the interior of theœ � œ Ê œ � œ Ê œ � œ � � �" " ` ` ` ` "# $ # # # #
` ` ` `4 3 y 4 x x y 4
M 1 N N M ˆ ‰

 ellipse x y 1 work d 1 x y  dx dy will be maximized on the region" "# # # #
4 4� œ Ê œ œ � �'

C
F r† ' '

R
ˆ ‰

 R {(x y) | curl } 0 or over the region enclosed by 1 x yœ ß   œ �F " # #
4

39. (a) f   M , N ; since M, N are discontinuous at (0 0), we™ œ � Ê œ œ ßŠ ‹ Š ‹2x 2x
x y x y x y x y

2y 2y
# # # # # # # #� � � �i j

 compute f  ds directly since Green's Theorem does not apply. Let x a cos t, y a sin t dx a sin t dt,'
C
™ † n œ œ Ê œ �

 dy a cos t dt, M  cos t, N  sin t, 0 t 2 , so f  ds  M dy N dxœ œ œ Ÿ Ÿ œ �2 2
a a 1 ' '

C C
™ † n

  cos t a cos t  sin t a sin t dt 2 cos  t sin  t dt 4 . Note that this holds for anyœ � � œ � œ' '
0 0

2 21 1� ‘ˆ ‰ ˆ ‰a b a b a b2 2
a a

2 2 1
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962 Chapter 16 Integration in Vector Fields

 a 0, so f  ds 4  for any circle C centered at 0, 0  traversed counterclockwise and f  ds 4� œ œ �' '
C C
™ † ™ †n n1 1a b

 if C is traversed clockwise.

 (b) If K does not enclose the point (0 0) we may apply Green's Theorem: f  ds  M dy N dxß œ �' '
C C
™ † n

  dx dy  dx dy  0 dx dy 0. If K does enclose the pointœ � œ � œ œ' ' ' ' ' '
R R R

Š ‹ Š ‹` `
` `

� �

� �

M N
x y

2 y x 2 x y

x y x y

ˆ ‰ ˆ ‰
a b a b

2 2 2 2

2 2 2 22 2

  (0 0) we proceed as follows:ß

 Choose a small enough so that the circle C centered at (0 0) of radius a lies entirely within K. Green's Theoremß

 applies to the region R that lies between K and C. Thus, as before, 0  dx dy
R

œ �' ' Š ‹` `
` `
M N
x y

  M dy N dx  M dy N dx where K is traversed counterclockwise and C is traversed clockwise.œ � � �' '
K C

 Hence by part (a) 0 4 4 f  ds. We have shown: M dy N dx  M dy N dxœ � Ê œ œ� �’ “' ' '
K K K

1 1 ™ † n

 f  ds
0 if (0 0) lies inside K
4 if (0 0) lies outside K

'
K
™ † n œ

ß
ßœ 1

40. Assume a particle has a closed trajectory in R and let C  be the path  C  encloses a simply connected region" "Ê

 R   C  is a simple closed curve.  Then the flux over R  is   ds 0, since the velocity vectors  are" " "Ê œ)
C"

F n F†

 tangent to C .  But 0   ds  M dy N dx  dx dy  M N 0, which is a"
` `
` `œ œ � œ � Ê � œ) )

C C x y
" "

F n† ' '
R"

Š ‹M N
x y

 contradiction.  Therefore, C  cannot be a closed trajectory."

41.  dx dy N(g (y) y) N(g (y) y)    dx  dy  [N(g (y) y) N(g (y) y)] dy' ' ' '
g y c g y c

g y d g y d

" "

# #

Ð Ñ Ð Ñ

Ð Ñ Ð Ñ
` `
` `# " # "

N N
x xœ ß � ß Ê œ ß � ßˆ ‰

  N(g (y) y) dy  N(g (y) y) dy  N(g (y) y) dy  N(g (y) y) dy  N dy  N dyœ ß � ß œ ß � ß œ �' ' ' ' ' '
c c c d C C

d d d c

# " # "
# "

  dy   N dy  dx dy
R

œ Ê œ) )
C C

' ' `
`

N
x

42. The curl of a conservative two-dimensional field is zero.  The reasoning:  A two-dimensional field M NF i jœ �

 can be considered to be the restriction to the xy-plane of a three-dimensional field whose k component is zero,

 and whose  and  components are independent of z.  For such a field to be conservative, we must havei j

  by the component test in Section 16.3  curl 0.` ` ` `
` ` ` `

N M N M
x y x yœ Ê œ � œF

43-46. Example CAS commands:
 :Maple
 with( plots );#43
 M := (x,y) -> 2*x-y;
 N := (x,y) -> x+3*y;
 C := x^2 + 4*y^2 = 4;
 implicitplot( C, x=-2..2, y=-2..2, scaling=constrained, title="#43(a) (Section 16.4)" );
 curlF_k := D[1](N) - D[2](M):                            # (b)
 'curlF_k' = curlF_k(x,y);
 top,bot := solve( C, y );                                     # (c)
 left,right := -2, 2;
 q1 := Int( Int( curlF_k(x,y), y=bot..top ), x=left..right );
 value( q1 );
 : (functions and bounds will vary)Mathematica

 The  command will be useful for 43 and 44, but is not needed for 43 and 44. In 44, the equation of the lineImplicitPlot
 from (0, 4) to (2, 0) must be determined first.
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 Clear[x, y, f]
 <<Graphics`ImplicitPlot`
 f[x_, y_]:= {2x y, x 3y}� �

 curve= x 4y  ==42 2�

 ImplicitPlot[curve, {x, 3, 3},{y, 2, 2}, AspectRatio Automatic, AxesLabel {x, y}];� � Ä Ä

 ybounds= Solve[curve, y]
 {y1, y2}=y/.ybounds;
 integrand:=D[f[x,y][[2]], x] D[f[x,y][[1]], y]//Simplify�

 Integrate[integrand, {x, 2, 2}, {y, y1, y2}]�

 N[%]

 Bounds for y are determined differently in 45 and 46. In 46, note equation of the line from (0, 4) to (2, 0).
 Clear[x, y, f]

 f[x_, y_]:= {x Exp[y], 4x  Log[y]}2

 ybound = 4 2x�

 Plot[{0, ybound}, {x, 0,2. 1}, AspectRatio Automatic, AxesLabel {x, y}];Ä Ä

 integrand:=D[f[x, y][[2]], x] D[f[x, y][[1]], y]//Simplify�

 Integrate[integrand, {x, 0, 2}, {y, 0, ybound}]
 N[%]

16.5  SURFACES AND  AREA

 1. In cylindrical coordinates, let x r cos , y r sin , z x y r .  Then  (r ) (r cos ) (r sin ) r ,œ œ œ � œ ß œ � �) ) ) ) )ˆ ‰È # #
# # #r i j k

 0 r 2, 0 2 .Ÿ Ÿ Ÿ Ÿ) 1

 2. In cylindrical coordinates, let x r cos , y r sin , z 9 x y 9 r .  Thenœ œ œ � � œ �) ) # # #

 (r ) (r cos ) (r sin ) 9 r ; z 0  9 r 0  r 9  3 r 3, 0 2 .  Butr i j kß œ � � �   Ê �   Ê Ÿ Ê � Ÿ Ÿ Ÿ Ÿ) ) ) ) 1a b# # #

 3 r 0 gives the same points as 0 r 3, so let 0 r 3.� Ÿ Ÿ Ÿ Ÿ Ÿ Ÿ

 3. In cylindrical coordinates, let x r cos , y r sin , z z . Then (r ) (r cos ) (r sin ) .œ œ œ Ê œ ß œ � �) ) ) ) )
Èx y r r# #�

# # #r i j kˆ ‰
 For 0 z 3, 0 3 0 r 6; to get only the first octant, let 0 .Ÿ Ÿ Ÿ Ÿ Ê Ÿ Ÿ Ÿ Ÿr

# #) 1

 4. In cylindrical coordinates, let x r cos , y r sin , z 2 x y   z 2r.  Thenœ œ œ � Ê œ) ) È # #

 (r ) (r cos ) (r sin ) 2r .  For 2 z 4, 2 2r 4  1 r 2, and let 0 2 .r i j kß œ � � Ÿ Ÿ Ÿ Ÿ Ê Ÿ Ÿ Ÿ Ÿ) ) ) ) 1

 5. In cylindrical coordinates, let x r cos , y r sin ; since x y r z 9 x y 9 rœ œ � œ Ê œ � � œ �) ) # # # # # #2 a b
  z 9 r , z 0.  Then (r ) (r cos ) (r sin ) 9 r .  Let 0 2 .  For the domainÊ œ �   ß œ � � � Ÿ ŸÈ È# #r i j k) ) ) ) 1

 of r:  z x y  and x y z 9  x y x y 9  2 x y 9  2r 9œ � � � œ Ê � � � œ Ê � œ Ê œÈ Èˆ ‰ a b# # # ## # # # # # # ##

  r   0 r .Ê œ Ê Ÿ Ÿ3 3
2 2È È

 6. In cylindrical coordinates, (r ) (r cos ) (r sin ) 4 r  (see Exercise 5 above with x y z 4,r i j kß œ � � � � � œ) ) ) È # # # #

 instead of x y z 9).  For the first octant, let 0 .  For the domain of r:  z x y  and# # #
#

# #� � œ Ÿ Ÿ œ �) 1 È
 x y z 4  x y x y 4  2 x y 4  2r 4  r 2.  Thus, let 2 r 2# # # # # # # ## #

#
� � œ Ê � � � œ Ê � œ Ê œ Ê œ Ÿ Ÿˆ ‰È a b È È

 (to get the portion of the sphere between the cone and the xy-plane).
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 7. In spherical coordinates, x  sin  cos , y  sin  sin , x y z   3  3œ œ œ � � Ê œ Ê œ3 9 ) 3 9 ) 3 3 3È È# # # #

  z 3 cos  for the sphere; z 3 cos   cos   ; z   3 cos Ê œ œ œ Ê œ Ê œ œ � Ê � œÈ È È9 9 9 9 9
È È È3 3 3

3# # # #
" 1

  cos   .    Then ( ) 3 sin  cos 3 sin  sin 3 cos ,Ê œ � Ê œ ß œ � �9 9 9 ) 9 ) 9 ) 9"
#

2
3
1 r i j kŠ ‹ Š ‹ Š ‹È È È

  and 0 2 .1 1
3 3

2Ÿ Ÿ Ÿ Ÿ9 ) 1

 8. In spherical coordinates, x  sin  cos , y  sin  sin , x y z   8  8 2 2œ œ œ � � Ê œ Ê œ œ3 9 ) 3 9 ) 3 3 3È È È# # # #

  x 2 2 sin  cos , y 2 2 sin  sin , and z 2 2 cos .  Thus letÊ œ œ œÈ È È9 ) 9 ) 9

 ( ) 2 2 sin  cos 2 2 sin  sin 2 2 cos ; z 2  2 2 2 cos r i j k9 ) 9 ) 9 ) 9 9ß œ � � œ � Ê � œŠ ‹ Š ‹ Š ‹È È È È
  cos   ; z 2 2  2 2 2 2 cos   cos 1  0.  Thus 0  andÊ œ � Ê œ œ Ê œ Ê œ Ê œ Ÿ Ÿ9 9 9 9 9 9"È2

3 3
4 4
1 1È È È

 0 2 .Ÿ Ÿ) 1

 9. Since z 4 y , we can let  be a function of x and y  (x y) x y 4 y .  Then z 0œ � Ê ß œ � � � œ# #r r i j ka b
  0 4 y   y 2.  Thus, let 2 y 2 and 0 x 2.Ê œ � Ê œ „ � Ÿ Ÿ Ÿ Ÿ#

10. Since y x , we can let  be a function of x and z  (x z) x x z .  Then y 2œ Ê ß œ � � œ# #r r i j k

  x 2  x 2.  Thus, let 2 x 2 and 0 z 3.Ê œ Ê œ „ � Ÿ Ÿ Ÿ Ÿ# È È È
11. When x 0, let y z 9 be the circular section in the yz-plane.  Use polar coordinates in the yz-planeœ � œ# #

  y 3 cos  and z 3 sin .  Thus let x u and v  (u,v) u (3 cos v) (3 sin v)  whereÊ œ œ œ œ Ê œ � �) ) ) r i j k
 0 u 3, and 0 v 2 .Ÿ Ÿ Ÿ Ÿ 1

12. When y 0, let x z 4 be the circular section in the xz-plane.  Use polar coordinates in the xz-planeœ � œ# #

  x 2 cos  and z 2 sin .  Thus let y u and v  (u,v) (2 cos v) u (3 sin v)  whereÊ œ œ œ œ Ê œ � �) ) ) r i j k
 2 u 2, and 0 v  (since we want the portion  the xy-plane).� Ÿ Ÿ Ÿ Ÿ 1 above

13. (a) x y z 1 z 1 x y.  In cylindrical coordinates, let x r cos  and y r sin � � œ Ê œ � � œ œ) )

 z 1 r cos r sin (r ) (r cos ) (r sin ) (1 r cos r sin ) , 0 2  andÊ œ � � Ê ß œ � � � � Ÿ Ÿ) ) ) ) ) ) ) ) 1r i j k
 0 r 3.Ÿ Ÿ

 (b) In a fashion similar to cylindrical coordinates, but working in the yz-plane instead of the xy-plane, let

 y u cos v, z u sin v where u y z  and v is the angle formed by (x y z), (x 0 0), and (x y 0)œ œ œ � ß ß ß ß ß ßÈ # #

 with (x 0 0) as vertex.  Since x y z 1  x 1 y z  x 1 u cos v u sin v, then  is aß ß � � œ Ê œ � � Ê œ � � r
 function of u and v  (u v) (1 u cos v u sin v) (u cos v) (u sin v) , 0 u 3 and 0 v 2 .Ê ß œ � � � � Ÿ Ÿ Ÿ Ÿr i j k 1

14. (a) In a fashion similar to cylindrical coordinates, but working in the xz-plane instead of the xy-plane, let

 x u cos v, z u sin v where u x z  and v is the angle formed by (x y z), (y 0 0), and (x y 0)œ œ œ � ß ß ß ß ß ßÈ # #

 with vertex (y 0 0).  Since x y 2z 2  y x 2z 2, then (u v)ß ß � � œ Ê œ � � ßr

 (u cos v) (u cos v 2u sin v 2) (u sin v) , 0 u 3 and 0 v 2 .œ � � � � Ÿ Ÿ Ÿ Ÿi j k È 1

 (b) In a fashion similar to cylindrical coordinates, but working in the yz-plane instead of the xy-plane, let

 y u cos v, z u sin v where u y z  and v is the angle formed by (x y z), (x 0 0), and (x y 0)œ œ œ � ß ß ß ß ß ßÈ # #

 with vertex (x 0 0).  Since x y 2z 2  x y 2z 2, then (u v)ß ß � � œ Ê œ � � ßr

 (u cos v 2u sin v 2) (u cos v) (u sin v) , 0 u 2 and 0 v 2 .œ � � � � Ÿ Ÿ Ÿ Ÿi j k È 1

15. Let x w cos v and z w sin v.  Then (x 2) z 4  x 4x z 0  w  cos v 4w cos v w  sin vœ œ � � œ Ê � � œ Ê � �# # # # # # # #

 0 w 4w cos v 0 w 0 or w 4 cos v 0  w 0 or w 4 cos v.  Now w 0  x 0 and y 0,œ Ê � œ Ê œ � œ Ê œ œ œ Ê œ œ#

 which is a line not a cylinder.  Therefore, let w 4 cos v  x (4 cos v)(cos v) 4 cos v and z 4 cos v sin v.œ Ê œ œ œ#

 Finally, let y u.  Then (u v) 4 cos v u (4 cos v sin v) , v  and 0 u 3.œ ß œ � � � Ÿ Ÿ Ÿ Ÿr i j ka b#
# #
1 1
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16. Let y w cos v and z w sin v.  Then y (z 5) 25  y z 10z 0œ œ � � œ Ê � � œ# # # #

  w  cos v w  sin v 10w sin v 0  w 10w sin v 0  w(w 10 sin v) 0  w 0 orÊ � � œ Ê � œ Ê � œ Ê œ# # # # #

 w 10 sin v.  Now w 0  y 0 and z 0, which is a line not a cylinder.  Therefore, let w 10 sin vœ œ Ê œ œ œ

  y 10 sin v cos v and z 10 sin v.  Finally, let x u.  Then (u v) u (10 sin v cos v) 10 sin v ,Ê œ œ œ ß œ � �# #r i j ka b
 0 u 10 and 0 v .Ÿ Ÿ Ÿ Ÿ 1

17. Let x r cos  and y r sin .  Then (r ) (r cos ) (r sin ) , 0 r 1 and 0 2œ œ ß œ � � Ÿ Ÿ Ÿ Ÿ) ) ) ) ) ) 1r i j kˆ ‰2 r sin �
#

)

  (cos ) (sin )  and ( r sin ) (r cos )Ê œ � � œ � � �r i j k r i j kr
sin r cos ) ) ) )ˆ ‰ ˆ ‰) )

)# #

  cos sin 

r sin r cos 
Ê ‚ œ �

� �

r r
i j k

r
sin 

r cos 
)

)

)

â ââ ââ ââ ââ ââ â) )

) )
#

#

 r cos r sin rœ � � � � � œ �Š ‹ Š ‹ a b�
# # # # #

# #r sin  cos r sin r cos r(sin )(r cos )) ) ) )) ) i j k j k
# #

) )

  r   A   dr d  d  dÊ ‚ œ � œ Ê œ œ œ œk k É ’ “r rr
r
4 4

5 r 5 r 5 r 5
)

1# #

#
# # #

"

!

È È È È' ' ' '
0 0 0 0

2 1 2 21 1 1

) ) )

18. Let x r cos  and y r sin   z x r cos , 0 r 2 and 0 2 .  Thenœ œ Ê œ � œ � Ÿ Ÿ Ÿ Ÿ) ) ) ) 1

 (r ) (r cos ) (r sin ) (r cos )   (cos ) (sin ) (cos )  andr i j k r i j kß œ � � Ê œ � �) ) ) ) ) ) )r

 ( r sin ) (r cos ) (r sin )r i j k) œ � � �) ) )

  cos sin cos 
r sin r cos r sin 

Ê ‚ œ �
�

r r
i j k

r )

â ââ ââ ââ ââ ââ â) ) )

) ) )

 r sin r cos (r sin  cos r sin  cos ) r cos r sin r rœ � � � � � œ �a b a b# # # #) ) ) ) ) ) ) )i j k i k

  r r r 2  A r 2 dr d  d 2 2 d 4 2Ê ‚ œ � œ Ê œ œ œ œk k È È È È È’ “r rr
r 2

2)
# #

#

!

' ' ' '
0 0 0 0

2 2 2 21 1 1

) ) ) 1
#È

19. Let x r cos  and y r sin   z 2 x y 2r, 1 r 3 and 0 2 .  Thenœ œ Ê œ � œ Ÿ Ÿ Ÿ Ÿ) ) ) 1È # #

 (r ) (r cos ) (r sin ) 2r   (cos ) (sin ) 2  and ( r sin ) (r cos )r i j k r i j k r i jß œ � � Ê œ � � œ � �) ) ) ) ) ) )r )

  ( 2r cos ) (2r sin ) r cos r sincos sin 2
r sin r cos 0

Ê ‚ œ œ � � � �
�

r r i j k
i j k

r )

â ââ ââ ââ ââ ââ â a b) )

) )

) ) ) )# #

 ( 2r cos ) (2r sin ) r   4r  cos 4r  sin r 5r r 5œ � � � Ê ‚ œ � � œ œ) ) ) )i j k r rk k È È È
r )

# # # # # #

  A r 5 dr d  d 4 5 d 8 5Ê œ œ œ œ' ' ' '
0 1 0 0

2 3 2 21 1 1È È È’ “) ) ) 1r 5
2

#È $

"

20. Let x r cos  and y r sin   z , 3 r 4 and 0 2 .  Thenœ œ Ê œ œ Ÿ Ÿ Ÿ Ÿ) ) ) 1
Èx y

3 3
r# #�

 (r ) (r cos ) (r sin )   (cos ) (sin )  and ( r sin ) (r cos )r i j k r i j k r i jß œ � � Ê œ � � œ � �) ) ) ) ) ) )ˆ ‰ ˆ ‰r
3 3r

"
)

  cos sin r cos r sin r cos r sin
r sin r cos 0

Ê ‚ œ œ � � � �

�

r r i j k
i j k

r 3 3 3)

â ââ ââ ââ ââ ââ â ˆ ‰ ˆ ‰ a b) ) ) ) ) )

) )

" " " # #

 r cos r sin r   r  cos r  sin rœ � � � Ê ‚ œ � � œ œˆ ‰ ˆ ‰ k k É É" " " "# # # # #
3 3 9 9 9 3r

10r r 10
) ) ) )i j k r r)

# È

  A  dr d  d  dÊ œ œ œ œ' ' ' '
0 3 0 0

2 4 2 21 1 1

r 10 r 10 7 10 7 10
3 6 6 3

È È È È
) ) )’ “# %

$

1

21. Let x r cos  and y r sin   r x y 1, 1 z 4 and 0 2 .  Thenœ œ Ê œ � œ Ÿ Ÿ Ÿ Ÿ) ) ) 1# # #

 (z ) (cos ) (sin ) z    and ( sin ) (cos )r i j k r k r i jß œ � � Ê œ œ � �) ) ) ) )z )
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  (cos ) (sin ) cos sin 1sin cos 0
0 0 1

Ê ‚ œ œ � Ê ‚ œ � œ�r r i j r r
i j k

) )z z

â ââ ââ ââ ââ ââ â k k È) ) ) ) ) )# #

  A 1 dr d 3 d 6Ê œ œ œ' ' '
0 1 0

2 4 21 1

) ) 1

22. Let x u cos v and z u sin v  u x z 10, 1 y 1, 0 v 2 .  Thenœ œ Ê œ � œ � Ÿ Ÿ Ÿ Ÿ# # # 1

 (y v) (u cos v) y (u sin v)  10 cos v y 10 sin vr i j k i j kß œ � � œ � �Š ‹ Š ‹È È
  10 sin v 10 cos v  and   10 sin v 0 10 cos v

0 1 0
Ê œ � � œ Ê ‚ œ �r i k r j r r

i j k

v y v yŠ ‹ Š ‹È È
â ââ ââ ââ ââ ââ âÈ È

 10 cos v 10 sin v 10  A 10 du dv 10u  dvœ � � Ê ‚ œ Ê œ œŠ ‹ Š ‹ ’ “È È È È Èk ki k r rv y 0 1 0

2 1 2' ' '1 1

�

"

�"

 2 10 dv 4 10œ œ'
0

21 È È1
23. z 2 x y  and z x y   z 2 z   z z 2 0  z 2 or z 1.  Since z x y 0,œ � � œ � Ê œ � Ê � � œ Ê œ � œ œ �  # # # ## # # #È È
 we get z 1 where the cone intersects the paraboloid.  When x 0 and y 0, z 2  the vertex of theœ œ œ œ Ê

 paraboloid is (0 0 2).  Therefore, z ranges from 1 to 2 on the “cap"  r ranges from 1 (when x y 1) to 0ß ß Ê � œ# #

 (when x 0 and y 0 at the vertex).  Let x r cos , y r sin , and z 2 r .  Thenœ œ œ œ œ �) ) #

 (r ) (r cos ) (r sin ) 2 r , 0 r 1, 0 2   (cos ) (sin ) 2r  andr i j k r i j kß œ � � � Ÿ Ÿ Ÿ Ÿ Ê œ � �) ) ) ) 1 ) )a b# r

 ( r sin ) (r cos )   cos sin 2r
r sin r cos 0

r i j r r
i j k

) )œ � � Ê ‚ œ �
�

) ) ) )

) )
r

â ââ ââ ââ ââ ââ â
 2r  cos 2r  sin r   4r  cos 4r  sin r r 4r 1œ � � Ê ‚ œ � � œ �a b a b k k È È# # % # % # # #) ) ) )i j k r rr )

  A r 4r 1 dr d 4r 1  d  d 5 5 1Ê œ � œ � œ œ �' ' ' '
0 0 0 0

2 1 2 21 1 1È ’ “ Š ‹ Š ‹a b È# " # $Î# "

!

�"
#) ) )12 1 6

5 5È 1

24. Let x r cos , y r sin  and z x y r .  Then (r ) (r cos ) (r sin ) r , 1 r 2,œ œ œ � œ ß œ � � Ÿ Ÿ) ) ) ) )# # # #r i j k
 0 2   (cos ) (sin ) 2r  and ( r sin ) (r cos )Ÿ Ÿ Ê œ � � œ � �) 1 ) ) ) )r i j k r i jr )

  2r  cos 2r  sin r   cos sin 2r
r sin r cos 0

Ê ‚ œ œ � � � Ê ‚
�

r r i j k r r
i j k

r r) )

â ââ ââ ââ ââ ââ â a b a b k k) )

) )

) )# #

 4r  cos 4r  sin r r 4r 1  A r 4r 1 dr d 4r 1  dœ � � œ � Ê œ � œ �È È È ’ “a b% # % # # # # " # $Î# #

"
) ) ) )' ' '

0 1 0

2 2 21 1

12

  d 17 17 5 5œ œ �'
0

21Š ‹ Š ‹È È17 17 5 5
1 6

È È�
# ) 1

25. Let x  sin  cos , y  sin  sin , and z  cos   x y z 2 on the sphere.  Next,œ œ œ Ê œ � � œ3 9 ) 3 9 ) 3 9 3 È È# # #

 x y z 2 and z x y   z z 2  z 1  z 1 since z 0  .  For the lower# # # # # ## #� � œ œ � Ê � œ Ê œ Ê œ   Ê œÈ 9 1
4

 portion of the sphere cut by the cone, we get .  Then9 1œ

 ( ) 2 sin  cos 2 sin  sin 2 cos , , 0 2r i j k9 ) 9 ) 9 ) 9 9 1 ) 1ß œ � � Ÿ Ÿ Ÿ ŸŠ ‹ Š ‹ Š ‹È È È 1
4

 2 cos  cos 2 cos  sin 2 sin  and 2 sin  sin 2 sin  cos Ê œ � � œ � �r i j k r i j9 )Š ‹ Š ‹ Š ‹ Š ‹ Š ‹È È È È È9 ) 9 ) 9 9 ) 9 )

  2 cos  cos 2 cos  sin 2 sin 

2 sin  sin 2 sin  cos 0

Ê ‚ œ �

�

r r

i j k

9 )

â ââ ââ ââ ââ ââ â
È È ÈÈ È9 ) 9 ) 9

9 ) 9 )

 2 sin  cos 2 sin  sin (2 sin  cos )œ � �a b a b# #9 ) 9 ) 9 9i j k
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  4 sin  cos 4 sin  sin 4 sin  cos 4 sin 2 sin 2 sin Ê ‚ œ � � œ œ œk k k kÈ Èr r9 )
% # % # # # #9 ) 9 ) 9 9 9 9 9

  A  2 sin  d d 2 2  d 4 2 2Ê œ œ � œ �' ' '
0 4 0

2 21 1 1

1Î
9 9 ) ) 1Š ‹ Š ‹È È

26. Let x  sin  cos , y  sin  sin , and z  cos   x y z 2 on the sphere.  Next,œ œ œ Ê œ � � œ3 9 ) 3 9 ) 3 9 3 È # # #

 z 1  1 2 cos   cos   ; z 3  3 2 cos   cos   .  Thenœ � Ê � œ Ê œ � Ê œ œ Ê œ Ê œ Ê œ9 9 9 9 9 9"
# #

2
3 6

31 1È È È

 ( ) (2 sin  cos ) (2 sin  sin ) (2 cos ) , , 0 2r i j k9 ) 9 ) 9 ) 9 9 ) 1ß œ � � Ÿ Ÿ Ÿ Ÿ1 1
6 3

2

  (2 cos  cos ) (2 cos  sin ) (2 sin )  andÊ œ � �r i j k9 9 ) 9 ) 9

 ( 2 sin  sin ) (2 sin  cos )r i j) œ � �9 ) 9 )

  2 cos  cos 2 cos  sin 2 sin 
2 sin  sin 2 sin  cos 0

Ê ‚ œ �
�

r r
i j k

9 )

â ââ ââ ââ ââ ââ â9 ) 9 ) 9

9 ) 9 )

 4 sin  cos 4 sin  sin (4 sin  cos )œ � �a b a b# #9 ) 9 ) 9 9i j k

  16 sin  cos 16 sin  sin 16 sin  cos 16 sin 4 sin 4 sin Ê ‚ œ � � œ œ œk k k kÈ Èr r9 )
% # % # # # #9 ) 9 ) 9 9 9 9 9

  A  4 sin  d d 2 2 3  d 4 4 3Ê œ œ � œ �' ' '
0 6 0

2 2 3 21 1 1

1Î

Î

9 9 ) ) 1Š ‹ Š ‹È È
27. The parametrization (r ) (r cos ) (r sin ) rr i j kß œ � �) ) )

 at P 2 2 2   , r 2,! œ ß ß Ê œ œŠ ‹È È ) 1
4

 (cos ) (sin )  andr i j k i j kr
2 2œ � � œ � �) )

È È
# #

 ( r sin ) (r cos ) 2 2r i j i j) œ � � œ � �) ) È È
  2/2 2/2 1

2 2 0

Ê ‚ œ

�

r r

i j k

r )

â ââ ââ ââ ââ ââ â
È ÈÈ È

 2 2 2   the tangent plane isœ � � � ÊÈ Èi j k

 

 0 2 2 2 x 2 y 2 (z 2) 2x 2y 2z 0, or x y 2z 0.œ � � � � � � � � Ê � � œ � � œŠ ‹ ’ “È È È È È È ÈŠ ‹ Š ‹i j k i j k†

 The parametrization (r )  x r cos , y r sin  and z r  x y r z   the surface is z x y .r ß Ê œ œ œ Ê � œ œ Ê œ �) ) ) # # # # # #È
28. The parametrization ( )r 9 )ß

 (4 sin  cos ) (4 sin  sin ) (4 cos )œ � �9 ) 9 ) 9i j k

 at P 2 2 2 3   4 and z 2 3! œ ß ß Ê œ œŠ ‹È È È È3

 4 cos   ; also x 2 and y 2œ Ê œ œ œ9 9 1
6

È È
  .  Then Ê œ) 1

94 r

 (4 cos  cos ) (4 cos  sin ) (4 sin )œ � �9 ) 9 ) 9i j k

 6 6 2  andœ � �È Èi j k
 ( 4 sin  sin ) (4 sin  cos )r i j) œ � �9 ) 9 )

 2 2  at P  6 6 2

2 2 0

œ � � Ê ‚ œ �

�

È È
â ââ ââ ââ ââ ââ â
È ÈÈ Èi j r r

i j k

! 9 )

 2 2 2 2 4 3   the tangent plane isœ � � ÊÈ È Èi j k

 

  2 2 2 2 4 3 x 2 y 2 z 2 3 0  2x 2y 2 3z 16,Š ‹ ’ “È È È È È ÈÈ È ÈŠ ‹ Š ‹ Š ‹i j k i j k� � � � � � � œ Ê � � œ†

 or x y 6z 8 2.  The parametrization  x 4 sin  cos , y 4 sin  sin , z 4 cos � � œ Ê œ œ œÈ È 9 ) 9 ) 9

  the surface is x y z 16, z 0.Ê � � œ  # # #
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29. The parametrization ( z) (3 sin 2 ) 6 sin zr i j k) ) )ß œ � �a b#

 at P  0    and z 0.  Then! # #œ ß ß Ê œ œŠ ‹3 3 9
3

È
) 1

 (6 cos 2 ) (12 sin  cos )r i j) œ �) ) )

 3 3 3  and  at Pœ � � œi j r kÈ
z !

  3 3 33 3 3 0
0 0 1

Ê ‚ œ œ ��r r i j
i j k

) z

â ââ ââ ââ ââ ââ âÈ È
  the tangent plane isÊ

 3 3 3 x y (z 0) 0Š ‹ ’ “È Š ‹ ˆ ‰i j i j k� � � � � � œ†
3 3 9È
# #

  3x y 9.  The parametrization  x 3 sin 2Ê � œ Ê œÈ )

 and y 6 sin   x y 9 sin 2 6 sinœ Ê � œ �# # # # # #
) ) )a b

 

 9 4 sin  cos 36 sin 6 6 sin 6y  x y 6y 9 9  x (y 3) 9œ � œ œ Ê � � � œ Ê � � œa b a b# # % # # # # #) ) ) )

30. The parametrization (x y) x y x  atr i j kß œ � � #

 P (1 2 1)  2x 2  and  at P! !œ ß ß� Ê œ � œ � œr i k i k r jx y

  2   the tangent plane1 0 2
0 0

Ê ‚ œ œ � Ê�
"

r r i k
i j k

x y

â ââ ââ ââ ââ ââ â
 is (2 ) [(x 1) (y 2) (z 1) ] 0i k i j k� � � � � � œ†

  2x z 1. The parametrization  x x, y y andÊ � œ Ê œ œ

 z x   the surface is z xœ � Ê œ �# #

 

31. (a) An arbitrary point on the circle C is (x z) (R r cos u, r sin u)  (x y z) is on the torus withß œ � Ê ß ß

 x (R r cos u) cos v, y (R r cos u) sin v, and z r sin u, 0 u 2 , 0 v 2œ � œ � œ Ÿ Ÿ Ÿ Ÿ1 1

 (b) ( r sin u cos v) (r sin u sin v) (r cos u)  and ( (R r cos u) sin v) ((R r cos u) cos v)r i j k r i ju vœ � � � œ � � � �

  r sin u cos v r sin u sin v r cos u
(R r cos u) sin v (R r cos u) cos v 0

Ê ‚ œ � �
� � �

r r
i j k

u v

â ââ ââ ââ ââ ââ â
 (R r cos u)(r cos v cos u) (R r cos u)(r sin v cos u) ( r sin u)(R r cos u)œ � � � � � � �i j k

  (R r cos u) r  cos v cos u r  sin v cos u r  sin u   r(R r cos u)Ê ‚ œ � � � Ê ‚ œ �k k a b k kr r r ru v u v
# # # # # # # # # #

  A  rR r  cos u  du dv 2 rR dv 4 rRÊ œ � œ œ' ' '
0 0 0

2 2 21 1 1a b# #1 1

32. (a) The point (x y z) is on the surface for fixed x f(u) when y g(u) sin v  and z g(u) cos vß ß œ œ � œ �ˆ ‰ ˆ ‰1 1
# #

  x f(u), y g(u) cos v, and z g(u) sin v  (u v) f(u) (g(u) cos v) (g(u) sin v) , 0 v 2 ,Ê œ œ œ Ê ß œ � � Ÿ Ÿr i j k 1

 a u bŸ Ÿ

 (b) Let u y and x u   f(u) u  and g(u) u  (u v) u (u cos v) (u sin v) , 0 v 2 , 0 uœ œ Ê œ œ Ê ß œ � � Ÿ Ÿ Ÿ# # #r i j k 1

33. (a) Let w 1 where w cos  and sin   cos   cos  cos  and cos  sin # #� œ œ œ Ê � œ Ê œ œz z x x
c c a b a b

y y# #

# # #

#

9 9 9 9 ) 9 )

  x a cos  cos , y b sin  cos , and z c sin Ê œ œ œ) 9 ) 9 9

  ( ) (a cos  cos ) (b sin  cos ) (c sin )Ê ß œ � �r i j k) 9 ) 9 ) 9 9
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 (b) ( a sin  cos ) (b cos  cos )  and ( a cos  sin ) (b sin  sin ) (c cos )r i j r i j k) 9œ � � œ � � �) 9 ) 9 ) 9 ) 9 9

  a sin  cos b cos  cos 0
a cos  sin b sin  sin c cos 

Ê ‚ œ �
� �

r r
i j k

) 9

â ââ ââ ââ ââ ââ â) 9 ) 9

) 9 ) 9 9

 bc cos  cos ac sin  cos (ab sin  cos )œ � �a b a b) 9 ) 9 9 9# #i j k

  b c  cos  cos a c  sin  cos a b  sin  cos , and the result follows.Ê ‚ œ � �k kr r) 9
# # # # % # # # % # # # #) 9 ) 9 9 9

 A  d  d  d  da b  sin  cos b c  cos  cos a c  sin  cosÊ ‚ œ � �' ' ' '
0 0 0 0

2 2
1/2

1 1 1 1k k c dr r) 9 9 ) 9 )9 9 ) 9 ) 9# # # # # # # % # # # %

34. (a) ( u) (cosh u cos ) (cosh u sin ) (sinh u)r i j k) ) )ß œ � �

 (b) ( u) (a cosh u cos ) (b cosh u sin ) (c sinh u)r i j k) ) )ß œ � �

35. ( u) (5 cosh u cos ) (5 cosh u sin ) (5 sinh u)   ( 5 cosh u sin ) (5 cosh u cos )  andr i j k r i j) ) ) ) )ß œ � � Ê œ � �)

 (5 sinh u cos ) (5 sinh u sin ) (5 cosh u)r i j ku œ � �) )

  r 5 cosh u sin 5 cosh u cos 0
5 sinh u cos 5 sinh u sin 5 cosh u

Ê ‚ œ �) r
i j k

u

â ââ ââ ââ ââ ââ â) )

) )

 25 cosh u cos 25 cosh u sin (25 cosh u sinh u) .  At the point (x y 0), where x y 25œ � � ß ß � œa b a b# # # #
! !) )i j k 0 0

 we have 5 sinh u 0  u 0 and x 25 cos , y 25 sin   the tangent plane isœ Ê œ œ œ Ê! !) )

 5(x y ) [(x x ) (y y ) z ] 0  x x x y y y 0  x x y y 25! ! ! ! ! ! ! !
# #i j i j k� � � � � œ Ê � � � œ Ê � œ† 0 0

36. Let w 1 where cosh u and w sinh u  w   w cos  and w sin z z x x
c c a b a b

y y# #

# # #

#

� œ œ œ Ê œ � Ê œ œ# # ) )

  x a sinh u cos , y b sinh u sin , and z c cosh uÊ œ œ œ) )

  ( u) (a sinh u cos ) (b sinh u sin ) (c cosh u) , 0 2 , uÊ ß œ � � Ÿ Ÿ �_ � � _r i j k) ) ) ) 1

37. , f 2x 2y   f (2x) (2y) ( 1) 4x 4y 1 and f 1;p k i j k pœ œ � � Ê œ � � � œ � � œ™ ™ ™ †k k k kÈ È# # # # #

 z 2  x y 2; thus S  dA 4x 4y 1 dx dyœ Ê � œ œ œ � �# # # #' ' ' '
R R

k kk k™

™ †

f
f p

È
 4r  cos 4r  sin 1 r dr d 4r 1 r dr d 4r 1  dœ � � œ � œ �' '

R

È È ’ “a b# # # # # " # $Î# #

!
) ) ) ) )' ' '

0 0 0

2 2 21 1
È

12

È

  dœ œ'
0

21
13 13
6 3) 1

38. , f 2x 2y   f 4x 4y 1 and f 1; 2 x y 6p k i j k pœ œ � � Ê œ � � œ Ÿ � Ÿ™ ™ ™ †k k k kÈ # # # #

  S   dA 4x 4y 1 dx dy 4r 1 r dr d 4r 1 r dr dÊ œ œ � � œ � œ �' ' ' ' ' '
R R R

k kk k™

™ †

f
f p

È È È# # # #) )' '
0 2

2 61

È

È

 4r 1  d  dœ � œ œ' '
0 0

2 21 1’ “a b" # $Î# '

#12 6 3
49 49

È
È ) ) 1

39. , f 2 2   f 3 and f 2; x y  and x 2 y  intersect at (1 1) and (1 1)p k i j k pœ œ � � Ê œ œ œ œ � ß ß�™ ™ ™ †k k k k # #

  S  dA  dx dy  dx dy 3 3y  dy 4Ê œ œ œ œ � œ' ' ' '
R R

k kk k™

™ †

f
f

3 3
p # #

#' ' '
� �

�

1 y 1

1 2 y 1

#

# a b
40. , f 2x 2   f 4x 4 2 x 1 and f 2  S   dAp k i k pœ œ � Ê œ � œ � œ Ê œ™ ™ ™ †k k k kÈ È# # ' '

R

k kk k™

™ †

f
f p

  dx dy x 1 dy dx x x 1 dx x 1 (4)œ œ � œ � œ � œ � œ' '
R

2 x 1
3 3 3 3

7È È
# �
#

# # " " "# $Î#$Î# $

!

' ' '
0 0 0

3 x 3È ÈÈ È ’ “a b
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41. , f 2x 2 2   f (2x) ( 2) ( 2) 4x 8 2 x 2 and f 2p k i j k pœ œ � � Ê œ � � � � œ � œ � œ™ ™ ™ †k k k kÈ È È# # # # #

  S   dA  dx dy x 2 dy dx 3x x 2 dx x 2Ê œ œ œ � œ � œ �' ' ' '
R R

k kk k
È™

™ †

f
f

2 x 2
p

#�
#

# # # $Î# #

!

' ' '
0 0 0

2 3x 2È È ’ “a b
 6 6 2 2œ �È È
42. , f 2x 2y 2z f 4x 4y 4z 8 2 2 and f 2z; x y z 2 andp k i j k pœ œ � � Ê œ � � œ œ œ � � œ™ ™ ™ †k k k kÈ È È# # # # # #

 z x y   x y 1; thus, S   dA   dA 2   dAœ � Ê � œ œ œ œÈ È# # # #
#

"' ' ' ' ' '
R R R

k kk k
È™

™ †

f
f z z

2 2
p

 2  dA 2 2 1 2  d 2 2 2œ œ œ � � œ �È È È È ÈŠ ‹ Š ‹' '
R

"
� � �È Èa b2 x y

r dr d
2 r# # #

' ' '
0 0 0

2 1 21 1

) ) 1

43. , f c   f c 1 and f 1  S   dA  c 1 dx dyp k i k pœ œ � Ê œ � œ Ê œ œ �™ ™ ™ †k k k kÈ È# #' ' ' '
R R

k kk k™

™ †

f
f p

  c 1 r dr d  d c 1œ � œ œ �' ' '
0 0 0

2 1 21 1È È# #�
#) ) 1

Èc 1#

44. , f 2x 2z   f (2x) (2z) 2 and f 2z for the upper surface, z 0p k i j pœ œ � Ê œ � œ œ  ™ ™ ™ †k k k kÈ # #

  S   dA   dA   dy dx 2   dy dx   dxÊ œ œ œ œ œ' ' ' ' ' '
R R R

k kk k È È È™

™ †

f
f z

2 1
1 x 1 x 1 xp #
" "

� � �# # #

' ' '
� Î � Î

Î Î Î

1 2 0 1 2

1 2 1 2 1 2

 sin xœ œ � � œc d ˆ ‰�" "Î#
�"Î#

1 1 1
6 6 3

45. , f 2y 2z   f 1 (2y) (2z) 1 4y 4z  and f 1; 1 y z 4p i i j k pœ œ � � Ê œ � � œ � � œ Ÿ � Ÿ™ ™ ™ †k k k kÈ È# # # # # # #

  S   dA 1 4y 4z  dy dz 1 4r  cos 4r  sin  r dr dÊ œ œ � � œ � �' ' ' '
R R

k kk k™

™ †

f
f p

È È# # # # # #' '
0 1

2 21

) ) )

 1 4r  r dr d 1 4r  d 17 17 5 5  d 17 17 5 5œ � œ � œ � œ �' ' ' '
0 1 0 0

2 2 2 21 1 1È ’ “ Š ‹ Š ‹a b È ÈÈ È# " "# $Î# #

" #) ) )12 1 6
1

46. , f 2x 2z f 4x 4z 1 and f 1; y 0 and x y z 2 x z 2;p j i j k pœ œ � � Ê œ � � œ œ � � œ Ê � œ™ ™ ™ †k k k kÈ # # # # # #

 thus, S  dA 4x 4z 1 dx dz 4r 1 r dr d  dœ œ � � œ � œ œ' ' ' '
R R

k kk k™

™ †

f
f 6 3

13 13
p

È È# # #' ' '
0 0 0

2 2 21 1
È

) ) 1

47. , f 2x 15 f 2x 15 ( 1) 4x 8 2xp k i j kœ œ � � � Ê œ � � � � œ � � œ �™ ™ˆ ‰ ˆ ‰ ˆ ‰È Èk k Ê Š ‹ É É2 2 4 2
x x x x

# ##
# #

#

 2x , on 1 x 2 and f 1  S   dA 2x 2x  dx dyœ � Ÿ Ÿ œ Ê œ œ �2
x f

fk k a b™ † p ' ' ' '
R R

k kk k™

™ †p
�"

 2x 2x  dx dy x 2 ln x  dy (3 2 ln 2) dy 3 2 ln 2œ � œ � œ � œ �' ' ' '
0 1 0 0

1 2 1 1a b c d�" # #
"

48. , f 3 x 3 y 3   f 9x 9y 9 3 x y 1 and f 3p k i j k pœ œ � � Ê œ � � œ � � œ™ ™ ™ †È È k k k kÈ È
  S  dA x y 1 dx dy x y 1 dx dy (x y 1)  dyÊ œ œ � � œ � � œ � �' ' ' '

R R

k kk k™

™ †

f
f 3

2
p

È È � ‘' ' '
0 0 0

1 1 1
$Î# "

!

 (y 2) (y 1)  dy (y 2) (y 1) (3) (2) (2) 1œ � � � œ � � � œ � � �'
0

1� ‘ � ‘ � ‘2 2 4 4 4
3 3 15 15 15

$Î# $Î# &Î# &Î# &Î# &Î# &Î#"

!

 9 3 8 2 1œ � �4
15 Š ‹È È

49. f (x y) 2x, f (x y) 2y  f f 1 4x 4y 1  Area 4x 4y 1 dx dyx y x yß œ ß œ Ê � � œ � � Ê œ � �É È È# # # # # #' '
R

 4r 1 r dr d 13 13 1œ � œ �' '
0 0

2 31
È È Š ‹È# ) 1

6
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50. f (y z) 2y, f (y z) 2z  f f 1 4y 4z 1  Area 4y 4z 1 dy dzy z y zß œ � ß œ � Ê � � œ � � Ê œ � �É È È# # # # # #' '
R

 4r 1 r dr d 5 5 1œ � œ �' '
0 0

2 11 È Š ‹È# ) 1
6

51. f (x y) , f (x y) f f 1 1 2 Area 2 dx dyx y
x x

x y x y
y y

x y x y x yß œ ß œ Ê � � œ � � œ Ê œÈ È# # # #

#

# # # #

#

� �
# #

� �É É È È' '
Rxy

 2 Area between the ellipse and the circle 2 6 5 2œ œ � œÈ È Èa b a b1 1 1

52. Over R :  z 2 x 2y  f (x y) , f (x y) 2  f f 1 4 1xy x y
2 2 4 7
3 3 9 3x yœ � � Ê ß œ � ß œ � Ê � � œ � � œÉ É# #

  Area   dA (Area of the shadow triangle in the xy-plane) .Ê œ œ œ œ' '
Rxy

7 7 7 3 7
3 3 3

ˆ ‰ ˆ ‰
# #

 Over R :  y 1 x z  f (x z) , f (x z)   f f 1 1xz x z
1 1 1 7
3 3 9 4 6x zœ � � Ê ß œ � ß œ � Ê � � œ � � œ" " "

# #
# #È É

  Area  dA (Area of the shadow triangle in the xz-plane) (3) .Ê œ œ œ œ' '
Rxz

7 7 7 7
6 6 6

ˆ ‰
#

 Over R :  x 3 3y z  f (y z) 3, f (y z)   f f 1 9 1yz y z
3 3 9 7

y z 4œ � � Ê ß œ � ß œ � Ê � � œ � � œ# # #
# #É É

  Area  dA (Area of the shadow triangle in the yz-plane) (1) .Ê œ œ œ œ' '
Ryz

7 7 7 7
2 2 2

ˆ ‰
#

53. y z   f (x z) 0, f (x z) z   f f 1 z 1 ; y   z   z 4œ Ê ß œ ß œ Ê � � œ � œ Ê œ Ê œ2 16 16 2
3 3 3 3x z x z

$Î# "Î# $Î## #È È
  Area z 1 dx dz z 1 dz 5 5 1Ê œ � œ � œ �' ' '

0 0 0

4 1 4È È Š ‹È2
3

54. y 4 z  f (x z) 0, f (x z) 1  f f 1 2   Area  2 dA 2 dx dzœ � Ê ß œ ß œ � Ê � � œ Ê œ œx z x z
È È È È# # ' '

Rxz
0 0

2 4 z' ' �

#

 2 4 z  dzœ � œÈ a b'
0

2
# 16 2

3

È

55. x, y x y f x, y x, y f x, y , x, y f x, yr i j k r i k r j ka b a b a b a b a b a bœ � � Ê œ � œ �x x y y

 f x, y f x, y1 0 f x, y
0 1 f x, y

Ê ‚ œ œ � � �r r i j k
i j k

x y x yx

y

â ââ ââ ââ ââ ââ âa ba b a b a b
 f x, y f x, y 1 f x, y f x, y 1Ê l ‚ l œ � � � � œ � �r rx y x y x y

2 2 2 22É Éa b a b a b a ba b a b
 d f x, y f x, y 1 dAÊ œ � �5 É a b a bx y

2 2

56. S is obtained by rotating y f x , a x b about the x-axis where f x 0œ Ÿ Ÿ  a b a b
 (a) Let x, y, z  be a point on S. Consider the cross section when x x , the cross section is a circle with radius r f x .a b a bœ œ‡ ‡

 The set of parametric equations for this circle are given by y r cos f x cos  and  z r sina b a b a b) ) ) ) )œ œ œ‡

 f x sin  where 0 2 . Since x can take on any value between a and b we have x x, x,  y x, œ Ÿ Ÿ œa b a b a b‡ ) ) 1 ) )

 f x cos , z x, f x sin  where a x b and 0 2 . Thus x, x f x cos f x sinœ œ Ÿ Ÿ Ÿ Ÿ œ � �a b a b a b a b a b a b) ) ) ) 1 ) ) )r i j k
 (b) x, f x cos f x sin  and x, f x sin f x cosr i j k r j kxa b a b a b a b a b a b) ) ) ) ) )œ � � œ � �w w

)

 f x f x f x cos f x sin1 f x cos f x sin
0 f x sin f x cos

Ê ‚ œ œ †
�

r r i j k
i j k

x )

â ââ ââ ââ ââ ââ âa b a ba b a b a b a b a b a bw w w) )

) )

) )� �

 f x f x f x cos f x sin f x 1 f xÊ l ‚ l œ † � � � � œ �r rx
2 2 2 2

) É Éa b a b a b a b a ba b a b a b a b a bw w) )

 A f x 1 f x d dx f x 1 f x dx 2 f x 1 f x dxœ � œ � œ �' ' ' '
a 0 a a

b 2 b b

0

2
1

1a b a b a b a b a b a bÉ É Éa b a b a b” •Œ �w w w2 2 2
) ) 1
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972 Chapter 16 Integration in Vector Fields

16.6  SURFACE INTEGRALS

 1. Let the parametrization be (x z) x x z   2x  and   1 2x 0
0 0

r i j k r i j r k r r
i j k

ß œ � � Ê œ � œ Ê ‚ œ
"

#
x z x z

â ââ ââ ââ ââ ââ â
 2x   4x 1  G(x y z) d x 4x 1 dx dz 4x 1  dzœ � Ê ‚ œ � Ê ß ß œ � œ �i j r rk k a bÈ È ’ “x z 0 0 0

3 2 3
# # " # $Î# #

!
' '

S
5 ' ' '

12

 17 17 1  dzœ � œ'
0

3
"
#

�"
1 4

17 17Š ‹È È

 2. Let the parametrization be (x y) x y 4 y , 2 y 2   and r i j k r i r j kß œ � � � � Ÿ Ÿ Ê œ œ �È #
�x y
y

4 yÈ #

    11 0 0
0 1

Ê ‚ œ œ � Ê ‚ œ � œ
�

r r j k r r
i j k

x y x y

â ââ ââ ââ ââ ââ â k k É
y

4 y

y y
4 y 4 y4 y

2

È
È È

�

� ��

#

# #

#

#

  G(x y z) d 4 y  dy dx 24Ê ß ß œ � œ' '
S

5 ' '
1 2

4 2

�

È Š ‹#
�
2

4 yÈ #

 3. Let the parametrization be ( ) (sin  cos ) (sin  sin ) (cos )  (spherical coordinates with 1r i j k9 ) 9 ) 9 ) 9 3ß œ � � œ

 on the sphere), 0 , 0 2   (cos  cos ) (cos  sin ) (sin )  andŸ Ÿ Ÿ Ÿ Ê œ � �9 1 ) 1 9 ) 9 ) 9r i j k9

 ( sin  sin ) (sin  cos )   cos  cos cos  sin sin 
sin  sin sin  cos 0

r i j r r
i j k

) 9 )œ � � Ê ‚ œ �
�

9 ) 9 ) 9 ) 9 ) 9

9 ) 9 )

â ââ ââ ââ ââ ââ â
 sin  cos sin  sin (sin  cos )   sin  cos sin  sin sin  cosœ � � Ê ‚ œ � �a b a b k k È# # % # % # # #9 ) 9 ) 9 9 9 ) 9 ) 9 9i j k r r9 )

 sin ; x sin  cos   G(x y z) cos  sin  G(x y z) d cos  sin (sin ) d dœ œ Ê ß ß œ Ê ß ß œ9 9 ) ) 9 5 ) 9 9 9 )# # # #' '
S

' '
0 0

21 1a b
 cos 1 cos (sin ) d d ;   cos u 1  du d

u cos 
du sin  d

œ � Ä �
œ

œ �
' ' ' '

0 0 0 1

2 2 11 1 1

 a b a b a b a b” •# # # #) 9 9 9 ) ) )
9

9 9

�

  cos u  d  cos  dœ � œ œ � œ' '
0 0

2 21 1a b ’ “ � ‘# #
�"

"

#

!
) ) ) )u 4 4 sin 2 4

3 3 3 2 4 3

$ ) ) 11

 4. Let the parametrization be ( ) (a sin  cos ) (a sin  sin ) (a cos )  (spherical coordinates with a,r i j k9 ) 9 ) 9 ) 9 3ß œ � � œ

 a 0, on the sphere), 0  (since z 0), 0 2  (a cos  cos ) (a cos  sin ) (a sin )  and  Ÿ Ÿ   Ÿ Ÿ Ê œ � �9 ) 1 9 ) 9 ) 91
9# r i j k

 ( a sin  sin ) (a sin  cos )   a cos  cos a cos  sin a sin 
a sin  sin a sin  cos 0

r i j r r
i j k

) 9 )œ � � Ê ‚ œ �
�

9 ) 9 ) 9 ) 9 ) 9

9 ) 9 )

â ââ ââ ââ ââ ââ â
 a  sin  cos a  sin  sin (a  sin  cos )œ � �a b a b# # # # #9 ) 9 ) 9 9i j k

  a  sin  cos a  sin  sin a  sin  cos a  sin ; z a cos Ê ‚ œ � � œ œk k Èr r9 )
% % # % % # % # # #9 ) 9 ) 9 9 9 9

  G(x y z) a  cos   G(x y z) d a  cos a  sin  d d aÊ ß ß œ Ê ß ß œ œ# # # # # %9 5 9 9 9 ) 1' '
S

' '
0 0

2 21 1Î a b a b 2
3

 5. Let the parametrization be (x y) x y (4 x y)    and r i j k r i k r j kß œ � � � � Ê œ � œ �x y

    3  F(x y z) d (4 x y) 3 dy dx1 0 1
0 1

Ê ‚ œ œ � � Ê ‚ œ Ê ß ß œ � ��
�"

r r i j k r r
i j k

x y x y

â ââ ââ ââ ââ ââ â k k È È' '
S

5 ' '
0 0

1 1

 3 4y xy  dx 3 x  dx 3 x 3 3œ � � œ � œ � œ' '
0 0

1 1È È È È’ “ ’ “ˆ ‰y
2 2

7 7 x# #
" "

! !# #
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 Section 16.6 Surface Integrals 973

 6. Let the parametrization be (r ) (r cos ) (r sin ) r , 0 r 1 (since 0 z 1) and 0 2r i j kß œ � � Ÿ Ÿ Ÿ Ÿ Ÿ Ÿ) ) ) ) 1

  (cos ) (sin )  and ( r sin ) (r cos )   cos sin 
r sin r cos 0

Ê œ � � œ � � Ê ‚ œ "
�

r i j k r i j r r
i j k

r r) ) ) ) ) )

) )
) )

â ââ ââ ââ ââ ââ â
 ( r cos ) (r sin ) r   ( r cos ) ( r sin ) r r 2; z r and x r cos œ � � � Ê ‚ œ � � � � œ œ œ) ) ) ) )i j k r rk k È È

r )
# # #

  F(x y z) r r cos    F(x y z) d (r r cos ) r 2  dr d 2 (1 cos ) r  dr dÊ ß ß œ � Ê ß ß œ � œ �) 5 ) ) ) )' '
S

' ' ' '
0 0 0 0

2 1 2 11 1Š ‹È È #

 œ 2 2
3

1È

 7. Let the parametrization be (r ) (r cos ) (r sin ) 1 r , 0 r 1 (since 0 z 1) and 0 2r i j kß œ � � � Ÿ Ÿ Ÿ Ÿ Ÿ Ÿ) ) ) ) 1a b#
  (cos ) (sin ) 2r  and ( r sin ) (r cos )   cos sin 2r

r sin r cos 0
Ê œ � � œ � � Ê ‚ œ �

�
r i j k r i j r r

i j k
r r) ) ) ) ) )

) )
) )

â ââ ââ ââ ââ ââ â
 2r  cos 2r  sin r   2r  cos 2r  sin r r 1 4r ; z 1 r  andœ � � Ê ‚ œ � � œ � œ �a b a b k k a b a bÉ È# # ## # # ##

) ) ) )i j k r rr )

 x r cos   H(x y z) r  cos 1 4r   H(x y z) dœ Ê ß ß œ � Ê ß ß) ) 5a bÈ# # # ' '  
S

 r  cos 1 4r r 1 4r  dr d r 1 4r  cos  dr dœ � � œ � œ' ' ' '
0 0 0 0

2 1 2 11 1a b a bŠ ‹Š ‹È È# # $ # ## #) ) ) ) 11
12
1

 8. Let the parametrization be ( ) (2 sin  cos ) (2 sin  sin ) (2 cos )  (spherical coordinates withr i j k9 ) 9 ) 9 ) 9ß œ � �

 2 on the sphere), 0 ; x y z 4 and z x y   z z 4  z 2  z 2 (since3 9œ Ÿ Ÿ � � œ œ � Ê � œ Ê œ Ê œ1
4

# # # # # ## #È È
 z 0)  2 cos 2  cos   , 0 2 ; (2 cos  cos ) (2 cos  sin ) (2 sin )  Ê œ Ê œ Ê œ Ÿ Ÿ œ � �9 9 9 ) 1 9 ) 9 ) 9È È2

4#
1

9r i j k

 and r ( 2 sin  sin ) (2 sin  cos )   2 cos  cos 2 cos  sin 2 sin 
2 sin  sin 2 sin  cos 0

) 9 )œ � � Ê ‚ œ �
�

9 ) 9 ) 9 ) 9 ) 9

9 ) 9 )

i j r r
i j k

â ââ ââ ââ ââ ââ â
 4 sin  cos 4 sin  sin (4 sin  cos )œ � �a b a b# #9 ) 9 ) 9 9i j k

  16 sin  cos 16 sin  sin 16 sin  cos 4 sin ; y 2 sin  sin  andÊ ‚ œ � � œ œk k Èr r9 )
% # % # # #9 ) 9 ) 9 9 9 9 )

 z 2 cos   H(x y z) 4 cos  sin  sin    H(x y z) d (4 cos  sin  sin )(4 sin ) d dœ Ê ß ß œ Ê ß ß œ9 9 9 ) 5 9 9 ) 9 9 )' '
S

' '
0 0

2 41 1Î

 16 sin  cos  sin  d d 0œ œ' '
0 0

2 41 1Î
# 9 9 ) 9 )

 9. The bottom face S of the cube is in the xy-plane  z 0  G(x y 0) x y and f(x y z) z 0  Ê œ Ê ß ß œ � ß ß œ œ Ê œp k

 and f   f 1 and f 1  d dx dy G d (x y) dx dy™ ™ ™ †œ Ê œ œ Ê œ Ê œ �k pk k k k 5 5' ' ' '
S R

 (x y) dx dy ay  dy a .  Because of symmetry, we also get a  over the face of the cubeœ � œ � œ' ' '
0 0 0

a a aŠ ‹a#

#
$ $

 in the xz-plane and a  over the face of the cube in the yz-plane.  Next, on the top of the cube, G(x y z)$ ß ß

 G(x y a) x y a and f(x y z) z a   and f   f 1 and f 1 d dx dyœ ß ß œ � � ß ß œ œ Ê œ œ Ê œ œ Ê œp k k p™ ™ ™ †k k k k 5

 G d (x y a) dx dy (x y a) dx dy (x y) dx dy a dx dy 2a .' ' ' '
S R

5 œ � � œ � � œ � � œ' ' ' ' ' '
0 0 0 0 0 0

a a a a a a
$

 Because of symmetry, the integral is also 2a  over each of the other two faces.  Therefore,$

 (x y z) d 3 a 2a 9a .' '
cube

� � œ � œ5 a b$ $ $

10. On the face S in the xz-plane, we have y 0  f(x y z) y 0 and G(x y z) G(x 0 z) z   and fœ Ê ß ß œ œ ß ß œ ß ß œ Ê œ œp j j™

 f 1 and f 1 d dx dz G d (y z) d z dx dz 2z dz 1.Ê œ œ Ê œ Ê œ � œ œ œk k k k™ ™ † p 5 5 5' ' ' '
S S

' ' '
0 0 0

1 2 1

 On the face in the xy-plane, we have z 0  f(x y z) z 0 and G(x y z) G(x y 0) y   and fœ Ê ß ß œ œ ß ß œ ß ß œ Ê œ œp k k™
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  f 1 and f 1  d dx dy G d y d y dx dy 1.Ê œ œ Ê œ Ê œ œ œk k k k™ ™ † p 5 5 5' ' ' '
S S

' '
0 0

1 2

 On the triangular face in the plane x 2 we have f(x y z) x 2 and G(x y z) G(2 y z) y z   andœ ß ß œ œ ß ß œ ß ß œ � Ê œp i

 f   f 1 and f 1  d dz dy  G d (y z) d (y z) dz dy™ ™ ™ †œ Ê œ œ Ê œ Ê œ � œ �i pk k k k 5 5 5' ' ' '
S S

' '
0 0

1 1 y�

 1 y  dy .œ � œ'
0

1
" "
#

#a b 3

 On the triangular face in the yz-plane, we have x 0  f(x y z) x 0 and G(x y z) G(0 y z) y zœ Ê ß ß œ œ ß ß œ ß ß œ �

   and f   f 1 and f 1  d dz dy  G d (y z) dÊ œ œ Ê œ œ Ê œ Ê œ �p i i p™ ™ ™ †k k k k 5 5 5' ' ' '
S S

 (y z) dz dy .œ � œ' '
0 0

1 1 y�
"
3

 Finally, on the sloped face, we have y z 1  f(x y z) y z 1 and G(x y z) y z 1   and� œ Ê ß ß œ � œ ß ß œ � œ Ê œp k

 f   f 2 and f 1  d 2 dx dy  G d (y z) d™ ™ ™ †œ � Ê œ œ Ê œ Ê œ �j k pk k k kÈ È5 5 5' ' ' '
S S

 2 dx dy 2 2.  Therefore,  G(x y z) d 1 1 2 2 2 2œ œ ß ß œ � � � � œ �' '
0 0

1 2 È È È È' '
wedge

5 " "
3 3 3

8

11. On the faces in the coordinate planes, G(x y z) 0  the integral over these faces is 0.ß ß œ Ê

 On the face x a, we have f(x y z) x a and G(x y z) G(a y z) ayz   and f   f 1œ ß ß œ œ ß ß œ ß ß œ Ê œ œ Ê œp i i™ ™k k
 and f 1  d dy dz  G d ayz d ayz dy dz .k k™ † p œ Ê œ Ê œ œ œ5 5 5' ' ' '

S S

' '
0 0

c b
ab c

4

# #

 On the face y b, we have f(x y z) y b and G(x y z) G(x b z) bxz   and f   f 1œ ß ß œ œ ß ß œ ß ß œ Ê œ œ Ê œp j j™ ™k k
 and f 1  d dx dz  G d bxz d bxz dx dz .k k™ † p œ Ê œ Ê œ œ œ5 5 5' ' ' '

S S

' '
0 0

c a
a bc

4

# #

 On the face z c, we have f(x y z) z c and G(x y z) G(x y c) cxy   and f   f 1œ ß ß œ œ ß ß œ ß ß œ Ê œ œ Ê œp k k™ ™k k
 and f 1  d dy dx  G d cxy d cxy dx dy .  Therefore,k k™ † p œ Ê œ Ê œ œ œ5 5 5' ' ' '

S S

' '
0 0

b a
a b c

4

# #

 G(x y z) d .' '
S

ß ß œ5 abc(ab ac bc)
4
� �

12. On the face x a, we have f(x y z) x a and G(x y z) G(a y z) ayz   and f   f 1œ ß ß œ œ ß ß œ ß ß œ Ê œ œ Ê œp i i™ ™k k
 and f 1  d dz dy  G d ayz d  ayz dz dy 0.  Because of the symmetryk k™ † p œ Ê œ Ê œ œ œ5 5 5' ' ' '

S S

' '
� �b c

b c

 of G on all the other faces, all the integrals are 0, and G(x y z) d 0.' '
S

ß ß œ5

13. f(x y z) 2x 2y z 2  f 2 2  and G(x y z) x y (2 2x 2y) 2 x y  ,ß ß œ � � œ Ê œ � � ß ß œ � � � � œ � � Ê œ™ i j k p k

 f 3 and f 1  d 3 dy dx; z 0  2x 2y 2 y 1 x G d (2 x y) dk k k k™ ™ †œ œ Ê œ œ Ê � œ Ê œ � Ê œ � �p 5 5 5' ' ' '
S S

 3 (2 x y) dy dx 3 (2 x)(1 x) (1 x)  dx 3 2x  dx 2œ � � œ � � � � œ � � œ' ' ' '
0 0 0 0

1 1 x 1 1� � ‘ Š ‹"
# # #

# 3 x#

14. f(x y z) y 4z 16 f 2y 4   f 4y 16 2 y 4 and   f 4ß ß œ � œ Ê œ � Ê œ � œ � œ Ê œ# # #™ ™ ™ †j k p k pk k k kÈ È
  d  dx dy G d x y 4  dx dy  dx dyÊ œ Ê œ � œ5 5

2 y 4 y 4
4

x y 4È È a b# # #� �#
# #

�' '
S

' ' ' '
� �4 0 4 0

4 1 4 1ˆ ‰È Š ‹
  y 4  dy 4y 16œ � œ � œ � œ'

�4

4
" " "#

# #

%

!4 3 3 3
y 64 56a b ’ “ ˆ ‰$
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15. f x, y, z x y z 0 f 2y f 4y 2 2 2y 1 and f 1a b k k k kÈ ÈÈœ � � œ Ê œ � � Ê œ � œ � œ Ê œ2 ™ ™ ™ †i j k p k p# #

 d  dx dy G d x y x 2 2y 1 dx dy 2 y 2y 1 dx dyÊ œ Ê œ � � � œ �5 5
È È2 2y 1

1
2 2#� # #' '

S

' ' ' '
0 0 0 0

1 y 1 ya bÈ ÈÈ È
 2 y 2y 1 dyœ � œÈ È'

0

1
3 6 6 2

30
# �È È

16. f x, y, z x y z 0 f 2x f 4x 2 2 2x 1 and f 1a b k k k kÈ È Èœ � � œ Ê œ � � Ê œ � œ � œ Ê œ2 ™ ™ ™ †i j k p k p# #

 d  dx dy G d x 2 2x 1 dx dy 2 x 2x 1 dx dyÊ œ Ê œ � œ �5 5
È È2 2x 1

1

#� # #' '
S

' ' ' '
� �1 0 1 0

1 1 1 1È È È È
 dyœ œ3 6 2 3 6 2

6 3

È ÈÈ È� �'
0

1

17. f x, y, z 2x y z 2 f 2 f 6 and f 1 d  dy dxa b k k k kÈœ � � œ Ê œ � � Ê œ œ Ê œ Ê œ™ ™ ™ †i j k p k p 5
È6

1

 G d  x y 2 2x y 6 dy dx 6  2x y 2x y x y  dy dxÊ œ � � œ � �' '
S

5 ' ' ' '
0 1 x 0 1 x

1 2 2x 1 2 2x

� �

� �a b a bÈ È 2 2

 6 x 2x 2x x  dxœ � � � œÈ ˆ ‰'
0

1
2 2
3 3 30

2 3 4 6È

18. f x, y, z x y f f 2 and f 1a b k k k kÈœ � œ " Ê œ � Ê œ œ Ê œ™ ™ ™ †i j p j p

 d  dz dx G d x 1 x z 2 dz dx 2 2x z 1  dz dxÊ œ Ê œ � � � œ � �5 5
È2

1
' '

S

' ' ' '
0 0 0 0

1 1 1 1a b a ba b È È
 2 2x dxœ � œ �È ˆ ‰'

0

1
3
2 2

2È

19. Let the parametrization be (x y) x y 4 y , 0 x 1, 2 y 2; z 0  0 4 yr i j kß œ � � � Ÿ Ÿ � Ÿ Ÿ œ Ê œ �a b# #

  y 2;  and 2y   2y    d1 0 0
0 1 2y

Ê œ „ œ œ � Ê ‚ œ œ � Ê
�

r i r j k r r j k F n
i j k

x y x y

â ââ ââ ââ ââ ââ â † 5

   dy dx (2xy 3z) dy dx 2xy 3 4 y  dy dx  dœ ‚ œ � œ � � ÊF r r F n† †
r r
r r

x y

x y

‚
‚

#k k k k c da bx y ' '
S

5

 2xy 3y 12  dy dx xy y 12y  dx 32 dx 32œ � � œ � � œ � œ �' ' ' '
0 2 0 0

1 2 1 1

�

a b c d# # $ #
�#

20. Let the parametrization be (x y) x x z , 1 x 1, 0 z 2  2x  and r i j k r i j r kß œ � � � Ÿ Ÿ Ÿ Ÿ Ê œ � œ#
x z

  2x    d   dz dx x  dz dx1 2x 0
0 0 1

Ê ‚ œ œ � Ê œ ‚ œ �r r i j F n F r r
i j k

x z x z

â ââ ââ ââ ââ ââ â k k† †5 r r
r r

x z

x z

‚
‚

#k k

    d  x  dz dxÊ œ � œ �' '
S

F n† 5 ' '
�1 0

1 2
# 4

3

21. Let the parametrization be ( ) (a  sin  cos ) (a sin  sin ) (a cos )  (spherical coordinates withr i j k9 ) 9 ) 9 ) 9ß œ � �

 a, a 0, on the sphere), 0  (for the first octant) 0  (for the first octant)3 9 )œ   Ÿ Ÿ ß Ÿ Ÿ1 1
# #

  (a cos  cos ) (a cos  sin ) (a sin )  and ( a sin  sin ) (a sin  cos )Ê œ � � œ � �r i j k r i j9 )9 ) 9 ) 9 9 ) 9 )

  a cos  cos a cos  sin a sin 
a sin  sin a sin  cos 0

Ê ‚ œ �
�

r r
i j k

9 )

â ââ ââ ââ ââ ââ â9 ) 9 ) 9

9 ) 9 )

 a  sin  cos a  sin  sin a  sin  cos   d   d dœ � � Ê œ ‚a b a b a b k k# # # # # ‚
‚9 ) 9 ) 9 9 5 ) 9i j k F n F r r† †

r r
r r
9 )

9 )k k 9 )

 a  cos  sin  d d  since z (a cos )    d a  cos  sin  d dœ œ œ Ê œ œ$ # $ #9 9 ) 9 9 5 9 9 9 )F k k F n' '
S

† ' '
0 0

2 21 1Î Î
1a
6

$
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22. Let the parametrization be ( ) (a sin  cos ) (a sin  sin ) (a cos )  (spherical coordinates withr i j k9 ) 9 ) 9 ) 9ß œ � �

 a, a 0, on the sphere), 0 , 0 23 9 1 ) 1œ   Ÿ Ÿ Ÿ Ÿ

  (a cos  cos ) (a cos  sin ) (a sin )  and ( a sin  sin ) (a sin  cos )Ê œ � � œ � �r i j k r i j9 )9 ) 9 ) 9 9 ) 9 )

  a cos  cos a cos  sin a sin 
a sin  sin a sin  cos 0

Ê ‚ œ �
�

r r
i j k

9 )

â ââ ââ ââ ââ ââ â9 ) 9 ) 9

9 ) 9 )

 a  sin  cos a  sin  sin a  sin  cos    d   d dœ � � Ê œ ‚a b a b a b k k# # # # # ‚
‚9 ) 9 ) 9 9 5 ) 9i j k F n F r r† †

r r
r r
9 )

9 )k k 9 )

 a  sin  cos a  sin  sin a  sin  cos  d d a  sin  d d  since x y zœ � � œ œ � �a b$ $ # $ $ # $ # $9 9 9 ) 9 9 ) 9 9 ) 9 F i j k

 (a sin  cos ) (a sin  sin ) (a cos )   d  a  sin  d d 4 aœ � � Ê œ œ9 ) 9 ) 9 5 9 9 ) 1i j k F n' '
S

† ' '
0 0

21 1

$ $

23. Let the parametrization be (x y) x y (2a x y) , 0 x a, 0 y a   and r i j k r i k r j kß œ � � � � Ÿ Ÿ Ÿ Ÿ Ê œ � œ �x y

     d   dy dx1 0 1
0 1 1

Ê ‚ œ œ � � Ê œ ‚�
�

r r i j k F n F r r
i j k

x y x y

â ââ ââ ââ ââ ââ â k k† †5
r r
r r

x y

x y

‚
‚k k

 [2xy 2y(2a x y) 2x(2a x y)] dy dx since 2xy 2yz 2xzœ � � � � � � œ � �F i j k

 2xy 2y(2a x y) 2x(2a x y)    dœ � � � � � � Êi j k F n' '
S

† 5

 [2xy 2y(2a x y) 2x(2a x y)] dy dx 4ay 2y 4ax 2x 2xy  dy dxœ � � � � � � œ � � � �' ' ' '
0 0 0 0

a a a a a b# #

 a 3a x 2ax  dx aœ � � œ � � œ'
0

a ˆ ‰ ˆ ‰4 4 3 2 13a
3 3 3 6

$ # # %
#

%

24. Let the parametrization be ( z) (cos ) (sin ) z , 0 z a, 0 2  (where r x y 1 onr i j k) ) ) ) 1ß œ � � Ÿ Ÿ Ÿ Ÿ œ � œÈ # #

 the cylinder)  ( sin ) (cos )  and   (cos ) (sin )sin cos 0
0 0 1

Ê œ � � œ Ê ‚ œ œ ��r i j r k r r i j
i j k

) )) ) ) )) )z z

â ââ ââ ââ ââ ââ â
   d   dz d cos sin  dz d dz d , since (cos ) (sin ) zÊ œ ‚ œ � œ œ � �F n F r r F i j k† †5 ) ) ) ) ) ) )r r

r r
)

)

‚
‚

# #z

zk k k k a b) z

   d 1 dz d 2 aÊ œ œ' '
S

F n† 5 ) 1' '
0 0

2 a1

25. Let the parametrization be (r ) (r cos ) (r sin ) r , 0 r 1 (since 0 z 1) and 0 2r i j kß œ � � Ÿ Ÿ Ÿ Ÿ Ÿ Ÿ) ) ) ) 1

  (cos ) (sin )  and ( r sin ) (r cos )   r sin r cos 0
cos sin 1

Ê œ � � œ � � Ê ‚ œ �r i j k r i j r r
i j k

r r) ) ) ) ) )

) )
) )

â ââ ââ ââ ââ ââ â
 (r cos ) (r sin ) r    d   d dr r  sin  cos r  d dr sinceœ � � Ê œ ‚ œ �) ) 5 ) ) ) )i j k F n F r r† †

r r
r r
)

)

‚
‚

$ # #r

rk k k k a b) r

 F i k F nœ � Ê œ � œ �a b a b ˆ ‰r  sin  cos r   d r  sin  cos r  dr d  sin  cos  d# $ # # #" ") ) 5 ) ) ) ) ) )' '
S

† ' ' '
0 0 0

2 1 21 1

4 3

  cosœ � � œ� ‘" $ #

!12 3 3
2) ) 11

26. Let the parametrization be (r ) (r cos ) (r sin ) 2r , 0 r 1 (since 0 z 2) and 0 2r i j kß œ � � Ÿ Ÿ Ÿ Ÿ Ÿ Ÿ) ) ) ) 1

  (cos ) (sin ) 2  and ( r sin ) (r cos )   r sin r cos 0
cos sin 2

Ê œ � � œ � � Ê ‚ œ �r i j k r i j r r
i j k

r r) ) ) ) ) )

) )
) )

â ââ ââ ââ ââ ââ â
 (2r cos ) (2r sin ) r    d   d drœ � � Ê œ ‚) ) 5 )i j k F n F r r† †

r r
r r
)

)

‚
‚

r

rk k k k) r

 2r  sin  cos 4r  cos  sin r  d dr sinceœ � �a b$ # $) ) ) ) )

 F i j k F nœ � � Ê œ � �a b a b a br  sin 2r  cos   d 2r  sin  cos 4r  cos  sin r  dr d# # # $ # $) ) 5 ) ) ) ) )' '
S

† ' '
0 0

2 11

  sin  cos cos  sin  d  sin  sinœ � � œ � � œ'
0

21 ˆ ‰ � ‘" " " "# $ #
#

#

!2 2 6 2
1) ) ) ) ) ) ) ) 1

1
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27. Let the parametrization be (r ) (r cos ) (r sin ) r , 1 r 2 (since 1 z 2) and 0 2r i j kß œ � � Ÿ Ÿ Ÿ Ÿ Ÿ Ÿ) ) ) ) 1

  (cos ) (sin )  and ( r sin ) (r cos )   r sin r cos 0
cos sin 1

Ê œ � � œ � � Ê ‚ œ �r i j k r i j r r
i j k

r r) ) ) ) ) )

) )
) )

â ââ ââ ââ ââ ââ â
 (r cos ) (r sin ) r    d   d dr r  cos r  sin r  d drœ � � Ê œ ‚ œ � � �) ) 5 ) ) ) )i j k F n F r r† †

r r
r r
)

)

‚
‚

# # # # $r

rk k k k a b) r

 r r  d dr since ( r cos ) (r sin ) r   d r r  dr dœ � � œ � � � Ê œ � � œ �a b a b# $ # # $) ) ) 5 )F i j k F n' '
S

† ' '
0 1

2 21

73
6
1

28. Let the parametrization be (r ) (r cos ) (r sin ) r , 0 r 1 (since 0 z 1) and 0 2r i j kß œ � � Ÿ Ÿ Ÿ Ÿ Ÿ Ÿ) ) ) ) 1#

  (cos ) (sin ) 2r  and ( r sin ) (r cos )   r sin r cos 0
cos sin 2r

Ê œ � � œ � � Ê ‚ œ �r i j k r i j r r
i j k

r r) ) ) ) ) )

) )
) )

â ââ ââ ââ ââ ââ â
 2r  cos 2r  sin r    d   d dr 8r  cos 8r  sin 2r  d drœ � � Ê œ ‚ œ � �a b a b k k a b# # $ # $ #‚

‚) ) 5 ) ) ) )i j k F n F r r† †
r r
r r
)

)

r

rk k ) r

 8r 2r  d dr since (4r cos ) (4r sin ) 2   d 8r 2r  dr d 2œ � œ � � Ê œ � œa b a b$ $) ) ) 5 ) 1F i j k F n' '
S

† ' '
0 0

2 11

29. g(x y z) z,   g   g 1 and g 1  Flux  d ( ) dAß ß œ œ Ê œ Ê œ œ Ê œ œp k k p F n F k™ ™ ™ † † †k k k k ' ' ' '
S R

5

 3 dy dx 18œ œ' '
0 0

2 3

30. g(x y z) y,   g   g 1 and g 1  Flux  d ( ) dAß ß œ œ � Ê œ Ê œ œ Ê œ œ �p j j p F n F j™ ™ ™ † † †k k k k ' ' ' '
S R

5

 2 dz dx 2(7 2) dx 10(2 1) 30œ œ � œ � œ' ' '
� �1 2 1

2 7 2

31. g 2x 2y 2z   g 4x 4y 4z 2a;   ;™ ™ †œ � � Ê œ � � œ œ œ Ê œi j k n F nk k È # # # � � � �

# � �

2x 2y 2z x y z
x y z a a

zi j k i j kÈ # # #

#

 g 2z  d  dA  Flux  dA z dA a x y  dx dyk k a bŠ ‹ ˆ ‰ È™ † k œ Ê œ Ê œ œ œ � �5 2a z a
2z a z

' ' ' ' ' '
R R R

#
# # #

 a r  r dr dœ � œ' '
0 0

2 a1Î È # # ) 1a
6

$

32. g 2x 2y 2z   g 4x 4y 4z 2a;   ™ ™ †œ � � Ê œ � � œ œ œ Ê œ �i j k n F nk k È # # # � � � � �

# � �

2x 2y 2z x y z xy xy
x y z a a a

i j k i j kÈ # # #

 0; g 2z  d  dA  Flux  d 0 d 0œ œ Ê œ Ê œ œ œk k™ † †k F n5 5 52a
2z

' ' ' '
S S

33. From Exercise 31,  and d  dA    Flux  dAn F nœ œ Ê œ � � œ Ê œx y z xy xy
a z a a a a a z

a z z z ai j k� � 5 † ' '
R

ˆ ‰ ˆ ‰
 1 dAœ œ' '

R

1a
4

#

34. From Exercise 31,  and d  dA  z azn F nœ œ Ê œ � � œ œx y z zy x y z
a z a a a a

a zx zi j k� � � �5 †
# $# # # #Š ‹

  Flux (za)  dx dy a  dx dy a (Area of R) aÊ œ œ œ œ' ' ' '
R R

ˆ ‰a
z 4

# # %" 1

35. From Exercise 31,  and d  dA  a  Fluxn F nœ œ Ê œ � � œ Êx y z y
a z a a a

a x zi j k� � 5 †
# ##

 a  dA   dA  dA  r dr dœ œ œ œ' ' ' ' ' '
R R R

ˆ ‰a a a a
z z a x y a r

# # #

# # # # #È Èa b� � �
' '

0 0

2 a1Î

)

 a a r  dœ � � œ'
0

2 a1Î
# # #

! #’ “È ) 1a$
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36. From Exercise 31,  and d  dA  1n F nœ œ Ê œ œ œx y z
a z a

a
x y z

i j k� �
� �

� �
5 †

Š ‹ Š ‹Œ �
È

Š ‹x z
a a a

y a
a

# ##
#

# # #

  Flux  dx dy   dx dy  r dr dÊ œ œ œ œ' ' ' '
R R

a a a a
z a x y a rÈ Èa b# # # # #

#

� � � #
' '

0 0

2 a1Î

) 1

37. g(x y z) y z 4  g 2y   g 4y 1  ß ß œ � œ Ê œ � Ê œ � Ê œ# # �

�
™ ™j k nk k È 2y

4y 1
j kÈ #

  ;   g 1  d 4y 1 dA  FluxÊ œ œ Ê œ Ê œ � ÊF n p k p† ™ †
2xy 3z

4y 1
�

�
#È #

k k È5

  4y 1 dA  (2xy 3z) dA; z 0 and z 4 y   y 4œ � œ � œ œ � Ê œ' '
R R

Š ‹È ' '2xy 3z
4y 1
�

�
# # #È #

  Flux 2xy 3 4 y  dA 2xy 12 3y  dy dx xy 12y y  dxÊ œ � � œ � � œ � �' '
R

c d a b c da b# # # $ #
�#

' ' '
0 2 0

1 2 1

�

 32 dx 32œ � œ �'
0

1

38. g(x y z) x y z 0  g 2x 2y   g 4x 4y 1 4 x y 1ß ß œ � � œ Ê œ � � Ê œ � � œ � �# # # # # #™ ™i j k k k a bÈ È
    ;   g 1  d 4 x y 1 dAÊ œ Ê œ œ Ê œ Ê œ � �n F n p k p2x 2y 8x 8y 2

4 x y 1 4 x y 1
i j k� � � �

� � � �
# #È Èa b a b# # # #

# #

† ™ †k k a bÈ5

  Flux 4 x y 1 dA 8x 8y 2  dA; z 1 and x y zÊ œ � � œ � � œ � œ' ' ' '
R R

Š ‹È a b a b8x 8y 2
4 x y 1

# #

# #

� �

� �
# # # # # #È a b

  x y 1  Flux 8r 2  r dr d 2Ê � œ Ê œ � œ# # #' '
0 0

2 11 a b ) 1

39. g(x y z) y e 0  g e   g e 1    ; ß ß œ � œ Ê œ � � Ê œ � Ê œ Ê œ œx x 2x e 2e 2y
e 1 e 1

™ ™ †i j n F n p ik k È x x

2x 2x

i j� � �

� �È È
  g e   d  dA  Flux  dA  dAÊ œ Ê œ Ê œ œk k Š ‹Š ‹™ † p x e 1 e 1

e e e
2e 2y
e 1

2e 2e5
È È

È
2x 2x

x x x

x

2x

x x� �� �

�

� �' ' ' '
R R

 4 dA 4 dy dz 4œ � œ � œ �' '
R

' '
0 1

1 2

40. g(x y z) y ln x 0  g   g 1  since 1 x eß ß œ � œ Ê œ � � Ê œ � œ Ÿ Ÿ™ ™" " �
x x x

1 xi j k k É
#

#È

    ;   g 1  d  dAÊ œ œ Ê œ œ Ê œ Ê œn F n p j p
Š ‹
Œ � È È

È� � � � �

� �

"

� #

x

1 x
x

i j i j
È

x 2xy 1 x
1 x 1 x x# #

#

† ™ †k k 5

  Flux  dA 2y dx dz 2 ln x dz dx 2 ln x dxÊ œ œ œ œ' '
R

Š ‹Š ‹2xy 1 x
1 x xÈ

È
�

�
#

# ' ' ' ' '
0 1 1 0 1

1 e e 1 e

 2 x ln x x 2(e e) 2(0 1) 2œ � œ � � � œc d e
"

41. On the face z a:  g(x y z) z  g   g 1;   2xz 2ax since z a;œ ß ß œ Ê œ Ê œ œ Ê œ œ œ™ ™ †k n k F nk k
 d dx dy  Flux 2ax dx dy 2ax dx dy a .5 œ Ê œ œ œ' '

R

' '
0 0

a a
%

 On the face z 0:  g(x y z) z  g   g 1;   2xz 0 since z 0;œ ß ß œ Ê œ Ê œ œ � Ê œ � œ œ™ ™ †k n k F nk k
 d dx dy  Flux 0 dx dy 0.5 œ Ê œ œ' '

R

 On the face x a:  g(x y z) x  g   g 1;   2xy 2ay since x a;œ ß ß œ Ê œ Ê œ œ Ê œ œ œ™ ™ †i n i F nk k
 d dy dz  Flux 2ay dy dz a .5 œ Ê œ œ' '

0 0

a a
%

 On the face x 0:  g(x y z) x  g   g 1;   2xy 0 since x 0œ ß ß œ Ê œ Ê œ œ � Ê œ � œ œ™ ™ †i n i F nk k
  Flux 0.Ê œ

 On the face y a:  g(x y z) y  g   g 1;   2yz 2az since y a;œ ß ß œ Ê œ Ê œ œ Ê œ œ œ™ ™ †j n j F nk k
 d dz dx  Flux 2az dz dx a .5 œ Ê œ œ' '

0 0

a a
%

 On the face y 0:  g(x y z) y  g   g 1;   2yz 0 since y 0œ ß ß œ Ê œ Ê œ œ � Ê œ � œ œ™ ™ †j n j F nk k
  Flux 0.  Therefore, Total Flux 3a .Ê œ œ %
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42. Across the cap:  g(x y z) x y z 25 g 2x 2y 2z   g 4x 4y 4z 10ß ß œ � � œ Ê œ � � Ê œ � � œ# # # # # #™ ™i j k k k È
    ;   g 2z since z 0  d  dAÊ œ œ Ê œ � � œ Ê œ   Ê œn F n p k p™

™

g
g 5 5 5 5 2z

x y z y zx z z 10k k i j k� �
† ™ †

# # k k 5

  Flux   d  dA x y 1  dx dy r 1  r dr dÊ œ œ � � œ � � œ �cap 0 0

2 4
' ' ' ' ' '
cap R R

F n† 5 )Š ‹ ˆ ‰ a b a bx z z 5
5 5 5 z

y z# #
# # #' '1

 72 d 144 .œ œ'
0

21

) 1

 Across the bottom:  g(x y z) z 3 g g 1 1; g 1ß ß œ œ Ê œ Ê œ Ê œ � Ê œ � œ Ê œ™ ™ † ™ †k n k F n p k pk k k k
  d dA  Flux   d 1 dA 1(Area of the circular region) 16 .  Therefore,Ê œ Ê œ œ � œ � œ �5 5 1bottom

' ' ' '
bottom R

F n†

 Flux Flux Flux 128œ � œcap bottom 1

43. f 2x 2y 2z f 4x 4y 4z 2a; f 2z since z 0 d dA™ ™ ™ †œ � � Ê œ � � œ œ Ê œ   Ê œi j k p k pk k k kÈ # # # 5 2a
2z

  dA; M  d  (surface area of sphere) ; M  z  d  z  dA a   dAœ œ œ œ œ œ œa a a
z 8 zxy' ' ' ' ' '

S S R R
$ 5 $ 5 $ $$ $1 #

#
ˆ ‰ ' '

 a  r dr d z .  Because of symmetry, x y the centroid isœ œ Ê œ œ œ œ œ Ê$ )' '
0 0

2 a1Î
$1 $1

$1
a a 2 a a

4 M 4 a 2
M$ $

#

xy Š ‹ ˆ ‰
#

 .ˆ ‰a a a
# # #ß ß

44. f 2y 2z   f 4y 4z 4 y z 6;   f 2z since z 0 d  dA™ ™ ™ †œ � Ê œ � œ � œ œ Ê œ   Ê œj k p k kk k a b k kÈ È# # # # 5 6
2z

  dA; M 1 d   dx dy   dx dy 9 ; M z d  z  dx dy 54;œ œ œ œ œ œ œ œ3 3 3 3
z z z9 y xy' ' ' '

S S
5 1 5' ' ' ' ' '

� � �3 0 3 0 3 0

3 3 3 3 3 3

È � #
ˆ ‰

 M y d y  dx dy   dx dy 0; M x d   dx dy .xz yz
3 3x 27
z

3y
9 y 9 y

œ œ œ œ œ œ œ' ' ' '
S S

5 5 1' ' ' ' ' '
� � �3 0 3 0 3 0

3 3 3 3 3 3ˆ ‰ È È� � ## #

 Therefore, x , y 0, and zœ œ œ œ œ
Š ‹27

#
1

1 1 19 9
3 54 6
#

45. Because of symmetry, x y 0; M   d   d (Area of S) 3 2 ; f 2x 2y 2zœ œ œ œ œ œ œ � �' ' ' '
S S

$ 5 $ 5 $ 1 $È ™ i j k

  f 4x 4y 4z 2 x y z ;   f 2z  d  dAÊ œ � � œ � � œ Ê œ Ê œk k k kÈ È™ ™ †# # # # # # � �
#p k p 5

2 x y z
z

È # # #

  dA  dA M  z  dA  2 x y  dAœ œ Ê œ œ �
È È Èa b È Èx y x y

z z z
2 x y 2 x y

xy
# # # # # # # #� � � � � # #$ $' ' ' '

R R
Š ‹ È È

   2 r  dr d   z x y z 0 0 .  Next, I x y  dœ œ Ê œ œ Ê ß ß œ ß ß œ �$ ) $ $ 5' '
0 1

2 21 È a b a bˆ ‰# # #14 2
3 9 93 2

14 14
z

1
$

1 $

È Œ �
È

14 2
3
1
È

' '
S

 x y   dA 2 x y  dA 2 r  dr d   Rœ � œ � œ œ Ê œ œ' ' ' '
R R

a b a bŠ ‹ È È É# # # # $�
# #

È È È È2 x y
z M

15 2 I 10# #

$ $ $ ) $' '
0 1

2 2

z

1

1 z

46. f(x y z) 4x 4y z 0  f 8x 8y 2z   f 64x 64y 4zß ß œ � � œ Ê œ � � Ê œ � �# # # # # #™ ™i j k k k È
 2 16x 16y z 2 4z z 2 5 z since z 0;   f 2z  d  dA 5 dAœ � � œ � œ   œ Ê œ Ê œ œÈ È È Èk k# # # # # p k p™ † 5 2 5 z

2z

È

  I x y   d 5 x y  dx dy 5 r  dr dÊ œ � œ � œ œz
3 5' ' ' '

S R
a b a bÈ È# # # # $

#$ 5 $ $ )' '
� Î

Î

1

1 )

2 0

2 2 cos È 1$

47. (a) Let the diameter lie on the z-axis and let f(x y z) x y z a , z 0 be the upper hemisphereß ß œ � � œ  # # # #

  f 2x 2y 2z   f 4x 4y 4z 2a, a 0;   f 2z since z 0Ê œ � � Ê œ � � œ � œ Ê œ  ™ ™ ™ †i j k p k pk k k kÈ # # #

  d  dA  I  x y  d a   dA a   r dr dÊ œ Ê œ � œ œ5 $ 5 $ $ )a a r
z z

x y
a x y a rz 0 0

2 a' ' a b ˆ ‰
S R

# # �

� � �
' ' # #

# # #

#

# #È Èa b ' '1

 a  r a r a r  d a  a  d a   the moment of inertia is a  forœ � � � � œ œ Ê$ ) $ ) $ $' '
0 0

2 2a1 1’ “È a b# # # $ % %# # $Î#

!

2 2 4 8
3 3 3 3

1 1

 the whole sphere
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980 Chapter 16 Integration in Vector Fields

 (b) I I mh , where m is the mass of the body and h is the distance between the parallel lines; now,L c.m.œ � #

 I a  (from part a) and  d  dA a   dy dxc.m.
8 m a
3 z a x y

œ œ œ œ1 %
#

"
� �

$ $ 5 $ $' ' ' ' ' '
S R R

ˆ ‰ È a b# # #

 a   r dr d a  a r  d a a d 2 a  and h aœ œ � � œ œ œ$ ) $ ) $ ) 1 $' ' ' '
0 0 0 0

2 a 2 2a1 1 1

"

�
# #

!

#Èa r# #
’ “È

  I a 4 a a aÊ œ � œL
8 20
3 3
1 1% # # %$ 1 $ $

48. Let z x y  be the cone from z 0 to z h, h 0.  Because of symmetry, x 0 and y 0;œ � œ œ � œ œh
a
È # #

 z x y   f(x y z) x y z 0  f 2zœ � Ê ß ß œ � � œ Ê œ � �h h 2xh
a a a a

2yhÈ a b# # # # ## #

# # #

#

™ i j k

  f 4z 2 x y x y 2 x y 1Ê œ � � œ � � � œ � �k k a b a b a bÉ É Éˆ ‰ ˆ ‰™ 4x h h h h h
a a a

4y h
a a a

# % % # # #

% % %

# %

# # #
# # # # # # #

 2 z h a  since z 0;   f 2z  d  dAœ œ �   œ Ê œ Ê œÉ ˆ ‰ ˆ ‰È k k# # #� �h a 2z
a a 2z

h a# #

#

# #

p k p™ † 5
ˆ ‰È2z

a

  dA; M d  dA a a h a ;œ œ œ œ œ �
È È Èh a h a h a

a a a

# # # # # #� � � # # #' ' ' '
S R

5 1 1a b È
 M z d z  dA x y  dx dy r  dr dxy 0 0

2 a

œ œ œ � œ' ' ' ' ' '
S R R

5 )Š ‹ ÈÈ È Èh a h a h h a
a a a a

h# # # # # #

#

� � �# # #' '1

   z   the centroid is 0 0œ Ê œ œ Ê ß ß2 ah h a
3 M 3 3

M 2h 2h1 È # #� xy ˆ ‰
16.7  STOKES' THEOREM

 1. curl 0 0 (2 0) 2  and   curl 2  d dx dy

x 2x z

F F i j k k n k F n
i j k

œ ‚ œ œ � � � œ œ Ê œ Ê œ™ †

â ââ ââ ââ ââ ââ â
` ` `
` ` `
# #
x y z 5

  d  2 dA 2(Area of the ellipse) 4Ê œ œ œ)
C

F r† ' '
R

1

 2. curl 0 0 (3 2)  and   curl 1  d dx dy

2y 3x z

F F i j k k n k F n
i j k

œ ‚ œ œ � � � œ œ Ê œ Ê œ

�

™ †

â ââ ââ ââ ââ ââ â
` ` `
` ` `

#
x y z 5

   d  dx dy Area of circle 9Ê œ œ œ)
C

F r† ' '
R

1

 3. curl x 2x (z 1)  and   curl 

y xz x

F F i j k n F n
i j k

œ ‚ œ œ � � � � œ Ê™ †

â ââ ââ ââ ââ ââ â
` ` `
` ` `

#

� �
x y z 3

i j kÈ

 ( x 2x z 1)  d  dA  d  ( 3x z 1) 3 dAœ � � � � Ê œ Ê œ � � �" "È È
È

3 3
3

15 )
C

F r† ' '
R

È
 [ 3x (1 x y) 1] dy dx ( 4x y) dy dx 4x(1 x) (1 x)  dxœ � � � � � œ � � œ � � � �' ' ' ' '

0 0 0 0 0

1 1 x 1 1 x 1� � � ‘"
#

#

 3x x  dxœ � � � œ �'
0

1ˆ ‰"
# #

#7 5
6

 4. curl (2y 2z) (2z 2x) (2x 2y)  and 

y z x z x y

F F i j k n
i j k

œ ‚ œ œ � � � � � œ

� � �

™

â ââ ââ ââ ââ ââ â
` ` `
` ` `

# # # # # #

� �
x y z 3

i j kÈ

  curl (2y 2z 2z 2x 2x 2y) 0  d  0 d 0Ê œ � � � � � œ Ê œ œF n F r† †"È3
)

C
' '

S
5
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 Section 16.7 Stoke's Theorem 981

 5. curl 2y (2z 2x) (2x 2y)  and 

y z x y x y

F F i j k n k
i j k

œ ‚ œ œ � � � � œ

� � �

™

â ââ ââ ââ ââ ââ â
` ` `
` ` `

# # # # # #
x y z

  curl 2x 2y  d dx dy  d (2x 2y) dx dy x 2xy  dyÊ œ � Ê œ Ê œ � œ �F n F r† †5 ) ' ' '
C 1 1 1

1 1 1

� � �

c d# "
�"

 4y dy 0œ � œ'
�1

1

 6. curl 0 0 3x y  and 

x y 1 z

F F i j k n

i j k

œ ‚ œ œ � � œ œ™

â ââ ââ ââ ââ ââ â
` ` `
` ` `
# $

# # � � � �

� �x y z
2x 2y 2z x y z
2 x y z 4

i j k i j kÈ # # #

 curl x y z; d  dA (Section 16.6, Example 6, with a 4)  d  x y z  dAÊ œ � œ œ Ê œ �F n F r† †3 4 3 4
4 z 4 z

# # # #5 )
C

' '
R

ˆ ‰ ˆ ‰
 3 r  cos r  sin  r dr d 3 (cos  sin )  d 32  sin 2  d 4 sin u duœ � œ � œ � œ �' ' ' ' '

0 0 0 0 0

2 2 2 2 41 1 1 1a b a b ’ “# # # # # # #
#

!

") ) ) ) ) ) ) )r
6 4

'

 4 8œ � � œ �� ‘u sin 2u
2 4

%

!

1
1

 7. x 3 cos t and y 2 sin t  (2 sin t) 9 cos t 9 cos t 16 sin t  sin e  at theœ œ Ê œ � � �F i j ka b a b# # % ÈÐ ÑÐ Ñ6 sin t cos t 0

 base of the shell; (3 cos t) (2 sin t)   d ( 3 sin t) (2 cos t)   6 sin t 18 cos tr i j r i j Fœ � Ê œ � � Ê œ � �† d
dt
r # $

    d 6 sin t 18 cos t  dt 3t  sin 2t 6(sin t) cos t 2 6Ê ‚ œ � � œ � � � � œ �' '
S

™ †F n 5 1'
0

21a b a b� ‘# $ # #

!
3
2

1

 8. curl 2 ; f(x y z) 4x y z   f 8x 2z
z tan y x

F F j i j k

i j k

œ ‚ œ œ � ß ß œ � � Ê œ � �

� � �

™ ™

â ââ ââ ââ ââ ââ ââ â
` ` `
` ` `

" "
#� �

�"

# #
x y z

x 4 z

   and   f 1  d  dA f  dA; ( 2 f)Ê œ œ Ê œ Ê œ œ ‚ œ � œn p j p F n j™

™ ™ † ™ ™

™f
f f f f

f 2k k k k k k k kk kk k k k™ † ™ ™ † † ™5 p
" �

   d 2 dA   d  2 dA 2(Area of R) 2( 1 2) 4 , where RÊ ‚ œ � Ê ‚ œ � œ � œ � œ �™ † ™ † † †F n F n5 5 1 1' ' ' '
S R

 is the elliptic region in the xz-plane enclosed by 4x z 4.# #� œ

 9. Flux of  d  d , so let C be parametrized by (a cos t) (a sin t) ,™ ™ † †‚ œ ‚ œ œ �F F n F r r i j' '
S

5 )
C

 0 t 2   ( a sin t) (a cos t)   ay sin t ax cos t a  sin t a  cos t aŸ Ÿ Ê œ � � Ê œ � œ � œ1 d d
dt dt
r ri j F † # # # # #

  Flux of  d a  dt 2 aÊ ‚ œ œ œ™ †F F r) '
C 0

21
# #1

10. (y ) ; x y z
y 0 0

™ ‚ œ œ � œ œ œ � �i k n i j k
i j kâ ââ ââ ââ ââ ââ â
` ` `
` ` `

� �

� �x y z
f
f

2x 2y 2z
2 x y z

™

™k k Èi j k
# # #

  (y ) z; d dA (Section 16.6, Example 6, with a 1) (y )  dÊ ‚ œ � œ œ Ê ‚™ † ™ †i n i n5 5"
z

' '
S

 ( z)  dA dA , where R is the disk x y 1 in the xy-plane.œ � œ � œ � � Ÿ' ' ' '
R R

ˆ ‰" # #
z 1

11. Let S  and S  be oriented surfaces that span C and that induce the same positive direction on C.  Then" #

  d   d  d' ' ' '
S S" #

™ † † ™ †‚ œ œ ‚F n F r F n" " # #5 5)
C
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982 Chapter 16 Integration in Vector Fields

12.  d   d  d , and since S  and S  are joined by the simple' ' ' ' ' '
S S S

™ † ™ † ™ †‚ œ ‚ � ‚F n F n F n5 5 5
" #

" #

 closed curve C, each of the above integrals will be equal to a circulation integral on C.  But for one surface
 the circulation will be counterclockwise, and for the other surface the circulation will be clockwise.  Since the

 integrands are the same, the sum will be 0   d 0.Ê ‚ œ' '
S

™ †F n 5

13. 5 2 3 ; (cos ) (sin ) 2r  and ( r sin ) (r cos )
2z 3x 5y

™ ‚ œ œ � � œ � � œ � �F i j k r i j k r i j
i j kâ ââ ââ ââ ââ ââ â
` ` `
` ` `x y z r ) ) ) ))

  2r  cos 2r  sin r ;  and d  dr dcos sin 2r
r sin r cos 0

Ê ‚ œ œ � � œ œ ‚�
�

r r i j k n r r
i j k

r r) )

â ââ ââ ââ ââ ââ â a b a b k k) )

) )

) ) 5 )# # ‚
‚

r r
r r

r

r

)

)k k

   d ( ) ( ) dr d 10r  cos 4r  sin 3r  dr d    dÊ ‚ œ ‚ ‚ œ � � Ê ‚™ † ™ † ™ †F n F r r F n5 ) ) ) ) 5r ) a b# # ' '
S

 10r  cos 4r  sin 3r  dr d r  cos r  sin r  dœ � � œ � �' ' '
0 0 0

2 2 21 1a b � ‘# # $ $ #"
#

#

!
) ) ) ) ) )0 4 3

3 3

  cos  sin 6  d 6(2 ) 12œ � � œ œ'
0

21ˆ ‰80 32
3 3) ) ) 1 1

14. 2 2 ; 2r  cos 2r  sin r  and
y z z x x z

™ ‚ œ œ � � ‚ œ � �

� � �

F i j k r r i j k
i j kâ ââ ââ ââ ââ ââ â a b a b` ` `
` ` `

# #
x y z r ) ) )

  d ( ) ( ) dr d  (see Exercise 13 above)   d™ † ™ † ™ †‚ œ ‚ ‚ Ê ‚F n F r r F n5 ) 5r )
' '

S

 2r  cos 4r  sin 2r  dr d r  cos r  sin r  dœ � � � œ � � �' ' '
0 0 0

2 3 21 1a b � ‘# # $ $ # $

!
) ) ) ) ) )2 4

3 3

 18 cos 36 sin 9  d 9(2 ) 18œ � � � œ � œ �'
0

21a b) ) ) 1 1

15. 2y 0 x ; 

x y 2y z 3z

cos sin 1
r sin r cos 0

™ ‚ œ œ � � � ‚ œ
�

F i j k r r

i j k i j k
â â â ââ â â ââ â â ââ â â ââ â â ââ â â â

` ` `
` ` `
# $

$ #
x y z r ) ) )

) )

 ( r cos ) (r sin ) r and  d ( ) ( ) dr d  (see Exercise 13 above)œ � � � ‚ œ ‚ ‚) ) 5 )i j k F n F r r™ † ™ † r )

   d  2ry  cos rx  dr d 2r  sin   cos r  cos  dr dÊ ‚ œ � œ �' ' ' '
S R

™ †F n 5 ) ) ) ) ) )a b a b$ # % $ #' '
0 0

2 11

3

  sin   cos  cos  d  sinœ � œ � � œ �'
0

21ˆ ‰ � ‘ˆ ‰2 sin 2
5 4 10 4 4 4

3 4) ) ) ) )" " "#
#

#

!
) ) 11

16. ; 
x y y z z x

cos sin 1
r sin r cos 0

™ ‚ œ œ � � ‚ œ

� � �

�
�

F i j k r r
i j k i j k

â â â ââ â â ââ â â ââ â â ââ â â ââ â â â
` ` `
` ` `x y z r ) ) )

) )

 (r cos ) (r sin ) r and  d ( ) ( ) dr d  (see Exercise 13 above)œ � � ‚ œ ‚ ‚) ) 5 )i j k F n F r r™ † ™ † r )

   d (r cos r sin r) dr d (cos sin 1)  d (2 ) 25Ê ‚ œ � � œ � � œ œ' '
S

 ™ †F n 5 ) ) ) ) ) ) 1 1' ' '
0 0 0

2 5 21 1’ “ ˆ ‰r 25#

# #

&

!

17. 0 0 5 ;  

3y 5 2x z 2

3 cos  cos 3 cos  sin 3 sin 

3 sin  sin 

™ ‚ œ œ � � ‚ œ

� �

�

�

F i j k r r
i j k i j kâ â â ââ â â ââ â â ââ â â ââ â â ââ â â â

È È ÈÈ È
` ` `
` ` `

#
x y z 9 ) 9 ) 9 ) 9

9 ) 3 sin  cos 09 )

 3 sin  cos 3 sin  sin (3 sin  cos ) ;  d ( ) ( ) d d  (see Exerciseœ � � ‚ œ ‚ ‚a b a b# #9 ) 9 ) 9 9 5 9 )i j k F n F r r™ † ™ † 9 )

 13 above)   d 15 cos  sin  d d  cos  d  d 15Ê ‚ œ � œ œ � œ �' '
S

™ †F n 5 9 9 9 ) 9 ) ) 1' ' ' '
0 0 0 0

2 /2 2 21 1 1 1� ‘15 15
2

# Î#

! #

1
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18. 2z 2y ;  

y z x

2 cos  cos 2 cos  sin 2 sin 
2 sin  sin 2 sin  

™ ‚ œ œ � � � ‚ œ �
�

F i j k r r
i j k i j k

â â â ââ â â ââ â â ââ â â ââ â â ââ â â â
` ` `
` ` `
# #
x y z 9 ) 9 ) 9 ) 9

9 ) 9 cos 0)

 4 sin  cos 4 sin  sin (4 sin  cos ) ;  d ( ) ( ) d d  (see Exerciseœ � � ‚ œ ‚ ‚a b a b# #9 ) 9 ) 9 9 5 9 )i j k F n F r r™ † ™ † 9 )

 13 above)   d 8z sin  cos 4 sin  sin 8y sin  cos  d dÊ ‚ œ � � �' ' ' '
S R

™ †F n 5 9 ) 9 ) 9 ) 9 )a b# #

 16 sin  cos  cos 4 sin  sin 16 sin  sin  cos  d dœ � � �' '
0 0

2 /21 1 a b# # #9 9 ) 9 ) 9 ) ) 9 )

  sin  cos 4 (sin ) 16 (sin  cos )  dœ � � � � �'
0

21� ‘ˆ ‰ ˆ ‰" $
# #

Î#

!
6

3 4 4
sin 2 sin 29 ) ) ) ) )9 9 9 9 1

  cos  sin 4  sin  cos  d  sin  cos 2  sin 0œ � � � œ � � � œ'
0

21ˆ ‰ � ‘16 6
3 3) 1 ) 1 ) ) ) ) 1 ) 1 )" # #

!

1

19. (a) 2x 2y 2z   curl    d  d 0 d 0F i j k F 0 F r F nœ � � Ê œ Ê œ ‚ œ œ)
C

† ™ †' ' ' '
S S

5 5

 (b) Let f(x y z) x y z f curl  d  d  0 dß ß œ Ê ‚ œ ‚ œ Ê œ Ê œ ‚ œ# # $ ™ ™ ™ † ™ †F 0 F 0 F r F n)
C

' ' ' '
S S

5 5

 0œ

 (c) (x y z )     d   d  0 d 0F i j k 0 F 0 F r F nœ ‚ � � œ Ê ‚ œ Ê œ ‚ œ œ™ ™ † ™ †)
C

' ' ' '
S S

5 5

 (d) f  f   d   d 0 d 0F F 0 F r F nœ Ê ‚ œ ‚ œ Ê œ ‚ œ œ™ ™ ™ ™ † ™ †)
C

' ' ' '
S S

5 5

20. f x y z (2x) x y z (2y) x y z (2z)F i j kœ œ � � � � � � � � �™ " " "
# # #

# # # # # # # # #�$Î# �$Î# �$Î#a b a b a b
 x x y z y x y z z x y zœ � � � � � � � � �a b a b a b# # # # # # # # #�$Î# �$Î# �$Î#i j k

 (a) (a cos t) (a sin t) , 0 t 2   ( a sin t) (a cos t)r i j i jœ � Ÿ Ÿ Ê œ � �1 d
dt
r

  x x y z ( a sin t) y x y z (a cos t)Ê œ � � � � � � �F † d
dt
r a b a b# # # # # #�$Î# �$Î#

 ( a sin t) (a cos t) 0  d 0œ � � � œ Ê œˆ ‰ ˆ ‰a cos t a sin t
a a$ $

)
C

F r†

 (b)  d  d f  d   d 0 d 0)
C

F r F n n 0 n† ™ † ™ ™ † †œ ‚ œ ‚ œ œ œ' ' ' ' ' ' ' '
S S S S

5 5 5 5

21. Let 2y 3z x   3 2 ; 
2y 3z x

F i j k F i j k n
i j k

œ � � Ê ‚ œ œ � � � œ

�

™

â ââ ââ ââ ââ ââ â
` ` `
` ` `

� �
x y z

2 2
3

i j k

 2   2y dx 3z dy x dz  d  d  2 dÊ ™ † † ™ † F n F r F n‚ œ � Ê � � œ œ ‚ œ �) )
C C

' ' ' '
S S

5 5

 2 d , where d  is the area of the region enclosed by C on the plane S:  2x 2y z 2œ � � � œ' ' ' '
S S

5 5

22. 0
x y z

™ ‚ œ œF
i j kâ ââ ââ ââ ââ ââ â
` ` `
` ` `x y z

23. Suppose M N P  exists such that  F i j k F i j kœ � � ‚ œ � � � � �™ Š ‹ Š ‹ˆ ‰` ` ` ` ` `
` ` ` ` ` `

P N M P N M
y z z x x y

 x y z .  Then  (x)  1.  Likewise,  (y)œ � � � œ Ê � œ � œi j k ` ` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` ` `x y z x x y x z y z x y

P N P N M PŠ ‹ ˆ ‰# #

  1 and  (z)  1.  Summing the calculated equationsÊ � œ � œ Ê � œ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` ` `

# # # #M P N M N M
y z y x z x y z z x z yŠ ‹

  3 or 0 3 (assuming the second mixed partials areÊ � � � � � œ œŠ ‹ Š ‹ Š ‹` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` ` `

# # # # # #P P N N M M
x y y x z x x z y z z y

 equal).  This result is a contradiction, so there is no field  such that curl x y z .F F i j kœ � �
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984 Chapter 16 Integration in Vector Fields

24. Yes:  If , then the circulation of  around the boundary C of any oriented surface S in the domain of™ ‚ œF 0 F

  is zero.  The reason is this:  By Stokes's theorem, circulation   d   d   d 0.F F r F n 0 nœ œ ‚ œ œ)
C

† ™ † †' ' ' '
S S

5 5

25. r x y   r x y   r 4x x y 4y x y M Nœ � Ê œ � Ê œ œ � � � œ �È a b a b a b a b# # % # # % # # # ## F i j i j™

   r  ds   ds  M dy N dx  dx dyÊ œ œ � œ �) ) )
C C C
™ † †a b Š ‹% ` `

` `n F n ' '
R

M N
x y

  4 x y 8x 4 x y 8y  dA 16 x y  dA 16  x  dA 16  y  dAœ � � � � � œ � œ �' ' c d a ba b a b
R R R R

# # # # # # # # # #' ' ' ' ' '

 16I 16I .œ �y x

26. 0, 0, 0, 0, ,   curl .` ` ` ` ` `
` ` ` ` ` `

� � � �

� � � �
P N M P N M
y z z x x y

y x y x y x y x
x y x y x y x y

œ œ œ œ œ œ Ê œ � œ
# # # # # # # #

# # # # # # # ## # # #a b a b a b a bF k 0’ “
 However, x y 1  (cos t) (sin t)   ( sin t) (cos t)# #� œ Ê œ � Ê œ � �r i j i jd

dt
r

   sin t cos t   sin t cos t 1  d 1 dt 2  which is not zero.Ê œ � � Ê œ � œ Ê œ œF i j F F ra b a b † †d
dt
r # # ) )

C

#

!

1

1

16.8  THE DIVERGENCE THEOREM AND A UNIFIED THEORY

 1.   div 0  2. x y   div 1 1 2F F F i j Fœ Ê œ œ œ � Ê œ � œ� � �

� �

y x xy xy
x y x y

i jÈ a b# # # # $Î#

 3.   div GMF Fœ � Ê œ �GM(x y z )

x y z

x y z 3x x y z
x y z

i j k� �

� �

� � � � �

� �a b
a b a b

a b# # # $Î#

# # # # # # #$Î# "Î#

# # # $” •
 GM GM� �” • ” •a b a b a b a b

a b a b
x y z 3y x y z x y z 3z x y z

x y z x y z

# # # # # # # # # # # # # #$Î# "Î# $Î# "Î#

# # # # # #$ $
� � � � � � � � � �

� � � �

 GM 0œ � œ’ “3 x y z 3 x y z x y z

x y z

a b a b a b
a b

# # # # # # # # ##

# # # (Î#

� � � � � � �

� �

 4. z a r  in cylindrical coordinates  z a x y   a x y   div 0œ � Ê œ � � Ê œ � � Ê œ# # # # # # # #a b a bv k v

 5. (y x) 1, (z y) 1, (y x) 0 2 Flux 2 dx dy dz 2 2 16` ` `
` ` `

$
x y z� œ � � œ � � œ Ê œ � Ê œ � œ � œ �™ † F ' ' '

� � �1 1 1

1 1 1 a b
 6. x 2x, y 2y, z 2z  2x 2y 2z` ` `

` ` `
# # #

x y xa b a b a bœ œ œ Ê œ � �™ † F

 (a) Flux (2x 2y 2z) dx dy dz x 2x(y z)  dy dz (1 2y 2z) dy dzœ � � œ � � œ � �' ' ' ' ' ' '
0 0 0 0 0 0 0

1 1 1 1 1 1 1c d# "
!

 y(1 2z) y  dz (2 2z) dz 2z z 3œ � � œ � œ � œ' '
0 0

1 1c d c d# #" "
! !

 (b) Flux (2x 2y 2z) dx dy dz x 2x(y z)  dy dz (4y 4z) dy dzœ � � œ � � œ �' ' ' ' ' ' '
� � � � � � �1 1 1 1 1 1 1

1 1 1 1 1 1 1c d# "
�"

 2y 4yz  dz 8z dz 4z 0œ � œ œ œ' '
� �1 1

1 1c d c d# #" "
�" �"

 (c) In cylindrical coordinates, Flux (2x 2y 2z) dx dy dzœ � �' ' '
D

 (2r cos 2r sin 2z) r dr d dz r  cos r  sin zr  d dzœ � � œ � �' ' ' ' '
0 0 0 0 0

1 2 2 1 2

 
1 1

) ) ) ) ) )� ‘2 2
3 3

$ $ # #

!

  cos  sin 4z  d dz  sin  cos 4z  dz 8 z dz 4 z 4œ � � œ � � œ œ œ' ' ' '
0 0 0 0

1 2 1 11 ˆ ‰ � ‘ c d16 16 6 16
3 3 3 3) ) ) ) ) ) 1 1 1" #

!
# "

!

1

 7. (y) 0, (xy) x, ( z) 1  x 1; z x y   z r  in cylindrical coordinates` ` `
` ` `

# # #
x y zœ œ � œ � Ê œ � œ � Ê œ™ † F

  Flux (x 1) dz dy dx  (r cos 1) dz r dr d r  cos r  r dr dÊ œ � œ � œ �' ' '
D

' ' ' ' '
0 0 0 0 0

2 2 r 2 21 1
#

) ) ) )a b$ #

  cos  d  cos 4  d  sin 4 8œ � œ � œ � œ �' '
0 0

2 21 1’ “ ˆ ‰ � ‘r r 32 32
5 4 5 5

& %

) ) ) ) ) ) 1
#

!

#

!

1
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 8. x 2x, (xz) 0, (3z) 3  2x 3  Flux (2x 3) dV` ` `
` ` `

#
x y za b œ œ œ Ê œ � Ê œ �™ † F ' ' '

D

 (2  sin  cos 3)  sin  d d d  sin  cos  sin  d dœ � œ �' ' ' ' '
0 0 0 0 0

2 2 21 1 1 1

3 9 ) 3 9 3 9 ) 9 ) 3 9 9 )a b ’ “# $
#

!

3%

2

 (8 sin  cos 8) sin  d d 8  cos 8 cos  d (4  cos 16) d 32œ � œ � � œ � œ' ' ' '
0 0 0 0

2 2 21 1 1 1

9 ) 9 9 ) ) 9 ) 1 ) ) 1� ‘ˆ ‰9 9 1

2 4
sin 2

!

 9. x 2x, ( 2xy) 2x, (3xz) 3x  Flux  3x dx dy dz` ` `
` ` `

#
x y za b œ � œ � œ Ê œ ' ' '

D

  (3  sin  cos )  sin  d d d 12 sin  cos  d d 3  cos  d 3œ œ œ œ' ' ' ' ' '
0 0 0 0 0 0

2 2 2 2 2 21 1 1 1 1Î Î Î Î Î

3 9 ) 3 9 3 9 ) 9 ) 9 ) 1 ) ) 1a b# #

10. 6x 2xy 12x 2y, 2y x z 2, 4x y 0  12x 2y 2` ` `
` ` `

# # # $
x y za b a b a b� œ � � œ œ Ê œ � �™ † F

  Flux (12x 2y 2) dV (12r cos 2r sin 2) r dr d dzÊ œ � � œ � �' ' '
D

' ' '
0 0 0

3 2 21Î

) ) )

 32 cos  sin 4  d dz 32 2  dz 112 6œ � � œ � � œ �' ' '
0 0 0

3 2 31Î ˆ ‰ ˆ ‰) ) ) 1 116 16
3 3

11. (2xz) 2z, ( xy) x, z 2z  x  Flux x dV` ` `
` ` `

#
x y zœ � œ � � œ � Ê œ � Ê œ �a b ™ † F ' ' '

D

  x dz dy dx  (xy 4x) dy dx x 16 4x 4x 16 4x  dxœ � œ � œ � � �' ' ' ' ' '
0 0 0 0 0 0

2 16 4x 4 y 2 16 4x 2È È
� � �

# # ’ “a b È1
2

# #

 4x x 16 4xœ � � � œ �’ “a b# % #" " $Î# #

!2 3 3
40

12. x 3x , y 3y , z 3z   3x 3y 3z   Flux  3 x y z  dV` ` `
` ` `

$ # $ # $ # # # # # # #
x y za b a b a b a b' ' 'œ œ œ Ê œ � � Ê œ � �™ † F

D

 3   sin  d d d 3  sin  d d 3  dœ œ œ œ' ' ' ' ' '
0 0 0 0 0 0

2 a 2 21 1 1 1 1

3 3 9 3 9 ) 9 9 ) )# #a b a 2a 12 a
5 5 5

& & &1

13. Let x y z .  Then , ,   ( x) x , ( y) y3 3 3 3 3 3œ � � œ œ œ Ê œ � œ � œ �È Š ‹ Š ‹# # # ` ` ` ` `
` ` ` ` ` ` `

` `3 3 3 3 3

3 3 3 3x y z x x y y
x z xy #

 , ( z) z   3 4 , since x y zœ � œ � œ � Ê œ � œ œ � �y x y z
z z

z# # # ##

3 3 3

3
3 3 3 3 3 3 3`

` `
` � � # # #Š ‹ È™ † F

  Flux 4  dV  (4 )  sin  d d d 3 sin  d d 6 d 12Ê œ œ œ œ œ' ' '
D

3 3 3 9 3 9 ) 9 9 ) ) 1' ' ' ' ' '
0 0 1 0 0 0

2 2 2 21 1 1 1 1
È a b#

14. Let x y z .  Then , ,    .  Similarly,3 œ � � œ œ œ Ê œ � œ �È Š ‹ Š ‹# # # ` ` ` `
` ` ` ` `

` "3 3 3 3

3 3 3 3 3 3 3 3x y z x x
x z x x 1 xy

# $

#

  and  ` " ` "
` `

� �
y z

y y x y zz z 3 2Š ‹ Š ‹
3 3 3 3 3 3 3 3 3

œ � œ � Ê œ � œ
# # # #

$ $ $

#

™ † F

  Flux   dV    sin  d d d 3 sin  d d 6 d 12Ê œ œ œ œ œ' ' '
D

2 2
3 3

' ' ' ' ' '
0 0 1 0 0 0

2 2 2 21 1 1 1 1Š ‹ a b3 9 3 9 ) 9 9 ) ) 1#

15. 5x 12xy 15x 12y , y e  sin z 3y e  sin z, 5z e  cos z 15z e  sin z` ` `
` ` `

$ # # # $ # $ #
x y z

y y y ya b a b a b� œ � � œ � � œ �

 15x 15y 15z 15   Flux  15  dV   15  sin  d d dÊ œ � � œ Ê œ œ™ † F # # # # # # #3 3 3 3 9 3 9 )' ' '
D

' ' '
0 0 1

2 21 1
È a b a b

 12 2 3  sin  d d 24 2 6  d 48 2 12œ � œ � œ �' ' '
0 0 0

2 21 1 1Š ‹ Š ‹ Š ‹È È È9 9 ) ) 1

16. ln x y ,  tan  , z x y x y` ` `
` � ` � `

# # �"

�
# # # #

x x y y x x x x y z
2x 2z 2z 2zy

1
c da b ˆ ‰ ˆ ‰ ˆ ‰– — È È� œ � œ � œ � � œ �# # # ##

Š ‹
ˆ ‰
"

x
y
x

 x y   Flux  x y  dz dy dxÊ œ � � � Ê œ � � �™ † F 2x 2z 2x 2z
x y x y x y x y# # # # # # # #� � � �

# # # #È ÈŠ ‹' ' '
D
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  r  dz r dr d 6 cos 3r  dr dœ � � œ � �' ' ' ' '
0 1 1 0 1

2 2 2 2 21 1
È È

�

ˆ ‰ ˆ ‰2r cos 2z 3
r r r

)
# # ) ) )#

 6 2 1  cos 3 ln 2 2 2 1  d 2  ln 2 2 2 1œ � � � � œ � � �'
0

21’ “ Š ‹Š ‹È È È È) ) 1 3
#

17. (a) M N P   curl   G i j k G G i k k Gœ � � Ê ‚ œ œ � � � � � Ê ‚™ ™ † ™Š ‹ Š ‹ˆ ‰` ` ` ` ` `
` ` ` ` ` `

P N M P N M
y z z x x y

 div(curl )œ œ � � � � �G ` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` `x y z y z x z x y

P N M P N MŠ ‹ Š ‹ˆ ‰
 0 if all first and second partial derivatives are continuousœ � � � � � œ` ` ` ` ` `

` ` ` ` ` ` ` ` ` ` ` `

# # # # # #P N M P N M
x y x z y z y x z x z y

 (b) By the Divergence Theorem, the outward flux of  across a closed surface is zero because™ ‚ G

 outward flux of  ( )  d™ ™ †‚ œ ‚G G n' '
S

5

  dV [Divergence Theorem with ]œ ‚ œ ‚' ' '
D

™ † ™ ™G F G

  (0) dV 0 [by part (a)]œ œ' ' '
D

18. (a) Let M N P  and M N P   a bF i j k F i j k F F" " " " # # # # " #œ � � œ � � Ê �

 (aM bM ) (aN bN ) (aP bP )   (a b )œ � � � � � Ê �" # " # " # " #i j k F F™ †

 a b  a b  a bœ � � � � �ˆ ‰ ˆ ‰Š ‹` ` ` ` ` `
` ` ` ` ` `
M M N N P P
x x y y z z
" # " # " #

 a b a( ) b( )œ � � � � � œ �Š ‹ Š ‹` ` ` ` ` `
` ` ` ` ` ` " #
M N P M N P
x y z x y z
" " " # # # ™ † ™ †F F

 (b) Define  and  as in part a  (a b )F F F F" # " #Ê ‚ �™

 a b a b a b a bœ � � � � � � �’ “Š ‹ ˆ ‰ � ‘ˆ ‰ ˆ ‰` ` ` ` ` ` ` `
` ` ` ` ` ` ` `
P P N N M M P P
y y z z z z x x
" # " # " # " #i j

 a b a b a� � � � œ � � � � �’ “ ’ “ˆ ‰ ˆ ‰Š ‹ Š ‹ Š ‹` ` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` `
N N M M P N M P N M
x x y y y z z x x y
" # " # " " " " " "k i j k

 b a b� � � � � � œ ‚ � ‚’ “Š ‹ Š ‹ˆ ‰` ` ` ` ` `
` ` ` ` ` ` " #
P N M P N M
y z z x x y
# # # # # #i j k F F™ ™

 (c) (N P P N ) (M P P M ) (M N N M )   ( )M N P
M N P

F F i j k F F
i j k

" # " # " # " # " # " # " # " #" " "

# # #

‚ œ œ � � � � � Ê ‚

â ââ ââ ââ ââ ââ â ™ †

 [(N P P N ) (M P P M ) (M N N M ) ]œ � � � � �™ † " # " # " # " # " # " #i j k

 (N P P N ) (M P P M ) (M N N M ) P N N Pœ � � � � � œ � � �` ` `
` ` ` ` ` ` `" # " # " # " # " # " # # " # "

` ` ` `
x y z x x x x

N P P Nˆ ‰" # " #

 M P P M M N N M� � � � � � � �Š ‹ ˆ ‰" # " # " # " #
` ` ` ` ` ` ` `
` ` ` ` ` ` ` `
P M M P N M M N
y y y y z z z z
# " # " # " # "

 M N P M Nœ � � � � � � � � �# # # " "
` ` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` ` `Š ‹ Š ‹ Š ‹ˆ ‰ ˆ ‰P N M P N M N P P M

y z z x x y z y x z
" " " " " " # # # #

 P� � œ ‚ � ‚" # " " #
` `
` `Š ‹M N

y x
# # F F F F† ™ † ™

19. (a) div(g ) g (gM) (gN) (gP) g M g N g PF Fœ œ � � œ � � � � �™ † ` ` ` ` ` `
` ` ` ` ` ` ` ` `

` ` `
x y z x x y y z z

M N Pg g gŠ ‹ Š ‹ Š ‹
 M N P g g gœ � � � � � œ �Š ‹ Š ‹` ` `

` ` ` ` ` `
` ` `g g g

x y z x y z
M N P ™ † ™ †F F

 (b) (g ) (gP) (gN) (gM) (gP) (gN) (gM)™ ‚ œ � � � � �F i j k’ “ ’ “� ‘` ` ` ` ` `
` ` ` ` ` `y z z x x y

 P g N g M g P g N g M gœ � � � � � � � � � � �Š ‹ Š ‹ Š ‹` ` ` ` ` `
` ` ` ` ` ` ` ` ` ` ` `

` ` ` ` ` `g g g g g g
y y z z z z x x x x y y

P N M P N Mi j k

 P N g g M P g g N Mœ � � � � � � � � �Š ‹ Š ‹ Š ‹ Š ‹ˆ ‰` ` ` ` ` `
` ` ` ` ` ` ` ` ` `

` ` ` `g g g g g g
y z y z z x z x x y

P N M Pi i j j k

 g g g g� � œ ‚ � ‚Š ‹` `
` `

N M
x y k F F™ ™
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20. Let M N P  and M N P .F i j k F i j k" " " " # # # #œ � � œ � �

 (a) (N P P N ) (P M M P ) (M N N M )   ( )F F i j k F F" # " # " # " # " # " # " # " #‚ œ � � � � � Ê ‚ ‚™

 (M N N M ) (P M M P ) (N P P N ) (M N N M )œ � � � � � � �’ “ � ‘` ` ` `
` ` ` `" # " # " # " # " # " # " # " #y z z xi j

 (P M M P ) (N P P N )� � � �’ “` `
` `" # " # " # " #x y k

 and consider the -component only:  (M N N M ) (P M M P )i ` `
` `" # " # " # " #y z� � �

 N M M N M P P Mœ � � � � � � �# " # " # " # "
` ` ` ` ` ` ` `
` ` ` ` ` ` ` `
M N N M P M M P
y y y y z z z z
" # " # " # " #

 N P  N P M Mœ � � � � � � �Š ‹ Š ‹ Š ‹ Š ‹# # " " " #
` ` ` ` ` ` ` `
` ` ` ` ` ` ` `
M M M M N P N P
y z y z y z y z
" " # # # # " "

 M N P M N P Mœ � � � � � � � �Š ‹ Š ‹ Š ‹# # # " " " "
` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` `
M M M M M M M N P
x y z x y z x y z
" " " # # # # # #

 M .  Now, -comp of ( ) M N P M� � � œ � �Š ‹ Š ‹` ` `
` ` ` ` ` `# # " # # # "

` ` `M N P
x y z x y z
" " " i F F† ™

 M N P ; likewise, -comp of ( ) M N P ;œ � � œ � �Š ‹ Š ‹# # # " # " " "
` ` ` ` ` `
` ` ` ` ` `
M M M M M M
x y z x y z
" " " # # #i F F† ™

 -comp of ( ) M  and -comp of ( ) M .i F F i F F™ † ™ †# " " " # #
` ` ` ` ` `
` ` ` ` ` `œ � � œ � �Š ‹ Š ‹M N P M N P

x y z x y z
# # # " " "

 Similar results hold for the  and  components of ( ).  In summary, since the correspondingj k F F™ ‚ ‚" #

 components are equal, we have the result

 ( ) ( ) ( ) ( ) ( )™ † ™ † ™ ™ † ™ †‚ ‚ œ � � �F F F F F F F F F F" # # " " # # " " #

 (b) Here again we consider only the -component of each expression.  Thus, the -comp of ( )i i F F™ †" #

 (M M N N P P ) M M N N P Pœ � � œ � � � � �`
` ` ` ` ` ` `" # " # " # " # " # " #

` ` ` ` ` `
x x x x x x x

M M N N P Pˆ ‰# " # " # "

 -comp of ( ) M N P ,i F F" # " " "
` ` `
` ` `† ™ œ � �Š ‹M M M

x y z
# # #

 -comp of ( ) M N P ,i F F# " # # #
` ` `
` ` `† ™ œ � �Š ‹M M M

x y z
" " "

 -comp of ( ) N P , andi F F" # " "
` ` ` `
` ` ` `‚ ‚ œ � � �™ Š ‹ ˆ ‰N M M P

x y z x
# # # #

 -comp of ( ) N P .i F F# " # #
` ` ` `
` ` ` `‚ ‚ œ � � �™ Š ‹ ˆ ‰N M M P

x y z x
" " " "

 Since corresponding components are equal, we see that

 ( ) ( ) ( ) ( ) ( ), as claimed.™ † † ™ † ™ ™ ™F F F F F F F F F F" # " # # " " # # "œ � � ‚ ‚ � ‚ ‚

21. The integral's value never exceeds the surface area of S.  Since 1, we have  (1)(1) 1 andk k k k k k k kF F n F nŸ œ Ÿ œ†

  d    d  [Divergence Theorem]' ' ' ' '
D S

™ † †F F n5 5œ

   d  [A property of integrals]Ÿ ' '
S

k kF n† 5

  (1) d  1Ÿ Ÿ' '
S

5 c dk kF n†

 Area of S.œ

22. Yes, the outward flux through the top is 5. The reason is this:  Since (x 2y (z 3) 1 2 1™ † ™ †F i j kœ � � � œ � �

 0, the outward flux across the closed cubelike surface is 0 by the Divergence Theorem.  The flux across the top isœ

 therefore the negative of the flux across the sides and base.  Routine calculations show that the sum of these latter fluxes is
  5.  (The flux across the sides that lie in the xz-plane and the yz-plane are 0, while the flux across the xy-plane is 3.)� �

 Therefore the flux across the top is 5.

23. (a) (x) 1, (y) 1, (z) 1  3  Flux  3 dV 3  dV 3(Volume of the solid)` ` `
` ` `x y zœ œ œ Ê œ Ê œ œ œ™ † F ' ' ' ' ' '

D D

 (b) If  is orthogonal to  at every point of S, then 0 everywhere  Flux   d 0. But the flux isF n F n F n† †œ Ê œ œ' '
S

5

  3 (Volume of the solid) 0, so  is not orthogonal to  at every point.Á F n
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24. 2x 4y 6z 12 Flux ( 2x 4y 6z 12) dz dy dx ( 2x 4y 9) dy dx™ † F œ � � � � Ê œ � � � � œ � � �' ' ' ' '
0 0 0 0 0

a b 1 a b

 2xb 2b 9b  dx a b 2ab 9ab ab( a 2b 9) f(a b); 2ab 2b 9b andœ � � � œ � � � œ � � � œ ß œ � � �'
0

a a b# # # #`
`

f
a

 a 4ab 9a so that 0 and 0  b( 2a 2b 9) 0 and a( a 4b 9) 0  b 0 or` ` `
` ` `

#f f f
b a bœ � � � œ œ Ê � � � œ � � � œ Ê œ

 2a 2b 9 0, and a 0 or a 4b 9 0.  Now b 0 or a 0 Flux 0; 2a 2b 9 0 and� � � œ œ � � � œ œ œ Ê œ � � � œ

  a 4b 9 0  3a 9 0  a 3  b  so that f 3  is the maximum flux.� � � œ Ê � œ Ê œ Ê œ ß œ3 3 27
# # #

ˆ ‰
25.   d  dV  3 dV     d  dV Volume of D' ' ' ' ' ' ' ' ' ' ' ' '

S SD D D
F n F F n† ™ † †5 5œ œ Ê œ œ"

3

26.   0  Flux   d  dV  0 dV 0F C F F n Fœ Ê œ Ê œ œ œ œ™ † † ™ †' ' ' ' ' ' ' '
S D D

5

27. (a) From the Divergence Theorem,  f  d f dV f dV 0 dV 0' ' ' ' ' ' ' ' ' ' '
S D D D

™ † ™ † ™ ™n 5 œ œ œ œ#

 (b) From the Divergence Theorem,  f f  d f f dV.  Now,' ' ' ' '
S D

™ † ™ † ™n 5 œ

 f f f f f   f f f f f™ ™ † ™œ � � Ê œ � � � � �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰Š ‹ ’ “ Š ‹ ’ “” •` ` ` ` ` ` ` ` `
` ` ` ` ` ` ` ` `

# ##
f f f f f f f f f
x y z x x y y z zi j k

# # #

# # #

 f f f 0 f  since f is harmonic   f f  d  f  dV, as claimed.œ � œ � Ê œ™ ™ ™ ™ † ™# # # #k k k k k k' ' ' ' '
S D

n 5

28. From the Divergence Theorem,  f  d f dV   dV.  Now,' ' ' ' ' ' ' '
S D D

™ † ™ † ™n 5 œ œ � �Š ‹` ` `
` ` `

# # #

# # #

f f f
x y z

 f(x y z) ln x y z  ln x y z   , , ß ß œ � � œ � � Ê œ œ œÈ a b# # # " ` ` `
# ` � � ` � � ` � �

# # # f x f f z
x x y z y x y z z x y z

y
# # # # # # # # #

  , , ,  Ê œ œ œ Ê � �` ` ` ` ` `
` ` ` ` ` `

� � � � � � �

� � � � � �

# # # # # #

# # # # # #

# # # # # # # # #

# # # # # # # # ## # #

f f f f f f
x y z x y z

x y z x y z x y z
x y z x y z x y za b a b a b

    f  d   d d dœ œ Ê œ œx y z
x y z x y z x y z

dV  sin # # #

# # # # # # # # # # #

#� �

� �
"

� � � �a b ' ' ' ' '
S D

™ † n 5 3 9 )' ' '
0 0 0

2 2 a1 1Î Î
3 9

3

 a sin  d d a cos  d a dœ œ � œ œ' ' ' '
0 0 0 0

2 2 2 21 1 1 1Î Î Î Î

9 9 ) 9 ) )c d 1 1Î#
! #

a

29.  f g  d  f g dV  f f f  dV' ' ' ' ' ' ' '
S D D

™ † ™ † ™ ™ †n i j k5 œ œ � �Š ‹` ` `
` ` `

g g g
x y z

  f  f  f   dVœ � � � � �' ' '
D

Š ‹` ` ` ` ` `
` ` ` ` ` ` ` ` `

` ` `# # #

# # #

g g g g g g
x x x y y y z z z

f f f

  f     dV  f g f g  dVœ � � � � � œ �' ' ' ' ' '
D D

’ “Š ‹ Š ‹ a b` ` ` ` ` `
` ` ` ` ` ` ` ` `

` ` ` #
# # #

# # #

g g g g g g
x y z x x y y z z

f f f ™ ™ † ™

30. By Exercise 29,  f g  d  f g f g  dV and by interchanging the roles of f and g,' ' ' ' '
S D

™ † ™ ™ † ™n 5 œ �a b#

  g f  d  g f g f  dV. Subtracting the second equation from the first yields:' ' ' ' '
S D

™ † ™ ™ † ™n 5 œ �a b#

  f g g f  d  f g g f  dV since f g g f' ' ' ' '
S D

a b a b™ ™ † ™ ™ ™ † ™ ™ † ™� œ � œ Þn 5 # #

31. (a) The integral  p(t x y z) dV represents the mass of the fluid at any time t.  The equation says that' ' '
D

ß ß ß

 the instantaneous rate of change of mass is flux of the fluid through the surface S enclosing the region D:
 the mass decreases if the flux is outward (so the fluid flows out of D), and increases if the flow is inward

 (interpreting  as the outward pointing unit normal to the surface).n

 (b)   dV   p dV   p  d   p  dV  p' ' ' ' ' ' ' ' ' ' '
D D DS

`
` `

`p
t dt t

dœ œ � œ � Ê œ �v n v v† ™ † ™ †5 3

 Since the law is to hold for all regions D, p 0, as claimed™ † v � œ`
`
p
t
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32. (a) T points in the direction of maximum change of the temperature, so if the solid is heating up at the™

 point the temperature is greater in a region surrounding the point  T points away from the pointÊ ™

  T points toward the point  T points in the direction the heat flows.Ê � Ê �™ ™

 (b) Assuming the Law of Conservation of Mass (Exercise 31) with k T p  and c T p, we have� œ œ™ v 3

   c T dV   k T  d   the continuity equation, ( k T) (c T) 0d
dt t
' ' ' ' '

D S
3 5 3œ � � Ê � � œ™ † ™ † ™n `

`

  c ( k T) k T  T K T, as claimedÊ œ � � œ Ê œ œ3 ` `
` `

# # #T T k
t t c™ † ™ ™ ™ ™

3

CHAPTER 16 PRACTICE EXERCISES

 1. Path 1:  t t t   x t, y t, z t, 0 t 1  f(g(t) h(t) k(t)) 3 3t  and 1, 1,r i j kœ � � Ê œ œ œ Ÿ Ÿ Ê ß ß œ � œ œ# dx
dt dt

dy

 1   dt 3 dt f(x y z) ds 3 3 3t  dt 2 3dz dx dz
dt dt dt dt

dyœ Ê � � œ Ê ß ß œ � œÊˆ ‰ ˆ ‰Š ‹ È È Èa b# ##
#' '

C 0

1

 Path 2:  t t , 0 t 1  x t, y t, z 0  f(g(t) h(t) k(t)) 2t 3t 3 and 1, 1,r i j"
#œ � Ÿ Ÿ Ê œ œ œ Ê ß ß œ � � œ œdx

dt dt
dy

 0   dt 2 dt   f(x y z) ds 2 2t 3t 3  dt 3 2 ;dz dx dz
dt dt dt dt

dyœ Ê � � œ Ê ß ß œ � � œÊˆ ‰ ˆ ‰Š ‹ È È È' a b# ##
#

C
0

1

"

'

 t   x 1, y 1, z t  f(g(t) h(t) k(t)) 2 2t and 0, 0, 1r i j k# œ � � Ê œ œ œ Ê ß ß œ � œ œ œdx dz
dt dt dt

dy

   dt dt   f(x y z) ds (2 2t) dt 1Ê � � œ Ê ß ß œ � œÊˆ ‰ ˆ ‰Š ‹dx dz
dt dt dt

dy# ## ' '
C 0

1

#

   f(x y z) ds f(x y z) ds f(x y z) 3 2 1Ê ß ß œ ß ß � ß ß œ �' ' '
C C C" #

È
 2. Path 1:  t   x t, y 0, z 0  f(g(t) h(t) k(t)) t  and 1, 0, 0r i"

#œ Ê œ œ œ Ê ß ß œ œ œ œdx dz
dt dt dt

dy

   dt dt f(x y z) ds t  dt ;Ê � � œ Ê ß ß œ œÊˆ ‰ ˆ ‰Š ‹dx dz
dt dt dt 3

dy# ##
# "' '

C 0

1

"

 t   x 1, y t, z 0  f(g(t) h(t) k(t)) 1 t and 0, 1, 0r i j# œ � Ê œ œ œ Ê ß ß œ � œ œ œdx dz
dt dt dt

dy

   dt dt  f(x y z) ds (1 t) dt ;Ê � � œ Ê ß ß œ � œÊˆ ‰ ˆ ‰Š ‹dx dz 3
dt dt dt 2

dy# ## ' '
C 0

1

#

 t   x 1, y 1, z t  f(g(t) h(t) k(t)) 2 t and 0, 0, 1r i j k$ œ � � Ê œ œ œ Ê ß ß œ � œ œ œdx dz
dt dt dt

dy

   dt dt   f(x y z) ds (2 t) dtÊ � � œ Ê ß ß œ � œÊˆ ‰ ˆ ‰Š ‹dx dz 3
dt dt dt 2

dy# ## ' '
C 0

1

$

 f(x y z) ds  f(x y z) ds f(x y z) ds  f(x y z) dsÊ ß ß œ ß ß � ß ß � ß ß œ' ' ' '
Path 1 C C C" # $

10
3

 Path 2:  t t   x t, y t, z 0  f(g(t) h(t) k(t)) t t and 1, 1, 0r i j%
#œ � Ê œ œ œ Ê ß ß œ � œ œ œdx dz

dt dt dt
dy

   dt 2 dt f(x y z) ds 2 t t  dt 2;Ê � � œ Ê ß ß œ � œÊˆ ‰ ˆ ‰Š ‹ È È Èa bdx dz 5
dt dt dt 6

dy# ##
#' '

C 0

1

%

 t  (see above)   f(x y z) dsr i j k$ œ � � Ê ß ß œ'
C$

3
2

   f(x y z) ds  f(x y z) ds  f(x y z) ds 2Ê ß ß œ ß ß � ß ß œ � œ' ' '
Path 2 C C$ %

5 3
6 6

5 2 9È
#

�È

 Path 3:  t   x 0, y 0, z t, 0 t 1  f(g(t) h(t) k(t)) t and 0, 0, 1r k& œ Ê œ œ œ Ÿ Ÿ Ê ß ß œ � œ œ œdx dz
dt dt dt

dy

   dt dt   f(x y z) ds t dt ;Ê � � œ Ê ß ß œ � œ �Êˆ ‰ ˆ ‰Š ‹dx dz
dt dt dt 2

dy# ##
"' '

C 0

1

&

 t   x 0, y t, z 1, 0 t 1  f(g(t) h(t) k(t)) t 1 and 0, 1, 0r j k' œ � Ê œ œ œ Ÿ Ÿ Ê ß ß œ � œ œ œdx dz
dt dt dt

dy

   dt dt   f(x y z) ds (t 1) dt ;Ê � � œ Ê ß ß œ � œ �Êˆ ‰ ˆ ‰Š ‹dx dz 1
dt dt dt 2

dy# ## ' '
C 0

1

'

 t   x t, y 1, z 1, 0 t 1  f(g(t) h(t) k(t)) t  and 1, 0, 0r i j k(
#œ � � Ê œ œ œ Ÿ Ÿ Ê ß ß œ œ œ œdx dz

dt dt dt
dy
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   dt dt   f(x y z) ds t  dtÊ � � œ Ê ß ß œ œÊˆ ‰ ˆ ‰Š ‹dx dz 1
dt dt dt 3

dy# ##
#' '

C 0

1

(

  f(x y z) ds  f(x y z) ds  f(x y z) ds f(x y z) dsÊ ß ß œ ß ß � ß ß � ß ß œ � � � œ �' ' ' '
Path 3 C C C& ' (

" " "
# # 3 3

2

 3. (a cos t) (a sin t)   x 0, y a cos t, z a sin t  f g(t) h(t) k(t) a  sin t a sin t  andr j kœ � Ê œ œ œ Ê ß ß œ œa b k kÈ # #

 0, a sin t, a cos t   dt a dtdx dz dx dz
dt dt dt dt dt dt

dy dyœ œ � œ Ê � � œÊˆ ‰ ˆ ‰Š ‹# ##

   f(x y z) ds a  sin t  dt a  sin t dt a  sin t dt 4aÊ ß ß œ œ � � œ' ' ' '
C 0 0

2 21 1 1

1

# # # #k k
 4. (cos t t sin t) (sin t t cos t)   x cos t t sin t, y sin t t cos t, z 0r i jœ � � � Ê œ � œ � œ

  f g(t) h(t) k(t) (cos t t sin t) (sin t t cos t) 1 t  and sin t sin t t cos tÊ ß ß œ � � � œ � œ � � �a b È È# # # dx
dt

 t cos t, cos t cos t t sin t t sin t, 0   dtœ œ � � œ œ Ê � �dy dy
dt dt dt dt dt

dz dx dzÊˆ ‰ ˆ ‰Š ‹# ##

 t  cos t t  sin t dt t  dt t dt since 0 t 3  f(x y z) ds t 1 t  dtœ � œ œ Ÿ Ÿ Ê ß ß œ � œÈ Èk k È# # # # #' '
C 0

3È
7
3

 5. (x y z) , (x y z) , (x y z)` " ` ` " ` ` " `
` # ` ` # ` ` # `

�$Î# �$Î# �$Î#P N M P N M
y z z x x yœ � � � œ œ � � � œ œ � � � œ

  M dx N dy P dz is exact;   f(x y z) 2 x y z g(y z)  Ê � � œ Ê ß ß œ � � � ß Ê œ �` " ` "
` ` `� � � �

`f f
x y yx y z x y z

gÈ ÈÈ
   0  g(y z) h(z)  f(x y z) 2 x y z h(z)  h (z)œ Ê œ Ê ß œ Ê ß ß œ � � � Ê œ �" ` "

� � � �
`
` `

wÈ Èx y z x y z
g
y z

fÈ
   h (x) 0  h(z) C  f(x y z) 2 x y z C  œ Ê œ Ê œ Ê ß ß œ � � � Ê"

� � � �
w � �È Èx y z x y z

dx dy dzÈ '
Ð� ß ß Ñ

Ð ß� ß Ñ

1 1 1

4 3 0

 f(4 3 0) f( 1 1 1) 2 1 2 1 0œ ß� ß � � ß ß œ � œÈ È
 6. , 0 , 0   M dx N dy  dz is exact; 1  f(x y z)` " ` ` ` ` ` `

` # ` ` ` ` ` `
P N M P N M f
y yz z z x x y xœ � œ œ œ œ œ Ê � � T œ Ê ß ßÈ

 x g(y z)    g(y z) 2 yz h(z)  f(x y z) x 2 yz h(z)œ � ß Ê œ œ � Ê ß œ � � Ê ß ß œ � �`
` `

`f z
y y y

g É È È
  h (z)   h (z) 0  h(z) C  f(x y z) x 2 yz CÊ œ � � œ � Ê œ Ê œ Ê ß ß œ � �`

`
w wf

z z z
y yÉ É È

  dx  dy  dz f(10 3 3) f(1 1 1) (10 2 3) (1 2 1) 4 1 5Ê � � œ ß ß � ß ß œ � � � œ � œ'
Ð ß ß Ñ

Ð ß ß Ñ

1 1 1

10 3 3 É Éz
y z

y
† †

 7. y cos z y cos z  is not conservative; 2 cos t 2 sin t , 0 t 2` `
` `
M P
z xœ � Á œ Ê œ � � Ÿ ŸF r i j ka b a b 1

 d 2 sin t 2 cos t  d 2 cos t sin 1 2 cos t dt2 sin t sin 1 2 sin tÊ œ � � Ê œ � �� � � � �r i j F ra b a b c da ba ba ba b a ba ba ba b' '
C 0

2

†
1

 4 sin 1 sin  t cos  t dt 8  sin 1œ � œa b a b a b'
0

21
2 2 1

 8. 0 , 0 , 3x    is conservative   d 0` ` ` ` ` `
` ` ` ` ` `

#P N M P N M
y z z x x yœ œ œ œ œ œ Ê Ê œF F r'

C
†

 9. Let M 8x sin y and N 8y cos x  8x cos y and 8y sin x   8x sin y dx 8y cos x dyœ œ � Ê œ œ Ê �` `
` `
M N
y x

'
C

 (8y sin x 8x cos y) dy dx  (8y sin x 8x cos y) dy dx  sin x 8x  dx 0œ � œ � œ � œ � � œ' '
R

' ' '
0 0 0

/2 /2 /21 1 1 a b1 1 1# # #

10. Let M y  and N x   2y and 2x  y  dx x  dy (2x 2y) dx dyœ œ Ê œ œ Ê � œ �# # # #` `
` `
M N
y x

'
C

' '
R

 (2r cos 2r sin ) r dr d (cos sin ) d 0œ � œ � œ' ' '
0 0 0

2 2 21 1

) ) ) ) ) )16
3
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11. Let z 1 x y  f (x y) 1 and f (x y) 1  f f 1 3  Surface Area 3 dx dyœ � � Ê ß œ � ß œ � Ê � � œ Ê œx y x yÉ È È# # ' '
R

 3(Area of the circular region in the xy-plane) 3œ œÈ È1
12. f 3 2y 2z ,   f 9 4y 4z  and f 3™ ™ ™ †œ � � � œ Ê œ � � œi j k p i pk k k kÈ # #

  Surface Area  dy dz  r dr d  21  d 7 21 9Ê œ œ œ � œ �' '
R

È È9 4y 4z
3 3 3 4 4 6

9 4r 7 9� � � "# # #' ' '
0 0 0

2 3 21 1
È

) )Š ‹ Š ‹È È1

13. f 2x 2y 2z ,   f 4x 4y 4z 2 x y z 2 and f 2z 2z since™ ™ ™ †œ � � œ Ê œ � � œ � � œ œ œi j k p k pk k k k k kÈ È# # # # # #

 z 0  Surface Area   dA   dA   dx dy  r dr d  Ê œ œ œ œ' ' ' ' ' '
R R R

 2
2z z 1 x y 1 r

" " "
� � �È È# # #

' '
0 0

2 1 21 ÎÈ

)

 1 r  d 1  d 2 1œ � � œ � œ �' '
0 0

2 21 1’ “ Š ‹ Š ‹È #
"Î #

!

" "
È

È È) ) 1
2 2

14. (a) f 2x 2y 2z ,   f 4x 4y 4z 2 x y z 4 and f 2z since™ ™ ™ †œ � � œ Ê œ � � œ � � œ œi j k p k pk k k kÈ È# # # # # #

 z 0  Surface Area  dA   dA 2  r dr d 4 8  Ê œ œ œ œ �' ' ' '
R R

 4 2 2
2z z 4 r

' '
0 0

/2 2 cos1 )

È � #
) 1

 (b) 2 cos   d 2 sin  d ; ds r  d dr  (Arc length in polar coordinates)r rœ Ê œ � œ �) ) ) )# # # #

  ds (2 cos )  d dr 4 cos  d 4 sin  d 4 d   ds 2 d ; the height of theÊ œ � œ � œ Ê œ# # # # # # # # #) ) ) ) ) ) ) )

 cylinder is z 4 r 4 4 cos 2 sin 2 sin  if 0   Surface Area h dsœ � œ � œ œ Ÿ Ÿ Ê œÈ È k k# #
#) ) ) ) 1 '

� Î1

1

2

/2

 2 (2 sin )(2 d ) 8œ œ'
0

/21

) )

15. f(x y z) 1  f   f  and   fß ß œ � � œ Ê œ � � Ê œ � � œ Ê œx z
a b c a b c a b c c

y
™ ™ ™ †ˆ ‰ ˆ ‰ ˆ ‰ k k k kÉ" " " " " " "i j k p k p# # #

 since c 0  Surface Area  dA c   dA abc ,� Ê œ œ � � œ � �' ' ' '
R R

É
Š ‹

" " "

# # #

"

a b c

c

� �
" " " " " " "

#
É Éa b c a b c# # # # # #

 since the area of the triangular region R is ab. To check this result, let a c  and a b ; the area can be"
# v i k w i jœ � œ � �

 found by computing ."
# k kv w‚

16. (a) f 2y ,   f 4y 1 and f 1  d 4y 1 dx dy™ ™ ™ †œ � œ Ê œ � œ Ê œ �j k p k pk k k kÈ È# #5

  g(x y z) d  4y 1 dx dy  y y 1  dx dy y y  dx dyÊ ß ß œ � œ � œ �' ' ' ' ' '
S R R

5 yz
4y 1È # �

# # $È a b a b' '
�1 0

1 3

 3 y y  dy 3 0œ � œ � œ'
�1

1 a b ’ “$
#

"

�"

y y
4

% #

 (b) g(x y z) d  4y 1 dx dy y 1  dx dy 3 y 1  dy' ' ' '
S R

ß ß œ � œ � œ �5 z
4y 1È # �

# # #È a b a b' ' '
� �1 0 1

1 3 1

 3 y 4œ � œ �’ “y
3

$
"

�"

17. f 2y 2z ,   f 4y 4z 2 y z 10 and f 2z  since z 0™ ™ ™ †œ � œ Ê œ � œ � œ œ  j k p k pk k k kÈ È# # # #

  d  dx dy  dx dy g(x y z) d  x y y z  dx dyÊ œ œ œ ß ß œ �5 510 5 5
2z z z

' ' ' '
S R

a b a b ˆ ‰% # #

  x y (25)  dx dy  x  dx dy  dy 50œ œ œ œ' '
R

a b Š ‹% %
� � �

5
25 y 25 y 25 y

125y 25yÈ È È# # #

' ' '
0 0 0

4 1 4

18. Define the coordinate system so that the origin is at the center of the earth, the z-axis is the earth's axis (north is the
 positive z direction), and the xz-plane contains the earth's prime meridian.  Let S denote the surface which is Wyoming so

 then S is part of the surface z R x y .  Let R  be the projection of S onto the xy-plane.  The surface area ofœ � �a b# # # "Î#
xy

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



992 Chapter 16 Integration in Vector Fields

 Wyoming is  1 d 1  dA 1 dA  dA' '
S R R R

5 œ � � œ � � œ' ' ' ' ' '
xy xy xy

Ê ˆ ‰ Š ‹ É` `
` ` � � � �

# #

� �

z z x R
x y R x y R x y

y

R x y

#

# # # # # #

#

# # # "Î#a b

 R R r  r dr d (where  and  are the radian equivalent to 104°3  and 111°3 , respectively)œ �' '
)

)

"

#

R sin 45°

R sin 49° a b# # w w�"Î#
" #) ) )

 R R r R R R  sin 45° R R R  sin 49°  dœ � � œ � � �' '
) )

) )

" "

# #¹a b a b a b# # # # # # # #"Î# "Î# "Î#R sin 49°

R sin 45°
)

 ( )R (cos 45° cos 49°) R (cos 45° cos 49°) (3959) (cos 45° cos 49°) 97,751 sq. mi.œ � � œ � œ � ¸) )# "
# # #7 7

180 180
1 1

19. A possible parametrization is ( ) (6 sin  cos ) (6 sin  sin ) (6 cos )  (spherical coordinates);r i j k9 ) 9 ) 9 ) 9ß œ � �

 now 6 and z 3  3 6 cos   cos    and z 3 3  3 3 6 cos 3 9 9 9 9œ œ � Ê � œ Ê œ � Ê œ œ Ê œ"
#

2
3
1 È È

  cos     ; also 0 2Ê œ Ê œ Ê Ÿ Ÿ Ÿ Ÿ9 9 9 ) 1
È3

6 6 3
2

#
1 1 1

20. A possible parametrization is (r ) (r cos ) (r sin )  (cylindrical coordinates);r i j kß œ � �) ) ) Š ‹r#

#

 now r x y   z  and 2 z 0  2 0  4 r 0  0 r 2 since r 0;œ � Ê œ � � Ÿ Ÿ Ê � Ÿ � Ÿ Ê     Ê Ÿ Ÿ  È # #
# #

#r r# #

 also 0 2Ÿ Ÿ) 1

21. A possible parametrization is (r ) (r cos ) (r sin ) (1 r)  (cylindrical coordinates);r i j kß œ � � �) ) )

 now r x y   z 1 r and 1 z 3  1 1 r 3  0 r 2; also 0 2œ � Ê œ � Ÿ Ÿ Ê Ÿ � Ÿ Ê Ÿ Ÿ Ÿ ŸÈ # # ) 1

22. A possible parametrization is (x y) x y 3 x  for 0 x 2 and 0 y 2r i j kß œ � � � � Ÿ Ÿ Ÿ Ÿˆ ‰y
#

23. Let x u cos v and z u sin v, where u x z  and v is the angle in the xz-plane with the x-axisœ œ œ �È # #

  (u v) (u cos v) 2u (u sin v)  is a possible parametrization; 0 y 2  2u 2  u 1Ê ß œ � � Ÿ Ÿ Ê Ÿ Ê Ÿr i j k# # #

  0 u 1 since u 0; also, for just the upper half of the paraboloid, 0 vÊ Ÿ Ÿ   Ÿ Ÿ 1

24. A possible parametrization is 10 sin  cos 10 sin  sin 10 cos ) , 0  and 0Š ‹ Š ‹ ŠÈ È È9 ) 9 ) 9 9 )i j k� � Ÿ Ÿ Ÿ Ÿ1 1
2 #

25. ,   2   60r i j r i j k r r i j k r r
i j k

u v u v u vœ � œ � � Ê ‚ œ œ � � Ê ‚ œ" "
" �" "

â ââ ââ ââ ââ ââ â k k È
  Surface Area   du dv  6 du dv 6Ê œ ‚ œ œ' '

Ruv
0 0

1 1k k È Èr ru v ' '

26. xy z  d  (u v)(u v) v  6 du dv 6 u 2v  du dv' '
S

a b c d a bÈ È� œ � � � œ �# # # #5 ' ' ' '
0 0 0 0

1 1 1 1

 6 2uv  dv 6 2v  dv 6 v vœ � œ � œ � œ � œ �È È È’ “ ˆ ‰ � ‘ É' '
0 0

1 1
u 2 2
3 3 3 3 3 3

6$ # # $
"

!

" " "

!

È

27. (cos ) (sin ) , ( r sin ) (r cos )   cos sin 0
r sin r cos 

r i j r i j k r r
i j k

r rœ � œ � � � Ê ‚ œ
� "

) ) ) ) ) )

) )
) )

â ââ ââ ââ ââ ââ â
 (sin ) (cos ) r   sin cos r 1 r   Surface Area   dr dœ � � Ê ‚ œ � � œ � Ê œ ‚) ) ) ) )i j k r r r rk k k kÈ È

r r) )
# # # # ' '

Rr)

 1 r  dr d 1 r  ln r 1 r  d 2  ln 1 2  dœ � œ � � � � œ � �' ' ' '
0 0 0 0

2 1 2 21 1 1È È È È È’ “ ’ “Š ‹ Š ‹# # #" " "
# # #

"

!
) ) )r

2

 2 ln 1 2œ � �1 ’ “È ÈŠ ‹
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28. x y 1 d r  cos r  sin 1 1 r  dr d 1 r  dr d' '
S

È È È a b# # # # # # # #� � œ � � � œ �5 ) ) ) )' ' ' '
0 0 0 0

2 1 2 11 1

 r  d  dœ � œ œ' '
0 0

2 21 1’ “r 4 8
3 3 3

$
"

!
) ) 1

29. 0 , 0 , 0   Conservative` ` ` ` ` `
` ` ` ` ` `

P N M P N M
y z z x x yœ œ œ œ œ œ Ê

30. , ,   Conservative` ` ` � ` ` `
` ` ` ` ` `

� �

� � � � � �

P N M 3xz P N M
y z z x x y

3zy 3xy

x y z x y z x y z
œ œ œ œ œ œ Êa b a b a b# # # # # # # # #�&Î# �&Î# �&Î#

31. 0 ye   Not Conservative` `
` `

P N
y zœ Á œ Êz

32. , ,   Conservative` ` ` ` ` � `
` � ` ` � ` ` � `

�P x N M P N z M
y (x yz) z z (x yz) x x (x yz) y

yœ œ œ œ œ œ Ê# # #

33. 2  f(x y z) 2x g(y z)  2y z  g(y z) y zy h(z)` `
` ` `

` #f f
x y y

gœ Ê ß ß œ � ß Ê œ œ � Ê ß œ � �

  f(x y z) 2x y zy h(z)  y h (z) y 1  h (z) 1  h(z) z CÊ ß ß œ � � � Ê œ � œ � Ê œ Ê œ �# w w`
`

f
z

  f(x y z) 2x y zy z CÊ ß ß œ � � � �#

34. z cos xz  f(x y z) sin xz g(y z)  e   g(y z) e h(z)` `
` ` `

`f f
x y y

g y yœ Ê ß ß œ � ß Ê œ œ Ê ß œ �

  f(x y z) sin xz e h(z)  x cos xz h (z) x cos xz  h (z) 0  h(z) CÊ ß ß œ � � Ê œ � œ Ê œ Ê œy f
z

`
`

w w

  f(x y z) sin xz e CÊ ß ß œ � �y

35. Over Path 1:  t t t , 0 t 1  x t, y t, z t and d ( ) dt  2t tr i j k r i j k F i j kœ � � Ÿ Ÿ Ê œ œ œ œ � � Ê œ � �# #

  d 3t 1  dt  Work 3t 1  dt 2;Ê œ � Ê œ � œF r† a b a b# #'
0

1

 Over Path 2:  t t , 0 t 1  x t, y t, z 0 and d ( ) dt  2t tr i j r i j F i j k" " "
# #œ � Ÿ Ÿ Ê œ œ œ œ � Ê œ � �

  d 2t 1  dt  Work 2t 1  dt ; t , 0 t 1  x 1, y 1, z t andÊ œ � Ê œ � œ œ � � Ÿ Ÿ Ê œ œ œF r r i j k" " " #
# #† a b a b'

0

1
5
3

 d  dt  2   d dt  Work dt 1  Work Work Work 1r k F i j k F r# # # # # " #œ Ê œ � � Ê œ Ê œ œ Ê œ � œ � œ† '
0

1
5 8
3 3

36. Over Path 1:  t t t , 0 t 1  x t, y t, z t and d ( ) dt  2t tr i j k r i j k F i j kœ � � Ÿ Ÿ Ê œ œ œ œ � � Ê œ � �# #

  d 3t 1  dt  Work 3t 1  dt 2;Ê œ � Ê œ � œF r† a b a b# #'
0

1

 Over Path 2:  Since f is conservative,  d 0 around any simple closed curve C.  Thus consider)
C

F r† œ

  d  d  d , where C  is the path from (0 0 0) to (1 1 0) to ( ) and C  is the path' ' '
curve C C

F r F r F r† † †œ � ß ß ß ß "ß "ß "
" #

" #

 from (1 1 1) to ( ).  Now, from Path 1 above,  d 2  0  d  d ( 2)ß ß !ß !ß ! œ � Ê œ œ � �' ' '
C curve C# "

F r F r F r† † †

  d 2Ê œ'
C"

F r†

37. (a) e  cos t e  sin t   x e  cos t, y e  sin t from (1 0) to e 0   0 t 2r i jœ � Ê œ œ ß ß Ê Ÿ Ÿa b a b a bt t t t 21 1

  e  cos t e  sin t  e  sin t e  cos t   and Ê œ � � � œ œd
dt

t t t t x y

x y

e  cos t e  sin t

e  cos t e  sin t
r i j i ja b a bi j F �

�

�

�a b
a b a b
a b# # $Î# $Î## #

t t

2t 2t

   eœ � Ê œ � � � œˆ ‰ ˆ ‰ Š ‹cos t sin t d cos t sin t cos t sin t sin t cos t
e e dt e e e e

t
2t 2t t t t ti j F † r # # �

  Work e  dt 1 eÊ œ œ �'
0

21
� �t 21

 (b)     f(x y z) x y g(y z)  F œ Ê œ Ê ß ß œ � � � ß Ê œ �x y y g

x y x y x y
f x f
x y y

i j� `

� � �

` `
` ` `

# # �"Î#

a b a b a b# # # # # #$Î# $Î# $Î#a b
   g(y z) C  f(x y z) x y  is a potential function for    dœ Ê ß œ Ê ß ß œ � � Êy

x ya b# # $Î#�

# # �"Î#a b F F r'
C

†

 f e 0 f(1 0) 1 eœ ß � ß œ �a b2 21 1�
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38. (a) x ze    is conservative   d 0 for  closed path CF F F rœ Ê Ê œ™ †a b# y )
C

any

 (b)  d x ze d x ze x ze 2 0 2' '
C 1 0 0

1 0 2

F r r† ™ †œ œ � œ � œ
Ð ß ß Ñ

Ð ß ß Ñ1 a b k ka b a b# # #
Ð"ß!ß# Ñ Ð"ß!ß!Ñ

y y y
1 1 1

39. 2y ; unit normal to the plane is 

y y 3z

™ ‚ œ œ � œ œ � �

�

F k n i j k
i j kâ ââ ââ ââ ââ ââ â
` ` `
` ` `
# #

� �

� �x y z
2 6 3

4 36 9
2 6 3
7 7 7

i j kÈ

  y;  and f(x y z) 2x 6y 3z  f 3  d  dA  dAÊ ‚ œ œ ß ß œ � � Ê œ Ê œ œ™ † ™ †F n p k p6 7
7 f 3

fk k 5
k kk k™

™ †p

   d y d  y  dA 2y dA 2r sin  r dr d  sin  d 0Ê œ œ œ œ œ œ) ' ' '
C 0 0 0

2 1 2

F r† ' ' ' ' ' '
R R R

6 6 7 2
7 7 3 35 ) ) ) )ˆ ‰ ˆ ‰ 1 1

40. 8y ; the circle lies in the plane f(x y z) y z 0 with unit normal

x y x y 4y z

™ ‚ œ œ ß ß œ � œ

� � �

F i
i j kâ ââ ââ ââ ââ ââ â
` ` `
` ` `

# #
x y z

   0   d  d  0 d 0n j k F n F r F nœ � Ê ‚ œ Ê œ ‚ œ œ" "È È2 2
™ † † ™ †)

C
' ' ' '

R R
5 5

41. (a) 2t 2t 4 t , 0 t 1  x 2t, y 2t, z 4 t   2, 2, 2tr i j kœ � � � Ÿ Ÿ Ê œ œ œ � Ê œ œ œ �È È È È È Èa b# # dx dz
dt dt dt

dy

   dt 4 4t  dt  M  (x y z) ds 3t 4 4t  dt (4 4t)Ê � � œ � Ê œ ß ß œ � œ �Êˆ ‰ ˆ ‰ � ‘Š ‹ È Èdx dz
dt dt dt 4

dy# ##
# # " $Î# "

!
' '

C 0

1

$

 4 2 2œ �È
 (b) M   (x y z) ds 4 4t  dt t 1 t ln t 1 t 2 ln 1 2œ ß ß œ � œ � � � � œ � �' '

C 0

1

$ È È È È È’ “ Š ‹Š ‹# # #
"

!

42. t 2t t , 0 t 2  x t, y 2t, z t   1, 2, tr i j kœ � � Ÿ Ÿ Ê œ œ œ Ê œ œ œ2 2 dx dz
3 3 dt dt dt

dy$Î# $Î# "Î#

   dt t 5 dt  M  (x y z) ds 3 5 t t 5 dtÊ � � œ � Ê œ ß ß œ � �Êˆ ‰ ˆ ‰Š ‹ È È Èdx dz
dt dt dt

dy# ## ' '
C 0

2

$

 3(t 5) dt 36; M  x  ds 3t(t 5) dt 38; M  y  ds 6t(t 5) dt 76;œ � œ œ œ � œ œ œ � œ' ' ' ' '
0 C 0 C 0

2 2 2

yz xz$ $

 M   z  ds 2t (t 5) dt 2  x , y , zxy
144 38 19 76 19

7 M 36 18 M 36 9 M 36
M MM 2

œ œ � œ Ê œ œ œ œ œ œ œ œ' '
C 0

2

$ $Î# È yz xyxz

144
7Š ‹È

 2œ 4
7
È

43. t t , 0 t 2  x t, y t , z   1, 2 t , tr i j kœ � � Ÿ Ÿ Ê œ œ œ Ê œ œ œŠ ‹ Š ‹ È2 2 2 2 dy
3 3 dt dt dt

t t dx dzÈ È$Î# $Î# "Î#
# #

# #

   dt 1 2t t  dt (t 1)  dt t 1  dt (t 1) dt on the domain given.Ê � � œ � � œ � œ � œ �Êˆ ‰ ˆ ‰Š ‹ È È k kdx dz
dt dt dt

dy# ##
# #

 Then M   ds (t 1) dt dt 2; M  x  ds t (t 1) dt t dt 2;œ œ � œ œ œ œ � œ œ' ' ' ' ' '
C 0 0 C 0 0

2 2 2 2

$ $ˆ ‰ ˆ ‰" "
� �t 1 t 1yz

 M  y  ds t (t 1) dt t  dt ; M  z  dsxz xy
2 2 2 2

3 t 1 3 15
32œ œ � œ œ œ' ' ' '

C 0 0 C

2 2

$ $Š ‹ ˆ ‰È È$Î# $Î#"
�

 (t 1) dt  dt   x 1; y ; zœ � œ œ Ê œ œ œ œ œ œ œ' '
0 0

2 2Š ‹ ˆ ‰t t 4 2 16
t 1 3 M M 15 M

M MM# #

# � # # #
" yz xyxz

32
15

ˆ ‰

 ; I  y z  ds t  dt ; I  x z  ds t  dt ;œ œ œ � œ � œ œ � œ � œ
ˆ ‰4

3
#

# # $ # # #2 8 t 232 t 64
3 9 4 45 4 15x y' ' ' '

C 0 C 0

2 2a b a bŠ ‹ Š ‹$ $
% %

 I  y x  ds t t  dtz
8 56
9 9œ � œ � œ' '

C 0

2a b ˆ ‰# # # $$

44. z 0 because the arch is in the xy-plane, and x 0 because the mass is distributed symmetrically with respectœ œ

 to the y-axis; (t) (a cos t) (a sin t) , 0 t   ds  dtr i jœ � Ÿ Ÿ Ê œ � �1 Êˆ ‰ ˆ ‰Š ‹dx dz
dt dt dt

dy# ##

 ( a sin t) (a cos t)  dt a dt, since a 0; M   ds  (2a y) ds (2a a sin t) a dtœ � � œ   œ œ � œ �È # # ' ' '
C C 0
$

1
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 2a 2a ; M  y  dt  y(2a y) ds (a sin t)(2a a sin t) dt 2a  sin t a  sin t  dtœ � œ œ � œ � œ �21 $# # # #
xz C C 0 0

' ' ' '1 1a b
 2a  cos t a  4a   y   x y z 0 0œ � � � œ � Ê œ œ Ê ß ß œ ß ß� ‘ ˆ ‰ˆ ‰ a b# # #

! # � � �

�
� �t sin 2t a 8 8

2 4 2a 2a 4 4 4 4

4a1 1 1 1
1 1 1

#
#

# #

Š ‹a#

#

1

45. (t) e  cos t e  sin t e , 0 t ln 2  x e  cos t, y e  sin t, z e   e  cos t e  sin t ,r i j kœ � � Ÿ Ÿ Ê œ œ œ Ê œ �a b a b a bt t t t t t t tdx
dt

 e  sin t e  cos t , e    dtdy dy
dt dt dt dt dt

t t tdz dx dzœ � œ Ê � �a b Êˆ ‰ ˆ ‰Š ‹# ##

 e  cos t e  sin t e  sin t e  cos t e  dt 3e  dt 3 e  dt; M   ds 3 e  dtœ � � � � œ œ œ œÉa b a b a b È È Èt t t t t 2t t t# # # ' '
C 0

ln 2

$

 3; M  z  ds 3 e e  dt 3 e  dt   z ;œ œ œ œ œ Ê œ œ œÈ È ÈŠ ‹ a bxy
t t 2t 3 3 M

M 3
3' ' '

C 0 0

ln 2 ln 2

$
È Œ �

È# #
xy

3 3È
#

 I  x y  ds e  cos t e  sin t 3 e  dt 3 e  dtz
2t 2t t 3t 7 3

3œ � œ � œ œ' ' '
C 0 0

ln 2 ln 2a b a b Š ‹È È# # # #$
È

46. (t) (2 sin t) (2 cos t) 3t , 0 t 2   x 2 sin t, y 2 cos t, z 3t  2 cos t, 2 sin t,r i j kœ � � Ÿ Ÿ Ê œ œ œ Ê œ œ �1 dx
dt dt

dy

 3   dt 4 9 dt 13 dt; M    ds 13 dt 2 13;dz dx dz
dt dt dt dt

dyœ Ê � � œ � œ œ œ œÊˆ ‰ ˆ ‰Š ‹ È È È È# ## ' '
C 0

2

$ $ 1$
1

 M  z  ds (3t) 13  dt 6 13; M  x  ds (2 sin t) 13  dt 0;xy yzœ œ œ œ œ œ' ' ' '
C 0 C 0

2 2

$ $ $1 $ $
1 1Š ‹ Š ‹È È È#

 M  y  ds (2 cos t) 13  dt 0  x y 0 and z 3   ( 3 ) is thexz
M
M

6 13
2 13

œ œ œ Ê œ œ œ œ œ Ê !ß !ß' '
C 0

2

$ $ 1 1
1 Š ‹È xy $1

$1

#È
È

 center of mass

47. Because of symmetry x y 0.  Let f(x y z) x y z 25  f 2x 2y 2zœ œ ß ß œ � � œ Ê œ � �# # # ™ i j k

  f 4x 4y 4z 10 and   f 2z, since z 0  M (x y z) dÊ œ � � œ œ Ê œ   Ê œ ß ßk k k kÈ™ ™ †# # # p k p ' '
R

$ 5

  z  dA  5 dA 5(Area of the circular region) 80 ; M  z  d 5z dAœ œ œ œ œ œ' ' ' ' ' ' ' '
R R R R

ˆ ‰10
z xy# 1 $ 5

  5 25 x y  dx dy 5 25 r  r dr d  d   zœ � � œ � œ œ Ê œ œ' '
R

È Š ‹È# # #' ' '
0 0 0

2 4 21 1

) ) 1490 980 49
3 3 80 12

Š ‹980
3 1

1

  x y z 0 ; I x y  d 5 x y  dx dy 5r  dr d 320 d 640Ê ß ß œ ß !ß œ � œ � œ œ œa b a b a bˆ ‰49
12 z ' ' ' '

R R

# # # # $$ 5 ) ) 1' ' '
0 0 0

2 4 21 1

48. On the face z 1:  g(x y z) z 1 and   g   g 1 and g 1  d dAœ ß ß œ œ œ Ê œ Ê œ œ Ê œp k k p™ ™ ™ †k k k k 5

  I  x y  dA 2 r  dr d ; On the face z 0:  g(x y z) z 0  g  and Ê œ � œ œ œ ß ß œ œ Ê œ œ' '
R

a b# # $' '
0 0

/4 sec1 )

) 2
3 ™ k p k

   g 1  g 1  d dA  I  x y  dA ; On the face y 0:  g(x y z) y 0Ê œ Ê œ Ê œ Ê œ � œ œ ß ß œ œk k k k a b™ ™ † p 5 ' '
R

# # 2
3

 g  and    g 1  g 1 d dA  I x 0  dA x  dx dz ;Ê œ œ Ê œ Ê œ Ê œ Ê œ � œ œ™ ™ ™ †j p j pk k k k a b5 ' '
R

# # "' '
0 0

1 1

3

 On the face y 1:  g(x y z) y 1  g  and    g 1  g 1  d dAœ ß ß œ œ Ê œ œ Ê œ Ê œ Ê œ™ ™ ™ †j p j pk k k k 5

  I x 1  dA x 1  dx dz ; On the face x 1:  g(x y z) x 1  g  and Ê œ � œ � œ œ ß ß œ œ Ê œ œ' '
R

a b a b# # #' '
0 0

1 1
4
3 ™ i p i

   g 1  g 1  d dA  I 1 y  dA 1 y  dy dz ; On the faceÊ œ Ê œ Ê œ Ê œ � œ � œk k k k a b a b™ ™ † p 5 ' '
R

# # #' '
0 0

1 1
4
3

 x 0:  g(x y z) x 0  g  and    g 1  g 1  d dAœ ß ß œ œ Ê œ œ Ê œ Ê œ Ê œ™ ™ ™ †i p i pk k k k 5

  I 0 y  dA y  dy dz   IÊ œ � œ œ Ê œ � � � � � œ' '
R

a b# # # " "' '
0 0

1 1

z
1 2 2 4 4 14
3 3 3 3 3 3 3 3
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49. M 2xy x and N xy y  2y 1, 2x, y, x 1  Flux   dx dyœ � œ � Ê œ � œ œ œ � Ê œ �` ` ` ` ` `
` ` ` ` ` `
M M N N M N
x y x y x y

' '
R

Š ‹
  (2y 1 x 1) dy dx (2y x) dy dx ; Circ   dx dyœ � � � œ � œ œ �' ' ' '

R R

' '
0 0

1 1
3 N M

x y# ` `
` `Š ‹

  (y 2x) dy dx (y 2x) dy dxœ � œ � œ �' '
R

' '
0 0

1 1
"
#

50. M y 6x  and N x y   12x, 1, 1, 2y  Flux  dx dyœ � œ � Ê œ � œ œ œ Ê œ �# # ` ` ` ` ` `
` ` ` ` ` `
M M N N M N
x y x y x y

' '
R

Š ‹
  ( 12x 2y) dx dy ( 12x 2y) dx dy 4y 2y 6  dy ;œ � � œ � � œ � � œ �' '

R

' ' '
0 y 0

1 1 1a b# 11
3

 Circ   dx dy  (1 1) dx dy 0œ � œ � œ' ' ' '
R R

Š ‹` `
` `

N M
x y

51. M  and N ln x sin y   and   ln x sin y dy  dxœ � œ Ê œ œ Ê �cos y sin y sin y cos y
x y x x x x

M N` `
` `

)
C

   dx dy   dx dy 0œ � œ � œ' ' ' '
R R

Š ‹ Š ‹` `
` `

N M
x y x x

sin y sin y

52. (a) Let M x and N y  1, 0, 0, 1  Flux   dx dyœ œ Ê œ œ œ œ Ê œ �` ` ` ` ` `
` ` ` ` ` `
M M N N M N
x y x y x y

' '
R

Š ‹
  (1 1) dx dy 2  dx dy 2(Area of the region)œ � œ œ' ' ' '

R R

 (b) Let C be a closed curve to which Green's Theorem applies and let  be the unit normal vector to C.  Letn
 x y  and assume  is orthogonal to  at every point of C.  Then the flux density of  at every pointF i j F n Fœ �

 of C is 0 since 0 at every point of C  0 at every point of CF n† œ Ê � œ` `
` `
M N
x y

  Flux   dx dy  0 dx dy 0.  But part (a) above states that the flux isÊ œ � œ œ' ' ' '
R R

Š ‹` `
` `
M N
x y

 2(Area of the region)  the area of the region would be 0  contradiction.  Therefore,  cannot beÊ Ê F
 orthogonal to  at every point of C.n

53. (2xy) 2y, (2yz) 2z, (2xz) 2x 2y 2z 2x  Flux  (2x 2y 2z) dV` ` `
` ` `x y zœ œ œ Ê œ � � Ê œ � �™ † F ' ' '

D

 (2x 2y 2z) dx dy dz (1 2y 2z) dy dz (2 2z) dz 3œ � � œ � � œ � œ' ' ' ' ' '
0 0 0 0 0 0

1 1 1 1 1 1

54. (xz) z, (yz) z, (1) 0  2z  Flux  2z r dr d dz` ` `
` ` `x y zœ œ œ Ê œ Ê œ™ † F ' ' '

D
)

  2z dz r dr d r 16 r  dr d 64 d 128œ œ � œ œ' ' ' ' ' '
0 0 3 0 0 0

2 4 25 r 2 4 21 1 1
È

�

#

) ) ) 1a b#
55. ( 2x) 2, ( 3y) 3, (z) 1 4; x y z 2 and x y z  z 1` ` `

` ` `
# # # # #

x y z� œ � � œ � œ Ê œ � � � œ � œ Ê œ™ † F

  x y 1  Flux  4 dV 4 dz r dr d 4 r 2 r r  dr dÊ � œ Ê œ � œ � œ � � �# # $#' ' '
D

' ' ' ' '
0 0 r 0 0

2 1 2 r 2 11 1

#

#È
�

) )Š ‹È
 4 2  d 7 8 2œ � � � œ �'

0

21 Š ‹ Š ‹È È7 2 2
12 3 3) 1

56. (6x y) 6, ( x z) 0, (4yz) 4y 6 4y; z x y r` ` `
` ` `

# #
x y z� œ � � œ œ Ê œ � œ � œ™ † F È

  Flux  (6 4y) dV (6 4r sin ) dz r dr d 6r 4r  sin  dr dÊ œ � œ � œ �' ' '
D

' ' ' ' '
0 0 0 0 0

/2 1 r /2 11 1

) ) ) )a b# $

 (2 sin ) d 1œ � œ �'
0

/21

) ) 1
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57. y z x   0  Flux  d   dV 0F i j k F F n Fœ � � Ê œ Ê œ œ œ™ † † ™ †' ' ' ' '
S D

5

58. 3xz y z  3z 1 3z 1  Flux   d   dVF i j k F F n Fœ � � Ê œ � � œ Ê œ œ# $ # #™ † † ™ †' ' ' ' '
S D

5

 1 dz dy dx  dx xœ œ œ � œ' ' ' '
0 0 0 0

4 16 x 2 y 2 4È
� Î Î# Š ‹ ’ “16 x x 8

16 48 3
�

%

!

# $

59. xy x y y  y x 0  Flux  d   dVF i j k F F n Fœ � � Ê œ � � Ê œ œ# # # #™ † † ™ †' ' ' ' '
S D

5

  x y  dV r  dz r dr d 2r  dr d  dœ � œ œ œ œ' ' '
D

a b# # # $ "
#

' ' ' ' ' '
0 0 1 0 0 0

2 1 1 2 1 21 1 1

�

) ) ) 1

60. (a) (3z 1)  3  Flux across the hemisphere  d   dV  3 dVF k F F n Fœ � Ê œ Ê œ œ œ™ † † ™ †' ' ' ' ' ' ' '
S D D

5

 3 a 2 aœ œˆ ‰ ˆ ‰"
#

$ $4
3 1 1

 (b) f(x y z) x y z a 0  f 2x 2y 2z   f 4x 4y 4z 4a 2a sinceß ß œ � � � œ Ê œ � � Ê œ � � œ œ# # # # # # # #™ ™i j k k k È È
 a 0    (3z 1) ;   f f 2z  Ê œ œ Ê œ � œ Ê œ œn F n p k p k2x 2y 2z x y z

a a a
zi j k i j k� � � �

# † ™ † ™ †ˆ ‰
  f 2z since z 0  d  dA  dA   d  (3z 1)  dAÊ œ   Ê œ œ œ Ê œ �k k ˆ ‰ ˆ ‰™ † †p F n5 5

k kk k™

™ †

f
f 2z z a z

2a a z a
p

' ' ' '
S Rxy

  (3z 1) dx dy  3 a x y 1  dx dy 3 a r 1  r dr dœ � œ � � � œ � �' ' ' '
R Rxy xy

0 0

2 aˆ ‰È Š ‹È# # # # #' '1 )

 a  d a 2 a , which is the flux across the hemisphere.  Across the base we findœ � œ �'
0

21 Š ‹a#

#
$ # $) 1 1

 [3(0) 1]  since z 0 in the xy-plane   (outward normal)  1  Flux across theF k k n k F nœ � œ œ Ê œ � Ê œ � Ê†

 base   d  1 dx dy a .  Therefore, the total flux across the closed surface isœ œ � œ �' ' ' '
S R

F n† 5 1
xy

#

 a 2 a a 2 a .a b1 1 1 1# $ # $� � œ

CHAPTER 16 ADDITIONAL AND ADVANCED EXERCISES

 1. dx ( 2 sin t 2 sin 2t) dt and dy (2 cos t 2 cos 2t) dt; Area  x dy y dxœ � � œ � œ �"
#
)

C

  [(2 cos t cos 2t)(2 cos t 2 cos 2t) (2 sin t sin 2t)( 2 sin t 2 sin 2t)] dtœ � � � � � �"
#
'

0

21

  [6 (6 cos t cos 2t 6 sin t sin 2t)] dt  (6 6 cos t) dt 6œ � � œ � œ" "
# #
' '

0 0

2 21 1

1

 2. dx ( 2 sin t 2 sin 2t) dt and dy (2 cos t 2 cos 2t) dt; Area   x dy y dxœ � � œ � œ �"
#
)

C

 [(2 cos t cos 2t)(2 cos t 2 cos 2t) (2 sin t sin 2t)( 2 sin t 2 sin 2t)] dtœ � � � � � �"
#
'

0

21

  [2 2(cos t cos 2t sin t sin 2t)] dt  (2 2 cos 3t) dt 2t  sin 3t 2œ � � œ � œ � œ" " "
# # #

#

!
' '

0 0

2 21 1 � ‘2
3

1
1

 3. dx cos 2t dt and dy cos t dt; Area  x dy y dx   sin 2t cos t sin t cos 2t  dtœ œ œ � œ �" " "
# # #
) '

C 0

1 ˆ ‰
 sin t cos t (sin t) 2 cos t 1  dt  sin t cos t sin t  dt  cos t cos t 1œ � � œ � � œ � œ � � œ" " " " "

# # #
# # # $

!
' '

0 0

1 1c d a ba b � ‘
3 3 3

21

 4. dx ( 2a sin t 2a cos 2t) dt and dy (b cos t) dt; Area   x dy y dxœ � � œ œ �"
#
)

C

  2ab cos t ab cos t sin 2t 2ab sin t 2ab sin t cos 2t  dtœ � � � �"
#

# #'
0

21 c da b a b
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  2ab 2ab cos t sin t 2ab(sin t) 2 cos  t 1  dt  2ab 2ab cos t sin t 2ab sin t  dtœ � � � œ � �" "
# #

# # #' '
0 0

2 21 1c d a ba b
 2abt ab cos t 2ab cos t 2 abœ � � œ"

#
$ #

!
� ‘2

3
1

1

 5. (a) (x y z) z x y  is  only at the point (0 0 0), and curl (x y z)  is never .F i j k 0 F i j k 0ß ß œ � � ß ß ß ß œ � �

 (b) (x y z) z y  is  only on the line x t, y 0, z 0 and curl (x y z)  is never .F i k 0 F i j 0ß ß œ � œ œ œ ß ß œ �

 (c) (x y z) z  is  only when z 0 (the xy-plane) and curl (x y z)  is never .F i 0 F j 0ß ß œ œ ß ß œ

 6. yz xz 2xyz  and , so  is parallel to  when yz , xz ,F i j k n F nœ � � œ œ œ œ# # # #� � � �

� �

x y z x y z cy
x y z R R R

cxi j k i j kÈ # # #

 and 2xyz   2xy  y x   y x and z 2x   z 2x.  Also,œ Ê œ œ Ê œ Ê œ „ œ „ œ Ê œ „cz xz c
R x y R

yz# # # # # # È
 x y z R   x x 2x R   4x R   x .  Thus the points are:  ,# # # # # # # # # #

# # # #� � œ Ê � � œ Ê œ Ê œ „ ß ßR R R 2RŠ ‹È

 , , , , ,Š ‹ Š ‹ Š ‹ Š ‹ Š ‹R R R R R R R R R R2R 2R 2R 2R 2R
# # # # # # # # # # # # # # #ß ß � � ß� ß � ß� ß� ß� ß ß� ß�

È È È È È

 , Š ‹ Š ‹� ß ß � ß ß�R R R R2R 2R
# # # # # #

È È

 7. Set up the coordinate system so that (a b c) (0 R 0)  (x y z) x (y R) zß ß œ ß ß Ê ß ß œ � � �$ È # # #

 x y z 2Ry R 2R 2Ry ; let f(x y z) x y z R  and œ � � � � œ � ß ß œ � � � œÈ È# # # # # # # # # p i

  f 2x 2y 2z   f 2 x y z 2R  d  dz dy  dz dyÊ œ � � Ê œ � � œ Ê œ œ™ ™i j k k k È # # # 5
k kk k™

™ †

f
f 2x

2R
i

  Mass  (x y z) d  2R 2Ry  dz dy R   dz dyÊ œ ß ß œ � œ' ' ' ' ' '
S R R

$ 5
yz yz

È ˆ ‰# �

� �
R
x

2R 2Ry
R y z

È
È

#

# # #

 4R   dz dy 4R 2R 2Ry sin dyœ œ �' ' '
� �

�

�

R 0 R

R R y R

0

R y
È

È
# #

# #

È
È È2R 2Ry

R y z
2 1 z

R y

#

# # #

�

� �
�

�
É Š ‹»2 2

 2 R 2R 2Ry dy 2 R 2R 2Ryœ � œ � œ1 1'
�

�

R

R 3/2

R

RÉ »2 1 16 R
3R 3

2 ˆ ‰a b� 1 $

 8. (r ) (r cos ) (r sin ) , 0 r 1, 0 2   cos sin 0
r sin r cos 

r i j k r r
i j k

ß œ � � Ÿ Ÿ Ÿ Ÿ Ê ‚ œ
� "

) ) ) ) ) 1 ) )

) )
r )

â ââ ââ ââ ââ ââ â
 (sin ) (cos ) r   1 r ; 2 x y 2 r  cos r  sin 2rœ � � Ê ‚ œ � œ � œ � œ) ) $ ) )i j k r rk k È ÈÈr )

# # # # # # #

  Mass (x y z) d 2r 1 r  dr d 1 r  d 2 2 1  dÊ œ ß ß œ � œ � œ �' '
S

$ 5 ) ) )' ' ' '
0 0 0 0

2 1 2 21 1 1È È’ “ Š ‹a b# # $Î# "

!

2 2
3 3

 2 2 1œ �4
3
1 Š ‹È

 9. M x 4xy and N 6y  2x 4y and 6  Flux (2x 4y 6) dx dyœ � œ � Ê œ � œ � Ê œ � �# ` `
` `
M N
x x

' '
0 0

b a

 a 4ay 6a  dy a b 2ab 6ab.  We want to minimize f(a b) a b 2ab 6ab ab(a 2b 6).œ � � œ � � ß œ � � œ � �'
0

ba b# # # # #

 Thus, f (a b) 2ab 2b 6b 0 and f (a b) a 4ab 6a 0 b(2a 2b 6) 0 b 0 or b a 3.a bß œ � � œ ß œ � � œ Ê � � œ Ê œ œ � �# #

 Now b 0  a 6a 0  a 0 or a 6  (0 0) and (6 0) are critical points.  On the other hand, b a 3œ Ê � œ Ê œ œ Ê ß ß œ � �#

 a 4a( a 3) 6a 0 3a 6a 0 a 0 or a 2 (0 3) and ( ) are also critical points.  The flux atÊ � � � � œ Ê � � œ Ê œ œ Ê ß #ß "# #

 (0 0) 0, the flux at (6 0) 0, the flux at (0 3) 0 and the flux at (2 1) 4. Therefore, the flux is minimized at (2 1)ß œ ß œ ß œ ß œ � ß

 with value 4.�

10. A plane through the origin has equation ax by cz 0. Consider first the case when c 0. Assume the plane is given� � œ Á

 by z ax by and let f(x y z) x y z 4.  Let C denote the circle of intersection of the plane with the sphere.œ � ß ß œ � � œ# # #

 By Stokes's Theorem,  d  d , where  is a unit normal to the plane.  Let
S

)
C F r F n n† ™ †œ ‚' ' 5
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 (x y) x y (ax by)  be a parametrization of the surface.  Then a b0 a
0 b

r i j k r r i j k
i j k

ß œ � � � ‚ œ œ � � �"
"

x y

â ââ ââ ââ ââ ââ â
  d  dx dy a b 1 dx dy.  Also,  and 

z x y
Ê œ ‚ œ � � ‚ œ œ � � œ5 k k È

â ââ ââ ââ ââ ââ âr r F i j k n
i j k

x y x y z
a b
a b 1

# # ` ` `
` ` `

� �

� �
™

i j kÈ # #

   d   a b 1 dx dy  (a b 1) dx dy (a b 1)  dx dy.  NowÊ ‚ œ � � œ � � œ � �' ' ' ' ' ' ' '
S R R R

™ †F n 5
xy xy xy

a b 1
a b 1
� �

� �
# #È # #

È
 x y (ax by) 4  x y xy 1  the region R  is the interior of the ellipse# # # # #� �

#� � � œ Ê � � œ ÊŠ ‹ Š ‹ ˆ ‰a 1 b 1 ab
4 4

# #

xy

 Ax Bxy Cy 1 in the xy-plane, where A , B , and C .  The area of the ellipse is# # � �
#� � œ œ œ œa 1 ab b 1

4 4

# #

   d h(a b) .  Thus we optimize H(a b) :2 4
4AC B a b 1 a b 1

4 (a b 1) (a b 1)
a b 1

1 1 1È È È� � � � �

� � � �
� �# # # # #

#

# #œ Ê œ ß œ ß œ)
C

F r†

  0 and  0  a b 1 0, or b 1 a ab 0` `
` `

� � � � � � � � � �

� � � �
#H H

a b
2(a b 1) b 1 a ab 2(a b 1) a 1 b ab

a b 1 a b 1
œ œ œ œ Ê � � œ � � � œa b a b

a b a b
# #

# # # #2 2

 and a 1 b ab 0  a b 1 0, or a b (b a) 0  a b 1 0, or (a b)(a b 1) 0# # #� � � œ Ê � � œ � � � œ Ê � � œ � � � œ

  a b 1 0 or a b. The critical values a b 1 0 give a saddle.  If a b, then 0 b 1 a abÊ � � œ œ � � œ œ œ � � �#

  a 1 a a 0  a 1  b 1.  Thus, the point (a b) ( 1 1) gives a local extremum for dÊ � � � œ Ê œ � Ê œ � ß œ � ß�# # )
C

F r†

  z x y  x y z 0 is the desired plane, if c 0.Ê œ � � Ê � � œ Á

 :  Since h( 1 1) is negative, the circulation about  is , so  is the correct pointing normal forNote clockwise� ß� �n n

 the counterclockwise circulation.  Thus ( ) d  actually gives the  circulation.' '
S

™ †‚ �F n 5 maximum

 If c 0, one can see that the corresponding problem is equivalent to the calculation above when b 0, which does notœ œ

 lead to a local extreme.

11. (a) Partition the string into small pieces.  Let s be the length of the i  piece.  Let (x y ) be a point in the?i i i
th ß

 i  piece.  The work done by gravity in moving the i  piece to the x-axis is approximatelyth th

 W (gx y s)y  where x y s is approximately the mass of the i  piece.  The total work done byi i i i i i i i
thœ ? ?

 gravity in moving the string to the x-axis is W gx y s  Work  gxy  dsD D ?
i i

i i ii C
œ Ê œ# #'

 (b) Work  gxy  ds g(2 cos t) 4 sin t 4 sin t 4 cos t dt 16g cos t sin t dtœ œ � œ' ' '
C 0 0

/2 /2
# # ## #

1 1a bÈ
 16g gœ œ’ “Š ‹sin t 16

3 3 

$
1Î#

!

 (c) x  and y ; the mass of the string is  xy ds and the weight of the string isœ œ
' '
' '
C C

C C

 x(xy) ds  y(xy) ds

 xy ds  xy ds
'

C

 g  xy ds.  Therefore, the work done in moving the point mass at x y  to the x-axis is'
C

a bß

 W g  xy ds y g  xy  ds g.œ œ œŠ ‹' '
C C

# 16
3

12. (a) Partition the sheet into small pieces.  Let  be the area of the i  piece and select a point (x y z ) in?5i i i i
th ß ß

 the i  piece.  The mass of the i  piece is approximately x y .  The work done by gravity in moving theth th
i i i?5

 i  piece to the xy-plane is approximately (gx y )z gx y z   Work gxyz d .th
i i i i i i i i?5 ? 5 5œ Ê œ ' '

S

 (b) gxyz d g  xy(1 x y) 1 ( 1) ( 1)  dA 3g xy x y xy  dy dx' ' ' '
S R

 5 œ � � � � � � œ � �
xy

0 0

1 1 xÈ È a b# # # #' ' �

 3g xy x y xy  dx 3g x x x x  dxœ � � œ � � �È È� ‘ � ‘' '
0 0

1 1x" " " " " " "# # # $ # $ %
# # #

"�

!2 3 6 6

 3g x x x x 3gœ � � � œ � œÈ È� ‘ ˆ ‰" " " " " "# $ % & "

! #12 6 6 30 1 30 20
3gÈ
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 (c) The center of mass of the sheet is the point x y z  where z  with M  xyz d  anda bß ß œ œ
M
M

xy
xy

' '
S

5

 M xy d .  The work done by gravity in moving the point mass at x y z  to the xy-plane isœ ß ß' '
S

5 a b
 gMz gM gM gxyz d .œ œ œ œŠ ‹M

M 20
3gxy

xy
' '

S
5

È

13. (a) Partition the sphere x y (z 2) 1 into small pieces.  Let  be the surface area of the i  piece and let# # #� � � œ ?5i
th

 (x y z ) be a point on the i  piece.  The force due to pressure on the i  piece is approximately w(4 z ) .  Thei i i i i
th thß ß � ?5

 total force on S is approximately w(4 z ) .  This gives the actual force to be w(4 z) d .D ? 5 5
i S

� �i i
' '

 (b) The upward buoyant force is a result of the -component of the force on the ball due to liquid pressure.k
 The force on the ball at (x y z) is w(4 z)( ) w(z 4) , where  is the outer unit normal at (x y z).ß ß � � œ � ß ßn n n
 Hence the -component of this force is w(z 4) w(z 4) .  The (magnitude of the) buoyant forcek n k k n� œ �† †

 on the ball is obtained by adding up all these -components to obtain  w(z 4)  d .k k n' '
S

� † 5

 (c) The Divergence Theorem says w(z 4)  d  div(w(z 4) ) dV  w dV, where D' ' ' ' ' ' ' '
S D D

� œ � œk n k† 5

 is x y (z 2) 1  w(z 4)  d w  1 dV w, the weight of the fluid if it# # #� � � Ÿ Ê � œ œ' ' ' ' '
S D

k n† 5 14
3

 were to occupy the region D.

14. The surface S is z x y  from z 1 to z 2.  Partition S into small pieces and let  be the area of theœ � œ œÈ # # ?5i

 i  piece.  Let (x y z ) be a point on the i  piece.  Then the magnitude of the force on the i  piece due toth th th
i i iß ß

 liquid pressure is approximately F w(2 z )   the total force on S is approximatelyi i iœ � Ê?5

 F w(2 z )   the actual force is w(2 z) d w 2 x y  1  dAD D ? 5 5
i S R

i i i

xy

œ � Ê � œ � � � �' ' ' ' ˆ ‰È É# #
� �
x

x y x y
y#

# # # #

#

  2 w 2 x y  dA 2w(2 r) r dr d 2w r r  d  dœ � � œ � œ � œ œ' '
Rxy

0 1 0 0

2 2 2 2È È Èˆ ‰ � ‘È # # # $" #

"
' ' ' '1 1 1

) ) )3 3 3
2 2w 4 2 wÈ È 1

15. Assume that S is a surface to which Stokes's Theorem applies.  Then  d ( )  d)
C

E r E n† ™ †œ ‚' '
S

5

   d   d .  Thus the voltage around a loop equals the negative of the rate ofœ � œ �' ' ' '
S S

ˆ ‰` `
` `
B
t t† †n B n5 5

 change of magnetic flux through the loop.

16.  According to Gauss's Law,   d 4 GmM for any surface enclosing the origin.  But if ' '
S

F n F H† ™5 1œ œ ‚

 then the integral over such a closed surface would have to be 0 by the Divergence Theorem since div 0.F œ

17.  f g d (f g)  d  (Stokes's Theorem))
C

™ † ™ ™ †r nœ ‚' '
S

5

 (f g f g)  d  (Section 16.8, Exercise 19b)œ ‚ � ‚' '
S

™ ™ ™ ™ † n 5

 [(f)( ) f g]  d  (Section 16.7, Equation 8)œ � ‚' '
S

0 n™ ™ † 5

  ( f g)  dœ ‚' '
S

™ ™ † n 5

18. ( )    is conservative f; also, ™ ™ ™ ™ ™ † ™ †‚ œ ‚ Ê ‚ � œ Ê � Ê � œ œF F F F 0 F F F F F F" # # " # " # " " #

  ( ) 0  f 0 (so f is harmonic).  Finally, on the surface S, f ( )Ê � œ Ê œ œ �™ † ™ ™ † †F F n F F n# " # "
#

 0.  Now, (f f) f f f f so the Divergence Theorem givesœ � œ œ �F n F n# "
#† † ™ † ™ ™ † ™ ™
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  f  dV  f f dV  (f f) dV f f  d 0, and since f 0 we have' ' ' ' ' ' ' ' ' ' '
D D D S

k k™ ™ ™ † ™ ™ † ™
# # #� œ œ œ œn 5

  f  dV 0 0   dV 0    , as claimed.' ' ' ' ' '
D D

k k k k™
# #

# " # " # "� œ Ê � œ Ê � œ Ê œ F F F F 0 F F

19. False; let y x   (y) (x) 0 and 0 0 0
x y 0

F i j 0 F F i j k 0
i j k

œ � Á Ê œ � œ ‚ œ œ � � œ™ † ™` `
` `

` ` `
` ` `x y x y z

â ââ ââ ââ ââ ââ â
20.   sin   1 cos    cos  ( )k k k k k k k k k k a b k k k k k k k k k k k kr r r r r r r r r r r r r ru v u v u v u v u v u v u v‚ œ œ � œ � œ �# # # # # # # # # # ## # # #) ) ) †

  EG F d  du dv EG F  du dvÊ ‚ œ � Ê œ ‚ œ �k k k k Èr r r ru v u v
# # #5

21. x y z   1 1 1 3    dV 3  dV 3V  V    dVr i j k r r rœ � � Ê œ � � œ Ê œ œ Ê œ™ † ™ † ™ †' ' ' ' ' ' ' ' '
D D D

"
3

   d , by the Divergence Theoremœ "
3
' '

S
r n† 5
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